Bull. Aust. Math. Soc. 98 (2018), 159-166
doi:10.1017/S0004972718000175

ON LINEAR COMPLEMENTARY DUAL FOUR
CIRCULANT CODES

HONGWEI ZHU and MINJIA SHI™

(Received 25 January 2018; accepted 29 January 2018; first published online 29 April 2018)

Abstract

We study linear complementary dual four circulant codes of length 4n over F, when g is an odd prime
power. When ¢° + 1 is divisible by n, we obtain an exact count of linear complementary dual four circulant
codes of length 4n over F,. For certain values of n and g and assuming Artin’s conjecture for primitive
roots, we show that the relative distance of these codes satisfies a modified Gilbert—Varshamov bound.
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1. Introduction

Linear complementary dual (LCD) codes are linear codes that intersect with their dual
trivially. This concept was introduced by Massey [11], motivated by a problem in
information theory. Boolean masking, of interest in embedded cryptography, led to a
rediscovery of LCD codes in [4]. Self-dual double negacirculant (circulant) codes over
finite fields have been studied in [1, 2] and self-dual four negacyclic (circulant) codes
over finite fields have been studied in [13, 14]. In these four papers, the authors derive a
modified Gilbert—Varshamov bound on the relative distance for the codes, building on
exact enumeration results for a given code length and finite field. A natural question is
to ask for a modified Gilbert—Varshamov bound on the relative distance for LCD four
circulant codes over finite fields.

This paper will give an answer to this question. Section 2 introduces some basic
concepts and definitions. Section 3 develops the machinery of the Chinese remainder
theorem (CRT) approach to four circulant codes. Section 4 gives the exact enumeration
of LCD four circulant codes over finite fields. Section 5 is dedicated to asymptotic
bounds on the relative Hamming distance of these codes when their lengths tend to
infinity.
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2. Notation and definitions

Let g be a prime power. A linear code C of length n over F, is a subspace of Fy.
If x=(x1,x,...,x,) and y = (y1,¥y2,...,¥,) are two elements of Fs their standard
(Euclidean) inner product is (x,y)r = ), x;y;, Where the operation is performed in
;. The Euclidean dual code C+# of C over F, is defined by

C*t ={yeF, | {(x,y)g = 0forall x € C}.

A linear code C of length n over F,, is called an LCD code with respect to the Euclidean
inner product if C N C*+£ = {0}.
Define the conjugate @ of a € F, by @ = a V4. The Hermitian inner product of x and
y in F} is defined by (x,y)y = X, x;i. The Hermitian dual code C** of C over F, is
defined by
C* ={y e Fy |{x,y)y = 0 forall x € C}.

A linear code C of length n over I, is called an LCD code with respect to the Hermitian
inner product if C N C*# = {0}.

A matrix A over F, is said to be circulant if its rows are obtained by successive
shifts from the first row. If the rows are obtained by successive negative shifts from
the first row, the matrix is said to be negacirculant. A code is called a double circulant
(negacirculant) code if its generator matrix is of the form

(In, A),

where I, is the identity matrix of order n and A is a circulant (negacirculant) matrix.
In polynomial form this can be written as (1, a(x)), where the x-expansion of the
polynomial a(x) is the first row of A.

A linear code C is called a four circulant code if the code C is generated by

I, 0 A B

0 I, -B" A')
where A, B are circulant matrices and the exponent ‘t’ denotes transposition. This
so-called four circulant construction was introduced in [3] and revisited in [8]. If
AA" + BB' + I, = 0, then C is a self-dual code.

From an algebraic perspective, we can view such a code C as an R[x]/(x" — 1)
submodule in (R[x]/(x" — 1))*, and the generator matrix of C is

1 0 alx) bx)
01 -k dx)

where a@’'(x), b’(x) are two polynomials of degree less than n, uniquely defined by the
conditions &’ (x) = a(x* ") mod (x" — 1), b’'(x) = b(x"~") mod (x* — 1).

