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Abstract
We prove some results on the nilpotent orbit theorem for complex variations of Hodge structure.
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0. Introduction

The nilpotent and SL;-orbit theorems of Schmid have been fundamental in understanding the degener-
ation of Hodge structure, particularly in the context of integral variation of Hodge structures. However,
their complete generalization to complex variations of Hodge structure remains unproven. This paper
aims to the study of Schmid’s nilpotent orbit theorem for complex variations of Hodge structure. The
main result of this paper is the main component of the nilpotent orbit theorem.

Theorem A. Let X be a complex manifold, and let D = Zle D; be a simple normal crossing divisor
onX. Let (V,V,F*,Q) be a complex polarized variation of Hodge structure on X\D. Then for any
multi-index & = (ay,...,ar) € RY, FY = j.FP n VD and Ff/F(f,’Jr1 are both locally free sheaves.
Here, VD® is the Deligne extension of the flat bundle (V,V) with the eigenvalues of the residue of V
over D; lying in [-a;, —a; + 1).
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2 Y. Deng

We prove moreover that the grading @+q=mFy /FY s naturally identified with @p4g=m P EP4,
where 7, EP+4 is the prolongation of the Hodge bundles EP+¢ := F” /FP*! in terms of the norm growth
of the Hodge metric (see §1.6 for the definition).

Based on Theorem A, we can generalize main parts of Schmid’s nilpotent orbit theorem to complex
polarized variation of Hodge structure.

Theorem B. Let (V,V, F*,Q) be a complex polarized variation of Hodge structure on (A*)P x A4,
Denote by @ : HP x A1 — D its period mapping, where D is the period domain and H = {z €
C | Rz < 0}. Let us denote by 2riR; is the logarithm of the monodromy operator associated to the
counterclockwise generator of the fundamental group of the i-th copy of A* in (A*)P, whose eigenvalues
lie in (2ri(a; — 1), 2xia;] for some & € RP. Then for the holomorphic mapping ¥ : (A*)? x A4 — &
induced by ¥ := exp(Xr., ziRi) o @(z,w),

(i) ¥ extends holomorphically to AP*4;
(ii) the holomorphic mapping

9:HP x A1 — D

p
(W) = exp(—zzizei) o a(w)
i=1

is horizontal, where a(w) := W(0,w), and D is the compact dual of the period domain P.
(iii) In the one variable case, exp(—zR) o a lies in D when Rz < —C for some C > 0. Moreover, we
have the distance estimate

do(exp(=zR) o a, ®(z)) < C'|Rz|Pe’R2 for some C',6,8>0

ifRz < -C.

When (V, V) has quasi-unipotent monodromies around D, Theorems A and B are contained in
Schmid’s nilpotent orbit theorem [10]. Under this monodromy assumption, he proved Theorem B.(iii)
for the case of several variables.

Theorems A and B were also proved by Sabbah and Schnell [9] for the case of one variable in a
different way. Their methods can be extended to prove the general case.

Our proof of Theorem A is based on Mochizuki’s work on the prolongation of acceptable bundles
[8] and methods in L?-estimates. The proof of Theorems B.(ii) and B.(iii) essentially follows Schmid’s
method in [10].

We conclude the introduction by explaining applications of the main result in this paper. One
application is related to the work [13] on the injectivity and vanishing theorem for R-Hodge modules.
We remark that in [13 , Lemma 2.10], nilpotent orbit theorem for real variation of Hodge structures
was claimed. It seems to the author that the proof needs some amplification, and as such, Theorem A
complements the proof presented therein.

Another potential further application is on the complex Hodge modules. It is well-established that
Saito’s theory of mixed Hodge modules fundamentally relies on the nilpotent orbit theorem. Currently,
Sabbah and Schnell are developing the theory of mixed Hodge modules for complex Hodge structures.
We remark that the nilpotent orbit theorem established in this paper should serve as a foundational
component in their work.

1. Preliminary
1.1. Complex polarized variations of Hodge structure

Let us briefly recall the definition of polarized Hodge structure. We refer the readers to [12, 9] for more
details. A Hodge structure of weight w on a complex vector space V is a decomposition

https://doi.org/10.1017/fms.2023.109 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.109

Forum of Mathematics, Sigma 3

and a polarization is a Hermitian pairing Q : V ®c V — C such that the above decomposition is
orthogonal with respect to Q and such that (—1)?Q is positive definite on the subspace V?4. For any
v € V, its Hodge norm is defined

b= Y (=D7Q (PP ),
ptg=w

where vP-9 is the (p, g)-component of v in the Hodge decomposition V = @p+q:W VP-4, Such a
polarized Hodge structure induces the Hodge filtration F*V of V defined by

FPV = @ vl
izp

As introduced by [12], a complex polarized variation of Hodge structure (V = €5
of weight w on a complex manifold U consists of the following data:

Vr’s7 V’ Q)

r+s=w

(a) asmooth vector bundle V with a Hodge decomposition V = P, , ., V"

(b) aflat connection V satisfies the Griffiths’ transversality condition
V.V o AU,I(Vr+1,s+l) ® Al,()(vr,S) ® AO,I(Vr,S) ® AI,O(Vr—l,s+l); (11)

(c) aparallel Hermitian form Q which makes the Hodge decomposition orthogonal and which on V"-*
is positive definite if r is even and negative definite if r is odd.

We decompose V = 8 + 9 + 0 + 6 according to the above transversality condition in Equation (1.1). The
most important component of the connection turns out to be the Higgs field, which is the linear operator

0V AI,O(Vr—l,s+l).

We decompose V = V/+V” into its (1,0)-component V' : A°(V) — AL0(V) andits (0, 1)-component
v A%V) — A%1(V). Then V" gives V the structure of a holomorphic vector bundle, which we
denote by the symbol V, and V'’ defines an integrable holomorphic connection V/ : V — Qb ®p, V on
this bundle. The condition on V in Equation (1.1) is saying that the Hodge filtration

FPy = Gy
i>2p
is a holomorphic subbundles of V, and that the connection V’ satisfies Griffiths’ transversality relation
V/(FPV) C Q, ®q, FP~'V.

