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Langlands-Shahidi Method and Poles of
Automorphic L-Functions: Application to
Exterior Square L-Functions

Henry H. Kim

Abstract. In this paper we use Langlands-Shahidi method and the result of Langlands which says that non self-
conjugate maximal parabolic subgroups do not contribute to the residual spectrum, to prove the holomorphy
of several completed automorphic L-functions on the whole complex plane which appear in constant terms
of the Eisenstein series. They include the exterior square L-functions of GL,, # odd, the Rankin-Selberg L-
functions of GL, X GLy,, n # m, and L-functions L(s, o, ), where o is a generic cuspidal representation
of SOy and r is the half-spin representation of GSpin(10,C). The main part is proving the holomorphy
and non-vanishing of the local normalized intertwining operators by reducing them to natural conjectures in
harmonic analysis, such as standard module conjecture.

Introduction

Langlands’ theory of Eisenstein series [La2] has been found very useful in the theory of au-
tomorphic L-functions. Langlands had the idea of studying automorphic L-functions using
Eisenstein series [Lal]. This was further developed and refined by Shahidi [Sh1-5]. This
is known as Langlands-Shahidi method of studying automorphic L-functions (see [Ge-Sh]
or [Sh6] for an excellent survey). This theory has been found very powerful in establish-
ing functional equations and finiteness of poles of automorphic L-functions in the great
generality which appear in the constant terms of Eisenstein series. On the other hand, it
has been thought that the precise location of poles of L-functions is very hard to get by
this method. Of course, the result of Moeglin-Waldspurger [M-W?2] is the first instance,
where they proved, using Eisenstein series, that the completed Rankin-Selberg L-function
for GL,, x GL,, is holomorphic for 0 < Res < 1.

In this paper we use Langlands-Shahidi method [Sh4] and the following simple result
of Langlands [La] to prove the holomorphy of several completed automorphic L-functions
which appear in constant terms of the Eisenstein series. Because of the functional equation
L(s,0,r) = €(s,0,1)L(1 — 5,5, 1), it is enough to establish the holomorphy for Re s > %

Let G be a quasi-split reductive connected algebraic groups over a number field F and
A is the ring of adeles of F. Let Z; be the maximal F-split torus of the center of G. Fix a
unitary character £ of Z;(F) \ Zs(A). Let

L*(G(F) \ G(A),€) = {f € L*(G(F)Zs(A) \ GA)) | f(zg) = £(2) f(g),
forallz € Z;(A), g € GA)}.
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If G is semi-simple, we do not have to consider the central characters. It is of great
importance to decompose L2 (G(F) \ G(A), {). Langlands’ theory tells us that it has an
orthogonal decomposition according to the conjugacy classes of (M, o), where M is a Levi
subgroup of G and ¢ is a cuspidal representation of M. Its discrete part attached to (M, o) is
called the residual spectrum, denoted by L3, (G(F)\ G(A), €) (Mo 118 spanned by residues
of Eisenstein series associated to (M, o). Suppose P is a maximal parabolic subgroup gen-
erated by 6 = A — {«a}, where A is a set of simple roots. Then there exists a unique Weyl
group element wy such that wof C A and woax < 0. If wpf = 6, P is called self-conjugate.

Proposition 0.1 (Langlands [La2, Lemma 7.5]) Unless P = MN is self-conjugate and o is

a cuspidal representation which satisfies woo = o, L3, (G(F) \ G(A), €) Mo) is zero.

We apply the above result to the following situation: We follow [Sh4] and use the same
notation. Let P = MN C G be a maximal parabolic subgroup and ¢ be a cuspidal repre-
sentation of M(A). We may and will assume that the poles of Eisenstein series may be on
the real axis by normalizing o so that the action of the maximal split torus in the center
of M at the archimedean places is trivial (see Section 2). The poles of the Eisenstein series
attached to (M, o) coincide with those of its constant term which consists of automorphic
L-functions and local normalized intertwining operators and the residue of the Eisenstein
series for s > 0 belongs to the residual spectrum. If P is not self-conjugate or wyo # o, then
the Eisenstein series does not have poles for s > 0. If we can show that the local normalized
intertwining operators are holomorphic and non-zero for Re s > %, then the automorphic
L-functions do not have a pole for s > %

Up to isogeny or more generally central surjections, there are four non self-conjugate
maximal parabolic subgroups in split groups whose derived groups are almost simple: (1)
G = GLyy,and P = MN, M = GL,, x GL,, for m # n, (2) G = SO,, and P = MN,
M = GL,, for n odd, (3) G is a simply-connected split group of type Es and P = MN, the
derived group of M is SL, x SLs and (4) G is a simply-connected split group of type Es and
P = MN, M = GL, -Ds (almost direct product), which is GSpin(10).

By using the classification of unitary representations of GL,, due to Tadic [Ta], we prove
the result on local normalized intertwining operators in cases (1), (2) and (3). We have the
following theorems. In the case of (1), it is a special case of [M-W2, Appendix] and [J-S1].

Theorem 0.2

1. Let oy (resp. o3) be a cuspidal representation of GL,, (resp. GL,), m # n. Then the
completed Rankin-Selberg L-function L(s, oy X &,) is entire.

2. Let o be a cuspidal representation of GL,, n odd. Then the completed exterior square L-
function L(s, o, A\?) is entire.

