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Abstract. Let G be the group PAff (R/Z) of piecewise affine circle homeomorphisms or
the group Diff*(R/Z) of smooth circle diffeomorphisms. A constructive proof that all
irrational rotations are distorted in G is given.
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1. Introduction
Let G be a group with some finite generating set G. We define the metric dg on G by
taking dg(g1, g2) to be the infimum over all kK > O such that there exist fi,..., fr € G
and ey, ..., € € {—1, 1} satisfying go = f;' - - - f*g1.
Now let H be an arbitrary group. An element f € H is called distorted in H if there
exists a finitely generated subgroup G C H containing f such that
dg(f",id)

lim =—— =0
n— 00 n

for some (and hence every) generating set G. Since the limit always exists, it is enough
to verify it for some subsequence. The notion of distortion comes from geometric group
theory and was introduced by Gromov in [7].

The problem of the existence of distorted elements in some groups of homeomorphisms
has been intensively studied for many years (see [2, 3-6, 8, 10, 11]). Substantial progress
has been achieved for groups of diffeomorphisms of manifolds. In particular, Avila [1]
proved that rotations with irrational rotation number are distorted in the group of smooth
diffeomorphisms of the circle. In this note we give a constructive proof that all irrational
rotations are distorted both in the group of piecewise affine circle homeomorphisms,
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PAffy (R/Z), and in the group of smooth circle diffeomorphisms, Diff*°(R/Z). The result
gives an answer to Question 11 in [9] (see also Question 2.5 in [S]). So far it has not even
been known whether there exist distorted elements in PAff (R/Z). Now from [8] it follows
that each distorted element is conjugate to a rotation.

From now on let G be either PAff (R/Z) or Diff > (R/Z). We say that g € G is trivial
on some set if there exists a non-empty open set / C [0, 1) such that g(x) = x forx € [.
The set of all homeomorphisms in G which are trivial on some set will be denoted by Gy .
By T we denote the set of all rotations, and let 7, be the rotation with rotation number «.

This paper is devoted to the proof of the following theorem.

THEOREM. All irrational rotations are distorted in G.

2. Proofs
We first formulate two lemmas and deduce the theorem. The proofs of the lemmas will be
given at the end of the paper.

LEMMA 1. For any irrational rotation Ty, and g € Gy, U T there exist a finite generating
set G, C G and a constant C > 0 such that

dgg(Tof‘gTJ", id) <Clogn foralln > 1.

LEMMA 2. In G there exist g1,...,81 € Gy UT and k, ky, ...,k € Z with k # ki +
-+« + ky, such that for each sufficiently small B > 0 the element x = Tg satisfies

xKgixkegy o xkg = XK, (1)

Proof of the theorem. Fix an irrational rotation 7,. From Lemma 2 it follows that in G
there exists an equation of the form (1) such that x = Tg, for all sufficiently small 8, is
its solution. Let G = le U---u ggl, where gg,., i =1,...,1[, are finite generating sets
derived from Lemma | for 7. We may rewrite equation (1) in the form

xklgleklxkfrklgzxszfkl . _xk1+-~+k,glx7k17.u7kl _ xk*klf“‘*k/' ?)

Let Bo be a positive constant such that x = T for 8 € (0, Bo) satisfies (2). Set m :=

k—ki —---—k;, and let (n;) be an increasing sequence of integers such that n;o €
(0, Bo) (mod 1). From Lemma 1 it follows that
dg(Ty D) g T Hay < ¢ logny foralli > land j=1,.. .1

Since x = Ty, satisfies (2), we obtain

)
dg(T}™",id) < Y Cjlogn; := Clogn; foralli > 1.
j=1

Hence
dg(T!,id dg(Ty™, id C 1 i
lim M:lim Mf—lim ognl:O
n— 00 n i—>00 nim mi—oco n;
and the proof is complete. O
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Proof of Lemma 1. The proof relies on the observation that for a given interval I C
(0, 1) there exists a finite generating set G C G such that for any n > 1 there exists a
homeomorphism #,, with dg(h,, id) < C log n for some constant C > 0 independent of
n,and h, (x) = T} (x) for x ¢ I. Without loss of generality we may assume that / = (a, 1).
Let m > 1 be an integer such thata + 2/m < 1. Let h € G be any homeomorphism such
that h(x) = x/2forx € [0,a +2/m),and letr(x) = x + 1/m.