Note that (V7+4,3) defines a holomorphic vector bundle, denoted by E”>9. From the above point of
view, the Higgs field is simply the holomorphic operator

0:EP9 — Q, ®a, EP71

Denote by (E, 0) = (®p+g=w EP>9,0), which is called the system of Hodge bundles relative to the C-
VHS (V = ®p4g=w VP4, V, Q). Let us define &, , := (—1)”Q, which is a Hermitian metric for E”-¢ by
Item (c). For the Hermitian metric & = @p14-hp 4 of E, the component § : V"5 — A%L(V7+1s71) jg
the adjoint of 6 with respect to /. Since the primary objective of this paper is to establish the nilpotent
orbit theorem for C-VHS, we will adopt the notation (V,V, F*V, Q) to represent the C-VHS, as the
Hodge filtration F*V plays a central role in the nilpotent orbit theorem.
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1.2. Deligne extension

Let X be a complex manifold, and let D be a simple normal crossing divisor on X. For the flat bundle
(V, V) defined on U := X\D, Deligne introduced a way to extend it across D. We recall this construction
briefly and refer the readers to [10, 7, 9] for more details. For any point x € D, we choose an admissible
coordinate (£2;z1,...,z,) such that Q =~ A" and D N Q = (z1...z, = 0) (see Definition 1.1 for
the definition). Write ¢ = n — p. The fundamental group 7; ((A*)? x A9) is generated by elements
Y1,-..,¥p, Where v; may be identified with the counterclockwise generator of the fundamental group
of the j-th copy of A* in (A*)?. We denote by VV the space of multivalued flat sections of (V,V),
which is a finite-dimensional C-vector space. Set T} to be the monodromy transformation with respect
to y;, which pairwise commute and are endomorphisms of VV; that is, for any multivalued section
V(t, ... tpsg) € VvV, one has

V(ts, e €t tpeg) = (Tiv) (s oot pag)

and [T}, Tx] = O0forany j,k =1,..., p. Let us write Sp(7}) the set of eigenvalues of T, and for any
A; € Sp(T;), wedenote by E(T, ;) C VYV the corresponding eigenspace. We know that all A; € Sp(T))
has norm 1 (see, e.g., [9]). Write Sp := ]—[f’:l Sp(T;). For A = (41,...,4,), we define

AP
E, := ﬂj:]E(Tj,/lj).
Since T; pairwise commute, one has
VY = @jespEa,
and E, is an invariant subspace of T for any A € Sp and any j.

Let us fix a p-tuple @ := (a1, ..., ap) € RP. Then for A € Sp, there exists a unique §; € (o; — 1, ;]
such that exp(27i3;) = A;. Since /ll.’lTi |z, is unipotent, its logarithm can be defined as

- A Tilg, — DF
log (4] 'Tilg,) = 3 -1yt A T 2 D
k
k=1
.
We denote N; = W Then for any v € E,, we define
p P P
V(1) :=exp|- Z(,Bil +N;) -logt; |v(¢) = 1_[ tl._'B"' exp(— Z N; - log tl-)v(t). (1.2)
i=1 i=1 i=1
One can check that ¥ is single valued and that V%!¥ = 0. We now fix a basis v{,...,v, of VV such
that each v; belongs to some E,. Then the holomorphic sections ¥, ..., 7, of }V defines a prolongation

of V over X which we denoted by V}Bel. One can check that this construction does not depend on our
choice of the basis. This is called the Deligne extension of the flat bundle (V, V) with the eigenvalues
of the residue of V over D; lying in [—a;, —a; + 1). Note that it is defined for any flat bundle (V, V) (not
necessarily complex variation of Hodge structure).

If (V,V) underlies a complex polarized variation of Hodge structure (V,V, F*V,Q), we define
FY = j,FP n VE"’I. It is called the extension of the Hodge filtration. It should be noted that, a priori,
we do not know whether F? is locally free.

1.3. Acceptable bundles

Definition 1.1 (Admissible coordinate). Let X be a complex manifold, and let D be a simple normal
crossing divisor. Let x be a point of X, and assume that {D;} ;. . are the components of D containing
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p. An admissible coordinate around x is the tuple (Q;zy,...,z,; ) (or simply (Q;z1,...,2,) if no
confusion arises) where

o Q is an open subset of X containing x.
o There is a holomorphic isomorphism ¢ : Q — A" such that ¢(D;) = (z; =0) forany j =1,...,¢.

We shall write Q* :=Q - D, Q(r) :={z€ Q| |zi| <r,Vi=1,...,n} and Q*(r) := Q(r) N Q*.

We define a (incomplete) Poincaré-type metric wp on (A*)¢ x A"~ by

dz; NdZ 1
Zlv_ T > N ldz A dz. (1.3)

Z]|2(10g|zj 2)2 k=(+1

Note that

n

4
wp =i0dlog| [ |(=logle; )™ [ ] explal) |

j=1 k=C+1

For any system of Hodge bundles (E, 6, 1), we have the following crucial norm estimate for its Higgs
field 8. The one-dimensional case is due to Simpson [1 1, Theorem 1] and the general case was proved
by Mochizuki in [5, Proposition 4.1]. Its proof relies on a clever use of Ahlfors—Schwarz lemma.

Theorem 1.2. Let (E, 0, h) be a system of Hodge bundle on X\D. Then for any point x € D, it has an
admissible coordinate (Q;z1, . .., z,) such that the norm |0\, ,, < C holds over Q* for some constant
C > 0. Here, |0|n,wp denotes the norm of 6 with respect to h and wp.

Here, we also recall the following definition in [7, Definition 2.7].

Definition 1.3 (Acceptable bundle). Let (E, k) be a Hermitian vector bundle over X\D. We say that
(E, h) isan acceptable at p € D, if the following holds: There is an admissible coordinate (; z1, . . ., 2,)
around p such that the norm |R(E, h)|p,wp < C for some C > 0. Here, R(E, h) is the Chern curvature
of (E, h). When (E h) is acceptable at any point p of D, it is called acceptable.

Hodge filtrations and Hodge bundles endowed with the Hodge metric are all acceptable.

Lemma 1.4. Let (V,V,F*,Q) be a complex polarized variation of Hodge structure of weight m on
X\D. Let h (resp. hy, 4) be the Hermitian metric on V (resp. on EP>9) introduced in §1.1. Consider the
induced Hermitian metric hp, := h|pp on the Hodge filtration FP. Then both (F?, hy) and (EP4, h,, )
are acceptable bundles.

