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Let S be a bisimple semigroup and let Es denote its set of idempotents.
We may partially order Es in the following manner: if e, f e Es, e ^ / if
and only if ef = fe = e. We then say that Es is under or assumes its natural
order. Let 1° denote the non-negative integers and let n denote a natural
number. If Es, under its natural order, is order isomorphic to (I°)n under
the reverse of the usual lexicographic order, we call S an «"-bisimple
semigroup1. (See [9] for an explanation of notation.) We determined the
structure of a>"-bisimple semigroups completely mod groups in [9]. The
(o"-bisimple semigroups, the /-bisimple semigroups [8], and the mnl-
bisimple semigroups [9] are classes of simple semigroups except completely
simple semigroups whose structure has been determined mod groups.

The purpose of this paper is to give a complete determination of the
congruence relations of an ft>"-bisimple semigroup mod the congruences of
groups. We show that if p is a congruence relation on an a>n-bisimple semi-
group S, p is a group congruence (Sjp is a group), p is an idempotent separa-
ting congruence (each p-class contains at most one idempotent), or p is an
eu*-bisimple congruence (S/p is an cofc-bisimple semigroup) for some k with
1 j£ k fS, n—1. To determine the group congruences, we give an explicit
determination of the maximal group homomorphic image H of 5 including
the defining homomorphism. Clearly, the group congruences are in a 1—1
correspondence with the normal subgroups of H. We determine the idem-
potent separating congruences and the cofc-bisimple congruences in terms of
certain normal subgroups of the group of units of 5.

We say that (7°)" is under the reverse of the usual lexicographic order
if (a1, a2, • • •, an) < (blt b2) • • •, bn) if and only if ax >blt or ax = bx and
a2 > b2, or • • • ai = bi for 1 sS i < k and ak >bk, or • • •, ai = bt for
1 :£ i < n and an > bn.

Unless otherwise specified we will use the definitions and terminology
of [2].

1 Change in notation: In [6, 11], we called an a>"-bisimple semigroup an Z.B-bisimple
semigroup. For simplicity and to utilize standard notation, we finally adopted the present
notation.
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1. The nature of the congruences

In this section, we show that if p is a congruence relation on an con-
bisimple semigroup, p is a group congruence, p is an idempotent separating
congruence, or p is an co*-bisimple congruence for some k with 1 ^ k ^ n— 1.

Let us first give an indication of the structure theorems on which our
development is based.

Let C1 be the bicyclic semigroup and let I be a semigroup. Let
Cx o T — Cx x T under the multiplication

((«, m), s)((p, q), t) = ((», m)(p, q), f(m,p))

where f(m, p) = s, t, or st according to whether m >p, p >tn, or p = m
and where juxtaposition denotes multiplication in Cx and T. We define
C2 = C1o Clt C3 = C1o C2, • • -, Cn = C1o Cn_1. We call Cn the 2«-cyclic
semigroup [6]. The structure of an co"-bisimple S is described completely
in terms of a group G (the group of units of S), endomorphisms ylt y2, • • •, yn

of G, elements tx, t2, • • -, ̂ ( n ) {<p(n) = n(n—1)/2) of G, and Cn. Thus, if S
is an co"-bisimple semigroup, we will write

5 = (G> Yi> 72. • • •> Yn, h> h> • • •• ^ (» ) ) -

In fact, S ^ GxCn under a suitable multiplication and conversely,
[9, theorem 2.3]. An co"-bisimple semigroup S is a bisimple inverse semigroup
with identity with

Es = ((«, K . «i). * • •, («„. «»)) ••aiel°, 1 ^ i ^ n)

where e is the identity of G. The inverse of (g, (ax, b^), (a2, b2), • • •, (an, bn))
is (g^1, {blt a^), (b2, a2), • • •, (bn, «„)) where g'1 is the inverse of g in the
group G. Let 0t, ££, and J f denote Green's relations [2]. We note that

(g> K . h), K . h), • • •, K> &»))*(*, (Ci, ^i), (c2, d2), • • •, (cn, dn))

if and only if b( = rff for 1 ^ * ^ «. Hence,

U. K - »i). • * •- («.. *-))^(A. (ci, rfi). • • •, (cn, dn))

if and only if a{ = ci and 6t- = dt for 1 ^ i 5S w. These facts follow from
[9, theorem 2.3].

We will also utilize a structure theorem for a class of right cancellative
semigroups. Let P be a right cancellative semigroup with identity. The
partially ordered system of principal left ideals of P ordered by inclusion
is termed the ideal structure of P. If the ideal structure of P is order iso-
morphic to (7°)n under the reverse of the usual lexicographic order, P is
called an con-right cancellative semigroup. The structure of an co"-right
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cancellative semigroup P is described completely in terms of a group G
(the group of units of P), endomorphisms ylt y2, • • •, yn of G, elements
h> h> ' ' '• *«><«»> °f G> a n ( i (^°)n- Thus, we write

P = (G, (/«)«, 7l> y2, • • •, yn, tlt t2, • • -, tvM).

