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A tauberian theorem related to the
modified Hankel transform

Kusum Soni and R.P. Soni

The modified Hankel transform arises naturally in connection with
certain semigroup operations on measures in probability theory.
We give a tauberian theorem for this transform when certain
higher moments exist. The probabilistic significance of our
result is that it translates a regularity condition on the
transform into a direct condition on the measure. This
complements earlier results by Pitman and Bingham for the

trigonometric and the modified Hankel transform respectively.

P

1. Introduction

Let F be a probability measure on [0, ®) and let
(1.1) @v(x) = T(v+1) Iw (xt/2)” Jv(xt)dF(t) , v=-1/2 .,
]

Recently, Bingham [4] gave some abelian and tauberian resulis for the
transform defined by (1.1). He proved that if L(t) is a slowly varying
function in the sense of Bojanic and Karamata [5] as ¢t > < and

0 <a<2, then

(1.2) 1-F(t) ~toL(t) , trm,

if and only if

(1.3) 1- 0 (a) ~ a"1(1/a)2” LIITU=G2) g

Bingham's results are based on those given earlier by Pitman [§] for the
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cosine transform, v = -1/2 . Bingham and Pitman discuss these
implications at the boundary points, & =0 and a = 2 , also. However,
for o > 2 , they give only the abelian implication. Our object in this

paper is to give the related tauberian result.

2. Statement of the main result

If we integrate (1.1) by parts and use the relation

(2.1) £ [y0)] = - 00

we obtain

(2:2) G(z) = cx f: (xt) ™, (zt)g(t)dt , v = -1/2,
where

(2.3) 6lz) =1 -9 (),

(2.4) g(t) =1 - F(¢) ,

and

(2.5) e = 2°T(v41) .

For o > 2 , the Pitman-Bingham Theorem can be stated as follows.

THEOREM A, If n=2 1, 2n <o <2n+2 , and

_ 2n o
(2.6) u2n~—f:t dg(t) <=,
then
(2.7) g(t) ~t7OL(t), tro,
implies
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n o (-1)7r (1)
(2.8) - G(x) - ar_ er

r=1 2°TT(1+r)T(1+v+r)

I‘(1+v)I‘(l—a/2) a:aL(l/x) , x>0, 2n<a<om+2,

2ar(1+v+a/2)

~ (-1)"T(1+v) onvz [T ona
1 x t g(t)dt ,
2 T(n+1)T(n+v+2) 0

x>0, a=2n+2 .
We prove the following converse.

THEOREM B. Let n =21, 2n < a = 2n+2 , and let Glx) be the
transform of g(t) defined by (2.2). If g(t) is bounded, decreases to

zero, and
(2.9) r tg(t)dt < = ,
o}
then, for some constants Cls Cps vves Cps Oy s
4 2r o

(2.10) Glz) - rzl e x ~e T L{1/z) , x-+0, ¢ * 0
implies

(o1

2 T(1+v+a/2)

(2.11) g(¢t) ~e tOL(t) , toew, 2n<a<on+2

n+l T(1+v)T(1-a/2)

or

(-1)"22" I (1) T (mrve2) |
n+l I'(1+v)

t
(2.12) J u2n+lg(u)du ~ e (t) ,
0

Furthermore,

I}
o
-
n
-
B

r-1
(2.13) o, = —{=1) T(+v) rt‘?"‘l (t)dt , r
P 2P 1pyr(14ver) o g

We note that (2.9) holds if and only if u,y s defined by (2.6), is

finite. In what follows, we assume that the slowly varying function ZL{zx)

is positive and measurable in 0 < x < ® ., Furthermore, without loss of
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generality, we may also assume that both L(x) and [L(ar:)]—1 are locally
bounded.

3. Proof of Theorem B

We prove the theorem with the help of some lemmas. Let g(s) and
G(s) ©be the Mellin transforms of g(t) and G(t) respectively, that is,

(3.1) g(s) = r ts'lg(t)dt , §=0+ 11 ,
0
and
(3.2) G(s) = r £716(8)dt .
0
The integral (3.1) converges absolutely in 0 < 0 £2 . Since

(3.3) t J_ . _(t) =
01y , t»o, v=_-1/2 ,

the integral (2.2) converges absolutely, and

(3.4) G(t) =
oty , t>o .,

Hence the integral (3.2) converges absolutely in -2 < g < -1 .

LEMA 1. Under the assumptions of Theorem B, we have

g+v
(3.5) g(s) =ul+—\)+sﬁlG(—s), l<g<2,
er(1-¢/2)

where ¢ ig defined by (2.5).

