CONGRUENCES ON oo-BISIMPLE SEMIGROUPS

R. J. WARNE
(Received 19 September 1966)

Let S be a bisimple semigroup and let E denote its set of idempotents.
We may partially order Eg in the following manner: if ¢, fe Eg, ¢ < [ if
and only if ¢f = fe = e. We then say that Eg is under or assumes its natural
order. Let I® denote the non-negative integers and let # denote a natural
number. If Eg, under its natural order, is order isomorphic to {I%)" under
the reverse of the usual lexicographic order, we call S an w"-bisimple
semigroup 1. (See [9] for an explanation of notation.) We determined the
structure of w"-bisimple semigroups completely mod groups in [9]. The
w"-bisimple semigroups, the I-bisimple semigroups [8], and the w"I-
bisimple semigroups [9] are classes of simple semigroups except completely
simple semigroups whose structure has been determined mod groups.

The purpose of this paper is to give a complete determination of the
congruence relations of an w™-bisimple semigroup mod the congruences of
groups. We show that if p is a congruence relation on an w"-bisimple semi-
group S, p is a group congruence (S/p is a group), p is an idempotent separa-
ting congruence (each p-class contains at most one idempotent), or p is an
w*-bisimple congruence (S/p is an w*-bisimple semigroup) for some & with
1<%k =wn—1 To determine the group congruences, we give an explicit
determination of the maximal group homomorphic image H of S including
the defining homomorphism. Clearly, the group congruences are in a 1—1
correspondence with the normal subgroups of H. We determine the idem-
potent separating congruences and the w*-bisimple congruences in terms of
certain normal subgroups of the group of units of S.

We say that (I°)” is under the reverse of the usual lexicographic order
if (ay, @y, -, a,) < (by, by, - -+, b,) if and only if a; > b,, or a; = b, and
ay >by, or +--a,=0b;, for 1 7<%k and a, >b,, or ---,a,=20b, for
1=i/<manda, >0,.

Unless otherwise specified we will use the definitions and terminology
of [2].

! Change in notation: In [6, 11], we called an @"-bisimple semigroup an L,-bisimple
semigroup. For simplicity and to utilize standard notation, we finally adopted the present
notation.
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1. The nature of the congruences

In this section, we show that if p is a congruence relation on an w"-
bisimple semigroup, p is a group congruence, p is an idempotent separating
congruence, or p is an w*-bisimple congruence for some 2 with 1 < &k < n—1.

Let us first give an indication of the structure theorems on which our
development is based.

Let C, be the bicyclic semigroup and let T be a semigroup. Let
C,0 T == C;x T under the multiplication

((n, m), s)((#, 9), t) = ((n, m)(p, q), [(m, P))

where f(m, p) = s, ¢, or st according to whether m >p, p >m, or p = m
and where juxtaposition denotes multiplication in C; and 7. We define
C;3=C10C,C3=C10C,,---,C,=Cy0C,_;. We call C, the 2n-cyclic
semigroup [6]. The structure of an w"-bisimple S is described completely
in terms of a group G (the group of units of S), endomorphisms y, y,, * - *, ¥,
of G, elements ¢}, ¢,, - -, tym (p(n) =n(n—1)/2) of G, and C,,. Thus, if S
is an w"-bisimple semigroup, we will write

S = (G’ Y1 725" %5 Vs tl’ t2' ST tw(n))'

In fact, S @ GXC, under a suitable multiplication and conversely,
[9, theorem 2.3]. An w"-bisimple semigroup S is a bisimple inverse semigroup
with identity with

Es= ((e, (a1, a), ", (a,, a,)) : a; €I 1<i<n)

where ¢ is the identity of G. The inverse of (g, (4, b,), (@3, ), ***, (@5, B,))
is (g7 (by, @y), (bg, a5), - - -, (b,, @,)) where g1 is the inverse of g in the
group G. Let #, %, and # denote Green’s relations [2]. We note that

(gY (al’ bl)l (“2’ b2)’ Y (an’ bn))'%(h‘r (Cl’ dl)’ (02’ d2)’ Y (cn’ dn))
if and only if b, = 4, for 1 =< 7 < »n. Hence,
(g’ (alr bl)r Y (anr bn))f(h: (cl» dl): Tt (cm dn))

if and only if a, = ¢, and b, = d, for 1 < i < n. These facts follow from
[9, theorem 2.3].

We will also utilize a structure theorem for a class of right cancellative
semigroups. Let P be a right cancellative semigroup with identity. The
partially ordered system of principal left ideals of P ordered by inclusion
is termed the ideal structure of P. If the ideal structure of P is order iso-
morphic to (I°)" under the reverse of the usual lexicographic order, P is
called an w"-right cancellative semigroup. The structure of an w"-right
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cancellative semigroup P is described completely in terms of a group G
(the group of units of P), endomorphisms y,, y,, - * -, ¥, of G, elements
by, by, by Of G, and (I9)". Thus, we write

= (G’ (IO)n, Y1, 72, " " 5 Vs tl: t2: Y t@(n))'

In fact, P is an w"-right cancellative semigroup if and only if P ~ Gz(I%)"
where G is a group, under a suitable multiplication [9, theorem 1.4]. If G
is a group and y € G, we define 2C, = yry ' for all z € G. ‘

The following lemma which is based on the homomorphism theory of
[5] will be utilized in this section and in section 4.