3. Let oy, 0, be cuspidal representations of PGL,, PGLs, resp. Suppose Conjecture 7.1 of [Sh1]
holds for the exceptional group of type E¢. Then the completed L-function L(s, 01 @67, p2 ®
N?*ps) is entire, where p, is a standard representation of GL,(C).

Recall the definition of the above L-functions: Let S be a finite set of places, including all
the archimedean places, such that for every v ¢ S, o1,, 0, are all unramified. Forv ¢ S,
let A(oy,) = {diag(ayy, . . ., )} be the semisimple conjugacy classes attached to oy,. Let
A(oy,) = {diag(Biy, - .., Buw)} be the one attached to o,,. Then the local L-functions are
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given by

Ls,onxdn) =[] (-auBy'e,)!

Ls,o, ) = ] (- anojg )™

1<i<j<n

L(s, 01, @60, m@Nps) = [ (-euB;'8,'a,)7"
1<i<2,1<j<k<5

The local L-functions at ramified places v € S are defined in [Sh1] in such a way that they
agree with the ones defined by parametrization.

Proposition 0.3

1. Let oy, 0, be cuspidal representations of GL,,, where o) 2 0, ® | det|' fort € C. Then the
Rankin-Selberg L-function L(s, oy X 03) is entire.

2. Let o be a non self-dual cuspidal representation of GL,, n even. Then the exterior square
L-function L(s, o, \?) is entire.

E Shahidi encouraged us to consider the case (4) after his work with Mui¢ [Mu-Sh]:
we get an automorphic L-function L(s, o, r) where o is a generic cuspidal representation
of M(A) and r is a representation of “M° = GSpin(10,C). Here r is one of the two 16-
dimensional irreducible half-spin representations of GSpin(10, C). However, we were not
able to prove that the local normalized intertwining operators are holomorphic and non-
zero for Res > 1 at ramified places. One serious obstacle is that we do not have the
standard module conjecture for SO (2#). Nevertheless, we obtain the result that the partial
L-function Lg(s, o, r) is holomorphic for Re s > 0. In the same way, we see that the partial
L-function Lg(s, 01 ® &3, p» ® A%ps) in Theorem 0.2 is holomorphic for Re s > % without
any assumption.

Acknowledgements We would like to thank Prof. F. Shahidi for his constant help in ex-
plaining his results and for many discussions and corrections on this work. He also encour-
aged us to consider the half-spin representations. Thanks are also due to the referee who
gave many comments and corrections.

1 Preliminaries

In this section, let F be a local field of characteristic zero. We follow the conventions of [C-
Sh] or [Sh4]. Let G be a quasi-split connected reductive algebraic group over F. Fix a Borel
subgroup B and write B = TU, where T is a maximal torus and U denotes the unipotent
radical of B.

Fix a F-parabolic subgroup P = MN with N C Uand T C M, a Levi decomposition.
Let Ay be the maximal F-split torus of T and denote by W = W(A,) the Weyl group of
Ay in G. Let w, be the longest element in W (A;) modulo that of the Weyl group of Ay in
M and wy be a representative for wy. If P is a maximal parabolic subgroup generated by
0 = A — {a}, then wy is the unique element in W such that wy(0) C A while wo(a) < 0.
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Set
a=XM)r®zR

and
ac = a* Qg C,

where X(M)r is the group of F-rational characters of M. As usual, we let
I(v,0) = Indunic o ® exp” ) @1,

where v € ag.

Suppose v is in the positive Weyl chamber and o is tempered. Then I(v, o) has a unique
irreducible quotient, denoted by J(v, o). Let A(v, o, wy) be the standard intertwining op-
erator from I(v, o) into I(wov, woo). Then J(v, o) is the image of A(v, o, wy).

Now assume P is maximal and let « be the unique simple root in N. As in [Sh1], let
a = (p,a)~"' - p, where p is half the sum of roots in N. We identify s € C with s& € af and
denote I(s, o) = I(s@, o).

Remark 1.1 'We have to pay attention to the normalization of & because it is crucial for
our purpose. For example, if G = Sp,,,P = MN,M = GL,, then I(s,0) = I(s&,0) =
Ind$(o ® |det[) ® 1. Butif G = $O,, or SO4,41, P = MN, M = GL,, then I(s,0) =
I(s&,0) = Indg(a ® | det|?) ® 1. On the other hand, if G = SO,, or SOy,;1, P = MN,
M = GL; ®Gj, where G; = SO or SOy41, k < n, then I(s,0) = I(sé&,0) = Indg(a ®
|det|* ® 7) ® 1 for o (resp. 7) tempered representation of GLy (resp. Gj).

Let A(sé,o,wp) be the standard intertwining operator from I(s&, o) into
I(Wo(sd), Wo(a)). Denote by !M, the L-group of M and let ‘1t be the Lie algebra of the
L-group of N. Let r be the adjoint action of “M on ‘1t and decompose r = @, r;, with
ordering as in [Sh1l]. Foreachi, 1 < i < m, let L(s,0, ;) be the local L-function de-
fined in [Sh1]. It is defined to agree completely with Langlands definition of L-functions
whenever there is a parametrization. In particular the L-function for arbitrary o is just the
analytic continuation of the one attached to the tempered inducing data through the prod-
uct formula (c¢f. part 3 of Theorem 3.5 and equation 7.10 of [Sh1]). (See also Theorem 5.2
of [Sh2].)