In fact, P is an <w"-right cancellative semigroup if and only if P s Gx(I°)n,
where G is a group, under a suitable multiplication [9, theorem 1.4]. If G
is a group and y eG, we define xCy = yxy~l for all x eG.

The following lemma which is based on the homomorphism theory of
[5] will be utilized in this section and in section 4.

LEMMA 1.1. Let

S = (G> Y\> Yi. • • •> Yn, v>i, ^ 2 . • • ', «V<n))
and

S* = (G*, <x1( a2, • • •, «.k, t1, t2, • • •, t9(k))

be con and aF-bisimple semigroups respectively with n > k. Let 6 be a homo-
morphism of S onto S*. Then there exists a homomorphism f of G onto G*
and elements zlt z2, • • •, zn of G* such that

(1) «H. ,« | ^* - I )+ .C , I = W^n-D+J if 1 ̂  / < *, 1 ̂  S ^ k-l.

(2) *H-.«IC,, = «»,(»-«+./ if k-l+1 ^ s ^ » - / , 1 ̂  / ^ *.

(3) zl+,CH = Wy(n_l)+J if A < J < n, 1 ̂  s ^ n - / .

(4) KCZi = yif if 1 ^ » ^ A .

(5) /C2< = yt./ if 1+* ^ » ̂ » .

For each

{g> («i. *i), K . &«), • * •, («», K)) e S, (g, K , fti), (fl8, 6,), • • •, (an, bn))9

= ( ( i f TM"? • • * «?) • • • ( ! [ ^ 4 - i a W
°i-i «*-i-i
i=0 f>t-l

\l\.zk xk)zk+l zn SI Zn zk+l ( 1 1 2*afcJ
ak~x ^=0

• ( l f l **-i«£_i«2*) • • • n^i«i«2« • • • 4*). K . »i). • • •- K.6*))

i/ a1( blt • • •, afc, bk ^ 1. 7/ a,-(6,) = 0 for some j , the corresponding factor
is e*, the identity of G*.

PROOF. By [9, theorem 2.3] and [9, theorem 1.4], the right unit sub-
semigroups of S and S* are P = (G, (/»)», ylt y2, • • •, yn, wr, w2> • • •, w9(n))
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and P* = (G*, (/°)*, a1; a2, . . ., at, ^ , *2, • • •, ^(W) respectively. If we
apply [1, main theorem] to P = (G, {I°)n, yx, y2, • • •, yn,wx,w2, • • •, w9(n)),
we will denote the resulting semigroup by T. Since the group of units of P is
{(g, 0, 0, • • •, 0) :geG} by [9, theorem 1.4], it follows from [1, p. 548,
equation 1.2] and [9, theorem 1.4] that each element of T may be given the
'normal representation' {{e, ax, a2, • • •, an), (g, bx, b2, • • •, bn)) (notation of
[1, main theorem]). We showed in [9, proof of theorem 2.3] that

((e, ax, « 2 , • • •, an), (g, bx, b2, • • •, bn))6 = (g, {alt bx), (a2, b2), • • •, {an, bn))

defines an i somorphism of T on to 5 = (G, Cn, yx, y2,...,yn, wx, w2,---,w<p(n)).

Let 6* denote the corresponding isomorphism of T* onto S*. Let 6 be a
homomorphism of S onto S*. Hence, M = dd(d*)~1 is a homomorphism of
T onto T*. Thus, M is given by [5, p. 1114, equation 1.14] by virtue of
[5, p. 1113, theorem 1.1]. Since M maps T onto T*, it follows that the k
in [5, p. 1114, equation 1.14] is an element of the group of units of P* by
virtue of [1, p. 548, equation 1.2]. Hence, by [5, p. 1113, equation 1.13],
k may be taken to be the identity of P* (actually, the homomorphism N in
[5, equation 1.14] is replaced by NCk-i where xCk-i = k~xxk for x e G*).
We will now utilize [5, theorem 2.3] to determineiV and to establish (1)— (5).
P is a Redei-Schreier extension [5, p. 1117] of G by P\Se by [5, theorem 2.2]
and [9, theorem 1.4]. In the notation of [5, p. 1117 and theorem 2.3], the
'factor' and 'endomorphism' terms of this extension are given by [9, equation
1.21 and equation 1.22 respectively (with V replaced by 'w')]. These terms
may be derived by comparing [5, equation 2.2] with [9, (A) of theorem 1.4].
If we substitute [5, p. 1119, equation 2.14] (with M replaced by N) into the
modified form of [5, equation 1.14] and utilize [1, equation 1.2] to obtain
the 'normal' representation, we see that g maps P/=Sf onto P*/J5P*. Hence,
utilizing [9, Corollary 1.1], we see that (ax, a2, • • •, an)g = {ax, a2, • • •, ak)
for all {a1>a2>- • -, an) e P\&. Let U, be the element of (7°)" with '1 ' in
the s-th position and zeroes elsewhere and let Ush = zs (notation of [5,
theorem 2.3]). Thus, by substituting [9, equation 1.21] and [9, equation 1.22]
into [5, p. 1119, equation 2.12] and utilizing [9, corollary 1.1], we obtain
(1) —(3). If we substitute [9, equation 1.22] into [5, page 1119, equation
2.13], we obtain (4) and (5).