Proof. We write 6, , = 0|gr.a and let Hz,q : Ep~La+l 5 AO.1(EP-9) be its adjoint with respect to
hp.q. For the Hermitian bundle (F7, hp), its curvature is

Ry, (FP) = =200 | Ay o+2 Z (=07 i A Omii = Omeivr it AOS o )+ 00 A O,

The curvature of the bundle (E?>9, h, ;) is

th’q (Ep,q) = —Q}J’q A Qp,q 9P+1 g-1 AN 9p+1 g-1°

By Theorem 1.2, for any point x € D there is an admissible coordinate (Q;zy, ..., z,) around x such
that the norm

Z |0p,q|hp‘q,¢up = |0|h,wp <C
p+rq=m
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holds over Q" for some constant C > 0. Since 9;’[1 is the adjoint of 6, , with respect to &, ,, one has
|9;,q|h,wp < C for any p. It follows that |Rp,, (F”)|n, ,.wp < C" and |Rp, (Epg)ln, ,.0p < C for
some C’ > 0. Hence, (F?, hp) and (EP-4, h), ;) are both acceptable. O

1.4. Adapted to log order

We recall some notions in [7, §2.2.2]. Let X be a complex manifold, D be a simple normal crossing
divisor on X and E be a holomorphic vector bundle on X\D such that E|x\p is equipped with a
Hermitian metric h. Let v = (vi,...,v,) be a smooth frame of E|x\p. We obtain the H(r)-valued
function H(h,v) defined over X\ D, whose (i, j)-component is given by i(v;,v;).

Let us consider the case X = D" and D = Zle D; with D; = (z; = 0). We have the coordinate
(z15...,2n). Let h, E and v be as above.

Definition 1.5. A smooth frame v on X\ D is called adapted up to log order, if the following inequalities
hold over X\D:
M
log |z; I)

l

¢ -M
C_l(—ZIOglz,-l) <H(hyv)<C
i=1

i=1

for some positive numbers M and C.

1.5. Parabolic vector bundles

In this subsection, we recall the notions of parabolic (vector) bundles. For more details, we refer to [6].
Let X be a complex manifold, D = Zle D; be a reduced simple normal crossing divisor, U = X\D be
the complement of D and j : U — X be the inclusion.

Definition 1.6. A parabolic bundle P.E on (X, D) is a holomorphic vector bundle E on U, together
with an R’-indexed filtration P, E (parabolic structure) by locally free subsheaves of j,E such that

(i) @ e R and RE|y = E.
(if) By E C PE if a; < B; for all i.
(iii) Forl <i < €, Pos1, E = PoE®Ox(D;),where1; = (0,...,1,...,0) with 1 in the i-th component.
(iv) Pa+eE = Py E for any vector € = (¢, ...,€) with0 < e < 1.
(v) The set of weights {a | PyE/P<oE} # 0 is discrete in R’.

1.6. Prolongation via norm growth

Let X be a complex manifold, D = Zf;l D; be a simple normal crossing divisor, U = X\D be the
complement of D and j : U — X be the inclusion. Let (E, ) be a Hermitian vector bundle on U. For
any @ = (ay,...,ar) € RY, we can prolong E over X by a sheaf of Ox-module 7, E as follows:

4
PE(U) = {0' € T(U\D, Elupp) | ol < | Izil™ % forall e > 0}.
i=1

In [8, Theorem 21.3.1], Mochizuki proved that the prolongation of acceptable bundles defined above
are parabolic bundles.

Theorem 1.7 (Mochizuki). Let (E, h) be an acceptable bundle over X\D. Then P.E defined above is
a parabolic bundle.

https://doi.org/10.1017/fms.2023.109 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.109

Forum of Mathematics, Sigma 7

1.7. Period domain and period mapping

In this subsection, we quickly review the definitions of period domain and period mapping. We refer
the readers to [1, 4, 9] for more details.

Let (V = @p14=mV?*4, Q) be a polarized complex Hodge structure of weight m defined in §1.1.
Recall that the Hodge filtration is defined to be F? := &;5, V"', After fixing m and dim¢ F?, the set
of all such filtration F* is a complex flag manifold, which is denoted by &. It is a closed submanifold
of a product of Grassmannians and is thus a projective manifold. The subset & of all complex polarized
Hodge structures are charcterized by

(a) FP = FP n (FP+Y)+ @ Fr+l,

(b) (=1)?Q is positive definite over F? N (FP*1)+,

Itis an open submanifold of PD. We usually write F instead of F'*® to lighten the notation. Since the groups
GL(V) and G := U(V, Q) act transitively on & and 9, respectively, & and & are thus homogeneous

spaces.
For any Hodge structure F' € &, the holomorphic tangent space T, . of & at F is identified with

End(V)/{A € End(V) | A(FP) c F? forall p}.

For any A € End(V), we denote by [A]F its image in Ty, ..

A tangent vector [A]F in Ty, . is called horizontal if A(FP) C F P=1 for all p. The subbundle of
T;, consisting of horizontal vectors is denoted by T;’l, and one can show that it is a holomorphic
subbundle of 7. A holomorphic map f : Q — P from a complex manifold Q is called horizontal if
df : To — f*Tg, factors through f*T;’l.

A complex (unpolarized) variation of Hodge structure (V = @p.4g=m, V) over a complex manifold
Q induces a horizontal holomorphic map ® : Q — & by the Griffiths transversality, where Q is the
universal cover of Q. Here, we choose the reference space of & to be the space of multivalued flat

sections VY. @ is called the period mapping associated to (V, V, F*). When this complex variation of
Hodge structure is moreover polarized, ® factors through <.

2. Nilpotent orbit theorem
2.1. Two results of L*-estimate

Set X =A"and D = (z1 - - - z¢ = 0). We equip the complement U := X\ D with the Poincaré metric wp
defined in Equation (1.3). Write

X(r)={zeX|l|z|<rfori=1,...,¢} and U(r)=X(r)NnU. 2.1

Lemma 2.1. Let (F, hr) be a Hermitian vector bundle on U such that |Rp,. (F)| < Cwp for some
constant C > 0. Then for any section n € € (U, AO’IT{] ® F) such that n|n, . we S I—[§=1 |z;1® for
some & > 0 and n = 0, there exists & € €= (U, F) such that do = n and

€
[ i, [ tog i)Y dvot, < oo
U g
j=1

for some N > 1.

