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It is a trivial consequence of Magnus’ solution to the word problem for one-
relator groups [9] and the existence of finitely presented groups with unsolvable
word problem [4] that not every finitely presented group can be embedded in a
one-relator group. We modify a construction of Aanderaa [1] to show that any
finitely presented group can be embedded in a group with twenty-six defining rela-
tions. It then follows from the well-known theorem of Higman [7] that there is a
fixed group with twenty-six defining relations in which every recursively presented
group is embedded. v

The results of the present paper are analogous for groups of the results of [2]
about semigroups; however, no knowledge of [2] is required to read this paper.

1

Let A be any finitely presented group. In view of the nature of our proposed
theorem we may, without loss of generality, assume that 4 has two-generators—
say A = {a,,a,)>. (See for example [8]).

We begin by regarding A as a semigroup. In this role 4 has four generators,
namely a,a,,a7' and a;'. When convenient, we shall sometimes write a; and
a, for a; ' and a;*! respectively.

Let A = (ay,a5,05,a4; R =1, i=1,2,---,n).

We begin by applying to A a construction of the type given on p. 307 of [4]. It
will turn out that there is one delicate point in the argument. In order that this
point will be clear, and to make the paper more easily readable, we specify the
various constructions in detail.
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Our first step is to define the semigroup
A. =(ay,a5,a3,a,,p; Rip=p, ajp=pa;; i =12,-,j=1,23,4).

Next we give an alternative presentation of A.. For this we write a5 for p. Then
by introducing additional generators and relations we can present A, as

Ae = (al,az,n-.,ar; A] = B_]’ ] = 1,2,"',3)

where each relation is of the form a; = a,a,, 1 £ 4, 4,v < r. By suitable repeti-
tion, if necessary, we may assume s = 27, for some ¢.

We now embed A. in a semigroup £ on generators f and y. The embedding
is defined by the mapping ¥ given by a¥ = BBy'fy"** ! and (UV)¥ = UYVY.
Then & = (B,7; 4% = BY, j = 1,2,-,5).

Let u = r+4; then A}’ contains u symbols and BY contains 2u symbols.
Writing x; ; for the i-th symbol of AY and y, ; for the i-th symbol of BY we define

M = Xg,1X1,2° X1, Xa 17 Xo6 Xy 0 Xys
and
N

it

YiaVi2 " Y1,s¥V2,10 Vas  Yau1 7 Vaus

(recall that s = 2%).
Let 9 be the semigroup with presentation

B.v,¢;
efp = Pe eyf = Pe
efy = ve &yy = ye
M=N

We now define the semigroup 9t = (o, 0; gaa = axcas, can = anca, M'N?),

where
Bf=o0a, =0, & =on and (YZ)' = Y'Z".

We write y for the composition of y and 7.

THEOREM 1. Let U and V be any two words of A. Then

i) (UVY = U*V* (i.e. are identical as words);

(i) If U=,V then U*p*oa® = mV“pf‘aaz‘;

(i) If Z is a word of X and Zp*ga®' = yV*p*oa’’,
then there exists a word W of A such that Z = W*and W = V.

PROOF. Part (i) is trivial. Parts (ii) and (iii) are more or less in the literature.
Initially one must note that where U and V are words of Up = ,, Vp if and only

if U =, V. Thereafter the most detailed source is probably [2]([10] contains only
a sketch).
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[Unfortunately it has not been possible for us simply to quote results exactly
as they occur in the literature. Also we have not been able to make our notation
mesh precisely with that in the literature.]

We now employ the G( T, ®,) construction on page 307 of [5] with N in the
role of T. We rewrite N as

(51,825 Py =0y, i = 1,2,3)
and define
LI = (51,52,9; Pig = 905 S;id = 4s;, i=123j=12).
For convenience we write the relations of M. as F,g = gK;, i = 1,2,---,5 and
write @, = p*oa®’ = p*s,st' . Then the group G = G(N, D,) has presentation:

81582, 4, ta k, a,d;

as; = s;a ds; = s;d%ad°®
d'ad;Fiq = qK,d'ad’
ta = at td = dt
ka = ak kd = dk

k(@5 ' g™ 1q®o) = (®5'q ™ 1g@o)k

where i = 1,2,---5, j = 1,2 and F, is obtained from F; by replacing s; by s}l .

