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Abstract
Robot-assisted minimally invasive surgery (MIS) has shown tremendous advances over the traditional technique.
A crucial challenge for developing a MIS robot is the kinematic design of the remote center-of-motion (RCM)
mechanism. In this paper, a class of spatial RCM mechanism is analyzed. They are obtained by generating virtual
parallelograms. The main process is to construct a line that passes through a fixed point under the mechanical
constraint. The axis of the surgical tool is then constrained to parallel with that line. Hence, due to the geometrical
feature of the parallel lines, the axis of the surgical tool will always pass through a fixed point, i.e., the RCM point.
Due to the specially designed structure, the fixed point does not need to be physically belonging to the mechanism.
The geometrical analysis method is employed to obtain the closed-form solution of the forward kinematics of the
proposed mechanisms. Due to the high load capacity of parallel mechanism, the robots based on the proposed RCM
mechanisms have promising applications as an external positioner to be used in robotic single-port surgeries.

1. Introduction
Minimally invasive surgery (MIS) is increasingly popular nowadays and has received lots of support and
favor from surgeons and patients. It is performed by inserting long, thin surgical tool into the patient’s
body through small incisions. Operations are carried out by manipulating the tool handles from outside
of the body cavity. The benefits of this kind of operation to patients include less pain and blood loss,
small scars, and shorter hospital stays. However, due to the motion constraint imposed upon the surgical
tool by the almost stationary incisions, several drawbacks still exist in the current MIS technique. These
include limited dexterity, restricted vision, and uncoordinated hand-eye motion. Thus, the MIS demands
considerably more training and practice for surgeons compared to the traditional open surgeries.

The effectiveness of MIS can be significantly improved by introducing robotic technology. It can over-
come the drawbacks involved in MIS, and it has led to momentous change in and generates a tremendous
impact on surgery [1]. The da Vinci surgical robotic system is the most successful commercial system,
which has received clearance from the US Food and Drug Administration [2]. Regarded as a milestone,
it is well received by clinical community. Currently, more than 5000 da Vinci robots are used in hospitals
and medical centers over the world. The great success of da Vinci surgical system has stimulated the
research of robot-assisted MIS technology in both engineering and clinical fields.

The kinematic design is one of the most important phases in a MIS robot design. Due to the fixed
incision, DOFs of the tool are restricted to four (the Open & Close is not included) as shown in Fig. 1.
They are rotation 1, rotation 2, rotation 3, and the translation. For safety reasons, the rotations of the
surgical tool should always pivot against the incision point, while the translational motion should always
along the line that passes through the incision point. The direction of the translation is determined by
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Figure 1. The incision point constraint in the MIS surgery [3].

rotation 1 and rotation 2. This kind of motion is called the remote center-of-motion (RCM), which is the
fundamental requirement of a MIS robot.

Current methods to make the MIS robot pass through the incision point include (a) controlling redun-
dant joints, such as the MIRO system developed by DLR [4] and the improved version of PARAMIS
robot [5–7]; (b) adding passive joints, such as the Zeus system [8] and the MicroHand S robot [9]; and
(c) mechanically constrained structure, such as the da Vinci system. The robot based on the first method
can provide high stiffness but is considered unsafe in a surgery [10]. Which one is safer between the
latter two methods is still in debates, but the safety of the adding passive joints method is achieved at
the expense of compromising the motion accuracy and stiffness [11].

For the mechanically constrained structure, the introduction of a circular arc is probably the struc-
turally simplest way to generate an RCM. The movement of a slider on a spherical arc is a 1-DOF remote
center of motion. If the arc is driven by a revolute joint whose axis passes through the RCM, then another
rotational DOF is added. The robotic camera holder “freehand” [12] and the light weight robotic scope
holder “ViKY” [13] are developed based on this principal. If two or more links are connected serially
by rotation joints with all axes intersecting at a single point, then the links can rotate on a sphere about
this point. If a shaft is fixed on the tip of the last linkage, it will be forced to pass through the center of
the sphere, which is the RCM. A portable MIS robot [14], the force reflecting robot MC2E [15, 16], and
the Raven robot [17] are based on this method. Zoppi et al. proposed a class of 4-DOF parallel RCM
manipulators and presented its analytical kinematic models and geometries [18].