Recall Conjecture 7.1 of [Sh1].

Conjecture Assume o is tempered and generic. Then each L(s,o,1;) is holomorphic for
Res > 0.

Proposition 1.1 [Sh1] Ifm = 1or (2) m = 2 and L(s,0,1;) = Hj(l - ozjq_s)_1 for o
tempered and generic, possibly an empty product where each o; € C is of absolute value one
(in particular if r; is one-dimensional, this holds), then the conjecture holds.

Proposition 1.2 [C-Sh] If G is a classical group, then the conjecture holds.
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2 Basic facts on Eisenstein series

From this section on, we work with a number field F. Let P = MN be a maximal parabolic
subgroup of G generated by § = A—{a}. We follow the convention of [Sh4]. Let 0 = ®0,
be a unitary cuspidal representation of M(A). We may and will assume that the poles of
Eisenstein series may be on the real axis by assuming that o is trivial on A part of P(R),
where P(R) = MPAN is the Langlands decomposition. In the case of M = GL,, we can
identify the A part of P(R) with F!_, where A% = I' - F*_ with I! ideles of norm 1. So in this
case the central character w, of o is trivial on F_. Given a K-finite function ¢ in the space
of o, we shall extend ¢ to a function @ on G(A) and set ®,(g) = @(g) exp(s + pp, Hp(g)),
where Hp is the Harish-Chandra homomorphism. Define an Eisenstein series

EGs,¢,8P)= Y D).
YEPE)\G(F)

It is known [La2] that E(s, ¢, g, P) converges for Re s >> 0 and extends to a meromorphic
function of s in C, with only a finite number of poles in the plane Re s > 0, all simple and
on the real axis if we normalize o as above.

We also know that the space of &, is isomorphic to I(s,0) = Indg((ﬁ\\)) o ®
exp((sd,Hp( ))), the global induced representation from P(A) to G(A). Let f € I(s,0).
If E(s, f, g, P) is defined by analytic continuation, then it is an automorphic form on G.
Recall that the residual spectrum attached to (M, o), Lfﬁs (G(F) \ G(A), §) (M.o) is spanned
by the residues of the Eisenstein series E(s, f, g, P) for Res > 0 and f € I(s, o:).

We know that the poles of the Eisenstein series coincide with those of its constant terms.
Let M’ be the subgroup of G generated by wy(#) and P’ be a maximal parabolic subgroup
which has M’ as its Levi factor and N’ C U as its unipotent radical. Recall the definition
of self-conjugate maximal parabolic subgroups [Sh3]: P is called self-conjugate if and only
if wo(f) = 6. Given a parabolic subgroup Q = MgNg, the constant term of E(s, f, g, P)
along Nq is zero if Q # P and Q # P’. If P is not self-conjugate, then

En(s, f,8,P) = f(g)
En:(s, f,8 P) = M(s,0,wo) f(g)-
If P is self-conjugate, then Eyn(s, f,g,P) is a sum of the above two terms. Here
M(s, o, wy) is the standard intertwining operator from the global induced representation

I(s,0) to I(wps, woo). Let M(s,0,wp) = ®,A(s, 0y, wp). We normalize the intertwining
operator A(s, o, wy) as follows:

A(S, Oy, WO) = T(S, Oy, WO)N(57 Oy, WO)7

2.1 " i .
(2.1) 15,00, w0) = H L(is,0,,1i)

L I0+is o et o i)

where L(is, 0,, 1;) and €(s, 0, 1;, 1,) are defined in [Sh1]. Let N(s, o, wy) = ®,N(s, oy, W),
r(s,o,wo) = [],r(s,00,wp) and €(s,0,7;) = [],€(s, 0y,1i,7,). Then we have, for f €
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)
(2.2)
M(s,0,w0)f = 1(s, 0, woING, 0, wo) f, 765, 7, wo) = | | o2 721

F1 L1 +is,0,1)e(s, 0, i)

Recall Langlands’ theory in this case: Let ¢ = 5= [o s, E(s, f,g,P) ds. Then ¢ spans
a dense subspace of L* (G(F) \ G(A), €) (M. The L?-norm of ¢y is given by

(D5, Dr) NG = |¢¢|* dx

/Zd(A)G(F)\G(A\)

> (M(s,0,w)f(s), f(—ws)) ds

2mi Re s=% ,,c0(0,0)

where (0, 6) = {id} if P is not self-conjugate and (0, ) = {id, wy } if P is self-conjugate.
However, when P is self-conjugate and wyo # o, (M(s, o, wo) f(s), f(—wos')) is identically
zero since M(s, o, wp) f(s) € I(—s, wo(a)) and f(—wp$) € I(5, o). Therefore we have

Proposition 2.1 (Langlands) Unless P = MN is self-conjugate and woo = o, the residual
spectrum attached to (M, o), Ldls (G(F) \ G(A), §) » is zero.

Proof Under the assumption, in the L?>-norm formula, the integrand is holomorphic.
Therefore, we can move the contour to Res = 0, i.e., ¢; does not contribute to the dis-
crete spectrum. u

Since the poles of Eisenstein series are contained in the constant terms, we have

Corollary 2.2 If P = MN is not self-conjugate or woo # o, then the global intertwining
operator M(s, o, wy) is holomorphic for Re s > 0.