Let f(x) =aop +aix+--- + a,x™ € Fy[x] with a,, # 0. The reciprocal polynomial
f*(x) of f(x) is defined by f*(x) = x"f(1/x) = apx™ + a;x™ ' + --- + a,,. The
polynomial f(x) is a self-reciprocal polynomial if f(x) = f*(x). (See [9] for more on
reciprocal polynomials.)
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Denote by T the standard shift operator on . A linear code C is said to be a quasi-
cyclic code of index 1 if it is invariant under T'. Obviously, a four circulant code is a
quasi-cyclic code of index four.

If C(n) is a family of codes with parameters [n, k,, d,] over F,, the rate p and relative
distance ¢ are defined as p = limsup,_,, k,/n and ¢ = liminf,_,. d,/n, respectively. A
family of codes is called asymptotically good if pd > 0.

3. Algebraic structure of four circulant codes

We assume that ¢ is an odd prime power and gcd(n, g) = 1. According to [10], the
factorisation of x" — 1 into distinct irreducible polynomials over F, takes the form

X'=1l=akx-1) 1_[ gi(x) H hji(h;(x),

i=1 j=1

where a € ]F;, gi(x) is a self-reciprocal polynomial with deg(g(x)) = 2k; for 1 <i < s,
and h(x) is the reciprocal polynomial of /;(x) with deg(h;(x)) = I; for 1 < j <.
By the CRT,

wo e (B rm) = (BT @)

s t
~F, ® ( & quh) ® (( Pr, oF, ))
i=1 j=1

In particular, each F,[x]/(x" — 1)-linear code C of length four can be decomposed as

the ‘CRT sum’
K t
= coo(EDc)o(Dicacy)
j=1

i=1

where Cy is a linear code over F,, C; is a linear code over Fpx; of length four for
1 <i<s, and C’ and C’/ are linear codes over F ; of length four for 1 < j <. These
codes are called the constituents of C.

Lemma 3.1 [5, Theorem 3.1]. A four circulant code C over Fy[x]/(x" — 1) of length
four is LCD with respect to the Hermitian inner product (or equivalently, a quasi-
cyclic code of index four of length 4n over F, is LCD with respect to the Euclidean
inner product) if and only if the following conditions hold:

(i) ConCy*t ={0);
(i) C;NCH={0} for1 <i<s;
(iii) C;* NC7=1{0}and C;NC/** = {0}, for 1< j<1.

‘We now discuss the three conditions in Lemma 3.1 in more detail.
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Let & be a primitive nth root of unity over F,. Suppose that g;(£*) = 0 and h;(£'7) = 0
for all i, j. Then A3(£”~""7) = 0. From the CRT, the respective generator matrices of
Co, C;, C;. and C}’ are Gy, G, G;. and G’/ given by

G=(1 0 a(l) b(l)) G:(l 0 a@") b(f“f))
7l 1 - gm0 TP\ 1 -vEn)  a@E))’

G = 1 0 a(&’’) b(&7) G = 1 0 a(f(”_l)v-f) b(é:(n_l)vf)
701 =@y @) T 0 1 b ey a@m)

where a(1), b(1), a'(1), b'(1) € Fy, a(&"), b(£"), a'(§"), b'(§") € Fpu, a(&"), b(E"),
a' ("), b'(€'7) € Fy; and (€=, b(g"=), a/ (D), b/ (€"D) € By

Condition (i) in Lemma 3.1. Since a(1) = a’(1) and b(1) = b’(1), then Cy is an LCD
code with respect to the Euclidean inner product if and only if

1 +a(l)c(l) +b(1)d(1) # 0. (3.1)

Condition (i) in Lemma 3.1. C; is an LCD code with respect to the Hermitian inner
product if and only if

: —a(€p " (€ + bEa @) = 0,
~a(€b T () +BEDTTED A0 or {1+alE)ar (§) +bEBT(E) # 0,
L+a/(E)a " (€) + D (Db (") £0.