The double parallelogram mechanism is the most widely used RCM mechanism in MIS robots [19–
26], including the da Vinci surgical system which has been successfully applied in many robot-assisted
MIS fields. Zong et al. proposed a type synthesis method to generate parallelogram based 1-DOF RCM
mechanisms [27]. Several novel mechanisms were developed based on this principle. The deformation
types of double parallelogram are important in this context and were analyzed in [28, 29]. The typical
feature of MIS robots based on this kind of mechanisms is that they have two rotational DOFs about
two orthogonal axes at the RCM point [30]. A spatial 3-DOF RCM mechanism, which is also based on
parallelograms, was proposed by Ricardo et al. [31]. Due to its large volume, it is difficult to arrange
several around the patient table. However, it can be used as an external positioner for assisting single port
laparoscopic surgeries. For spatial RCM mechanisms, Li et al. have proposed a type synthesis method
based on intersecting movable planes to generate novel RCM mechanisms [32], Kuo and Dai proposed
a fully decoupled 4-DOF RCM mechanism for MIS [33].

It needs to point out that an active prismatic joint is needed to drive the tool move in-out of the
patient’s body, whether a circular arc or double parallelogram is used. In the prototype design, the active
prismatic joint generally needs to use ball screw. Therefore, for the same scale workspace, the active
prismatic joint has heavier mass, larger volume, and less flexibility than the active rotating joint. And it is
difficult to realize the integration of driving parts on the static platform, and the increase of motion inertia
will lead to the increase of driving force. This requirement makes the transmission system complex and
reduces the back-drivability of the surgical robot. Under this condition, a class of 2-DOF planar RCM
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Figure 2. The double parallelogram mechanism.

mechanisms is proposed by constructing virtual parallelograms [3]. Considering that the actuated joints
of the obtained mechanisms are revolute joints, they have better back-drivability and flexibility than the
standard double parallelogram. Therefore, the proposed mechanisms have great application potential in
MIS robots.

In this paper, the three-dimensional version of the above mentioned 2-DOF planar RCM mechanism
is investigated. Compared to the existing spherical parallel mechanisms, the advantage of the proposed
design is that each of spatial RCM mechanism has a translational motion that passes through the RCM.
This can be used to driven the surgical tool move in-out of the patient’s body cavity. Other scholars have
proposed RCM mechanisms which can realize translational degrees of freedom. Long et al. proposed
an RCM mechanism without active prismatic joint [34]. Although the structure of the mechanism in
reference [34] is simple, it does not realize the integration of the motor on the static platform, and the
stiffness perpendicular to the paper direction is low. In contrast, the three actuators of the mechanism
proposed in this paper are fixed on the static platform, which is easy to realize modular design. In addi-
tion, the overall structure has the characteristics of high stiffness and isotropy. The basic principle, the
sufficient conditions that make the mechanism be spatial RCM mechanism, and the forward kinematics
are analyzed in the following sections.

2. Double parallelogram mechanism
The double parallelogram is the most widely used mechanism in MIS robots. It is a 1-DOF RCM mech-
anism which is formed by combining two parallelogram linkages together, as shown in Fig. 2. This
constraint makes the movement of a part of the mechanism, i.e., the End-link shown in the figure, per-
form pure rotation around a fixed point which is not physically belonging to the mechanism, this is the
RCM point.