Similarly, utilizing [9, corollary 1.1], [9, equation 1.21 and equation
1.22], and [5, p. 1119, equation 2.12], we obtain

(6lf b2, • • -, bn)h = *»«••• z%f{ I U 4 )

• ('r[1**-i<4-i«!») • • • (1ff*i«i<# • • • <#)•
3=0 3=0

Thus, N is given by [5, p. 1119, equation 2.14]. We next substitute N
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into the modified form of [5, equation 1.14] and reduce both sides of the
equation to 'normal form' to obtain M. Hence, 6 — d^Md*.

We utilize the next corollary in the determination of the nature of the
congruences of an a>"-bisimple semigroup.

COROLLARY 1.1. Let S = {G,Cn,y1,y2, • • -,yn,w1,w2, • • •, w^) be an
con-bisimple semigroup and let e be the identity of G. Suppose p is a congruence
relation on S. Then, p is an a)k-bisimple congruence (k < n) on S if and only if
the following condition is satisfied:

(e, (al7 a j , • • •, (aB, an))p(e, {b1, bx), • • •, (bn, bn))

if and only if as= bafor 1 5S s jS k for all ai,bie I".

PROOF. Suppose p is an co*-bisimple congruence on S. Thus, the con-
dition is a consequence of lemma 1.1. Conversely, suppose the condition is
satisfied. Thus, p is an <wfc-bisimple congruence on S by [3, p. 62, theorem
8.48] and [5, p. 1111].

THEOREM 1.1. Let S be an mn-bisimple semigroup. Then, each congruence
on S is a group congruence, an idempotent separating congruence, or an
wk-bisimple congruence for some k e {1, 2, • • •, n—1}.

PROOF. Let p be a congruence relation on an w"-bisimple semigroup
S = (G, Cn, Yi,y2, " " ', yn> h> h> ' ' '> ^(«)) which is not an idempotent
separating congruence. There exists a smallest non-negative integer k such
that for some a, b e Es,

a = (e, («!,«!), • • •, (an,an)),

b = (e,(h,b1),(b2,b2),---,(bn,bn)),

aPb and ak+1 =£ bk+1 (say, ak+1 > bk+1) (k < n). If

s = (e, (alt bx), (a2, b2), • • •, (an, bn)),

ss'1 = a and s^s — b by [9, theorem 2.3]. Thus, as = s = sb and
s-!tf = s^1 = 6s"1. Since a < b, bs = bas = as = s and, similarly,
s""1^ = s^1. Thus, by [2, lemma 1.31], the subsemigroup <s, s"1) generated
by s and s~l is the bicyclic semigroup. Since p\(s, s-1> is not an idempotent
separating congruence, p|<s, s"1} is a group congruence by [2, corollary
1.32]. By [2, lemma 1.31] and [9, theorem 2.3], there exists

c = (e, K , ax), • • •, (ak, ak), {ck+1, ck+1), {ak+2, ak+2), • • -, (an, an)) e £:<S)S-i>

such that ck+1—bk+1 ^ 2. Clearly, each two idempotents of <s, s"1) are
p-equivalent. Let t = (e, (alt a^, • • •, (ak, ak), (1, 0), (0, 0), • • •, (0, 0)).
Thus, as above, (t, t"1'} is the bicyclic semigroup, and, by [2, lemma 1.31],

£<«,«-•> = K = [e, K , (h), • • •, K , ak), (a, a), (0, 0), • • -, (0, 0)) : a el0}.
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Clearly, c < e,M < eCk+l-X < b. However, if x,y,zeEs, x < y < z, and
zpz, then xpy. Hence, since cpb, eet ipeCjfc t_x. Thus, p\(t, t"1} is a group
congruence on (t, t"xy. Therefore, eapeh for all a, b e 1°. Let

g = («, fei. gi). • • : {gn, gn)) and h = («, {h1, hj, • • •, {hn, hn))

belong to Es and suppose that gt = hi (1 ^ i ^ k). Let h < g and

** = (*' fel' «l)» # • •• (gk> Uk). (gk+l, gk+l), • • -, (gn, gn))-

Then uu~x = g and

u-ihu = (e, (alt ax), • • -, (ak, ak), (ik+1, ik+1), • • •, (in, in))

where ik+1 e 1°, ik+1 ^ hk+1. Hence,

et +1 < wxhu < u~xgu = wx{uwx)u = u~xu < e0

and u~1hupu~1gu. Thus, u(u~1hu)u~1pu(u~1gu)u~1. However,

uwxhuu~x = ghg = h and wurxguurx = g,

and, hence, hpg. We have proved that if g, h e Es, gph if and only if gt = hi

for 1 5S i ^ k (if k 2; 1). Hence, by corollary 1.1, p is an eo*-bisimple con-
gruence. If k = 0, p is a group congruence.