For any word W of 4, let W° denote the word obtained from W* by replacing
s; by s; 1.

THEOREM 2. For any word Wof A, W = ,1 if and only if

k™G g W) T W q@o)k = @5 g™ (W) W g, .

Proor. After sorting out the notation one sees that this is an immediate con-
sequence of Theorem 1 (ii) above and Lemma C and Technical Result (i) of [5].

At this point we begin to follow Aanderaa [1]. Let k, = q®,k®, 'q~*; then
of course Theorem 2 says that W= ,1 if and only if kg ‘(W% 1tW,
= (W%~ 1tWw° We shall sometimes regard k, as an abbreviation and at other
times as a new generating symbol.

Let C = {c;,¢,) be an isomorphic copy of A. It is worth stressing that we
shall in fact embed C rather than 4.

Let K; = G#*C. We shall define a sequence of groups using the well-known
HN N-construction (see [8] or [4]) or, to use alternative standard terminology in
a ‘word problem’ context, Britton extensions. We shall call such a construction
an HNNB-extension. It will not always be trivial to verify that we have a legitimate
instance of the construction, i.e. that Britton’s isomorphism condition holds. For

the moment we simply give the presentations, reserving the verifications till later.
They are:
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Ky = (Ki,by, bys b7 s;by =55, b 'ejb; = ¢j, by "koby = koci s iyj = 1,2);

Ky = (Ko f 3 f “Xad)’bif = (&), f~kof = ko, i = 1,2 &6 = +1);

Ky = (K3, h; h='th = tf, h='koh = ko, h™'s;h = s;, j = 1,2).

THEOREM 3. (i) K, is naturally embedded in K.
(ii) The defining relations of C are consequences of the
remaining thirty-three defining relations of K, .

Before proving Theorem 3, we take the final step in our argument. It will be
observed that K, has a number of commuting relations. Using a technique due
essentially to Borisov [3] we can eliminate some of these.

THEOREM 4. K, can be embedded in a group K, with twenty-six defining
relations

PrOOF. Define a, = q®ya®,'q ! and dy = q®,d®; g~ *. Then we can pre-

sent K, in such a way that the generator k, commutes with the generators a,, d,,
f, hand t. Also b; and b, commute with s,,s,, ¢, and ¢,. If we twice apply Borisov’s
theorem in the form in which it appears in [6], it is clear that with our first ap-
plication we can reduce the number of commuting relations by three, and with
our second application by another four. '

2

We now prove Theorem 3, beginning with part (ii).

Let W = ,1; we shall write W, and W, for the copies of Win by, b, and c,,
¢, respectively. We shall deduce W, = 1 from the relations of K, excluding the
relations of C. We have, by Theorem 2

ko (WO WOk, = (W~ 1tw?. (*
If we conjugate both sides by h and use the relations involving h we obtain
ko (W)™ if Woko = (W)~ 1tf W°.

If we introduce suitable inverse pairs and use (*) we obtain

ko (W) Woko = (W™ SW°.

Now it follows from the definition of y and 6 that if

= 0 0.0 . . 0
W= a;a;, - a; then W’ = a;a;,a;

in*

Hence we may pass f from left to right across W¢ to obtain k; 'W,k, = W,. Since
kg 'bky = bic;, we have W,W, = W, and so W, = 1.
To prove part (i) we must establish three isomorphisms.
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(1) K, is an HNNB-extension of K,. Here we must show that for each
i, {s; kos 34,1 = 1,2) and (s, koci L ¢i;j,1=1,2) are isomorphic under s; > s,,
ko — koc™" ¢, — ¢, This follows from the fact that {s;, ko,c¢,» is the free
product {s;, ko) * C and {s;, ko) is free on these generators.
(2) K, is an HNNB-extension of K,. This time we must look at (ai‘)ebf —(ab)®,
ko — ko. We shall show that {(af)’, ko is free on these generators. Then when we
map K, — G by putting b, = 1, i = 1,2 we map {(a%)?b% ko) onto {(a})’, ko). It
suffices to prove that {(a})’ is free in {sy, 5,). '

We recall the definition of 8. Writing a, and a, for a, 'and a, !, we see that

a? = (82—15141)255(“1)8;1s;(r+1—i).