By investigating the constraint feature of the double parallelogram, it can be seen that the End-link is
always parallel to link AB due to the constraint of the second parallelogram labeled in Fig. 2. The motion
of the two horizontal links of the second parallelogram is purely translational motion due to the constraint
of the first parallelogram labeled in Fig. 2. In such a construction, since one end of link AB is installed on
the base through a revolute joint, i.e., joint A, end-point of the entangled End-link always passes through
an RCM (see Fig. 2) when the mechanism works. Inspired by this design, a method that can generate new
RCM mechanisms raises. In this method, we construct two lines, connected by a parallelogram, one of
which passes through a fixed point under the physical constraint. Then if the motion of the parallelogram
is restricted to be pure translation, the other line will always pass through a virtually fixed point that needs
not to be physically belonging on the mechanism. Such a point is coined the RCM point. Based on this
idea, the authors proposed a class of 2-DOF planar RCM mechanisms [3], and several other kinds of
2-DOF planar RCM mechanisms were developed based on the consistent method [35–38]. Based on our
previous work, in this paper, we proposed a 3-DOF spatial RCM mechanism.
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Figure 3. A spatial 3-DOF double-Delta mechanism with RCM.

3. A 3-DOF spatial RCM mechanism
Based on the construction of RCM mechanisms in parallelogram mechanisms in form, we aim to
construct spatial RCM mechanisms according to the same design principle.

3.1. Design of a 3-DOF spatial double-Delta mechanism with RCM
As mentioned above, a key step to generate new RCM mechanisms is to find a suitable mechanism that
can drive a parallelogram to execute pure translation. The Delta mechanism proposed by Clavel [35] is
the most famous parallel mechanism that can generate purely translational motion. This feature makes
the mechanism suitable as the basis to generate spatial RCM mechanisms.

Based on the mechanism constructing method proposed in [3], and the principle proposed in
Section 2, a kind of spatial mechanism based on the Delta mechanism is constructed in this paper,
as shown in Fig. 3. From the figure, it can be seen that this spatial mechanism contains two layers of
Delta-like linkages. In this design, to make the motions of the two Delta linkages coupled with each
other, the parallelograms in the two Delta linkages share the same proximal linkage. Three platforms,
i.e., movable platform I, movable platform II, and static platform are used in the mechanism. To fulfill
the mobility constraint, the End-link is mounted on the movable platform I through a universal joint
and connected with the movable platform II via a universal joint together with a cylindrical joint. The
actuators used for driving the mechanism can be set stationary on the static platform, as shown in Fig. 3.
The End-link is the end-effector of the proposed double-Delta mechanism with remote center of motion.
Different with the common Delta mechanism in the literature, in this design, the three proximal links
and the three groups of distal links in each Delta linkage have different lengths, and the dimensions of
the three platforms, the static platform and the two movable platforms are identical.

There are n = 36 links and j = 42 joints (including 39 revolute joints, 2 universal joints and 1 cylin-
drical joint) in the proposed mechanism. Through the test in the model, it is found that once any
joint constraint is removed, the remote center of motion cannot be realized, so there is no redun-
dant constraint. Therefore, according to the Grülber–Kutzbuch formula [38], the mobility of the
mechanism is

m = λ (n − j − 1) +
j∑

i=1

fi = 6 (36 − 42 − 1) + 39 + 2 + 2 + 2 = 3 (1)
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Figure 4. The schematic model of the mechanism under the first condition.

where m denotes the mobility of the mechanism and λ is the dimension of the space in which the
mechanism is presented, λ = 6 for spatial mechanism and λ = 3 for planar and spherical mechanisms.

3.2. Conditions for remote center of motion
To realize remote center of motion for the End-link of the proposed mechanism, there are two conditions
need to be satisfied: first, lengths of all the proximal links and lengths of all the distal links in each Delta
linkage are same, respectively; and second, the corresponding distal links in the two Delta linkages are
parallel with each other. Based on these two conditions, kinematic analysis of the mechanism will be
investigated in Section 4 to verify whether the mechanism can execute the RCM motion.

The schematic model of the mechanism is shown in Fig. 4, from the first condition, it is expected
that the two movable platforms, simplified as points C1 and C2 in the figure (it is noted that the static
platform is also simplified as a point A), will have pure translational motion due to the constraints of
the parallelograms.