LEMMA 1.1. Let

S = (G, Y1, P2: " " 5 Vs, Wy, W, * 0, qu(n))
and

S* = (G*, 0y, og, =~ ", g, by, bg, 0 o 0 o)

be w" and w*-bistmple semigroups respectively with n > k. Let 6 be a homo-
morphism of S onto S*. Then there exists a homomorphism f of G onto G*
and elements z,, 2,, * * *, 2, of G* such that

(1) zl+s“ltlp(k—l)+scz, = wq:(n——l)+af if 1 =i k: l=s= k—1.
(2) 200, C, = Wy pysf I E—I+1 Ss=n—- 1=I=k
(3) 23,0, = Wynpy H E<I<n 1=s=<n-L
(4) ]‘oc,-Cz‘ =y, if 1154k
(5) sz‘ =y, if 1467 m.
For each
(g’ (@1, by), (a2, 83),  + +, (@, bn)) €S, (g, (a1, b1), (@, By), - - =, (@n, bn))O
i=0 =0
( lel o g - SRR lek Loy o)
al— a -
o k—1
. (szl i z ak+l PR z; ugf . zﬂn zbk-l»l( szuk
a1 j=0
b -1 b,—1
(T Zeoaod—qod®) - - - TT zeofadr - - - o¥), (ay, By), -« -, (@, Bi))
=0 i=0

if @y, by, ay, b = 1. If a;(b;) = 0 for some {, the corresponding factor
1s e*, the identity of G*.

ProOF. By [9, theorem 2.3] and [9, theorem 1.4], the right unit sub-
semigroups of S and S* are P = (G, (IO v1, Y2, * * *» V> W1, Wy, * * *, Weiny)
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and P* = (G*, (I°)%, ay, o, . . ., ax, b1, by, * =, ty) Tespectively. If we
apply [1, main theorem] to P = (G, (I°)", y1, Y2, * * *, V) W1, Wa, * = *, Wy(yy),
we will denote the resulting semigroup by T'. Since the group of units of P is
{(g,0,0,---,0): ge G} by [9, theorem 1.4], it follows from [1, p. 548,
equation 1.2] and [9, theorem 1.4] that each element of 7" may be given the
‘normal representation’ ((e, a;, a5, * - *, @,), (g, by, by, -+, b,)) (notation of
[1, main theorem]). We showed in [9, proof of theorem 2.3] that

((6; y, Gy, " "y an)r (g’ bl’ b2! TN bn))(S = (g! (al! bl)’ (“2: b2): Y (“n» bn))

defines an isomorphism of 7 onto S = (G, C,,, y1, Y2 -+ s Vn» W1, Wa, """, We(ry)-
Let 0* denote the corresponding isomorphism of 7* onto S*. Let 6 be a
homomorphism of S onto S*. Hence, M = §6(6*)~! is a homomorphism of
T onto T*. Thus, M is given by [5, p. 1114, equation 1.14] by virtue of
[5, p. 1113, theorem 1.1]. Since M maps T onto T*, it follows that the %
in [5, p. 1114, equation 1.14] is an element of the group of units of P* by
virtue of [1, p. 548, equation 1.2]. Hence, by {5, p. 1113, equation 1.13],
k may be taken to be the identity of P* (actually, the homomorphism N in
[5, equation 1.14] is replaced by NC;1 where xC;1 = k7 lak for x e G*).
We will now utilize [5, theorem 2.3] to determine NV and to establish (1)— (5).
P is a Rédei-Schreier extension [5, p. 1117] of G by P/.# by [5, theorem 2.2]
and [9, theorem 1.4]. In the notation of [5, p. 1117 and theorem 2.3], the
‘factor’ and ‘endomorphism’ terms of this extension are given by [9, equation
1.21 and equation 1.22 respectively (with ‘2" replaced by ‘@’)]. These terms
may be derived by comparing [5, equation 2.2] with [9, (A) of theorem 1.4].
If we substitute [5, p. 1119, equation 2.14] (with M replaced by N) into the
modified form of [5, equation 1.14] and utilize {1, equation 1.2] to obtain
the ‘normal’ representation, we see that g maps P/¥ onto P*/.¥*. Hence,
utilizing [9, Corollary 1.1], we see that (a,, as, * - *, 4,)8 = (a,, a3, * * *, @)
for all (a,, a,, -+, a,) € P|Z. Let U, be the element of (I°)" with ‘1’ in
the s-th position and zeroes elsewhere and let U A4 = z, (notation of [5,
theorem 2.3]). Thus, by substituting [9, equation 1.21] and [9, equation 1.22]
into [5, p. 1119, equation 2.12] and utilizing [9, corollary 1.1], we obtain
(1)—(3). If we substitute [9, equation 1.22] into [5, page 1119, equation
2.13], we obtain (4) and (5).

Similarly, utilizing [9, corollary 1.1], [9, equation 1.21 and equation
1.22], and [5, p. 1119, equation 2.12], we obtain

=1
(bl! b2! Y bn)h = Z le::zc:ll( szak)
b1 :’,_0 5 b;—1 b »
. ( I](; Zk—-l“;c—lakk) e ( I](;zlaiaza e akk)
j= j=

Thus, N is given by [5, p. 1119, equation 2.14]. We next substitute N
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into the modified form of [5, equation 1.14] and reduce both sides of the
equation to ‘normal form’ to obtain M. Hence, 6 = 6-1Md*.