REMARK. We thank the referee for the above proof which shortens our
original proof.

REMARK. In the case n = 1, we obtain a result of Munn and Reilly
[4, theorem 1.3]. See [8, theorem 4.1] for another proof of this case.

2 The maximal group homomorphic image

In this section, we give a complete determination of the maximal
group homomorphic image of an co"-bisimple semigroup

S = (G, Cn, yx, y2, • • •, yn, tlt t2, • • •, tf(n)).

To do this, we must first determine the homomorphisms of S into a
group. This determination is based on the homomorphism theory of bisimple
inverse semigroups with identity [5]. We also utilize our determination of
the maximal group homomorphic image of an co-bisimple semigroup [8,
theorem 3.4].

To determine the homomorphisms of an a>n-bisimple semigroup into
a group, we must first determine the homomorphisms of an con-right can-
cellative semigroup into a group.

THEOREM 2.1. Let P = (G, (/«)", Yl, y2> • • •, yn, tx, tt, • • •, ^ ( n ) ) be an
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(on-right cancellative semigroup and let H be a group. Let f be a homomorphism
of G into H and zx, z2, • • •, zne H such that

(1)

(2)

Then,

(3)

Zl+kCZl -= £ / 1

= y,/, i

• • • , n . ) M = g / l

^ / ^ »— 1, 1 ^ k ^

^ i ^ n.

{s a homomorphism of P into H and conversely each such homomorphism is
obtained in this fashion. If f is 'onto', M is 'onto'.

PROOF. We will not repeat arguments given in the proof of lemma 1.1,
but we will use the notation introduced in the proof of lemma 1.1. We let
~P*\£e* = e*, the identity of H (notation of [5, theorem 2.3]). We apply
[5, p. 1119, theorem 2.3]. We first assume the conditions of the theorem
and establish [5, p. 1119, Eq. 2.12]. Let (a1, a2,---, an), {b1, b2,•••,&„) e P/.S?
with at = 0 for 1 ^ i f£ /— 1 < w—1 and al > 0. Thus, by [9, equation
1.21], (1), and (2), we have

K, «„ • • -, «„)<W.»->/ = (^ff^l.+D-^r1 II vV)t
&=0 t=I+l

n-l—1

— Zn
 zl+lzl llP)i(nil)+(n-I-lfc))Zl Zl+X Zn

*=0

Thus, if we let (alt a2, • • -, an)h = YKlnzs'> w e obtain the desired equality
for this case. The other case is almost immediate. Since

4(«i. «„•••,•»> = Aypyp •••ya
n«{Ae G)

by [9, equation 1.22], utilizing (2), we readily establish [5, p. 1119, Eq. 2.13].
Thus, by [5, p. 1119, Eq. (2.14)], (3) defines a homomorphism of P into H.
Next, suppose that M is a homomorphism of P into H. Let us denote by
Mt- the w-tuple with 1 in the i-th position and zeroes elsewhere and let
Ufh = zt. (1) and the fact that (a1, a2, • • •, an)h = Xli^n2"'a re consequences
of [9, equation 1.21], [5, p. 1119, equation 2.12], and [9, corollary 1.1].
(2) is a consequence of [9, equation 1.22] and [5, p. 1119, equation 2.13].
By [5, p. 1119, equation 2.14], M is given by (3).

THEOREM 2.2. Let S = (G, Cn, Yl, y2, • • -, yn, tlf t2, • • •, tvin)) be an

con-bisimple semigroup and let H be a group. Let f be a homomorphism of G
into H and zx,z2, • • •, zne H such that
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(1) * i + *Q , = ^ n - J ) + J . l £ l £ n - l , l < k ^ n - l

(2) fCZ{ = y,/, 1 £ * ^ «.

Then,

( 3 ) ( g , K , & J , • • ; ( « » , 6 . ) ) < P = ( n * 7 f

is a homomorphism of S into H and conversely every such homomorphism
obtained in this fashion.

PROOF. We will not repeat arguments given in the proof of lemma 1.1,
but we will use the notation introduced in the proof of lemma 1.1. Let us
assume the conditions of the theorem are valid. Hence, (3) of theorem 2.1
defines a homomorphismN of P = (G, (I0)", ylt y2, • • •, yn, tt, t2, • • -, tv(n))
into H. Thus, by [5, theorem 1.1] and [1, p. 548, equation 1.2],

((e, ax, a2, • • -, an), (g, blt b2, • • -, bn))M

= ((e, « l f a2> • • -, aJN)-1^, bx, b2, • • •, bn)N

defines a homomorphism of T into H. Thus, (3), where 0 = d^M, defines
a homomorphism of S into H.