From Fig. 4, it can be seen that line C1E1 is the normal line of the plane formed by points B11,
B12, and B13 (denoted as �B11B12B13), and line C2E2 is the normal line of the plane formed by points
B21, B22, and B23 (denoted as �B21B22B23). Then, based on the conditions that C1E1⊥πB11B12B13 and
C1B11 = C1B12 = C1B13, it has

E1B11 = E1B12 = E1B13 (2)

thus point E1 is the circumcenter of triangle δB11B12B13.
Similarly, with the conditions that C2E2⊥πB21B22B23 and C2B21 = C2B22 = C2B23, it yields

E2B21 = E2B22 = E2B23 (3)

hence, point E2 is the circumcenter of triangle δB21B22B23.
Similarly, we can prove that line AE1 is perpendicular to plane πB11B12B13 with point E1 and line AE2

is orthogonal with plane πB21B22B23 with point E2. With these results, it can be seen that the two lines,
i.e., AE1 and C1E1, are both perpendicular to the plane πB11B12B13, which means lines AE1 and C1E1 are
collinear. Similarly, it can be concluded that lines AE2 and C2E2 are collinear.
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Figure 5. The mechanism can execute RCM motion under the mentioned constraint.

Further, considering that the lengths of the corresponding links in the two Delta linkages are the
same, there exist the following relations:

AB21

AB11

= AB22

AB12

and
AB21

AB11

= AB23

AB13

(4)

which leads to the relations that B11B12//B21B22 and B11B13//B21B23, and thus πB11B12B13//πB21B22B23.
Moreover, with the relations that AC1⊥πB11B12B13 and AC2⊥πB21B22B23, it can be found that lines AC1

and AC2 are collinear.
Therefore, from the above derivation, it can be found that the three points A, C1, and C2 in Fig. 4 are

collinear. Further, since points A, C1, and C2 in Fig. 4 stand for the corresponding static and movable
platforms in Fig. 3, there exist the relations that the three points C11, C21, and A1 in one branch of the
mechanism (see in Fig. 3) are always collinear. Similarly, points C12, C22, and A2 and points C13, C23, and
A3 in the other two branches are also collinear, respectively.

Considering the above relations, in the mechanism, three generalized double parallelograms
can be formed denoting as P1: C12A2A3C13 & C22A2A3C23, P2: C11A1A2C12 & C21A1A2C22, and P3:
C11A1A3C13 & C21A1A3C23 as shown in Fig. 5(a). Then referring to Fig. 5(a), the End-link that passes
through points C1, C2, and A is parallel with lines A1C11, A2C12, and A3C13 and always has point A
(which is the circumcenter of triangle �A1A2A3) as is remote center of motion. The remote center of
motion is visually located in the center of the static platform, but does not need to be supported by phys-
ical links or joints. The operation space can be reserved by expanding the size of the static platform,
so that human surgeons can clearly enter the incision. Based on the above constraints, the size of plat-
form C1 can be kept unchanged and the size of platform C2 and base a can be expanded in proportion to
ensure that the volume is not excessively expanded. It is important to point out that the End-link can also
be located outside of the mechanism, as illustrated in Fig. 5(b). In this configuration, two links of equal
length, i.e., Link I and Link II, are fixed on the movable platform I and movable platform II, respectively.
The joint connect Link I and the End-link is a universal joint and a universal joint and a cylindrical joint
are adopted to connect Link II and the End-link. For practical application, if the mechanism is to be used
as the end effector of a surgical robot, for the case in Fig. 5(b), the mechanism body can be set away
from the patient, making the mechanism better adapted to the surgical environment.

The second condition is that the corresponding distal links in the two Delta linkages are parallel with
each other. This condition will secure that the three points A, C1, and C2 are collinear. To provide this, we
simplify the kinematic model of the mechanism into a schematic model as shown in Fig. 6 and assume
that three points A, C1, and C2 are not collinear. Based on the condition, it has lines B21C2 and B11C1 are
parallel with each other, and lines AC2 and B11C1 are in the same plane. Then point C′

1 is used to denote
the intersection of the extension of the line AC2 and the line B11C1 under the above assumption.
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Figure 6. The schematic model of the mechanism under the second condition.