Proof. By the absolute convergence of the double integral in
2<0<3,

X -8 X -v_1l-8
(3.6) fo 2 6(a)dz = e [: g(t)UO (e0) 510, (wt)da] de
Xt
= e f: ts-eg(t)(fo ul-s-va+l(u)du]dt .
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The inner integral converges sbsolutely and by [7, p. 326, (1)1,

2178=Vp (35 _5/0)
T(v+s/2+1/2)

1-8-v _
(3.7) f: u J§+1(u)du =

Hence, by the dominated convergence theorem,

21 (v 1) T (3/2-8/2)
T (v+s/2+1/2)

G(1~8) = gls~1) , 2 <o <3,

which proves (3.5).

Proof of Theorem B (continued). Now we consider the integral

B
(3.8) I(z) = f Blat)Vg(£)dt
0
where
(3.9) B=o2n+1,
(3.10) y=2n+ 4+ [v],

[v] denotes the greatest integer function.

Since

XL
B-s Y, _ B+y+l-s T(B+1-8)T(1+y)
(3-11) fo t T (x-t) 'dt = x T(pryocs) >0 -1,

by the Parseval relation for the Mellin transform [13, p. 601,

I(z) = (eni)™d [Z+z: PRt Ei%%%i%%£§§§il gle)ds , 1<&<2.
By (3.5),
(3.12)  I(x) = (eni)™t fzmo S8 5)6(-s)ds , 1 <6 <2,
i
where
(3.13) w(s) = 2° T(y+1)T(B+1-s)T(1+v+s/2)

T{v+1)T(Bty+2-8)T(1-8/2) *

The poles of T['(1+v+g/2) 1lie in the half plane 0 < 0 . Therefore,
Y(&) 1is analytic in o >0 except for a finite number of simple poles at

o = 2n+3, 2n+5, ... . By the well known properties of the F~function,
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(3.1%) LOvte/2) - wolr(14ves/2)T(s/2)sin(n6/2)
= (|1!0+V) , 8=0+4iT , |t1| »=
Thus
(3.15) w(s) = 01|V | 1] v,
By (3.12),

S+ie

I(x) = (i)™t f xB*Y”'sw(s)(r £ 1 t)dt]ds .
0

S§-io
By (3.15), the double integral converges absolutely. Hence,

S+1o0

(3.16)  I(z) = (2m) LP*VH fm G(t>(f x-st_s—lw‘S)ds]dt
0 =i
§+ieo
= (omg) "1 BtYHL r ¢lu/z) U u‘s‘lw(s)ds]du .
0 St
Let
“ 2r
(3.17) H(x) = G(x) - ) ez .
r=1

Our next step is to show that I(x) remains unchanged if G is

replaced by # in (3.16).

LEMMA 2.
§+1 1
(3.18) fw uu(f uws- w(s)db]du =2miP(u) , 2 S u < one2,
0 §—i
v(on+2) = 1lim  P(s) .
s on+2
Proof. Let
S+io
(3.19) o = [ Wt lyeas .
-1
By (3.15),
(3.20) ow) =08 | uso0, 1<5<2.

Since Y(s8) 1is analytic in & =Re(s) < 2n + 3 , by (3.15) again
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S.+iw

1
(3.21) o (u) f u“'s_lw(s)ds , en+ 2 < 51 <2n+ 3,
8§ —iw

Thus the repeated integral in (3.18) converges for 6 < u < §

1
Obviously,
1 sim
.22) [ otwau= [ (o) tyerds
0 §-g
(Sl-i-ioo
- (u-8)"1y(s)ds + 2mip(n) , 2 S u < om2 .
8. —ioo
1
Also, by shifting the line of integration from Re(s) = 8§ to Re(s) = 61
S +iw
1 p-s-1
(3.23) dlu)du = Im { u Y(e)ds|du
1 1 /8, —iw
1
8, +ico
1 -1
= - (u-8) "Y(s)ds , 2 =y =2n+2 .,
Gl—iw

Hence, by (3.22) and (3.23),

0
[ dlu)du = 2mip(n) , 2 =u < 2n+2 ,
(o]
which proves the lemma.

For later use, we note the following:
(3.24) wer) =0, r=1,2, ..., n,
and

2142 T (n+v+2)T(2n+2-5)

(3.25) y(2n+2) = s};:ig 2 T(v+1)T(1-8/2)
_ on+1 T'(n+l)T(ntv+2)
= (1) T(v)  °

We now return to the proof of Theorem B. By Lemma 2 and (3.24),
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S+t
(3.26) ez - (v CH(”/””)Ua-iw W hy(o)ds |

where H is defined by (3.17). We are interested in the behavior of I(x)
as x > o , By (2.10) and (3.4),
(3.27) |H(u/x)| = Mu/z)%L(x/u) , 2n < a < ont2

for some constant M . The dominant behavior of L(x/u) , x » » , is
given by the following lemma. This result is not new and, in a slightly
different form, was given by Pitman [§, Lemma 2]. The technique, however,

has been used quite often ([3]1, [5]).
LEMMA 3. IF L(t) 4is slowly varying, L(¢) and {L(£)} " are
locally bounded, then, for every n > 0 ,

(3.28) %=O(t-n) , T,

uniformly in 0 < t =1 and

(3.29) Lot - o(eh) , 2=,

wiformly in 1 St < o,

Proof. Let

Ll(x) =z " sup {tnL(t)}
o<t=x

o sup {t_nL(t)} 5
tzx

!