We shall define A, by induction. Set hg = id. If n is odd we put h,, = Tyh,—1. If n
is even, we take s, := h,,2h and observe that s5,((0, a)) = (na/2,a/2 + na/2). Let k €
{1, ..., m}besuchthat na/2 + k/m € [0, 1/m) (mod 1). Then r¥s, ((0, a)) C (0,a/2 +
1/m). Therefore

B K by ph(x) = 2(x /2 + na/2 + k/m) = x + na + 2k/m = T (x) +2k/m  (3)
for x € (0, a). Put hy :=r=*n=1rkn, s, and let G := {Ty, h, r}. Note that
dg(hp,1d) < 3m + 3 +dg(h|n 2, 1d).

Thus we obtain dg(h,, id) < C log n. Finally, observe that for any g € Gyiy such that
g(x) = id on I we have

TIgT, " = hygh, . 4)

Indeed, from (3) and the definition of 4, and r it follows that 4, (x) = T} (x) for x € (0, a),
and

hy (0, @)) = T ((0, a)) = (n, a + na). (5)
Therefore, we have
hl(x) = T,"(x) € (0,a) forx € (nat, a + ne).

Since g(x) = x for x € (a, 1) and g is a homeomorphism, we have g((0, a)) = (0, a).
To justify equality (4), first fix x € (na, a + no). Then we have

hl(x) =T, (x) € (0,a)
and
(ghy H() = (T, ")) € (0. a).
Consequently, we obtain
hngh,jl(x) =T,gT,"(x) forx € (na,a+ na),

by the fact that i,(x) = T} (x) for x € (0, a). On the other hand, if x ¢ (na, a + na),
from (5) and the fact that T and h,, are homeomorphisms, we obtain

T,"(x) € (a,1] and h;'(x) € (a, 1].
Since g(x) = x for x € (a, 1], we have

(T 8T, M) (x) = (T T, ") (x) = x
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and
(hnghy, MY (x) = (hahy ) (x) = x.

Thus equality (4) holds true.
Finally, we obtain

dg(T,gT, ", id) < C log n.
In the case where g is a rotation the conclusion of the lemma is obvious. O
Proof of Lemma 2. Let 8 € (0, 10_3), and let f; € Gyiy be arbitrary such that

fix) =04 +2(x —0.4) forx € [04,0.6] and fi(x) =x forx € [0.9, 1.1].
Set
Hi =Ty iTos i
It is obvious that
Hi(x) =x+2Bforx €[0.41,0.79] and H;(x) =x forx € [0.91, 1.09].
Define
H, = Tl/zHl_lTl/zHl,
and observe that
Hy(x) =x —2B forx €[0.95, 1].
Simple computation gives
Ti2HoTi o Ha = id.
Set
Hy = ThgH>.

Then we have

Hi(x) =x forx €[0.95, 1]
and

Dpy12H3T 2 1/2H3 = Tup. (6)
Take an arbitrary f» € Gyiy satisfying

fr(x) =2x forx € [0, 0.49],
and define

Hy = f; 'Hs fy.
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It is easy to see that

Hi(2x)/2 forx € [0, 1/2),

Hy(x) =
forx € [1/2, 1).
Let
Hs = T2 Hy T2 Hy. (7

Observe that the graph of Hs is built from two scaled copies of H3, that is,

H3z(2x)/2 for x € [0, 1/2),

Hs(x) =

H32x —1)/2+1/2 forx €[1/2,1).
Therefore, by (6) and (7), we finally obtain

Tgr1/aHs5T_pg_1/4Hs = Top. (®)

Indeed, this is easy to see if we realize that (8) is simply equation (6) rewritten in the new
coordinates (x/2, y/2). Subsequently plugging Hs, Hs, H3z, H> and H; into formula (8),

we have
TeTiaTinfy ' TiTi fi T,g_zfl_l T/32T1/2Tﬁ_2f1 T3 f ATty ' TiTiph T,g_z
: fl_lT,ng/zT,g_zfl T,ngl_lszﬂ_lT—1/4Tl/2f2_lTﬂle/zfl Tﬁ_2f1_lTﬁzT1/2T,3_2f1 T,32

_ _ I, ) _
i RTinS, ngTl/ZflTﬁ /i 1T/32T1/2Tﬂ flT,ngl 1f2=T,32-

Since B € (0, 10~3) was arbitrary, we obtain that each T sufficiently small satisfies equa-
tion (1) with the functions gy, ..., g € {f1. f2, ffl, f{l, Ti2, T-1y2, T1ya, T—174) C
GuivUT and ky, . . ., k; € Z. Obviously, some of the k; are equal to O (kp, for instance)

but ky + - - - + k; = 8. Since k = 2, the proof of the lemma is complete. O
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