The mathematical description of the studied condition is⎧⎪⎨
⎪⎩

AB21

AB11

= AB22

AB12

= AB23

AB13

= k (0 < k < 1)

B2jC2//B1jC1 j = 1, 2, 3

(5)

Based on the intercept theorem of parallel lines, we have
AB21

AB11

= AC2

AC′
1

(6)

Further, considering that the line B22C2 is parallel with the line B12C1, these two lines can form a
plane, i.e., the plane πC1B12B22C2. Obviously, point A and point C2 locate in that plane. It can be seen
that line B12C1 and line AC2 are the two intersecting lines within that plane. Let us assume that the
intersecting point of the two lines is point C′′

1 , as shown in figure. Then, based on the same theorem, it
yields

AB22

AB12

= AC2

AC′′
1

(7)

According to Eq. (5) throughout Eq. (7), it is straightforward to find that
AC2

AC′
1

= AC2

AC′′
1

(8)

Since both of the points C′
1 and C′′

1 are on the extension of line AC2, Eq. (8) implies that points C′
1

and C′′
1 are coincide. This result indicates that there is a unique intersecting point among three lines

AC2, B12C1, and B11C1. Since C1 is the intersecting point of lines B12C1 and B11C1, the above-mentioned
unique intersecting point is point C1. Similarly, it can be found that point C1 is also the intersecting point
of lines AC2 and B13C1. From above analysis, it can be proved that under the second condition, the three
points A, C1, and C2 are collinear.

Further, it should be pointed out that the RCM feature for the proposed mechanism is independent
with the inputs of the mechanism as long as the proposed mechanism satisfies the two conditions dis-
cussed above. In addition, RCM mechanisms with similarly topology but different geometric constraint
as the one illustrated in Fig. 6 can also be obtained. The famous external positioning mechanism named
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Figure 7. The kinematic model of the RCM mechanism based on two Delta linkages.

Dion is proposed by Ricardo et al. for robotic single port surgery [35] is a typical application example
of this kind of RCM mechanism.

4. Forward kinematics and workspace of the proposed spatial RCM mechanism
Although it is easy to get the closed-form mathematical solution of the inverse kinematic problem for
a parallel manipulator, the forward kinematic problem lacks a closed-form solution, due to the number
of equations is less than the number of unknowns and the high degree of nonlinearity in the kinematic
formulations [37]. The forward kinematic problem has posed a difficult problem for parallel manipula-
tor researchers. In each of the proposed spatial RCM mechanisms, there are two parallel mechanisms,
i.e., the two Delta linkages, that are coupled withremote center-of-motioneach other, which makes the
constraint even more complex. Therefore, it is essential to solve the forward kinematic problem to find
the final position and orientation under a given set of joint angles and dimensional parameters. This
can be used for monitoring the running status of an MIS surgical robot based on the proposed RCM
mechanism.

4.1. Forward kinematic analysis
To carry out the forward kinematic analysis, the mathematical model of the mechanism is established,
as shown in Fig. 7. In this model, the coordinate system A − xyz is the reference coordinate system. The
x-axis coincides with the projection of the link AB11 on the horizontal plane, z-axis points upward, and
the y-axis complies with the right-hand rule. The values of the dimensional parameters are defined as
follows: The length of link AB1j (j = 1, 2, 3) is li, the length of link AB2i is kli (0 < k ≤ 1), the length of
link B2iC2 is l2i, the length of link B1iC1 is l1i, and the length of the End-link is l.

Since the End-link, usually is the surgical tool in a MIS robot, has a fixed value of length, the position
of at the end of the End-link, i.e., point O′, can be expressed by the position of points C1 and point
C2 as

rO
′ = rC1 − l

(
rC1 − rC2

‖rC1 − rC2‖
)

(9)

where rO
′ is the position vector of reference point O′, rC1, and rC2 denote the position vectors of points

C1 and C2, respectively.
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Figure 8. The mathematic model of the tetrahedron.