To establish the converse, let 0 be a homomorphism of S into H. Thus,
M = 60 defines a homomorphism of T into H. Hence, M is given by
[5, equation 1.14] by virtue of [5, theorem 1.1]. As in the proof of lemma 1.1,
we may take k to be the identity of H in [5, equation 1.14]. Thus, by
[1, p. 548, equation 1.2],

((<?, «! , a2, • • •, an), (g, blt b2, • • -, bn))M

= ((e,a1,a2,--;an)N)-i(g,b1,b2,--;bn)N

where N is a homomorphism of P into H. Hence, (1) and (2) are valid, and
0 is given by (3) by virtue of theorem 2.1.

We are now in a position to determine the maximal group homomorphic
image of an a^-bisimple semigroup.

If a is an equivalence relation on a set X, we let xa denote the equiv-
alence class containing the element x of X.

THEOREM 2.3. Let S = (G, Cn, ylt y2, • • -, yn, t1, t2, • • •, tvM) be an

con-bisimple semigroup and lei e be the identity of G. If

N = {g e G\gy" = e for some n e 7°},

N is a normal subgroup of G. If (xN) d = (xy-^N, x e G, 6 is an endomorphism
of G/N. Lei g —> g denote the natural homomorphism of G onto GjN. Let us
define a relation a on GjNx (I0)2 by the rule

((g,a,b),(h,c,d))ea
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if and only if there exists x.yel0 such that x-\-a = y-\-c, x-\-b = y+d,
and gdx = hdv. Then a is an equivalence relation on G/Nx (/°)2. Furthermore,
the rule

(g, a, b)v(h, c, d)a = (gfle*0», a+c, b+d),

defines a binary operation on G/Nx (I0)2/a = V whereby V becomes a group
which is the maximal group homomorphic image of S. The canonical homo-
morphism of S onto V is given by

(g, («i> Mi), (»2- mi). • • •> K > mn))C

PROOF. Let T = {(g, (nlt m^, (0, 0), • • •, (0, 0)) : g e G, nlt mx el0}.

By [9, theorem 2.3], T is an co-bisimple semigroup (G, C1( yx). Thus, by
[8, theorem 3.4], N is a normal subgroup of G, 6 is an endomorphism of
G/N, a is an equivalence relation and V is a group. By a direct calculation,
(e, 0, 0)^ is the identity of V and the inverse of (g, a, V)a is (g'1, b, a)a.

We first employ theorem 2.2 to show that f is a homomorphism
of S into V. Let us first verify (1) of theorem 2.2. In the notation of that
theorem, let z± = (e, 0, I),, and zs = (^(n_D+(,_D, 1, l)<r for s > 1 and let
gf = (gt 0,0),,. We have

(e, 0, l ) , ^ , ^ ! , ^ , 1, 1)AS, 1. 0) . = (l«n-u+*0*. 2. 2), = ^( B_1 ) + t , 0, 0),,

i.e. zk+1Cz = tyin-D+kf for 1 ̂  k ̂  n—1. Next, we suppose that I > 1.
Thus,

However, we may now employ [9, (2) of theorem 2.3]. Thus

t<p(n-l)+rt<pln)—itq>(n-l)+r = ^ ( n - r ) - i 7 l

where 1 <S y ̂  w—2 and 0 ^ i ̂  w—r—2. Since <p(n) = 9?(w—1)+(«—1)
and <p(n—r) = cp{n—r—1)-|-(»—r— 1), we have that

Vn-D+rVn-D+U-l-i)^)(n-l)+r = ^(«-r-l)+(n-r-l-t) Vl •

If we let r = l—l and

1 = W " ^' Vn-l)+U-l)^(n-l)+(fc+J-l)Ap(n

where 2 5S Z ^ w—1 and 1 ̂  ^ ^ n—l. Hence,

0, 1, 1),
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i.e. zk+lCz = ttpin_l)+1cf for 1 ^ / 5S n—1, 1 5g k 5S n—l and we have
established (1) of theorem 2.2. We next verify (2) of theorem 2.2. We have

hgfh1 = («". o, iUf, o, o),(«, i, o),
= (m. o, o),
= gYif-

If s > 1,

However, by [9, (3) of theorem 2.3],

= gy,/ for 2 ig s ^ n.
Thus, by (3) of theorem 2.2,

n
i=n

is a homomorphism of S into V. Thus,

(g. K , w j , (»2, ma), • • •, (»„, wn))C = (e, n1,

3=2 8=tJ

Since

(g. (»i. »»i). (o, o), • • •, (o,

it is clear that £ maps 5 onto V.
We note that V is the maximal group homomorphic image of T under

the homomorphism

{g, (a, b), (0, 0), • • •, (0, 0))$ = (|, a, b),

by [8, theorem 3.4].
Let d be a homomorphism of S onto some group X. We first show that