Proof. For the line bundle K{JI endowed with the natural metric g induced by wp, it is acceptable.
Hence, for the Hermitian vector bundle (E, k) := (K{]1 ®F,g-hp), itis also acceptable. It follows from
[3, Lemma 1.10] that one can choose N > 1 such that
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iRh(E) 2Nak =(N - Dwp ® 1dg,

where “>n 4k stands for Nakano semipositive (see [2, Définition 2.2]). For the function

l n
¢ :=log| [ [(=logle; ™"+ [ exp(lzxl) 2.2)
j=1 k=C+1

one has id0 log ¢ = wp. For any k € Z, we define a new metric h(k) = h - e ¥ for E. Therefore,

iRh(N)(E) =iRy(E)+Nwp ®Idg 2nar wp Q@ Idg.

Note that (U, A™'T}, ® E) = €*(U,A»'T}, ® F) with [ln,wp = Mlhe,wp- Since 7l wp <
H?:l 1212, nlh(N),wp < C’ for some C’ > 0. Hence, ||7ln(n),wp < ©o. Thanks to the Demailly—
Hoérmander LZ-estimate [2, Théoréme 4.1 and Remarque 4.2], there exists 0 € €°(U,Ky ® E) =

%> (U, F) such that do- = n and llolln(n) < oo. Here, we note that the smoothness of o follows from
the elliptic regularity of the Laplacian. The lemma is proved. O

Lemma 2.2. Let (E, h) be a Hermitian vector bundle on U such that |R,(E)| < Cwp for some
constant C > 0. Assume that o € H°(U, E) such that lolln(ny < oo for some integer N > 1, where
h(N) := h-e V¥ with ¢ defined in Equation (2.2), then over U(%), loln < H(;:l |zj|=% forany e > 0.
Proof. Since |Rj(E)| < Cwp for some constant C > 0, it follows from [3, Lemma 1.10] that
(E, h(=N")) is Griffiths’ seminegative for some N’ > 1, where h(-=N’) := h - ¢N'¥ with ¢ defined in
Equition (2.2). One can show that log |o-|}21 (-N") is a plurisubharmonic function. For any z € U*(%),
one has

n

logla'(Z)Ii(_Nf) < |2/Q 10g|0'(w)|,21(_N,)dvolg

" Hf;] |zi

n

4
<log| ———— / |O’(W)|i N dvolg)
(n" Lkl o =

1
< log C/ — e W) ?,_ ,dvol,)
( R

t
< Cirtog [ 1ol 1] [Clog il Pldvol,

i=1
< Gy +log /Q | (W) [ vy dVOlp

< Gy +1ogllor 1 .

where Q, :=={w e U* | |w; —z;] < % fori < €;|lw;—z;i| < % for i > ¢} and g is the Euclidean metric.
Cy, C; are two positive constants which do not depend on z € U *(%) The first inequality is due to the
mean value inequality, and the second one follows from the Jensen inequality. It follows that

l n
N’ _N'
(@l =l (lu-ny - | [ [(~loglziF - [ exp(lzel) ™
J=1 k=€+1
C £ N’ n N’ £
2\ & 22— -&
sexp(y)-uauhm)- [ [togley® ™ - [ explael % | s [ [lail™
Jj=1 k=C+1 i=1
for any € > 0. O
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2.2. Proof of Theorem A

We first prove that the Deligne extension of the flat bundle underlying a complex variation of Hodge
structure coincides with the prolongation defined in §1.6.

Proposition 2.3. Let X be a complex manifold, D = Zle D; be a simple normal crossing divisor. For a
complex variation of Hodge structure (V,V, F*, h) defined on U := X\D, one has V2 = B,V for any
multi-index a € R, where B,V is the prolongation of V defined in §1.6.

Proof. Step 1: We prove that VD' c B, V. We will use the notation in § 1.2. Since this is a local problem,
we can assume that X = A" and D = (¢; - - - 1,, = 0). By the construction of VP!, one can take a basis
Vi,...,v, of VV with each v; € Ea(v,) for some A(v;) € Sp such that {¥;,...,7,} defined in Equation
(1.2) forms a basis of Vol?el. It thus suffices to estimate the norm

p p p
v(t) = exp(— Z(ﬁi1+ N;) - log t,-)v(t) = 1_[ ti_ﬁi exp(—ZNi . logti)v(t)
i=1 i=1 i=1

forany A and v € E,.
By the weaker norm estimate in [7, Lemma 9.31] for general harmonic bundles, there exists a
frame vy,...,v, of VV with each v; € Eaqy) and {a;j}i=1,..rj=1,...p C R such that if we put

V= ]_[f:1 |£;]747, then for the multivalued smooth sections v" = (v/,...,v}), over a given sector
of U one has the norm estimate

P -M p M
(1_[ | log|rl-||) S H(hv) % (]‘[ | 1og|rl-||) 2.3)
i=1 i=1

for some M > 0. Here, & is the Hodge metric and H (A, v’) is the H(r)-valued function defined in §1.4.
Fix some {f{,...,t,} C A*.Foreach £ =1,..., p, over any sector of A, we have

log [tI)™ < vil*(t1, ..., te—t, totent, - -, tn) S |log [t][M
by the Hodge norm estimate in one-dimensional case in [9, 11]. Together with Equation (2.3), it implies

thata;; =0foralli=1,...,r;j =1,...,{ Therefore, we conclude that over a given sector of U one
has the norm estimate

M
(2.4)

P -M P
(ﬂ lloglull| s H(v) < (ﬂ | log 14|
i=1 i=1

Then for any multivalued flat section v € VY, over any given sector of U one has

p
(ﬂ |Tog 11|
i=1

for some M > 0. Since all N; are nilpotent and pairwise commute,

P P N
exp(— D, Ni-log ri)vm =) > Zoe ) (WA (1)
i=1 ’

i=1 k=0

-M M

p
OIS (ﬂ |log |1
i=1

for some integer N > 0. Note that if v € E,, we also have N f‘v € E, for any k > 0. Since one can cover
X\D by finitely many sectors, this proves the norm estimate
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p p M’
|exp(— N; ~logri)v(z>|h < (]—[uogmn)
i=1 i=1

for some M’ > 0. Hence,

p p
POl < [ [lul? s ] [l
i=1 i=1

for any & > 0. This proves the inclusion VP! ¢ 7,V by the definition of 7,V in §1.6.