Then the kinematic analysis of the mechanism is equivalent to find the final positions of point C1 and
point C2 under a given set of input joint angles, i.e., θ1, θ2, and θ3 of the three proximal links, as shown
in Fig. 8. To carry out the calculation, two auxiliary lines are employed, they are lines C1E1 and C2E2

(see Fig. 7), which are perpendicular to plane πB11B12B13 and plane πB21B22B23, respectively. Then the
position vectors of points C1 and C2 can be expressed as

rC1 = rE1 + E1C1 (10)

rC2 = rE2 + E2C2 (11)

where rE1 and rE2 are the position vectors of points E1 and E2 expressed in the reference coordinate
system A − xyz. The coordinates of point Bij (i = 1, 2; j = 1, 2, 3) can be determined by the input joint
angles as

rB1j = ljRot
(
z,β(j−1)

)
Rot

(
y, − θj

)
e1 (12)

rB2j = kjljRot
(
z,β(j−1)

)
Rot

(
y, − θj

)
e1 (13)

where β(j−1) is the dimensional parameter, it is the angle of the projections of link ABij and link ABi(j+1)

on the horizontal plane, and β0 = 0, β1 �= β2 and β0 + β1 + β2 = 2π . In addition,

Rot
(
z,β(j−1)

) =
⎡
⎣ cos β(j−1) − sin β(j−1) 0

sin β(j−1) cos β(j−1) 0
0 0 1

⎤
⎦ , Rot

(
y, − θj

) =
⎡
⎣ cos

(−θj

)
0 sin

(−θj

)
0 1 0

− sin
(−θj

)
0 cos

(−θj

)
⎤
⎦, and

e1 =
⎡
⎣ 1

0
0

⎤
⎦.

So far, all the lengths of the links in tetrahedrons C1 − B11B12B13, C2 − B21B22B23, A − B11B12B13, and
A − B21B22B23 are known. Then, E1C1 and E2C2 can be calculated in C1 − B11B12B13 and C2 − B21B22B23,
respectively, while AE1 and AE2 can be calculated in A − B11B12B13 and A − B21B22B23, respectively. Let
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us solve the expression of E1C1 and E2C2 first. Their directional vectors can be obtained by

nE1C1
= B11B12 × B11B13∥∥B11B12 × B11B13

∥∥ (14)

nE2C2
= B21B22 × B21B23∥∥B21B22 × B21B23

∥∥ (15)

where B11B12 = rB12 − rB11, B11B13 = rB13 − rB11, B21B22 = rB22 − rB21, and B21B23 = rB23 − rB21.
To solve the length of EiCi which is perpendicular to the plane πBi1Bi2Bi3, the mathematic model of

the tetrahedron is established, as shown in Fig. 8. The thin-dotted lines in the model are the auxiliary
lines and both of the two lines Bi2Gi1 and Bi2Gi2 are perpendicular with the line Bi1Bi2. Line Gi1Bi2 locates
in the plane πCiBi1Bi2, while the line Bi2Gi1 locates in the plane πBi1Bi2Bi3. According to cosine theorem,
γi1 which is the angle formed by line CiBi1 and the line Bi1Bi2 can be calculated, it is

γi1 = arccos

∥∥Bi1Ci

∥∥2 + ∥∥Bi1Bi2

∥∥2 − ∥∥Bi2Ci

∥∥2

2
∥∥Bi1Ci

∥∥ ∥∥Bi1Bi2

∥∥ (16)

Then the length of Bi2Gi1 can be solved by∥∥Bi2Gi1

∥∥ = ∥∥Bi1Bi2

∥∥ tan γi1 (17)

By using same method, the length of Bi2Gi2 can be obtained∥∥Bi2Gi2

∥∥ = ∥∥Bi1Bi2

∥∥ tan γi2 (18)

where γi2 = arccos ‖Bi1Bi2‖2+‖Bi1Bi3‖2−‖Bi2Bi3‖2

2‖Bi1Bi2‖‖Bi1Bi3‖ .