We utilize the next corollary in the determination of the nature of the
congruences of an w"-bisimple semigroup.

COROLLARY 1.1. Let S = (G, C,, ¥4, Ya» * * %5 Vs W1, Wa, * * *, Wy(yy) be an
w"-bisimple semigroup and let e be the identity of G. Suppose p 1s a congruence
relation on S. Then, p is an w*-bisimple congruence (R << n) on S if and only if
the following condition s satisfied:

(6, (al) al)r Y (an) un))P(e» (blr bl): Tt (bn: bn))
if and only if a, = b, for 1 < s < k for all a,, b, € I°.

ProOF. Suppose p is an w*-bisimple congruence on S. Thus, the con-
dition is a consequence of lemma 1.1. Conversely, suppose the condition is
satisfied. Thus, p is an w*-bisimple congruence on S by [3, p. 62, theorem
8.48] and [5, p. 1111].

THEOREM 1.1. Let S be an w™-bisimple semigroup. Then, each congruence
on S is a group comgruence, an idempotent separating congruence, or an
w*-bisimple congruence for some ke {1, 2, - -+, n—1}.

PrOOF. Let p be a congruence relation on an w"-bisimple semigroup
S=1(G,Ch, v, V2, " Vurtis e, * * *, tyy) Which is not an idempotent
separating congruence. There exists a smallest non-negative integer & such
that for some a, b € Eg,

a= (e (ay, ay), "+, (@, a,,)),

b= (6, (bl’ bl)’ (bZ: b2)’ T (bn’ bn))’
apb and a,,; # by, (say, drq > bryy) (R < m). If

§ = (6’ (alr bl)’ (“2; bz)’ T (a’nr bn)))

ss1=a and s7's =05 by [9, theorem 2.3]. Thus, as=s=sb and
sla=s1="%s7!. Since a<b bs=2bas=as=s and, similarly,
§71b = s71. Thus, by [2, lemma 1.31], the subsemigroup s, s> generated
by s and s7! is the bicyclic semigroup. Since p|<s, s71) is not an idempotent
separating congruence, p|{s, s™1) is a group congruence by [2, corollary
1.32]. By [2, lemma 1.31] and [9, theorem 2.3], there exists

¢ = (6’ (“1’ al)’ Y (akr ak)r (Ck+17 Ck+1), (ak+2: ak+2): Y (an’ an)) € E(s,s“‘)

such that ¢,,,—b,,; = 2. Clearly, each two idempotents of (s, s™') are
p-equivalent. Let = (e, (ay, ay), * -, (&%, @), (1,0), (0,0), - -+, (0, 0)).
Thus, as above, (¢, {71 is the bicyclic semigroup, and, by [2, lemma 1.31],

Eyry={e,= (e, (a, @), "+, (@, @), (@, a), (0,0),- -, (0,0)) :ael.
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Clearly, ¢ <e, <e, 4 <b. However if z,y,2€ Es, <y <z and
zpz, then zpy. Hence, since cpb, €y rPloq—1- Thus, p|¢, t71) is a group
congruence on (¢, 1. Therefore, e,pe, for all a, b € I°. Let

g = (6, (gl: gl)’ Y (gnr gn)) and h = (e’ (hl’ h’l)’ T (h'n’ hn))
belong to Eg and suppose that g, = 4, (1 = ¢ < k). Let » < g and
u = (e, (&1, 1), " " *» (&> W)s (Ger1s rar)s " * * (€ns &n))-

Then uu=! = g and

wlhu = (e, (ay, a1), "+, (@, @), (rsrs Tea), 5 (s %))
where %, €1°, %, = Iy, Hence,

a1 < UThu < ulgu = u N uwNu = ulu < ¢
and % hupu=gu. Thus, u(w=hu)upu(uw'gu)u—. However,
wwthuw =ghg =h and wulgunl =g,

and, hence, Apg. We have proved that if g, h € Eg, gph if and only if g, = 4,
for 1 <7 <% (if 2 =1). Hence, by corollary 1.1, p is an w*-bisimple con-
gruence. If 2 = 0, p is a group congruence.

REMARK. We thank the referee for the above proof which shortens our
original proof.

REMARK. In the case n = 1, we obtain a result of Munn and Reilly
[4, theorem 1.3]. See [8, theorem 4.1] for another proof of this case.

2 The maximal group homomeorphic image

In this section, we give a complete determination of the maximal
group homomorphic image of an w"-bisimple semigroup

S = (G, Cn’ Y1, 72, " " " Vs tlr t2’ Tt ttp(n))'

To do this, we must first determine the homomorphisms of S into a
group. This determination is based on the homomorphism theory of bisimple
inverse semigroups with identity [5]. We also utilize our determination of
the maximal group homomorphic image of an w-bisimple semigroup [8,
theorem 3.4].

To determine the homomorphisms of -an w™bisimple semigroup into
a group, we must first determine the homomorphisms of an w"-right can-
cellative semigroup into a group.