We know that €(s, o, 1;) is an exponential factor and so it has neither a zero nor a pole.
So in (2.2), we need to know that H:":I L(1 + is, 0, ;) has no zeros for Re s > 0. However
this is an easy consequence of [Sh3]:

Lemma 2.3 If P = MN is not self-conjugate or woo # o, then Hlmzl L(1 +is,0,1;) has no
zeros for Re s > 0.

Proof Consider x-Fourier coefficient of E(s, f, g, P) [Sh3]: it is given by
Ey(s, f,e,P) = [[Wr(se) [[ Ls(1 +is,0,m) 7",
veS i=1

where W is the Whittaker model of I(s, o,). Then W, is holomorphic for Re s > 0 and
non-vanishing. If P is not self-conjugate or wyo # o, then E(s, f, g, P) is holomorphic for
Res > 0andso []" Ls(1 + is, o, r;) has no zero for Re s > 0. [}
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From (2.2), we have to analyze the local intertwining operators N(s, o,, wp). Suppose
we have the following:

Assumption (A) N(s, 0y, w,) is holomorphic and non-zero for Re s > 1 for any v.

Let 0 = ®o, be a globally generic unitary cuspidal representation of M. Then for all
v, 0, is generic and unitary. Suppose o, is non-tempered. The following standard mod-
ule conjecture is proved for various cases including GL, and also Sp,,, SO2,+1 [Mu2]. In
[C-Sh], it is proved when G is an arbitrary quasi-split classical group and 7 is supercuspi-
dal.

Standard module conjecture Given a non-tempered, generic o, there is a tempered data
mo and a complex parameter Aoy which is in the corresponding positive Weyl chamber so that

o, = IMO(A07 71'0) — Ind%o(ﬂ-o ® q(onHl’o( )))

Let 0, be as above in the conjecture and let Py = MyNy, C P be another parabolic
subgroup with My C M. Then I(s,0,) = I(s& + Ao, ). By inducing in stages and the
factorization property of intertwining operators, we have

A(Sd + A07 0, W) = AMg (A07 70, WPO)A(S7 Ty, W0)7

where w = wp,wy and wy is the longest element of the Weyl group of the split compo-
nent of M in G, w is that of M in G and wp, is the longest element of the Weyl group
of the split component of M, in M. Here the operator Ay, (Ao, mo, Wp,): Ing, (Ao, m0) +—
Ing, (wo Ao, womp) establishes an isomorphism since I, (A, 7o) is irreducible, and is identi-
fied with its induced map.

Lemma 2.4 Suppose s& + A is in the positive Weyl chamber for Res > % together with

standard module conjecture and Conjecture 7.1 of [Sh1], then Assumption (A) holds.

Proof By definition, the normalizing factor (s, o,, wy) in (2.1) is the product of the nor-
malizing factors given by the rank-one intertwining operators attached to the positive roots
{8 > 0,w3 < 0} [Sh3]. However, (s& + Ay, 3") > 0 since sé + Ay is in the positive Weyl
chamber for Res > % So by Proposition 1.2, the normalizing factor r(s, o,, wy) is holo-
morphic and non-zero. Since 7 is tempered, A(s& + Ay, 7o, W) is holomorphic and so
N(s@& + Ay, m, w) is holomorphic and non-zero. The image of N(s& + Ag, my, W) is irre-
ducible by Langlands’ classification theorem. Therefore, N(s, o,, wy) is holomorphic and
the image of N(s, o,,, wp) is irreducible. [ |

We classify all non self-conjugate maximal parabolic subgroups of split groups whose
derived groups are almost simple. Let § = A — {a}. Note that wy = wyw; g and w;¢(0) =
—0. Therefore, Py is self-conjugate if and only if w;(ov) = —a. Note that wy = —1 except
in the case of type A,, D, (n 0odd), Es. So in those cases all maximal parabolic subgroups
are self-conjugate. By checking case by case in the case of type A,,, D,, (n 0odd), Eg, we see

Lemma 2.5 The only non self-conjugate maximal parabolic subgroups of split groups whose
derived groups are almost simple, are the following:
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1. Type A, n even, all maximal parabolic subgroups, or n odd, all except 0 = A —
{e%l —em }. This is the case GL,, X GL,, C GL,4n, where n # m.

2. Type Dy: nodd and @ = A — {«,}. This is the case GL, C SO,

3. Type Es: 0 = A — {«s}. This is the case P = MN, where the derived group of M is
SLZ X SL5

4. Type Eg: 0 = A — {1 }. This is the case GL1 -Ds C Eg (almost direct product).

3 Main Theorems

We look at four cases in Lemma 2.5 separately. Due to Langlands’ result (Corollary 2.2)
and (2.2) and Lemma 2.3, we only have to establish Assumption (A).

3.1 G=S0,, P=MN,M = GL,, n odd

Recall the following facts from [Sh4], [Sh5]. Let 0 = ®,0, be a unitary cuspidal repre-
sentation of GL,. Then in (2.2), r = r, = A?p,, the irreducible %n(n — 1)-dimensional
representation of GL,(C) on the space A*C" of alternating tensors of rank 2. Suppose o,
is unramified. Then there exists # unramified quasi-characters 1, .. ., 4, of F* such that
g, C IndgL” @ - @ py, (actually it is an equality since o, is generic). Let A,, be the
(semisimple) conjugacy class of the matrix diag (,ul(w), ceey ,un(w)) in GL,(C) = M.
Then the local Langlands’ L-function for the representations A?p, and o, is given by

L(s, 0, /\zpn) = det(I - /\zpn(Am)qvis)il = H (1 - .u'i(w)ﬂj(w)qvis)il'

1<i<j<n

We recall the following well-known facts.