The length of
∥∥Gi2Gi1

∥∥ can be calculated by
∥∥Gi2Gi1

∥∥ =
√∥∥Bi1Gi1

∥∥2 + ∥∥Bi1Gi2

∥∥2 − 2
∥∥Bi1Gi1

∥∥ · ∥∥Bi1Gi2

∥∥ cos γi3 (19)

where cos γi3 = ‖Bi1Ci‖2+‖Bi1Bi3‖2−‖Bi3Ci‖2

2‖Bi1Ci‖‖Bi1Bi3‖ ,
∥∥Bi1Gi1

∥∥ = ‖Bi1Bi2‖
cos γi1

, and
∥∥Bi1Gi2

∥∥ = ‖Bi1Bi2‖
cos γi2

.
Then the angle form by plane CiBi1Bi2 and plane Bi1Bi2Bi3 can be calculated by

φi = arccos

∥∥Bi2Gi1

∥∥2 + ∥∥Bi2Gi2

∥∥2 − ∥∥Gi2Gi1

∥∥2

2
∥∥Bi2Gi1

∥∥ ∥∥Bi2Gi2

∥∥ (20)

Then the length of EiCi can be calculated consequently, it is∥∥EiCi

∥∥ = ∥∥CiFi

∥∥ sin φi (21)

where CiFi⊥Bi1Bi2 and
∥∥CiFi

∥∥ = ∥∥Bi1Ci

∥∥ sin γi1. Till now, the directional vector and the length of EiCi

are solved.
The position vector of point Ei can be calculated in tetrahedrons A − Bi1Bi2Bi3

rEi = rBi1 + Bi1Fi + FiEi (22)

where Bi1Fi =
∥∥Bi1Ci

∥∥ cos γi1
Bi1Bi2‖Bi1Bi2‖ , FiEi =

(∥∥CiFi

∥∥ cos φi

)
EiCi×Bi1Bi2‖EiCi×Bi1Bi2‖ .

Since all the unknowns are expressed by the dimensional parameters and the input joint angles of
the mechanism, the positions of points C1 and C2 can be derived by Eqs. (10), (11), (14), (15), (21),
and (22). And consequently, the forward position analysis result, the final position of the reference point
O′ at the end of the End-link, can be derived by Eq. (9). It can be seen that the unique solution of the
forward kinematic problem can be obtained based on the employed geometrical analysis method. One
advantage of this process is that it can avoid the choosing procedure in the analytical technique, which
may yield multiple solutions. Another advantage is that it can also avoid the time-consuming iteration
calculation in the forward kinematic analysis based on numerical techniques.
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Table I. The dimensional parameters of the research object.

AB11 AB12 AB13 B11C1 B12C1 B13C1 k l β0 β1 β2

180 mm 200 mm 220 mm 220 mm 200 mm 180 mm 0.5 350 mm 0◦ 120◦ 240◦

Table II. The dimensional parameters of the research object.

Given position (mm) Angular positions (◦) Calculated position (mm)
(92.74, 29.13, −112.82) θ1 = 59.55, θ2 = 30.09, θ3 = 12.91 (92.7373, 29.1237, −112.8237)

(−20.19, 28.75, −76.28) θ1 = 22.67, θ2 = 66.37, θ3 = 42.26 (−20.1874, 28.7511, −76.2667)

(−14.86, −92.46, −182.53) θ1 = 1.49, θ2 = 0.52, θ3 = 61.63 (−14.3471, −92.0539, −183.3742)

Figure 9. Different configurations of the mechanism with the given positions in Table II.

4.2. Numerical simulation and verification
To verify the validity of the forward kinematic calculation process, a numerical example is employed
in this section. The RCM mechanism is generated based on the second condition, which means the
corresponding distal links in the two Delta mechanisms are parallel to each other, the forward kinematics
of which is more complicated than the first condition. The dimensional parameters in this example are
listed in Table I.