6\T is a homomorphism of T onto X.lix e X, (g, («x, m j , • • •, (nn, mn))6 = x
for some (g, (n1, m^), • • •, (nn, mn)) e S. Thus, by theorem 2.2, there exists
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Pi> p2> ' ' '»Pn e X a n ( i a homomorphism fx of G into X such that

t=2 *=n

K1(n^^,+i)/iAg/i^r1( n tt
t=l i=n- l
n-1 1

(ntj&h+igvi n C(n
t=l i=n—1

Hence there exists a homomorphism rj of V onto X such that &rj = <5|7\
We will show that t,r\ = d, i.e. H is the maximal group homomorphic image
of S under the homomorphism £. We note that

Hence,

(g, ni> *»i)*V = (g, K - % ) . (0. 0), • • •, (0, O))0V

= (g, (»i,»«i), (0 .0) , . - . , (0,0))a.

(g. K. wh). - " *. (»».»»»)'
n

= ( 11 >(n-l)+

n

— ( IT^(n-l) +
fc=2

2

p0 TT ^m*

2

i-=2 fc=n

Hence, by (2) and (1) of theorem 2.2, we have

= (g, («1> Wl), (»2. W2)> * * % K . »»n))<5.

REMARK. In the case n = 1, we obtain [8, theorem 3.4].

3. The idempotent separating congruences

In this section, we completely determine the idempotent separating
congruences of an a>n-bisimple semigroup

5 = (G> Cn, ylt y2, • • -, yn, tlt t2, • • -, tv{n))

in terms of the yx—y2 • • • —yn invariant subgroups of G (a normal subgroup
N of a group G is yx—y2— • • • —yn invariant if NytQN for 1 ̂  * ̂  n).
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We utilize a description of the idempotent separating congruences of a
bisimple inverse semigroup with identity [7, p. 205, theorem 2]. To do this,
we must first determine the right normal divisors of an co"-right cancellative
semigroup.

Let P be a right cancellative semigroup with identity and group of units
U. A subgroup V of U is called a right normal divisor of P if aV Q Va
for all a e P.

LEMMA 3.1. Let P = (G, (7°)n, y1, y2, • • -, yn, tlt t2, • • •, *,,,„,) be an

co*'-right cancellative semigroup. The right normal divisors of P are the
y1—y2- • • — yn invariant subgroups of G.

PROOF. Let (g)v with I el° and I 2g 1, denote the element of P with g
in the first position, 1 in the l-\-lst position and zeroes elsewhere. Let V
be a normal divisor of P and let v e V. Hence, if 1 5S / 5S n, we have,
by [9, theorem 1.4] that

(«),(». 0, 0, • • •, 0) = (wy,), = K , 0, 0, 0, • • • 0)(e)t = K ) ,

for some vx e V, ie, V is yx—y2— • • • —yn invariant. Conversely, suppose
that V is a y1—y2— • • • —yn invariant subgroup of G. Let v eV and
(X, alt a%, • • •, an) e P with at > 0, a{ — 0 for 1 < i ^ /— 1, and
1 ^ IS n—1. Thus, by [9, theorem 1.4],

(X,alt a2, • • •, an)(v, 0, 0, • • •, 0)

= {X{VYV IT YV)X~\ 0, 0, • • •, 0)(X, alt a2, • • •, «„).

The other case is similar. Hence, V is a right normal divisor of P.

THEOREM 3.1. Let S = (G, Cn, yx, y2, • • •, yn, tlt t2, • • •, tvln)) be an

con-bisimple semigroup. There exists a I — 1 correspondence between the idem-
potent separating congruences of S and the yx—y2— • • • —yn invariant
subgroups of G. If pv is the congruence corresponding to the yx—y%— • • • —yn

invariant subgroup V,

P
v(g, (%, mx), • • •, (nn, mn)) = {(vg, (nlt % ) , • • •, {nH, mn)) : v e V),

i.e. (g, {alt bj), • • ; (an, bn))P
v(h, (c1( dx), • • •, (cn> dn)) if and only if at = cf,

bi = dt (1 ^ t g n), and Vg = Vh. If V1, V2 are yi~y2— • • • —yn invariant
subgroups of G, V1 Q V2 if and only if pVl Q pv*. $? is the maximal idempotent
separating congruence of S. The idempotent separating congruences of S are
precisely the congruences such that the congruence class containing the identity
is a group and they are uniquely determined by this class.

PROOF. It is a consequence of [9, theorem 2.3] and [7, theorem 2]
that J f is the maximal idempotent separating congruence of S. The re-
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mainder of the theorem follows from lemma 3.1, [7, theorem 2], and an
application of the isomorphism d [see proof of lemma 1.1].

REMARK. In the case n = 1, our result includes a theorem of Munn and
Reilly [4, lemma 2.3].