Step 2: We prove that PV C V}Be]. First, we note that the decomposition vV = ®1espEa induces a
decomposition of the flat bundle (V, V) into

(V’ V) = GB/IESP(V(A)s VlV(/l))’ (25)

where (V(4), V|]y (p)) is the flat subbundle induced by E,. We fix a basis (vy,...,v,) € vV such that
vi € Ep(y;) for some A(v;) € Sp. This means that such basis is compatible with the above decomposition
(2.5); namely, v; is a mutivalued flat section of (V(A(v;)), Vlv (a(v,)))- Consider the dual bundle V* of
V, and it can endowed with the natural connection V defined by

(Vv = d(u(v)) = u(V(v))

for u and v sections in V* and V, respectively. (V*, V) is thus also a flat bundle. Moreover, (V*)V is the
dual space of (VV). Consider the dual basis (vis.-.,vy) of (vi,...,v;,). Since

(Wivj =d(vi(v;)) —vi(Vv;) =0,

one has v} € (V*) V. Recall that T; is the monodromy transformation of (V, V) with respect to y; defined
by

V(tt, . @t tpeg) = (TiV) (et peg)

for any v € VV. Let us denote by 7; the monodromy transformation of (V, V) with respect to y; defined
by

s @t tpig) = (Tip) (11, tpig)
for any u € (V*)V. Then for any v € V¥ and any u € (V*)V one has

p(O (@) = p(tr, .. et tprg) (V(t, e € pag))
= () (Tv(0) = (T (Tv) = (T T (),
where TJ’.k : (V)Y — (V*)V is the adjoint of T;. Hence
Ty =(T) ™. (2.6)
It follows that Sp(7;) = {/l‘l},legp(m. Set E(T},4;) (V*)V to be the corresponding eigenspace of
A; € Sp(T;). We know that all A; € Sp(T;) have norm 1 since (V*, V) admits a complex variation of

Hodge structure. For 4 = (11, ...,4,) € Sp, we define

By = ﬁleE(Tj,/l;') c (vHY.
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Since ij s are pairwise commute, one has
x\V =
(V)" = @arespEa,

and E is an invariant subspace of T]- forany A € Sp and any j.

By Lemma 2.4 below, one can show that for any u € Ey and v € By, u(v) = 0if A # A, which
implies that v’ € Ej(y,).

For 1 € Sp, there exists a unique B; € (a; — 1, ;] such that exp(27iB;) = A;. Denote N; :=
log(4;'T; |, )

T . Recall that for any v € E,, we define

p P P
v(t) :=exp —Z(ﬁ;l+ N;) - log t,-)v(t) = 1_[ t;ﬁi exp(—ZNi -logt,-)v(t).
i=1 i=1 i=1

Likewise, since A;T; 13 . is unipotent, its logarithm can be defined as

N - (AiTilg, - D*
log(4iTilg,) = Z(—1)k+1E—A.
k=1
. log(A; T |5 -
Write N; := w. Then for any u € E,, we define

P P P
(1) = exp(— D (=Bil + N;) - log ti)u(t) =[]% exp(— D N; - log r,-)u(r). @2.7)
i=1 i=1 i=1

Since T; = (Tl.*)‘l, one has Nj = —N]*.. Therefore,

p p
A0 (5(1) = exp(— > i -log ti),u(t) (eXP(— D N; - log fi)v(f))
i=1 i=1
P
= exp(Z N; -log ti)/l(f) (exp(—

P
N;j - IOgti)V([))
i=1 i=1
= u(v) = constant.

This implies that 7 (¢) (7 (¢)) = vi(v;) = 6;; if A = A’, where 7 is defined in Equation (2.7) in terms
of V;f € E/l(vi)-

If £ € Ey and v € Ey with 2 # A’, the above construction shows that /i and ¥ are holomorphic
sections of V*(4) and V(A”). Here, V(A’) is the invariant flat subbundle of (V, V) defined in Equation
(2.5), and V*(A) is defined to be the invariant flat subbundle of (V*, V) generated by E,. Hence, 77 and
¥; are holomorphic sections of V*(A(v;)) and V(A(v;)), respectively. This shows that ¥ () (¥;(¢)) = 0
for A # A’ by Lemma 2 4.

In conclusion, we prove that #], ..., ¥} is the dual frame of Vy,. .., ¥,.

Recall that v; € E,(y;) for some A(v;) € Sp. There exists a unique S(v;); € (@; — 1, @;] such that
exp(2miB(v;);) = A(v;);. Define a smooth section \7} =7V ]_[f]:l |t;|#(V1)i . By the norm estimate in the
first step, for all 173. one has the norm estimate

p M
AT (]_[uogmn)
i=1
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for some M > 0. It follows that

p M
H(h;v;,...,v;)s(]—[Ilogltill) :
i=1

Here, H(h; 171, ..., 7,)isarXr-matrix function whose (i, j)-component is i (¥, 17;.). On the other hand,
we put p; = 77 - H;.’zl |t;| 7 (i)j . Since complex polarized variation of Hodge structure is functorial by

taking dual, (V*, V) admits a complex polarized variation of Hodge structure whose Hodge metric is
the dual metric A" of the Hodge metric & for (V,V, F*, Q). In the same manner, we obtain

P M’
Il < (1‘[ Ilogltill)
i=1
for every u; and some M’ > 0. This implies that
p M’
H(h*;ui,---,uns(]_[uogmu) .
i=1
By our construction, ui, ..., iy is the dual of the smooth frame \71, ..., V.. It follows that
p -M’
[ T1oglull] < HGS plon o w)™ = H(s ., 57).
i=1

Hence,

p -M’ p M
(ﬂ|10g|fi||) SHhV],...,0,) < (ﬂ|10g|fi||) . (2.8)
i=1 i=1

Now, we are ready to prove the inclusion 7,V c VP¢. For any s € 7,V (U), it can be written as
s = X0, fi¥i, where f; is a holomorphic function on U. By Equation (2.8) one has

r P P -2 P

2 “2B8(vi); 2 2aj-¢
DUAR T Tl 0% A [hogluall] s sl < [ 112
i=1 j=1 k=1 i=1

for any & > 0. Since 8(v;); € (; — 1, @], one can choose 6 > 0 such that 8(v;); —a+1 > ¢ forall v;
and every j = 1, ..., p. The above inequality implies that for every f;,

p

—1+6

A< [ i,
i=1

Hence, all f; extend to holomorphic functions over X. This proves that s € V(?el(X ) since Vy,..., ¥, is
a holomorphic basis of V2¢! by the definition of Deligne extension in §1.2. The inclusion B,V ¢ V2!
is proved. We complete the proof of the proposition. O

We leave the proof of the following lemma of linear algebra to the reader.