Using the Hermitian scalar product of [10, Remark 2], we see that the prime acts like
conjugation z — z7 over F,> so that a’(§") = ad" (&"). Thus C; is an LCD code with
respect to the Hermitian inner product if and only if

1+ a(@)at’ () + bE )b () # 0. (3.2)
Condition (iii) in Lemma 3.1. C}lf NC7 = {0} and €N C}’lf ={0}for 1 < j<rtif

and only if

—a(E" b (€) + b(E")dl (€7) = 65,

where 6; and 6, are not both zero, and

{1 + b (END(EM) + d (Eal (D) = 6,

1+ a(@NaE"="") + bENbE"") = 63,
—a(ENb' (") + b(ENa’ (€)= 64,

where 63 and 6, are not both zero. Since a(¢"~VVi) = a’(£") and b(E"~VV) = b’ (£Y),
the conditions are equivalent to

L+a(€")d (") + bENY' (") # 0.
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4. Exact enumeration

We assume that n is an odd integer, ¢ is a prime power and n|(¢° + 1) for some
positive integer 6. Then x" — 1 can be factored into a product of self-reciprocal
irreducible polynomials.

We will enumerate the LCD four circulant codes over F, when nl(¢° + 1). From [9],
if g is an odd prime, the so-called quadratic character 5 of [F, is given by n(c) = (¢/q)
for ¢ € F,, the Legendre symbol from elementary number theory.

Lemma 4.1 [5, Appendix]|. If g is odd, then the number of solutions (x,y) in F, of the
equation x* + y* = =1 is g — n(=1).

Lemma 4.2 [5, Appendix]. The number of solutions (x,y) in Fp of the equation
x4y = —1is (g + 1)(q° ~ g).

Now we can present the counting formula for four circulant self-dual codes over F,
when n|(¢° + 1).

Turorem 4.3. Suppose n|(¢° +1). Then x" — 1 = a(x — 1) [T, gi(x) over E,, where
@ € F, and the gi(x) are self-reciprocal irreducible polynomials with degree 2k; for
1 <i<s. Furthermore, the total number of LCD four circulant codes over Fy is

Q. =(q* - g+ (=) TTL (g% — g% + ¢b).

Proor. From the preceding discussion and Lemma 3.1, we can count the number of
LCD four circulant codes over F, by counting their constituent codes. We first need to
count the number of Cy. According to Lemma 4.1 and (3.1), there are ¢*> — ¢ + n(—1)
choices for {a(1), b(1)}. Next, we count the C; by comparing Lemma 4.2 and (3.2). We
find g*i — (g% + 1) (g% = ¢") = (¢°% — g* + ¢&) choices for {a(£"), b(£*)}. Thus, the

s

total number of codes over F, is (¢> — ¢ + n(—=1) [T, (¢*" — ¢* + ¢"). O

5. Relative distance bound

5.1. Special decomposition of x” — 1. Let g be a primitive root modulo n where n
is an odd prime. Recall that x" — 1 = (x = D(x"' +--- + x + 1) := (x — 1)M(x) where
M(x) is an irreducible polynomial over IF,. The nonzero codewords of the cyclic code
of length n generated by M(x) are called constant vectors. The relative distance bound
is based on the following auxiliary result.

Lemma 5.1. Suppose the nonzero vector z = (e(x), f(x), g(x), h(x)) € (F,[x]/(x" - 1))
and e(x)e’'(x) + f(x)f'(x) is not a constant vector. Then there are at most A = q> four
circulant codes C over Fy[x]/(x" — 1) such that z € C.

Proor. By the CRT,

F,[x] N F,[x] F,[x]
(=1 -1 M)

= ]Fq @ Fqn—l
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and
C=CooCy, e(x)=ey®e;, f(X)=fodfi, gx)=g®g, hx)=hy®h,

where Cy C Fg, C; C an—l’ eo, f0, 80, ho € F, and ey, f1, g1, € Fqn—l .