4. The &)*-bisimple congruences

In this section, we completely determine the a>*-bisimple congruences
(1 sS k < n) of an ftj"-bisimple semigroup S = (G, Cn, yx, • • -,yn, wx, • • ',w9{n))
in terms of certain yx—y2— • • • — yn invariant subgroups of G. We utilize
lemma 1.1 (based on the homomorphism theory of [5]) and the theory
congruences of an arbitrary inverse semigroup [3, p. 62, theorem 7.48].
We adopt the definitions of [3, p. 57 — p. 62].

THEOREM 4.1. Let S = (G, Cn, yx, y2, • • -, yn, wx, w2, • • •, w^n)) be an

ojn-bisimple semigroup and let k be a positive integer less than n. Let N be a
yx—y2— ' • • — yn invariant subgroup of G such that hyneN implies that
heN.

First, suppose there exists x e G and a positive integer ju such that

(1) xyk+lexN

(2) (x"h)N = ( h y ^ x ^ N for q e P a n d h e G

(3 ) « y i 6 < ( » - i ) + ( * - i + i ) - ^ f ° r l ^ l ^ k .

L e t

A < a i , a 2 , - ; a k ) = { ( g , ( « i . « i ) , •••- ( « * . « * ) . K + i A + i ) > •••. K , b n ) ) : a i > b i e l ( i

for k ^ l i^i f^Ln, a k + x — b k + 1 = fir for s o m e i n t e g e r r, g e G, a n d

s=n—k—l s = l

Then,

^ = {Alai,a2,.,ak):(ax,a2, •••,ak) e (P)*}

is a kernel normal system and pA is an atk-bisimple congruence.

We have

{g, («i. h). • • •• (« , . K))PA(h, (CX, dx), • • ; (Cn, dn))

if and only if

(4) as = c3 and bs = ds for 1 5g s ^ k

{(" n1tt£<to,+.)fey*+i)( n K^i

( n
s=n—k—l
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where
+ +1-ck+1), rel.

Secondly, let

4*-1.aI,....«t) = {(#> («i. «i). • • •- («*. «*). K + i - «*+i). («*+«>

for k-\-\ ^ i ^n, g eG, and

(J[ <^_1)+s)( IT %fcZ
n—k—l s = l

Then,
A* = {^fa,,.,̂  : K, • • •.

is a kernel normal system and pA, is an cok-bisimple congruence.
We have

{g. K - h), • • % («., K))PA*(h (ci. ̂ i). • • •- (cn, *»)

if and only if

(6) a, = cs and bt = ds for 1 ^ s j£ k

(7) K + i - V i ) + (4+i-c*+i) = 0

IQ\ »=1 n—S—1

I8) »-*-! 1

•{(II «'^sii)+.)(*
1

e aftowe cases, if n = k-{-\, any factor involving ' JJ ' ts replaced
by e, the identity of G.

Conversely, every cok-bisimple congruence of S is obtained in one of the
above fashions.

PROOF. Let p be an w*-bisimple congruence on 5 with k < n and let
Kp be the kernel of p. Thus, p = d o 6~x where 6 is a homomorphism of S
into SI p. We will use the notation of lemma 1.1 with

Sjp = (G*, a1( a2, • • •, as, tlt t2, • • •, tvm).

By lemma 1.1 (definition of 0),

{g. K - bi)> K . h). • • •> (ak, h), («*+i, h+i), • • •• (an. K))

if and only if a( = b{ ior 1 5S i ^ k and

8=1

— V 1 1 4k+s+l)*l
s=n-k-l

n-fc-1

fc+1 V 1 1 ^ife+1+8
8 = 1

if n > k+1. (gf = z°»-b» if n = k+1.) Equivalently, by virtue of (3) and
(5) of lemma 1.1, if n >
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«=1 s=n—k—1

k 1 1=n—k— 1 » = 1

or, if n = k+l, **gynf = -C*"6" by virtue of (5) of lemma 1.1.
Suppose there exists a positive integer m such that z^ e Gf. Let fi

be the smallest such positive integer. Hence,

Gf n (z*+i) = {*& : p el, the integers}.

Thus, if xf = 2^!, it is easily seen that '*' is equivalent to the statement

gy*+ietf( IT < f t ^ - i ) + > r ( IT w^Hfii)+.)
a=n—fc—1 » = 1

where /<r = a*+1—bk+1, r el, and where iV is the kernel of / while '**' is
equivalent to

By (5) of lemma 1.1, hyn eN implies h e N and (1) and (2) are valid.
By (4) and (5) of lemma 1.1, N is ay1—y2— * * " —Yn invariant subgroup
of G. By (2) and (4) of lemma 1.1, (3) is valid.

Next, suppose that (zk+1) n Gf = e*, the identity of G*. Thus, * is
equivalent to

« = 1 »=n—Jfc~l

m+ie#( IT <f^-i)+.)( IT K\^i-D+>)
t=n-k—l *=1

and ak+1 = bk+1 while (**) is equivalent to gyn eN.
The verification that A and A* are kernel normal systems, subject to

the conditions of the theorem, is long and tedious. Thus, we will content
ourselves with sketching a few sample cases. We will utilize the multiplica-
tion given in [9, theorem 2.3] without explicit mention.