Proposition 3.1

1. [Sh1] For each v, the local Langlands’ L-function L(s, o,, A2p,) can be defined. We use the
one in [Sh1] given inductively; For tempered o, the L-function is well-defined and both
definitions in [Sh1] and [Sh4] agree. For a non-tempered o, we find the Langlands’ data
and define the L-function inductively from the Langlands’ data.

2. [Sh4] The completed L-function L(s, o, A*p,) = IL, L(s, 04, A?p,,) can be continued mero-
morphically to all of C and satisfies the standard functional equation

L(57 g, /\2pn) = 6(57 g, /\zpn)L(l ) 5-7 /\zpn)-

3. [J-S2] Let S be a finite set of places including archimedean places such that o, is unrami-
fied for v ¢ S. The partial L-function Ls(s, 0, \*p,) = Hv¢s L(s, 0,, \2p,) is absolutely
convergent for Re s > 1 and hence has no zero there.

4. [J-S2], [Sh3] The completed L-function L(s, o, A*p,) has no zeros and no poles on the line
Res=1.

We note that in [J-S2], [Sh3], it is proved that only the partial L-function Ls(s, o, A*p,,)
is holomorphic for Re s > 1. We prove in Proposition 3.4 that each of the local L-function
L(s, 0y, \2p,) is holomorphic for Re s > 1.
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Recall that any cuspidal representation o of GL, is globally generic and therefore o, is
generic for all v. Recall the classification of unitary representations of GL,, [Ta], [Vo]: Any
generic non-tempered representation o, of GL,, n odd, can be written as follows:

g, = Indlc\;dll;”(ﬂl(xl) & .- ®7Tm(xm) ®Tl & - ®Tk®ﬂ-m(_xm) ® "'®7T](_X1)),

where % > X > o0 > Xy > 0with ... 7, 71, . . ., T discrete series representations.
Here 7;(x;) = m; ® | det |*.

Recall that we are identifying s with s&, and & = %(el + -+ +e,), where ey — ey, ...,
e,_1—en, e,_1+e, are positive simple roots. Therefore I(s, 0,) = IndgL” (O'V®| det()| 5)@ 1.
Notice 5 instead of s. Then

5.1) I(s,o,,):Indf/lnﬂ1®'~®7rm®ﬂ®'~
3.1
Tk @ T @ -+ @ exp((sé + Ao, Hy, (),

where Ag = (x1, .+ X, 0, .+, 0, =Xy, ..., —x1) and s& = (5,..., ).
Lemma 3.2 Let 7y, (resp. m,) be a supercuspidal representation of GLy (resp. GL;). Then
the normalized rank-one intertwining operators N (s, my, & T2y, Wo) 0f GLi11, N (s, 1y, wo) of

SOk and N (s, 71y, o) 0f SOx41 are holomorphic and non-zero except possibly atRe s = —1.

Proof By the general theory in [Shl], for a supercuspidal representation m,, in (2.1),
H:"Zl L(is, m,, ;) " A(s, 7,, wy) is entire and non-zero. Therefore the poles of N(s, 7,, wp)
come from zeros of ]_[1'":1 L(1 + is,m,,r;)~ . However, by [Sh1, Proposition 7.3], each
L(s,7,,r;) ! is a product (possibly empty) of (1 — ;q,*)~! with |a;| = 1. From this,
our assertion follows since m = 1 in all of the above cases. [ |

Lemma 3.3 Let v be any place, archimedean or non-archimedean.

1. For two discrete series representations 7, (resp. ) of GLy (resp. GL;), the normalized
rank-one intertwining operator N (s, mw, ® 7, o) of GLy4; is holomorphic and non-zero
forRes> —1.

2. For a discrete series representation , of GLy, k odd or even, the normalized rank-one
intertwining operator N(s, m,, wo) of SO is holomorphic and non-zero for Re s > —1.

Proof Assume first that v is a non-archimedean place.

(1) If Res > 0, then both A(s, 7, ® 7], wp) and L(s, 7, x 7,) are holomorphic and
non-zero. So N(s,m, ® 7., wp) is holomorphic and non-zero for Res > 0. If Res = 0,
then this is well-known (see, for example, [Sh1]). Therefore we only need to consider for
—% < Res < 0.