THEOREM 2.1. Let P = (G, (I°)", y1, Y3, " *» Vo b1s By * * *s Eyimy) D€ am
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w™right cancellative semigroup and let H be a group. Let f be a homomorphism
of G into H and 2., z,, + * +, 2, € H such that

(1) zl+kcz; = ttp(n——l)—{—kfr 1 é l é n_]" 1 é k é n—1
(2) fcz‘—_—y:f» Igién
Then,
1
(3) (g’ Ny, Ba, *° 0, ”’n)M = gf[[z?‘

s a homomorphism of P into H and conversely each such homomorphism is
obtained in this fashion. If f is ‘onto’, M is ‘onto’.

Proor. We will not repeat arguments given in the proof of lemma 1.1,
but we will use the notation introduced in the proof of lemma 1.1. We let
P*[#* = ¢* the identity of H (notation of [5, theorem 2.3]). We apply
{5, p. 1119, theorem 2.3]. We first assume the conditions of the theorem
and establish [5, p. 1119, Eq. 2.12]. Let (a,, 45, ", 4,,), (b4, bp,***, b,) € P/
with ¢, =0 for 1 <7 =<1—1 < n—1 and a, > 0. Thus, by [9, equation
1.21], (1), and (2), we have

k=n—1-1
by, bg, 00, 0 _ by
(ay, ap, y @)l f = (CTT AR L H')’ )
k=0 =141
n—1—1
__ 40y a,—1 —a+1,-a “ .. 5—G
= zpn 2 (Htw(n—z)+(n_z k)) T Z,
k=0
n—1i—1
[ T a;—1 a+1-—a e
— Zn” l+lz 14 (Hz(n-‘ic) ¥ +{+l z” n
Thus, if we let (a,, a,, - -+, @,)k = []:=L2%, we obtain the desired equality

for this case. The other case is almost immediate. Since
A (01,85, 80) A)’:l)’g’ . :n (A € G)

by {9, equation 1.22], utilizing (2), we readily establish [5, p. 1119, Eq. 2.13].
Thus, by [5, p. 1119, Eq. (2.14)], (3) defines a homomorphism of P into H.
Next, suppose that M is a homomorphism of P into H. Let us denote by
#; the n-tuple with 1 in the i-th position and zeroes elsewhere and let
w;h = 2z,. (1) and the fact that (a,, 4,, - - -, a,)h = [[}_,.25* are consequences
of [9, equation 1.21], [5, p. 1119, equation 2.12], and [9, corollary 1.1].
(2) is a consequence of [9, equation 1.22] and [5, p. 1119, equation 2.13].
By [5, p. 1119, equation 2.14], M is given by (3).

THEOREM 2.2. Let S = (G,C,, 71,75 " Vurtisbas* " s byimy) be an
w"-bisimple semigroup and let H be a group. Let | be a homomorphism of G
mto H and 2, 25, - - -, 2, € H such that
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(1) 21 C,, = Lotnpsicl lslsn-1,1=k<n-l
(2) fczizyif: 1 =—<:'L§n
Then,
n 1
(3) (g: (al: bl)’ S (an! bn))¢ = (].:.[Z:ai) (gf)Cl;[zf')

is a homomorphism of S into H and conversely every such homomorphism
obtained in this fashion.

Proor. We will not repeat arguments given in the proof of lemma 1.1,
but we will use the notation introduced in the proof of lemma 1.1. Let us
assume the conditions of the theorem are valid. Hence, (3) of theorem 2.1
defines a homomorphism N of P = (G, (I°)", 71, ¥2, * * *» Va» b1s Bas * * % toimy)
into H. Thus, by [5, theorem 1.1] and [1, p. 548, equation 1.2],

((6, Ay, 43,7, an)r (gr bl: b2! Y bn))M
= ((6, al: “2: Tt an)N)_l (g’ bl: b2: Y bn)N

defines a homomorphism of T into H. Thus, (3), where @ = 071 M, defines
a homomorphism of S into H.

To establish the converse, let @ be a homomorphism of S into H. Thus,
M = 6@ defines a homomorphism of 7 into H. Hence, M is given by
[5, equation 1.14] by virtue of [5, theorem 1.1]. As in the proof of lemma 1.1,
we may take k& to be the identity of H in [5, equation 1.14}, Thus, by
[1, p. 548, equation 1.2],

((er alx az; Y an)) (g; bl; b2) Y bn))M
= ((6, a1, %, """ an)N)_l (g’ bl: b2’ Y bn)N

where N is a homomorphism of P into H. Hence, (1) and (2) are valid, and
& is given by (3) by virtue of theorem 2.1.

We are now in a position to determine the maximal group homomorphic
image of an w"-bisimple semigroup.

If ¢ is an equivalence relation on a set X, we let x, denote the equiv-
alence class containing the element z of X.

THEOREM 2.3. Let S = (G, Cn! V1> Vas "% Vo t]_; tz: T th(n)) be an
w"-bisimple semigroup and ler e be the identity of G. If

N = {g e G|gy} = ¢ for some n € I°},

N is a normal subgroup of G. If (xN)0 = (xy,)N, xeG, 6 is an endomorphism
of GIN. Let g — g denote the natural homomorphism of G onto G|N. Let us
define a relation o on G/N X (I°)2 by the rule

((g-: a, b)r (ﬁ, ¢, d)) €0
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if and only if there exists x,y elI® such that x+a = y-+c, x+b = y+d,
and 36% = hov. Then o is an equivalence relation on G|N X (I°)2. Furthermore,
the rule

(g, a,b),(h,c,d), = (O°hO® atc, b+d),

defines a binary operation on G/N X (I°)2/oc = V whereby V becomes a group
which is the maximal group homomorphic image of S. The canonical homo-
morphism of S onto V is given by

(g: (ny, my), (ny, my), *+ =, (1, mn))C
n 2
= (I_g i;(’:.'—1>+(s—1)g—6 1:[ fgl(’n-n-;-(s—l) s 1my, 14my),.