We first note that
n l-k n-Jfc—1

(9) A TT y<<y*+i= ( II a t e - u - J ^ i M IT w&tgW
<=!+l t=n-k-l t=l-k

for A e G and 1 :> k+1 by [9, (3) of theorem 2.3] and
t=n-l-l l-k

( n <<ni-;+1)_,)y*+1 = Mv(B_Jfe_1)+„_*_!,( n » t o - u + . )
(10) »-0 *-n-*-l

:_1) for n >l >k+l and * + l ^ w—2

by [9, (2) of theorem 2.3]. Let

I = (g, K , «!), • • •, K , «»), (a&+1> V i ) . • • '» (««. *«)).»?
= (A, («!, a j , • • •, (ak, ak), (ck+1, dk+1), • • -, (cn, dn)) e ^ ( ^ ^ . . . . . . j .

If, for example, &+1 < n and bk+1 > Cj.+1, then £»? e y4(OijO )..._Oi), by virtue
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of (1), (9), and the fact that N is a yj.+1-invariant subgroup of G. Clearly,
A(a a ••• a ) *s closed under the operation of taking inverses and hence
[3, p. 60, K 1] is verified in this case.

Let
a={h,(p1,q1), ••; (pn,qn))

and let

Suppose that a3 = qB for 1 5S s 5S w—1 and <?n > an while 6S = <?s for
k-\-l ^ s rgi I— 1 where ^ + 1 < ^ < «and6£ > <7J. Thus, a&a"1 e A(p yV t...tV )

by virtue of (9), (10), [9, theorem 2.3, (3)], and the fact that i\Ms an
invariant subgroup of G. If qs = a,for 1 ^ s fS w—1, qn< an, and &+1 = M
w i t h bn > q n , a b a - 1 e A ( P i y V i > . . . t V k ) b y ( 2 ) . I f ? i = as f o r l ^ s ^ / - l

where I ^ I ^ k < n and </j > a,, aba'1 e ^ l , i i , ! i . . . ] , i l by [9, theorem 2.3,
(2) and (3)], (3) and the fact that N is a yx—y2 yn invariant subgroup
of G. Hence, [3, p. 60, condition K4] is established in these cases.

Let

and
b = { h , { c i , < k ) , - - ; { c k , d t ) , ••-, { c n , d n ) )

and suppose that a, ab, and bb~x e AUi>a ,...,Oik)- Hence, in the case
&-f-l = « and 6n > c n , 6 e -4( ,̂0,,...,O]t> by (1) and the condition 'hyneN
implies that heN'. Hence, [3, p. 60, condition K5] is valid in this case.

The explicit determination of pA and pA. involves [3, p. 60, equation 1]
and the calculations are of a similar character to the above.

REMARK. If k-\-l = n, (5) may be replaced by

and (8) may be replaced by

These statements follow since hyn eN implies that heN, and (1) is valid.

REMARK. We thank Mr. John Hogan for aiding us in verifying that A
is a kernel normal system.

We will state theorem 3.1 in the case n = 2 and k = 1 since this
represents the simplest possible case.

THEOREM 4.2. Let S = (C, C2, ylt y2, w>i) be an oj2-bisimple semigroup
and let N be a yx—Yi invariant subgroup of G such that hy2 eN implies that
heN.
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First suppose there exists xeG and a positive integer /u such that

(1) xy2exN

(2) {x"h)N = {hylqx*)N for qel° and heG

(3) xy1 e wfN.

Let

Aa = {(Nxr, (alt tfj), (a2, b2)) : a2, b2 el°, a2—b2 = /ur for some integer r}.

Then, A = {Aa : a1 e I0} is a kernel normal system and pA is an co-bisimple
congruence.

We have

if and only if

(4) a1 = cx and bx = d1

/x\ m A-min{6 , ,<J 2 ) T.— l,,i>2—min(i>2,d,) c Af™r
\°) 6/2 n l 2 fciVJ/

where
fir = (a2—b2)+(d2-c2), rel.

Secondly, let
A^ = {(N, {ax, a j , (a2, a2)) : a2 el0}.

Then, A * = {A * : a1el°) is a kernel normal system and pA, is an co-bisimple
congruence.

We have
(g> (ai> bi)' (a2> h))PA'{^> (ci- di)> (C2. d2))

if and only if

(6) ax = Cj and bx = dx

(7) a2 b2 = c2 d2

(8)

Conversely, every co-bisimple congruence of S is obtained in one of the above
fashions.

REMARK. In [6], we determined the structure of w2-bisimple semigroups
whose structure group is of a type that includes all finite (non-trivial)
simple groups, the rationals under addition, and groups of type p°°. The
theorems of this paper will specialize to co2-bisimple semigroups of this type.
They will also specialize to this type of wn-bisimple semigroups.

ADDED IN PROOF. A converse has been obtained for lemma 1.1. This
will be given elsewhere [10].
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