Note that any discrete series representation 7, of GLy is the unique subrepresentation

of I(v,7,) = |det|“%1pv® |det|%pv® e ® \det|_%pv with7, = p, ® -+ ® p, and
3

v = “;21, S —“%1) and p, a supercuspidal representation of GL;,. Another dis-
crete series representation , of GL; is the unique subrepresentation of I(v', 7,) with 7, =
py®---@pjandv’ = (521, 42, —2=1). Then I(s, 7, ® ;) is a subrepresentation
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of I\, 7, ® 7,), where A = (5 + “—;1,...,5 — “;—1,—5 + “/2_1,...,5 — “;—1). Then by the
inductive property of intertwining operators, we have

N(57 ™, ® 7T'lf, WO) = N()\a Ty & Tvla W0)|I(s,7ry®7rv’)~

N(A, 7, ® 7., wp) is a product of the rank-one operators associated to supercuspidal repre-
sentations (see [Sh3]) attached to the positive roots {5 > 0 | wo3 < 0}. For those positive
roots, (A, 8¥) = 3+ %51 — i) — (=5 + 251 — j),i=0,...,a,j = 0,...,a". But for
—% < Res <0, Re((% + “;—1 —i) = (=3 + “/2—_1 — ])) cannot be —1. So by Lemma 3.2,
each rank-one intertwining operators associated to supercuspidal representations are holo-
morphic and thus N(A, 7, ® 7./, wp) is holomorphic. Note that for —% < Res < 0, wy(six)
is in the positive Weyl chamber and id = N(wo(s&), wo(m, ® 7)), W())N(S, T, ® Ty Wo).
We showed that N (wy(sé), wo(m, ® 7)), wp) and N(s, 7, ® m,, wy) are holomorphic and
therefore N (s, w, ® m,, wy) cannot be zero.

(2) As in the above, we only need to consider the interval —1 < Res < 0. A discrete
series representation 7, of GLj is the unique subrepresentation of I(v, o,) with o, = p, ®

e ®@pyand v = (”%1, ”7_3, e —”T_l). Then I(s, ,) is a subrepresentation of I()\, o,),
where A = (3 + %1, 5+ 452, 5 —2=1) Then by the inductive property of intertwining

Operators, we have
N(57 Ty, WO) = N()\7 Oy, WO)‘I(SJT‘,)'

N(A, 0y, wp) is a product of rank-one operators associated to supercuspidal representations
attached to the positive roots {3 > 0 | wo8 < 0} (see [Sh3]). For those positive roots,
\,BY) = §+”—;1—i,i:O,...,aor(§+“;—1—i):|:(§+”7_1—j),0§i<jga. If
—1 < Res<0, Re(%+%—i),Re((%+“;—l—i):t(%+“;—l—j)) cannot be —1. So the rank-
one operators are holomorphic and non-zero. Therefore, N(\, o, wy) is holomorphic and
so N(s, m,, wp) is holomorphic and non-zero by the same argument as in (1).

Now let v be an archimedean place. Then the discrete series exist only for GL, or GL,

over a real place. Note that the discrete series for GL, over a real place is given by the

subrepresentation o(u, v) of the principal series 7(u, v) when p(x) = | |% sgn(x) and
v(x) =|| =, where p is a positive integer and ¢ is a real number. We go exactly the same
way as non-archimedean places as above. ]

Remark 3.1 Moeglin-Waldspurger [M-W2, Proposition 1.10] proved much stronger result
that the normalized rank-one intertwining operator N(s, m, ® ., wy) of GLg; is holo-
morphic and non-zero for Res > —1 for two discrete series representations , (resp.
m,) of GLg (resp. GL;). It also follows from [C-Sh] by noting that N(s, 7w, ® m,, wy) =

%A(s7 ™, @7, wp). By [C-Sh], L(s+1, m, x 7)) is holomorphic for Re s > —1 and
Als,m,@m! ,wo)
L(s,m, x7))

From Lemma 3.3, we have

is entire.

Proposition 3.4

1. Each local L-function L(s, o,, A\*p,) is holomorphic for Re s > 1.
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2. Let Res > % Assumption (A) holds in the case in consideration, i.e., N(s,0,,wq) is

holomorphic and non-zero for Re s > %for all v.

Proof In (3.1), we identify N(s, oy, wo) With N(s& + Ag, M @ -+ @ Ty @ T ® - - @ Tk ®
T @ @, wo) s+ Mg = (5 +X1,5 X055 FXmy 53555 = Xmyoeessy —
x1). Note that if Res > 1, Re(5 — x;) > 0. Therefore, s& + Ay is in the positive Weyl
chamber. Therefore, as in the proof of Lemma 2.4, the normalized intertwining operator
N(s, o,,wp) is holomorphic and non-zero for Re s > 1. The holomorphy of L(s, 7,, A%p,)
for Re s > 1 follows from (2.2) by noting that L(s, o, A?p,) has no zeros for Re s > 1. (Since
L(s,0,, A*p,) " is a polynomial in g, , if L(s, o,, A*p,) has a pole, it has infinitely many
poles.) This proves (1).

Note that for % <Res< 1, —i <Re(; —x) < % Therefore the rank-one normalized
intertwining operators attached to permutations among {5 — x1, ..., 5 — x,, } and the sign
changes 5 — x; = —3 + x;, are holomorphic and non-zero due to Lemma 3.3. Actually
they are isomorphisms. So there is an isomorphism by a normalized intertwining operator
which sends (3.1) t0o (A}, 7 ® -+ @My T Q-+ QT4 @ My @ + -+ ® my), where Ay is
in the positive Weyl chamber of the split component of a Levi subgroup. The normalized
intertwining operator attached to the latter induced representation is holomorphic and
non-zero by Proposition 1.2. So the same thing is true for N(s, o, wp). [ |

Therefore we obtain the following theorem.

Theorem 3.5 Let o be a unitary cuspidal representation of GL,,, where n is odd. Then the
exterior square L-function L(s, o, N2p,) is entire.