Lemma 2.4. Let T : V — V be an isomorphism of a finite-dimensional C-vector space V. Decompose
V=V ®...®V,, into eigenspaces of T, where A; is a eigenvalue of T and V), is the corresponding
eigenspace. Denote by V* the dual vector space. Then for the isomorphism (T*)™' : V* — V*, its
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eigenvalues are /lfl, RN /1;1 and its eigenspace decomposition is V* = V;fl D...0 V/’;l, where V;fl

1 k j
. . . -1 _ . % .
is the corresponding eigenspace of A I Moreover, one has u(v) = 0 if u € V/l;‘ and v € Vy, with
i+ ]j.

Theorem 2.5. Let X be a complex manifold, and let D = Zf:] D; be a simple normal crossing divisor on
X. Let (V,V, F*, Q) be a complex polarized variation of Hodge structure of weight m on X\D. Let P, FP
and P.Ep m-p be the induced filtered bundle of Hermitian bundles (FP, h,) and (Ep m—p,hp,m-p)
defined in §1.6. Then for every p, P.FP and P.Ep -, are parabolic bundles and for each multi-index
a € RY, there is a natural exact sequence

0 — PuFP* — PyFP — PyEp m—p — 0. (2.9)

Proof. By Lemma 1.4, (FP,h,) and (Ep m-p, hp m-p) are acceptable bundles for every p. It follows
from Theorem 1.7 that P.F? and P.E, ;,—, defined in §1.6 are parabolic ones.
We first show that we can define

0 — PyFP™ = PyF? 5 PE . (2.10)
which is exact. Note that we have the following exact sequence

0-Fr' kP L E, ., —0 2.11)
on X\D by the definition of C-VHS. Pick any x € D and any admissible coordinate (Q;zy,...,z,)
centering at x such that D N Q = (z; - - - zx = 0). By the prolongation via norm growth defined in §1.6,
any section s € B, FP*!(Q) satisfies that s € FP*'(Q\D) and [s],p+1 < Hf-;l |z;|~%~¢ for any £ > 0.
Since &1 is the induced metric of s, on F P+1 it follows that

k
Islhye = I8ln, S| ||zl %7° (2.12)
r P
i=1

for any &£ > 0. Hence, the inclusion FP*! ¢ FP also results in the inclusion B, FP*! ¢ P, FP. We
proved that Equation (2.10) is exact in the left.

Note that the metric A, ,,—, on E, ,,,, is the quotient metric of 4. It follows that for any section
s € P FP(Q), we have

k
O Rl [
i=1

for any & > 0. Hence, the quotient ¢ : F” — E, ,,_,, induces the morphism P, F? — B E, -, and
thus Equation (2.10) can be defined. Next, we will show that Equation (2.10) is exact in the middle.

Take any section s € P, F” (L) such that g(s) = 0. Thanks to the exactness in Equation (2.11), we
have s € FP*1(Q\D). By Equation (2.12), we conclude that s € B, FP*1(Q). This implies the exactness
of Equation (2.10).

In what follows, we will prove that Equation (2.10) is exact on the right. It suffices to prove that for
any point x € D and any section s € Ty Epp m—p(€2), where Q is a neighborhood of x, there is a section
§ € Py FP(Q’) for some smaller neighborhood Q’ of x such that ¢(§) = s|¢,. We shall construct such §
by utilizing the previous results on L*-estimate in Lemmas 2.1 and 2.2.

Since this is a local problem, we can assume that X = A”, D = (z; ---z¢ = 0) and x is the origin.
We equip the complement U := X\ D with the Poincaré metric wp. Let X(r) and U(r) be defined as
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in Equation (2.1). By the semicontinuity of the parabolic bundle in Definition 1.6.(iv), we can choose
B € R such that 8; > a; and

PsF? = P, FP. (2.13)

Pick any s € PyEp m-p(X). Then s € HO(U, Epp yn—p) with [sly,, . < [1e; |2:/7% ¢ for any & > 0.
We will construct a section § € HO(U(r), FP) for some 0 < r < 1 such that ¢(3) = s|y(,) and
|51n, < I—[f=1 |zi| P~ for any & > 0. Note that there is a canonical smooth isomorphism (and isometry)

@ : (FP hp) — (FP*  hpe1) © (Epom-ps hp.m-p)

such that the holomorphic structure of F? via @ is defined by

0_F1;+1 9;__” ’m7p71
0 Ok ’

p-m-p?

where 92+1’m_p_1 is the adjoint of 641, p—1 Withrespectto hipi1 m-p-1.1f g(5) = s, then ®(3) = [0, 5]

for some o € €= (U, FP*!) such that

3 i
an+l Gpj-l,m—p—l g -0.
0 aEpvmfp 5

Hence, 0ppr0 = —9; Fm—p—15- We will solve this d-equation with proper norm estimate.

By Theorem 1.2, after we replace U by U(r) for some 0 < r < 1, we have |0 11 m-p-1ln,wp < C
over U. This implies that |6?;+1,m_p_1 ln.wp < C over U. Hence,
¢

.‘_ o+ —a;—
|6P+1,m—p—lslhp+l"”P s |0;>+1,m—p—1|h»wP A8ty e S l_[ i~
i=1

for any £ > 0. We now introduce a new metric for F'P defined by

4
hp(B) = hp - | |12l
i=1

Since B; > a; for each i, we have

4
Il S
|9p+l,m—p—lslhp+] B).wp S I_l |2,
Jj=1

for some ¢ > 0. Note that 91[.)+l,m7pfl s € A%(E st m-p-1). We have

3 ¥ - () ii T

OFr+ (9p+1,m—p—ls) - (aEp‘rl-m*P*l + gp,m—P)(ng,m—p—ls)
-3 i
- aEpH.m*p*l (9p+1,m—p—ls)

— 0,157 il 3 —
- (Dh 9p+l,m—p—1)s - 9p+l,m—p—l(aEP,m—PS) =0,

where the second equality follows from o' o /\6,';_ = 0, and the last one follows from D! (6% =
p+l,m-p-1 P h

0. Here, Dy, is the Chern connection for the Hodge bundle (E = ®p+g=mE .4, h). Since (FP*, hps1(B))
is also acceptable by Lemma 1.4, we can invoke Lemma 2.1 to find some o € € (U, FP*!) such that
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Oppr (o) = =00 S

and

/U |0'|Zp+l (ﬂ,N)dV()le <o

for some N > 1. Here, hp41(B, N) is a new metric for FP*! define by
¢

hpst (B, N) = hpar - | | 12ilP - e™N¢
i=1

with ¢ defined in Equation (2.2). Since |s|s,,, , < ]_[f=1 |z;|~%~% for any &€ > 0, it follows that
511 pn_p (.N) < C for some constant C > 0, where we define

¢
Bpm-p(BN) = hpmep - l_[ |z:|fi - eNY.

i=1

Thus, the section § := @~ ([, s]) is a holomorphic section of F? such that

<12 2 2
/U|S|hp<ﬁ,zv>dV°1wP = /U 1l 8.1y A VOl +/U 1511 8.0y VO < 0.