Proor. Let T = {(g, (ny,m,), (0,0),---,(0,0)) :g€G,n,m el
By [9, theorem 2.3], T is an w-bisimple semigroup (G, Cy, y,). Thus, by
[8, theorem 3.4], N is a normal subgroup of G, 0 is an endomorphism of
G/N, o is an equivalence relation and V is a group. By a direct calculation,
(¢,0,0), is the identity of V' and the inverse of (g, a, d), is (7%, b, a),.

We first employ theorem 2.2 to show that ¢ is a homomorphism
of S into V. Let us first verify (1) of theorem 2.2. In the notation of that
theorem, let z; = (¢,0, 1), and z, = ( (p—1)1(s—1y, 1, 1), for s >1 and let
gf = (g,0,0),. We have

(€, 0, l)a'(f(p(n—l)-i-k’ 1,1),(6,1,0), = (f¢(n_1,+k 62,2,2), = (ng(n—-l)+k! 0,0),,
Le. 2,1C, = tyu_puf for 1 =k < n—1. Next, we suppose that / > 1.
Thus,

Cotn-v+a-0> L Do Cptnmnrteri—n» L 1)o Ga—n+a-n, L, 1)o
= (otn—1+=0 Lptn1) + et 1=1) Lpn—1)+ (-1 » L 1)

However, we may now employ [9, (2) of theorem 2.3]. Thus

t¢(n—1)+rtqj(n)—it;(ln—1)+r = tq)(n—r)—-i)’l
where 1 <7 <n—2 and 0 <7 < n—7r—2. Since p(n) = p(n—1)+ (n—1)
and ¢(n—7) = ¢(n—r—1)+(n—r—1), we have that
t(p(n—l)+rttp(n—l)+(n—1—-i) ;(ln—1)+r = t¢(n—r—1)+(n—r—1—i>71-

If welet» =7—1 and

A —1 —
t=n—k—1, ! y(n 110D tptn—D) 4 k1= Ppin—1+1=D = Lpin—p+kV1
where 2 </ <n—1and 1 < %k < n—1I. Hence,

(iq:(n—l)+(l-1) iq:(n——1)+(k+l—1) Z;(];5-—1)+(l—1)’ 1! 1)0 = (tnp(n—-l)+k71’ 1’ 1)0
= (iq)(n—l)+k 6: 1: l)a’
= (zzpln—l)-}-kr o, 0)0’
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ie. 2pC,, = tyupnf for 1=l<n—1, 1<k=<=n—! and we have
established (1) of theorem 2.2. We next verify (2) of theorem 2.2. We have
zgfrt = (6,0,1),(8,0,0),( 1, 0),
= (gr1, 0, 0),

= gy:1f-
Ifs >1,

2,857 = (ptnnyrts—> 1L 1) (& 0, 0) o Cotmnyso—1y» 1, 1)

507—1
= (fq)(n——l)+(s—1)goiw(ﬂ—1)+(s—l)’ 1: l)u'

—]1
= (tqp(n—l)+(s—1)g))lt¢(n~1)+(s—1) ’ 1' l)a"

However, by [9, (3) of theorem 2.3],

Con-v+-0& 1T +-1> L Vo = (€¥,71, 1, 1),
= ((g7,)6, 1, 1),
= (75, 0,0),
=gy, f for 2=<s=m.
Thus, by (3) of theorem 2.2, ) .
(&8 (ny, m1), (ny, my), =+, (B, my)) L = HZ?""(gf) Hz:"f

is a homomorphism of S into V. Thus,
(g’ (nl: ml)’ (”2: m2)’ Y (nm mn))c = (6, My, 0):7

n 8=2
11 (i;(’::-—l)+(s—1)’ 1,1),(80,0),II (f;"(%—lms—n 1, 1), (e, 0, my),
8=n

8=2
n

2
= (TI%t-0+6-080 TI tpti—vr (o1 » M +1, my+-1),.
8=n

8=2

Since
(g» (ny, my), (0,0), - -, (0, 0))¢ = (g0, n,+1, m+1),

= (g » P1s ml)a
it is clear that { maps S onto V.
We note that V is the maximal group homomorphic image of T under
the homomorphism

(g (a,B), (0,0),--+,(0,0)D = (g a,b),

by [8, theorem 3.4].