Proof By (2.2), Corollary 2.2 and Proposition 3.4, L(Lsgrsla}i/\;/z);;)) is holomorphic for s > %
However, L(s, o, A*p,) does not have zeros for Re s > 1 by Lemma 2.3. So L(s, o, A*p,) is
holomorphic for s > % The functional equation of L(s, o, A%p,) implies that it is entire.

In the same way, we have

Proposition 3.6 Let o be a non self-dual cuspidal representation of GL,, n even. Then the
exterior square L-function L(s, o, A?) is entire.

Remark 3.2 According to Langlands’ functoriality, the self-dual cuspidal representations
of GL,, n even, are supposed to come from SO, (resp. SO,.;) if L(s,o,Sym?) (resp.
L(s, 0, A?)) has a pole at s = 1. See [Sh5].

32 G=GLuym P=MN, M =GL, x GL,,, n £ m

This is a special case of [M-W2, Appendix]. Let o; (resp. 0,) be a unitary cuspidal repre-
sentation of GL,, (resp. GL,,). Moeglin-Waldspurger [M-W2, Appendix] proved that the
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Rankin-Selberg L-function L(s, oy X &) is holomorphic for 0 < Res < % using a remark-
able method. The functional equation then implies that it is entire if m # n. Here we want
to give a different proof based on the fact that P is not self-conjugate.

Let 0 = 01®0; be a cuspidal representation of GL,, X GL,,. Thenin (2.2),r =, = p,®
Pm> where p, and p,, are standard representations of GL,(C) and GL,,(C), resp. Suppose
o, is unramified. Then oy, = IndgL” W ® -+ ® py and 0y, = IndgL'” woe - ® ul
for unramified quasi-characters py, ..., iy, 41, - - ., i), of F*. Then the local Langlands’
L-function for the representations p, ® p,, and o, is given by

L(s, 0, pu ® pm) = L(s, 01y X 02)) = H (1- ui(w),u}(W)*lqjs)*l.

Recall the following well-known facts.

Proposition 3.7

1. [Sh1], [Sh4], [J-PS-S] For each v, the local Langlands’ L-function L(s, o1, X 03,) can be
defined and the completed L-function L(s, 0y X &) = [[, L(s, 01, X G2,) can be continued
meromorphically to all of C and satisfies the standard functional equation

L(S, o1 X 5’2) = E(S, o X 5'2)L(1 — 5,01 X 0'2).
2. [J-S1] Let S be a finite set of places including archimedean places such that o, is unramified
for v ¢ S. The partial L-function Lg(s, 01 X &) = Hves L(s,01, X &2y) is absolutely
convergent for Re s > 1 and hence no zero there.

3. [J-S1], [Sh3] The completed L-function L(s, o1 X &,) has no zeros and no poles on the line
Res=1.

Lemma 3.8 For % < Res < 1, N(s,0,,w,) is holomorphic and non-zero.

Proof Since o1,, 0, are generic, they can be written as follows:

o =Indy" (M) @ @ mlx) @ T @+ @ Ty @ M(—x1) ® -+ ® m(—x1)),

oy =Indy" (7{(y) @ @T (MO ® @ T, @m(=y) ® -+ @ m{(—y1)),

where 1 > x; > -+ > x5 > 0,4 >y > -+ >y > Owithmy,...,m,7f,..., 7,
Tl ooy Ty Tl e v e 7'1; discrete series representations. Therefore,

I(S7UV):I(Sd+A07ﬂ-1®“'®ﬂ-k®’rl®"'®Tq®ﬂ-k®"'®ﬂ-l

(3.2)

@M M T® - @T, @7 @+ ®T).
where s& + Ag = (5 + X1,..., 5 + X, 55--05555 — Xkyevvny — X1, =5 + Ylyenns
— 3V =5y — 5 =5 = V5. -+, —5 — ¥1). Weidentify N(s, o, wy) with N(A, £, wo),

where A = 56+ A0, 8, =T Q- AMOT® QTOM R+ @M AT X+ - Q7 @7/ ®
e RT,Rm @ @, Wenotethatfor% <Res< 1,Re(§+xi—(—§+yj)) > Oand—% <
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Re (% —xi—(=3+ yj)) < 1. Therefore by Lemma 3.3, the rank-one normalized intertwin-
ing operators attached to permutations among {3 —x1,..., 5 =X, =5+ y1,..., =5 + yi}
are holomorphic. So N(A, X, wp) is holomorphic. If A is in the closure of the positive
Weyl chamber, it is non-zero. We argue as in [Zh, Theorem 3]. Suppose A is not in the
closure of the positive Weyl chamber. Choose w; € W so that w; A is in the closure of the
positive Weyl chamber. Then

N(W1A7 wi(X,), W0W1_1) =N L, WO)N(WlAv wi(X,), Wl_l)'

By Proposition 1.2, N(wlA, w1 (%), Wowl_l) and N(wlA, wi(%,), Wl_l) are holomorphic
and non-zero since w; A is in the closure of the positive Weyl chamber. Since N(A, X, wy)
is holomorphic, it is non-zero. |

Remark 3.3 Moeglin-Waldspurger [M-W2, Appendix] proved much stronger result that

N(s, 0y, wp) is holomorphic for Re s > —e(o,), where e(o,) is some positive number. The

argument in [Zh, Theorem 3] proves that, for a tempered and generic representation o, if

N(v, o,,wp) is holomorphic at v, then it is non-zero at v under Conjecture 7.1 of [Sh1].
Therefore, we have

Theorem 3.9 [M-W2, Appendix] Let 0 (0,) be a unitary cuspidal representation of GL,,
(GL,,), n # m. Then the Rankin-Selberg L-function L(s, o, x 0,) is entire.