Since (F?, h,(f)) is also acceptable by Lemma 1.4, thanks to Lemma 2.2, over some U(r) for0 < r < 1
we have |5, p) < H§=1 |z;|7¢ for any & > 0. Therefore, |5]5, < H§:1 Izjl—ﬁ.f‘f for any £ > 0. It
follows that § € PgF?(X(r)). By Equation (2.13), we conclude that § € Py F?(X(r’)) for some
0 < r’ < 1. This implies the right exactness of Equation (2.9) as ¢(5) = s. The theorem is proved. O

Let us prove Theorem A.

Proof of Theorem A. Thanks to Proposition 2.3, we have VP! = B, V. By Lemma 1.4, (FP, h,) and
(Ep.m-ps hp.m-p) are acceptable bundles for any p. It follows from Theorem 1.7 that the induced filtered
bundle P.F? and P.E, ;.- defined in §1.6 are parabolic ones. In particular, 7, F¥ and P, E ), 1, are
locally free sheaves. Denote by j : X\D — X the inclusion map. Note that

Proposition 2.3

PoFP = ju(FP) NV JFP OV = Fy. (2.14)

Hence, the exact sequence (2.9) in Theorem 2.5 implies the following one
0— F/" - FP - PyEpmp — 0.

In particular, F /FY s isomorphic to By E}, - p, which s thus locally free. The theorem is proved. O

2.3. On the nilpotent orbit theorem

In this subsection, we apply Theorem A to prove Theorem B following closely Schmid’s original method
[10, p. 288-289]. We will use the notations and conventions in §1.7.
Let (V,V,F*®, Q) be a complex polarized variation of Hodge structure on (A*)? x A4. Denote by
@ : HP x A1 — P its period mapping, where we set
HP x A1 — A"

(z,w) P (e%,...,e*7,w)
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to be the uniformizing map. Let 7; be the monodromy transformation defined in §1.2. For some fixed
« € RP, there exist S;, N; € End(VV) such that

o T; = exp(2mi(S; + N;));
o [$:,8;1=0,[S:,N;] =0, and [N;,N;] =0;
o §; is semisimple whose eigenvalues lying in (@; — 1, @;] and N; is nilpotent.

Let us define

p
P(z,w) = CXP(Z(Si + Nz |P(z, w),

i=1

which satisfies ¥(z1, ...,z + 271, . .. J2p,W) = Y(z,w) fori =1,...,p. It thus descends to a single-
valued map ¥ : (A*)? x A9 — 9 such that W(e?, ..., e%,w) = P(z,w).

Lemma 2.6. The twisted holomorphic map ¥ extends holomorphically to AP*4,

Proof. We use the notations in §1.2. We fix a basis vy, ..., v, of VYV such that each v; belongs to some
E,. Then the sections 71, ..., ¥, defined in Equation (1.2) induces a trivialization

v _ Del
% ®CAP+q—Va’es

where VD¢ is the Deligne extension. Under such trivialization, the Hodge filtration F3(zq,.. ., tp+1)
becomes ¥(t1, . ..,#p,11). Thanks to Theorem A, the Hodge filtration F; extends to locally free sheaves

over AP*4 suchthat FY / FC’;H isalsolocally free. Therefore, ¥ extends holomorphic maps over AP*4. O

This lemma thus proves Theorem B.(i). We write a(w) := ¥(0, w). In general, it does not lie in <.
The following well-known result follows from the fact that GL(VV) acts transitively on 9.

Lemma 2.7. For any g € GL(VY), consider the left translation Lg: D — D with Lg(F) :=gF. Then
e R N
(Lg)s : T§21,F — Tg?,gF'
Recall that for any A € End(VV) and any F € D, we denote by [A]F the image of A under the natural
map End(VY) — Ty -
Lemma 2.8. Foreachi=1,...,p, [Si + Nilaw) C Tt
D,a(w)

Proof. Since

- [0 0
LP*(a_zl)(z» w) = [S; + Ni]‘i’(z,w) + (Lexp(z,(’:l (Si+Ni)Zi))*q)*(a_Zi)(Z’ w),

dD*(O%) is horizontal since @ is a horizontal mapping by §1.7. By Lemma 2.7,

(Lexp(Zf:, (Si+N,~)2i))*q)*(aiz,¢)(Z’ w) is horizontal. On the other hand,

J i — i Z) zZ %
‘P*(6Zi)(z,w)—‘1’*(8ti)(e s, e W) e

which tends to zero if Rz; — —co and Rz; < C for other j. By the continuity, this implies that
-1,1
[Si + Nilaw) € T@,a(w)' O
We are ready to prove Theorem B.(ii).
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Lemma 2.9. The holomorphic mapping
9 HP XA - D
p

(z,w) exp(— zi (S; +Nl-)) oa(w)

i=1
is horizontal.