Let 8 be a homomorphism of S onto some group X. We first show that
d|T is a homomorphism of T onto X. If x € X, (g, (ny, my), -, (n,, m,))0 ==
for some (g, (ny, my), -+, (n,, m,)) € S. Thus, by theorem 2.2, there exists
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P1, P2yt * P € X and a homomorphism £, of G into X such that

n 2
€ =py™ H;b?”‘gfl HPZ”‘P{”‘
-1 1

= pymprt lTltw(n—l)+t hoighp (11 Loty i) o1 P

i=n—

= P—("ﬁ_l) 1_]1: t'l’(n-l)+1g71 H ':11’("—1)'+")f11)11 1

te=n—1
n—1

( Ht (n 1)+1g71 H tw(n—1)+t) (n’l—l_lr m1+1)’ (O’ O)’ T (0’ 0))6

Hence there exists a homomorphism # of ¥ onto X such that &5 = §|7.
We will show that [n = ¢, i.e. H is the maximal group homomorphic image
of S under the homomorphism . We note that

(€ 71, mi)om = (g, (1, my), (0,0), - -+, (0, 0)) Py

= (g, (11, my), (0,0),-- -, (0,0))4.
Hence,

(g, (ny, my), -+, (n,, mn))é-"]

H ¢(n—1)+(k 1)5’9 H ol—D+x—1 117, 14-my),n

/

= H t;(':nk—l)+(k—1) "N H t::(;n—l)ﬂk—l) s 1ny, T 4my) .y

k=2

= pymtD( H Lo +—1EV1 H ot +e—n ) 12™ L

Hence, by (2) and (1) of theorem 2.2, we have

(g» (nli ml)» Y (nn: mn))é—n = P;”l HP;""ngP;cn"P

k=n
= (g’ (nl’ ml)’ (”2’ mZ)’ Y (”n’ ’W”'n))(s

REMARK. In the case n = 1, we obtain [8, theorem 3.4].

3. The idempotent separating congruences

In this section, we completely determine the idempotent separating
congruences of an w"™-bisimple semigroup

S = (G’ C'n’ V1,72, """ Vo tl’ t2’ Y tcp(n))

in terms of the y;—y, - - - —y, invariant subgroups of G (a normal subgroup
N of a group G is y;—y,— - - —y, invariant if Ny, CN for 1 < ¢ < n).
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We utilize a description of the idempotent separating congruences of a
bisimple inverse semigroup with identity [7, p. 205, theorem 2]. To do this,
we must first determine the right normal divisors of an w™-right cancellative
semigroup.

Let P be a right cancellative semigroup with identity and group of units
U. A subgroup V of U is called a right normal divisor of P if aV C Va
foraliae P.

LEmMMmaA 3.1. Let P = (G, (IO)n, Yi> VY2, """ Vs tlx t2, Yy tqz(n)) be an
w™right cancellative semigroup. The right normal divisors of P are the
Yi—Ys '+ —V, tnvariant subgroups of G.

Proor. Let (g),, with / € I® and / = 1, denote the element of P with g
in the first position, 1 in the I+ 1st position and zeroes elsewhere. Let V
be a normal divisor of P and let ve V. Hence, if 1 <! < %, we have,
by [9, theorem 1.4] that

()i (v, 0,0, -, 0) = (vp); = (01, 0,0,0,---0)(¢), = (v),

for some v, eV, te, V is y;—y,— + - - —y, invariant. Conversely, suppose
that V is a y;—yy— -+ —y, invariant subgroup of G. Let v eV and
(X,a,,ay,---,a,)eP with a, >0, a,=0 for 1 <7=</-1, and

1 =17 =< n—1. Thus, by [9, theorem 1.4],
(X) ul) a2) ° "y an)(vl 0: Or ° 'y 0)
= (X(vyjr TT vi)X%,0,0,---, 0)(X, ay, ay, -+ -, a,).

i=l41

The other case is similar. Hence, V is a right normal divisor of P.

THEOREM 3.1. Let S = (G, C,, vy, ¥s, "% Vs tis bas * * s bymy) be an
w"-bisimple semigroup. There exists a 1—1 correspondence between the idem-
potent sepavating congruences of S and the y,—y,— - -+ —v, thvariant
subgroups of G. If p¥ is the congruence corresponding to the y,—y,— ** + —,

invariant subgroup V,

PP (g, (r,ma), - oo, (g, my)) = {(v8, (ny, my), - -+, (n,,m,)) 10 €V},
i (8 (@1, 5), s (@n, B))PY (B (1, dy), -+, (ca d,)) i and onlyif a; = c,,
by=d;, (1=t =< n),and Vg =Vh. IfV,, Vyarey,—y,— -+ + —y, tnvariant
subgroups of G,V CV, if and only if p"r C p¥2. H# is the maximal idempotent
separating congruence of S. The idempotent separating congruences of S are
precisely the congruences such that the congruence class containing the identity
1s a group and they are uniquely determined by this class.

Proor. It is a consequence of [9, theorem 2.3] and [7, theorem 2]
that o is the maximal idempotent separating congruence of S. The re-
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mainder of the theorem follows from lemma 3.1, [7, theorem 2], and an
application of the isomorphism ¢ [see proof of lemma 1.1].

REMARK. In the case n = 1, our result includes a theorem of Munn and
Reilly 4, lemma 2.3].

4. The wk-bisimple congruences

In this section, we completely determine the w*-bisimple congruences
(1 = & < ) of an w"-bisimple semigroup S = (G, C,,, ¥1,"* ", ¥n, W1, **, Wo(my)
in terms of certain y;—y,— -+ —y, invariant subgroups of G. We utilize
lemma 1.1 (based on the homomorphism theory of [5]) and the theory
congruences of an arbitrary inverse semigroup [3, p. 62, theorem 7.48].
We adopt the definitions of [3, p. 57 — p. 62].