Proposition 3.10 Let 01,0, be unitary cuspidal representations of GL,, where o1 2 0, ®
| det()|* for allt € C. Then the Rankin-Selberg L-function L(s, 01 X ) is entire.

3.3 The case G is a simply-connected split group of type Ec and P = MN, M =
GL, -(SL; x SLs) (almost direct product)

This is the case Es — 2 in [Sh4]. There is a canonical surjection M — PGL, x PGLs.
Let 01, 0, be cuspidal representations of PGL,, PGLs, resp. Then o1 ® 0, can be consid-
ered as a cuspidal representation of M. Let S be a finite set of places, including all the
archimedean places, such that for every v ¢ S, o1,, 0,, are all unramified. Forv ¢ S,
let A(oy,) = {diag(ay,, @,)} be the semisimple conjugacy classes attached to o,. Let
A(oy,) = {diag(B1,,- .., 0s,)} be the one attached to o,,. Then the direct computation
shows that

L(s,01, ® 02y,11) = L(s,00, ® 62, 2 @ Nps) = [ (1= ewB;,'8, a7
1<i<2,1<j<k<5

5
L(s, 01y ® 020, 12) = L(s,00) = [ [(1 = Bugy )",
i=1

where p,, is the standard representation of GL,(C). In the same way as in Proposition 3.4,
we can see that the normalized local intertwining operators satisfy Assumption (A), pro-
vided that Conjecture 7.1 of [Sh1] holds in this case. Unfortunately, the result of [C-Sh]
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does not apply to the exceptional group. Since the standard L-function L(s, o) has no zeros
for Re s > 1, we have, by Corollary 2.2,

Theorem 3.11 Let 01,0, be cuspidal representations of PGL,, PGLs, resp. Suppose Conjec-
ture 7.1 of [Sh1] holds for the exceptional group of type E¢. Then the completed L-function

L(s,01 ® 62,02 ® /\2/)5),

is entire.

3.4 The case G is a simply-connected split group of type Es and P = MN, M = GL, -Ds
(almost direct product)

This is the case (xxiv) in [Lal]. This case was suggested by Shahidi from the work [Mu-Sh].
Recall some facts from [Mu-Sh]. Let A = {ay, . .., as} be the set of simple roots of T with
respect to the Borel subgroup B, which are labeled on Dynkin diagram in the standard way.
Denoteby P = MN (P’ = M’N’, respectively) the maximal parabolic subgroup of G which
corresponds to the set of simple roots § = A — {a;} (8" = A — {«}, respectively). Then
M, M’ are groups of type Ds. Let wj be the longest element of the Weyl group W modulo
that of T in M. Then wy(0) = 0’ and M’ = woMw, !, The adjoint representation of "M on
Inis an irreducible representation of the lowest weight ). Denote this representation by r.
This is one of the two 16-dimensional irreducible half spin representations when restricted
to the derived group of “M or the half-spin representation of XM = GSpin(10, C) by abuse
of terminology. Let o be a generic cuspidal representation of M(A). Then the completed
L-function L(s, o, r) is defined.

Theorem 3.12 Let o be a generic cuspidal representation of SO(10). Then the completed
L(s, 0, 1) is entire if Assumption (A) is satisfied.

We can prove that Assumption (A) is satisfied for unramified places from Shahidi’s result
that L(s, 0, r) is holomorphic for Re s > 1 [Sh4, Lemma 5.8]. However, we were not able
to prove that the local normalized intertwining operators are holomorphic and non-zero
for Res > 1 at ramified places. One serious obstacle is that we do not have the standard
module conjecture for SO(2n). Nevertheless, in view of (2.2) and Corollary 2.2, we obtain
the result that the partial L-function Lg(s, o, r) is holomorphic for Res > 0: Let S be a
finite set of places, including all the archimedean places, such that for every v ¢ S, o, is
unramified. Take f = ®, f, such that for each v ¢ S, f, is the unique K,-fixed function
normalized by f,(e,) = 1 and let fv be the K, -fixed function in the space ofI(—s, W()(O'V)) ,
normalized the same way. Then (2.2) can be written as (see [Sh4, (2.7)])

LS($7 ag, I”)

M S ALY
(5,0, wo) f Ls(1 +s,0,7)

®1/$S ﬁ/ ® ®A(57 Ty, WO)ﬁ/

veS
For each v € S, A(s, 0y, wp) is not a zero operator. By Corollary 2.2, M(s, o, wy) is holo-

morphic for Res > 0. Suppose Ls(s, o, r) has a pole for Res > 1. Then for each v € S,
choose f, such that A(s, o, wp) f, is not zero. From [Sh4, Theorem 5.1], Ls(s, o, r) has no
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poles for Res > 2. We obtain a contradiction. In the same way, we see that Ls(s, o, 1) is
holomorphic for Re s > 0.

Again in the same way, we see that the partial L-function Ls(s, oy ® G2, p» ® A%ps) in
Theorem 3.11 is holomorphic for Re s > % without any assumption.
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