Let us call the right most s; * the central symbol of a’. Then it is not hard to see
that in a product (af)"(ag)", #,v = =+ 1 the central symbols of af and a jo are not
cancelled unless i = j and n + v = 0. This extends to arbitrary products and the
desired assertion follows.

(3) K, is an HNNB-extension of K;. In this case we must prove that
D = {s;,t,ko) and E = (s, 1f, ko) -are naturally isomorphic. To do so we shall
show that D has presentation

($15 52, ko3 ko "(WO~1tWky = (WO~ tW®)

where W ranges over all relators of A.

Let X be any word in s,,s,,t and kg, such that X = ;1. We want to reduce
X to the empty word using only the displayed relations. If X contains a subword
"W° , where W = 41, we replace this subword by W2k*(W? ™ '¢"W?® and freely
reduce the resulting word. This operation is clearly equivalent to an application of
the given relations. Let X, be the result of iterating this procedure for as long as
possible.

Suppose X is non-empty. Since both {s;,t) and {s;, ko) are free we may as-
sume both ¢ and k, appear in X, . We can apply Britton’s Lemma [4] to G with
ko as stable letter. Hence X, contains a subword Z,f™Z,--- Z,t™Z,,, which
belongs to <a,, dg, t>. Next we may use t as stable letter to deduce that there exist
words R, and R, on a and b such that Z,,,q®,= R,q®yR, in the group G, of
[5]. (For the moment we use the notation of [5].) This last equality yields the two
equalities

R{'Z, 1 Aft - A = ,1 and @oR,®y ' B;! -+ Bir = ¢,1..
We require a lemma.

LEMMA. IfRZA;!--- A{" = g,1, then Z is a negative word on the s-symbols.

Proof. The s-reduced word obtainable from 4i --- 4" has form
IT; - «(D,% aD,y A)™, by Lemma 14 of [5] (correcting a misprint). Moreover m; = 0

k
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(for e, = +1 or g, = —1). It then follows from Lemma 12 of [5] that Z cannot
contain positive occurrences of s;.

Picking up the main argument again we see that we now have exactly the
hypotheses of Lemma 19 of [5] and thus Z,, , = A whereAq®, = 2,d%o- In turn
we obtain A®, = 3 ®,. After sorting out the notation, we see that, by Theorem 1
(iii),A = W*for some relator W of A. Thus Z,, ; = W? and this is a contradiction.

We complete the whole argument by showing that E has presentation

(SI’SZa tla kO;KO—l(Wo)_ltl WokO = (Wo)—ltlwo)

where we write ¢, = tf and W ranges over all relators of 4.Us ng the relations of
K5 we see that

kg "(WO) ™1, Woko = g ko (W) ™' tWko W, W,

and (W)™, W = (W)~ '“W°W,. So the displayed relations certainly hold in
E. Using the fact that kg is a stable letter for D over {s;,t> we can then easily check
that the natural map from D to E is an isomorphism.

One point in our construction is perhaps worth comment. Instead of Theorem
2 as stated, we could have asserted that W = ,1 if and only it

k™1 (@g (W)™ g HgW Do)k = 5 (W)™ 'q ™ 1 WD,

Defining t, = q !tq and k, = ®ok®," we then have W = ,1if and only
if kg "(W*) ™ 'toW*ky = o(W*)~1t,W*. What is interesting is that if we attempt to
repeat the construction with ¢, in the role of ¢ (and y instead of 0) the argument
breaks down.

To see this we observe that there certainly exists a word @ of 9t such that
® = 3@, and Y = Od;' is freely reduced. Then it follows that

ko 'Y~ 'toYko =g Y7 !t,Y while kg 'Y 1t fYky # Y Mo fY.

Thus D and E cannot be isomorphic in the natural way.

We conclude with a few speculative remarks concerning the best possible
result along the lines of our theorem. It is of course tempting to conjecture that
every finitely presented group is embeddable in a two-relator group. If this be so,
then there exist two-relator groups with unsolvable word problem, — but the best
result presently known for this question is that there exist groups with twelve
relators and unsolvable word problem.
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