THEOREM 4.1. Let S = (G, C,,, y1, Vo, * ) V> W1, Wy, * * *, Weiy) e an
o-bisimple semigroup and let k be a positive integer less than n. Let N be a

Y1—Vo— * * * —v, invariant subgroup of G such that hy,e N implies that
heN.
First, suppose there exists x € G and a positive integer u such that
(1) Tyriy €N
(2) @h)N = (hypl @ )N for gel® and heG
(3) Ty, € Wotn—n+e—sy N for 1 =1 =k
Let

A(al,az,-n,ak) = {(g, (@1, a1), =+, (@, @)y (@rsrs Drin)s s (@0, B,)) 2@y, b €10
for B+1 <1 <, ay y—by, = pr for some integer v, g € G, and
1 n—k—1
8Vk+1 EN( H w(plf;'zﬂk»-l)%—s) ( H qu('rffk 11)+s)}
g=n—Fk—1 8=1
4 = {A(al, (@, ag, v, a) € (10}

1s a kernel normal system and p 4 is an w*-bistimple congruence.
We have

(& (a1, 01), -+, (@0, 04))pa(Ps (e1, 1), - -, (60, 41))
1f and only if
(4) a,=¢

8

Then,

Ay, 0, )

and b,=4d, for 1 <s=<k

8

—%-1 1

b iy, 1—min(by, 1,95 q)

{ I woiesyy o) (gve) O TT qu’i%’ii—nﬂ)}?’ "“ T
=1 8=n—k—1

(5) nkl 1

-1 by q—min (b, 1, 8x.1) r
{11 (Wotrrtiiyve) B 7esa) ( TT WL 1y 1) JYRES kv det) € Noy
3=1 3=n—k—1
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where

pr = (@1 —bep1) + (g1 —Cuya), 7 €1
Secondly, let

A,(I:zl,a,, La) = {(g, (a1, a1), ) (@, @), By, Brra), @rszs Drra), o) (@n) B2))
ta;, b, el for E+1=i1=mng€eGCG, and
n—k—
gVrr1 € N( le S 1) 4a) H Wokt4ly) 1) }-
Then,

A* = {A(al' . ’ak: (41» MR ak) € (Io)k}

is a kernel normal system and p 4. s an w*-bisimple congruence.
We have

(g: (al’ bl)’ Tt (an: bn))PA‘(h’ (clr dl)» Y (Cn’ dn))
if and only if

(6) a,=c¢, and b,=d, for 1 <s=k
(7) (@r41—bks1) + (i1 —Cpa) = 0

gy = d deoppb

{( IT woiktatye) (@ves) ( 11 qu"(;'z—k—l)+a }7 ha 0 s i)
(8) 8=1 n—k—1
i —d by, 1—mind briq)
{( H ok 1) (B Viaa) H w¢(n—k—1)+. }7 Bk @ N
=1 smn—1

In both the above cases, if n = k-1, any factor involving ‘TT’ is replaced
by e, the identity of G.

Conversely, every w*-bisimple congruence of S is obtained in one of the
above fashions.

ProoF. Let p be an w*-bisimple congruence on S with 2 < # and let
K , be the kernel of p. Thus, p = 6 o 6~ where 6 is a homomorphism of S
into S/p. We will use the notation of lemma 1.1 with
S/P = (G*’ oy, &g, * *°, Uy, tly t2) Y tqp(k))'
By lemma 1.1 (definition of 6),

(g» (a1, b1), (a2, B), * = -, (@, by), (@eyq, brya)s s (@, bn)) er
if and only if a, = b, for 1 <7 < k and
n—k—1
of = (I sty (TT )

s=n—k—1

if n >k41. (gf = 28" if # = k+1.) Equivalently, by virtue of (3) and
(3) of lemma 1.1, if » > 241,
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8=1 s=n—k—1
*Zk+1gf2;:1 = ( 11; lw;p'(‘ﬁ i BRI} s et H qu(nik"’—ll)+a)f = Vi1l
#=n—k—

or, if n = k-1, *¥*gy, f = 25+ by virtue of (5) of lemma 1.1.
Suppose there exists a positive integer m such that zi’,, e Gf. Let u
be the smallest such positive integer. Hence,

Gf n (2x41) = {7, : p €I, the integers}.

Thus, if xf = z§,;, it is easily seen that ‘*’ is equivalent to the statement

n—k—1
g7k+1 EN( ]._.[ wq:lfn:k—l)+s x'( H w;(brfi'l:—ll)+a)
s=n—k—1 =1
where ur = a,,,—b;,,,7 €I, and where N is the kernel of f while “**’ is
equivalent to

&Ven € N
By (5) of lemma 1.1, &y, e N implies 2 € N and (1) and (2) are valid.
By (4) and (5) of lemma 1.1, N is ay,—y,— - - - —y,, invariant subgroup

of G. By (2) and (4) of lemma 1.1, (3) is valid.
Next, suppose that (z;,,) N Gf = e*, the identity of G*. Thus, * is

equivalent to
8=1 s=n—k—~1

g €N( TI wohirig)( 11 w;(bffi'k*—ll)+s)
s=n-—k—1 8e=1
and a,,; == b, while (¥*) is equivalent to gy, € N.

The verification that 4 and A* are kernel normal systems, subject to
the conditions of the theorem, is long and tedious. Thus, we will content
ourselves with sketching a few sample cases. We will utilize the multiplica-
tion given in [9, theorem 2.3] without explicit mention.