Since ¢ is the primitive root of unity over [F,, there is an integer u; such that £ is
a root of M(x). The condition z = (e(x), f(x), g(x), h(x)) € C is equivalent to the two
systems of equations

go =epa(l) — fob(1), thatis (e(z) + foz)a(l) = epgo + foho,
hy = eob(1) + foa(l), thatis (e(z) + foz)b(l) = epho — fogo,

(n=1)/2 q(nfl)/Z

and
u; /e . q(nfl)/2 . qul)/z
g1 = ea@) — ib' (&), thatis (ee] — + fif]  a@E)=eg]  +fih]
(n=1)/2 q<n*1)/2 q(n*l)/2

. (n-1)/2 :
hi = eb(E") + fia'(€Y), thatis (ere] — +fiff )b(E)=mel - fig]
For the first constituent of C, there are two cases according to the value of e% + foz.

G If eg + f02 # 0, then there exists a unique solution for {a(1), b(1)}, where

_ €080 + foho b(1) = eoho — f08o
e+ 1o e+ 1o

@) If e(z) + fo2 =0, then a(&") and b(£"') are arbitrary elements in F,, and there are at
most ¢> choices for {a(1), b(1)}.

a(l)

. . . (n—1)/2
For the second constituent of C, consider the unit character of ele?

(n—1)/2
+ flflq .
(n-1)/2

oy ff! # 0, then there exists a unique solution for {a(&“), b(£")},

i) Iferef

where
(n—1)/2 (n-1)/2 (n-1)/2 (n-1)/2
q q q q
Ui\ _ glel +J1 1 d bt = 1€1 B 1gl
a(f ) - q(n—l)/z (n—1)/2 an (é: ) - q(n—])/Z q<n71>/2 *
ere! + fif}] ere! T+ fif
.. (n—1)/2 (n—1)/2
(i) If ejel + fiff =0, then e(x)e’(x) + f(x)f’(x) =0 mod h(x) and

e(x)e’(x) + f(x)f'(x) is a constant vector, a contradiction.
Therefore, we obtain the desired result. O

5.2. Asymptotics of the relative distance. We derive the asymptotics for a family
of codes for which we can apply an auxiliary result from number theory. Artin’s
conjecture (see [12]) states that for any integer a # +1 or a perfect square, there are
infinitely many primes p for which a is a primitive root (mod p). This conjecture was
shown to be true by Hooley [6] based on the generalised Riemann hypothesis. With
this assumption, there are infinite families of four circulant codes C(4n) over F, where
the analysis made for x" — 1 with only two irreducible factors applies.

https://doi.org/10.1017/5S0004972718000175 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972718000175

[7] On LCD four circulant codes 165

The g-ary Hilbert entropy function is defined for 0 <t < (¢ — 1)/¢g by

) ift=0,
77 \ttog, (g — 1)~ tlog () — (1 —Dlog,(1 - 1) if0<r<(g~1)/q.

This quantity arises in the estimation of the volume of high-dimensional Hamming
balls when the base field is F,. Namely, the volume of the Hamming ball of radius tn
is asymptotically equivalent, up to subexponential terms, to ¢"«”, when 0 < ¢ < 1 and
n goes to infinity [7, Lemma 2.10.3]. This result can be used to establish an interesting
relationship between Q,, and A.

THEOREM 5.2. Suppose n is an odd prime, n > q and q is a primitive root modulo n.
The family of LCD four circulant codes over F, of length 4n, of relative distance 6 and
rate 1/2, satisfies H,(0) > % In particular, this family of codes is asymptotically good.

Proor. Let Q, denote the size of the family. By Theorem 4.3,
Q= (% — g + n(=D)(@D2 — =1 4 gm=D2y L 2 g s oo,

for LCD four circulant codes. Assume we can prove that Q,, > AB(d,,) for n sufficiently
large, where B(r) denotes the number of vectors in F‘;" with the Hamming weight of
their F, image less than r. From Lemma 5.1, the number of LCD four circulant codes
satisfying the condition is less than 1 = ¢.

Denote by ¢ the relative distance of this family of g-ary codes. Take d,, to be
the largest number satisfying Q, > AB(d,) and assume a growth of the form d, ~
45on. Thus Q, ~ AB(d,) as n — co. By the entropic estimate B(d,) ~ g*'H©) [7,
Lemma 2.10.3], and our estimate for €,,, we obtain the estimate H,(o) = % for LCD
four circulant codes. The result follows since ¢ > ¢, from the definition of 6. |
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