The verification process is that a set of reference positions whose values and the corresponding input
joint angles were measured from SolidWorks R© software were given first. After that, the forward kine-
matic analysis was carried out to solve the positions of the reference point based on the joint angles. Then
comparison between the given reference positions and the positions obtained through forward kinematic
calculation was carried out to check the accuracy of the procedure. The comparison results are listed in
Table II. It can be seen that the forward position calculation method is effective. For the third calculation,
however, the error between the given position and the calculated position is large. The reason is that the
absolute values of two angular positions are small, which makes the relative measured errors of these
two angles large, and consequently results in a relative larger calculation error. The configurations of
the mechanism with the 3 given angular positions are shown in Fig. 9.

4.3. Workspace analysis
In the process of motion, the boundary of workspace is determined by the limit position of rotating
joint. Number the outer circle joints in sequence as shown in Fig. 10(a), and the diagonal joints of each
parallelogram interfere at the same time. When joint 1 reaches the limit position, the joints in the four
circles reach the limit position at the same time. Drag the moving platform clockwise in a plane, and
every two pairs of joints 1 and 4, 1 and 6, 6 and 3, 3 and 2, 2 and 5, 5 and 4 interfere at the same
time. The moving track of the moving platform is a regular hexagon, and the sides of the hexagon
are equal in different planes. Figure 10(a) shows the interference state of joints 1 and 4. The moving
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(a)

(b)

Figure 10. Interference configuration and workspace of the proposed mechanism.

range of the moving platform in the vertical direction is 119–393 mm, from which the working space
can be calculated. As shown in Fig. 10(b), the orange hexagonal prism is the motion range of the top
moving platform, and the blue part is the space that can be reached at the end of the instrument. When
the insertion depth of the instrument is the maximum, the maximum deflection angle is 62.6◦. When the
insertion depth of the instrument is the smallest, the maximum deflection angle is 23.7◦. Obviously, the
rotation range of the rotating joint can be increased by optimizing the connecting rod structure, so as to
effectively increase the adjustment angle of the RCM mechanism. Chen et al. proposed a parallel RCM
manipulator with a workspace of 60◦ and explained the reliability of this workspace by analyzing the
human body size [39].

4.4. Prototype manufacturing and principle verification
To verify the correctness of the proposed mechanism, a prototype of the mechanism was fabricated,
as shown in Fig. 11(a). All the linkages have been manufactured by 3D printing, and all the revolute
joints are connected by bearings. The parameters of the prototype are identical with those in Table I.
The diameter of the End-link is 4.3 mm. A laser pointer with green laser was utilized to point the remote
center of the prototype. Once the End-link cross the remote center, the green spot will be observed on
the End-link.

Different configurations have been reached manually, and the positions of End-link relative the remote
center have been captured. For each configuration in Fig. 11, the End-link is always with the green spot,
verifying the motion of the End-link is restrained by the remote center.

5. Conclusion
A class of spatial RCM mechanisms is introduced in this paper. And the essential conditions that make
the mechanism be an RCM mechanism are proved. Due to the parallel kinematic configuration, the pro-
posed mechanisms are quite suitable to be used in the areas that require the surgical robots with high
load capacity. The proposed RCM mechanism is promising to be used as a guidance device in robot
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Figure 11. Different configurations of the proposed prototype.

assisting needle insertion applications or be used as an external positioner in robotic single-port surg-
eries. To satisfy the real-time monitoring requirement during robotic surgeries, the forward kinematic
problem of the proposed mechanism was solved based on geometrical method. Based on this method,
the unique forward kinematic solution of the spatial RCM mechanism can be obtained. This technique
avoids the choosing the valid result from the multiple solutions procedures in an analytical calculation
or implementing the computational expensive iterative numerical methods. Further research will be
focused on quantitative evaluation of the motion accuracy based on alignment sensor, stiffness analysis,
and prototype design for MIS.
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