We first note that

-k n—k—1
(9) A H e = ( TT 0¥t ) (Avieed) ( TT @it e
fe=l41 s=n—k—1 s=1l—-k
for A e G and 1 = k+1 by [9, (3) of theorem 2.3] and
a=n—1l—1 -k
( I w ¢(n_z+1)—s)7’k+1 = ww(n—-k—1)+(l—k~1)( II wqa(n—k—-l\+s)
(10) =0 s=n—k—1
w;(l,,_k_l)+(,_k_1) for n > >k+1 and k+1 < n—2

by [9, (2) of theorem 2.3]. Let

§= (g, (@i, a1), " - = (@s &)y (Brtrs D) * * ° (3, bn))’ n
= (h’ (alr al): T (“k’ ak)’ (ck+lr dk+1): T (cnr dn)) € A(al,a,,n-,ak)'

If, for example, £+1 < # and by > Cpyq, then Ene Aq 4 ... 4y, Dy virtue
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of (1), (9), and the fact that N is a y,,,-invariant subgroup of G. Clearly,
.ay 1is closed under the operation of taking inverses and hence

(ay,8,,
[3, p. 60, K 1] is verified in this case.
Let
a = (h’ (Pl) ql)’ T (p'n’ qn))
and let

b = (g’ (al! al)’ RN (akr ak)! (ak+1, bk+1)r ey, (an, bn>) € A(av“zv‘“:“lc)'

Suppose that a,=g¢q, for 1 <s <n—1 and ¢, >a, while b, =g, for
k+1 <s < l—1wherek+1 <! <<nmandb, >gq,. Thus,aba €4, , ..,
by virtue of (9), (10), [9, theorem 2.3, (3)], and the fact that N is an
invariant subgroup of G. If g, = a,for1 =<s <n—1,¢, < a,,andk+1 =14
with b, >gq,,aba e A(, 5,09 Dy (2). If ¢,=2a, for 1 =s=1-1
where 1 £/ =<k <mandgq, >a, abale A(pl,%...’pk) by [9, theorem 2.3,

(2) and (3)], (3) and the fact that N is a y;—y,— -+ - y,, invariant subgroup
of G. Hence, [3, p. 60, condition K4] is established in these cases.
Let
a= (g (@, a) (@ &), (@rs D), - o5 (30, B2))
and

b= (h’ (cl’ dl)r T (Ckl dk)’ Tt (Cn: dn))

and suppose that a,ab, and bb'e A, 4 ...,0- Hence, in the case
k+1=mnand b, >c,, be A, q,..qa by (1) and the condition "4y, eN
implies that # e N’. Hence, [3, p. 60, condition K5] is valid in this case.

The explicit determination of p, and p . involves [3, p. 60, equation 1]
and the calculations are of a similar character to the above.

ReMARK. If £+ 1 = #, (5) may be replaced by
g,yt:l,,——min(b”,d,,) bt yl:‘,,—min(b,,,d,,) e Nzr
and (8) may be replaced by
\gyi,,—min(b”,d,,) b1 ’}’z"_min(b"'d”) eN.
These statements follow since 4y, € N implies that 2 e N, and (1) is valid.
RemMARK. We thank Mr. John Hogan for aiding us in verifying that A
is a kernel normal system.

We will state theorem 3.1 in the case » = 2 and & = 1 since this
represents the simplest possible case.

THEOREM 4.2. Let S = (C, Cy, yy, ys, wy) be an w*bisimple semigroup
and let N be a y,—y, tnvariant subgroup of G such that hy, € N implies that
heN.
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First suppose there exists x € G and a positive integer u such that

(1) xy, €N

(2) (x?h)N = (hy4?x)N for qel® and heG
(3) xy, e wiN.

Let

4, = {(Nar, (ay, a,), (a3, By)) : a5, by €I°, ay—by = ur for some integer r}.

Then, A = {A, : a, €I is a kernel normal system and p, is an w-bisimple

congruence.
We have
(g: (@1, 0y), (a3, bz))PA(h: (¢1, 1), (ca, dz))
if and only if
(4) a,=c¢ and b =d,
(5) gygz——min(bz,dz) h1 ygz—min(bz’da) e Nz
where

ur = (ay—by)+ (dy—c,), rel.
Secondly, let
A;kl = {(N, (alr “1)' (a2, “2)) 1, GIO}.

Then, A* = {4 :1 : a; € 1% 1s a kernel normal system and p 4, is an w-bisimple
congruence.
We have
(& (a1, by), (@2, Bs))pas(P, (c1, dy), (co, ds))
if and only if

(6) a,=c¢ and b =d,
(7) ay—by = ca—d,
(8) g—}/‘;:_min(bzrda) Bl yg,—min(bz,dz) e N

Conversely, every w-bisimple congruence of S is obtained in one of the above
fashions.

REMARK. In [6], we determined the structure of w2-bisimple semigroups
whose structure group is of a type that includes all finite (non-trivial)
simple groups, the rationals under addition, and groups of type p*. The
theorems of this paper will specialize to w2-bisimple semigroups of this type.
They will also specialize to this type of w"-bisimple semigroups.

ADDED IN ProoF. A converse has been obtained for lemma 1.1. This
will be given elsewhere [10].
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