Proof. Note that 19*(6%) = [Si + Nilg(z,w)- Since [S;, N;] = 0, one has

(Loxpinz, ispomzn)- (151 + Niloeon) = [Adaspisr somyen (St + N0 | ) = i+ Nilatn.

a(w

It then follows from Lemmas 2.7 and 2.8 that [S; + Nilgz,w) € "1 . We conclude that 19*(%)
’ 2,9(z,w) Zi

is horizontal.
On the other hand, one has

5 0
D (6_W1) - (Lexp(_ Zipzl (Si+Ni)Zi))*a* (6_1’1)1)’

and

‘“P*(i)(ez’W) = \?*(i)(Z, W) = (Lexp(zlp:l (Si"‘Ni)Zi))*q)*(%)(Z, W)

aW[ (9w,~ i

Since @, ( %) is horizontal, by Lemma 2.7,

_ (8 9
T*(W)(Z’ w) = (Lexp(zl{)_l(Si+Ni)Zi))*q>*(W)(Z’ ")

i i

is horizontal, and thus lI’*(C.,iwi)(ez, w) is horizontal. Letting Rz; — —oco fori = 1,..., p, we conclude
that
0 0
lP* I 0, =dx|\ T—
(6Wi ) ( W) “ (6wi )

is also horizontal. We apply Lemma 2.7 again to conclude that ﬂ*(aiwi) is horizontal. In conclusion,
is a horizontal mapping. We proved Theorem B.(ii). O

The rest of the paper is devoted to the proof of Theorem B.(iii). We will only deal with the case of one
variable. We first start a lemma in linear algebra whose proof is direct (cf. [9, §7.5] for a detailed proof).

Lemma 2.10. Let S € End(VY) be semisimple with real eigenvalues. Then there exists a constant C > 0
such that

lAd e*S|| < Cexp((Amax — Amin) - |X]) forall x €R,
where Amax and Ay are the largest and smallest eigenvalue of S. Let N € End(V"V) be nilpotent. Then
Ad eV || < C”|x|™
for some C',m > Q.

Here, we fix a reference polarized Hodge structure o € D which induces metrics for VY and End(V"Y).
|Ad e*S|| is the operator norm with respect to such metric of End(V"Y).
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The following two lemmas are due to Schmid [10, Lemmas 8.12 & 8.19]. They are stated for period
domains of real Hodge structures. However, their proofs can be generalized to period domains of
complex polarized Hodge structures verbatim, and we thus omit their proofs here.

Lemma 2.11. If g € GL(VV), then for some natural distance dg, of D, we have
dg(ga,gb) < ||Adglldg,(a, b)

for any points a, b € D.

Lemma 2.12. Let @ : H — D be the period map associated to a complex polarized variation of Hodge
structure on A*. Fix a,k > 0 and a reference point o € D. Choose g(z) € G = U(VY, Q) such that
g(2) - 0 = ®(z). Then there exist C, 3 > 0 such that if |3z| < k, one has

|Adg(z)7!|| < C|Rzff

for Rz < —a. Here, ||Ad g(z)7!|| is the operator norm defined in Lemma 2.10.

By [9, §4.1], we know that G := U (VV, Q) acts transitively on the period domain 9, and & admits
a natural G-invariant distance dg.

Proof of Theorem B.(iii). Let T € GL(V") be the monodromy operator associated to the counter-
clockwise generator of 7;(A*). Note that T € G := U(V", Q). Recall that there exist commuting
S,N € GL(VV) such that

o exp(2ni(S+N)) =T,
o S is semisimple with eigenvalues lying in (e — 1, a];
o N is nilpotent.

Denote by a = ¥(0). Then for |¢| small enough, one has
dg(a,¥(t)) < C|t| forsome C >0,
which is equivalent to that
ds(a,¥(e®)) < Ce* (2.15)
when x < —M for some M > 0. Here, we write z = x + i{y. Assume now |y| < 27 and x < —M. Then

dg (exp(—(S + N)z)a, @(z)) < ||Ad exp((S + N)2)|| - dg (a, ¥(e*))

< |lAd exp(Nx)|| - [|Ad exp(i(S + N)y)|| - [|Ad exp(Sx)|| - dg,(a, ¥ (e®))

< C1||Ad exp(Nx)|| - |Ad exp(Sx)| - dg,(a, P (e®))

< Colx|™ - exp((Amax = Amin) - 1x]) - dg(a, P(e?))

< Cslx|™ - exp((Amax = Amin) - [x]) - € < C3]x|"e®*. (2.16)
The first inequality is due to Lemma 2.11, the third one holds since |y| < 2, the fourth one follows
from Lemma 2.10, and the fifth one follows from Equation (2.15). Here, Amax and Ay are the largest
and smallest eigenvalue of S. Therefore, Amax — Amin < 1, and thus the last inequality can be achieved
for some § > 0. Here, Cy, ..., C3; > 0 are some positive constants.

Fix a reference point 0 € 9, and let g(z) € G such that g(z) - 0 = ®(z). By Lemmas 2.11 and 2.12
together with Equation (2.16), one gets

dg(g(z)_] exp(—(S+ N)z)a,0) < ||Adg(2)7!] - ds (exp(—=(S+ N)z)a, ®(2)) (2.17)

< C4|X|m+'B€6x
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if |y] < 27 and x < —M, for some M, > M and C4, 8 > 0. Pick a small neighborhood U of 0 in @
such that the distance functions dg and d are mutually bounded over U. By Equation (2.17) when
ly| <27, x < —Mj; for some M3 > My, g(z)~' exp(—=(S + N)z)a will be entirely contained in U. Note
that g(z) € G, it follows that exp(—(S + N)z)a € D if |y| < 27 and x < —M3. When |y| > 27 and
x < —M3, we find some integer £ such that |y — 27€| < 2x. Then exp(—(S + N)(z —2nif))a € D. Since
exp(—(S + N)z)a = T exp(—=(S + N)(z — 2xif))a and T € G, it follows that exp(—(S + N)z)a € D.
In conclusion, exp(—(S + N)z)a € @ if x < —M3. We prove the first claim in Theorem B.(iii).

Recall that the distance functions dg and d;, are mutually bounded over U. By Equation (2.17) again
for some C5 > 0 we have

do(g(2)™" exp(=(S + N)z)a, 0) < Cslx|"*F e~

for |y| < 2x, x < —M3. Since the action of g(z) is dg-distance invariant, we obtain the distance estimate

do (exp(=(S + N)z)a, ®(z)) < Cs|x|™Fed*

for |y| < 2m,x < —M3. When |y| > 2r and x < —M3, one picks some integer € such that |y — 27f| < 2n.
Then

do(exp(—(S + N)(z — 2xit))a, ®(z — 27il)) < Cs|x|"™Fe*.
In other words,
do(TC exp(=(S + N)2)a, T ®(2)) < Cs|x|™P e,
As T is also dg-distance invariant, it follows that
do (exp(=(S + N)z)a, ®(z)) < Cs|x|™Ped>.

for x < —M3. The distance estimate is obtained. ]
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