Lz(‘”)

anl(x) is an increasing and x_nLQ(x) is a decreasing function of «x .

Also, it is known ([7], [2]1, [5]) that LJ.(:z:) ~L(x), x>+, g=1,2.
If 0<t=<1,

(xt)L(xt) < (xt)nLl(xt) < 21 (z)

and, if 1 = ¢t < o

A

(xt) L(zt) < (xt)-an(act) < x-nLe(x)

https://doi.org/10.1017/5000497270004377X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270004377X

A tauberian theorem 175

The relations (3.28) and (3.29) follow immediately from the above

inequalities.
We return to the consideration of (3.26). By (3.27) and Lemma 3,

H(u/x) _ o(ua—n+ua+n) R

2 %L(x) ’ ’
wniformly in O < u <o ., Choose n such that 6<a-n<a+n<61 .
By (3.20) and (3.21), we can apply the dominated convergence theorem to the
integral in (3.26). Since, H(u/x) ~ cn+l(u/x)aL(x) pointwise as x + »

we have

S+ioo
I(x) cn+1ruaU ! ]
~ = Y(s)ds|du
L0y 2™ )y Usige

or, by Lemma 2,

SO ), T

(3.30) I(x) ~ €, 41

It is known ([§, Lemma 3]) that if &{(¢) is monotone and

t
El(t) = fo WPe(u)du is of index q as t=>o, g >0, then #Fg(¢) is

of index g - 1 . Since I(x) is of index 2n + 2 + y - o , by repeated

application of the above result, we see that

X
(3.32) niz) = f (1) at
0
is of index 2n + 2 - a as x > ® . Let
(3.32) mz) = 2220 (z) , z 21,

so that [*(x) is slowly varying as x +® . For 0 <x < 1 , define

L*(x) to be a locally bounded and integrable function. Then,
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XX
I(z) =y f (z—-£) V" Ih(t)dt
0

X
Y I (- t)Y -1 2n+2 LA(t)dt + ¢l(x)
]

1
= ygYtene-a f (1-g0) YL, 202-0y

0

L*(ux)du + ¢ (z) ,

where ¢, (x) = O(xY-l] as x > ® , To obtain the behavior of the above

integral as x »> @ , we may use a known result [3], or we may use the

"dominated convergence" technique which is justified by Lemma 3. Hence,

Y+2n+2-o () C(y+1)T'(2n+3-a)

I(x) ~x I T(y+onia—a) x>,
By (3.30),
(3.33) 14@) = o Dlz) w230 __ yq,
+] T'(y+1)T(2n+3-0)
If a=2n+2 , L*=x) = cn+lL(x)w(2n+2) , so that by (3.25),
2n+1 N n2n+l I'(n+1)T(n+v+2)
which is (2.12). If 2n <a <2n+ 2 , by (3.13),
% - o F(1+v+o/2)
L) = ¢, 12" Gazme)T(wi) (172 “%)

. . . n+l . .
Since h(x) is of index 2n + 2 - a > 0 , g(t) is of index
2n + 1 - a as x > © ., We now employ reasoning similar to that used

earlier to obtain

gla) ~ ¢ 2% A Ua/a)  2r0 ) gy

x2n+l e
n+l® T(v+1)T(1-0/2)

This proves (2.11). Finally, we want to prove that the coefficients cr

must satisfy (2.13). If 2n < a < 2n + 2 , this follows directly from
Theorem A. However, for the case o = 2n + 2 , Theorem A is not applicable
since (2.12) does not imply (2.7) even when g(u) is decreasing. The
proof of this assertion depends on some results given in [11]. However,

(2.13) follows from the following lemma.
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LEMMA 4. Let n=1. If g{(t) is bounded and decreases to zero as
t >, then (2.12) implies (2.13).

Proof. Since g(%z) ¥ 0 , (2.12) implies that

(3.34) P28y = ofL(£)} , t o .

For the sake of convenience, let

k() = T(v+1)(£/2) "7 (¢)

v+l
and
S 5 i (€159
T 2P lr ()T (vhrHl)
so that
i or-1
k(g) = ] at” .
r=1
Now
n or 2r-1 onvz (Y% onsy
Glz) - } a & t g(t)dt - a ,F t g(t)dt
r=]1 0 0

2n+1

1/x
x f: {k(xt) - Z a (xt)zr_l}g(t)dt - an+1x2n+2 f g(t)dt

r=1 0

1/x n+l op
x f {k(xt) - 1 a(at) }g(t)dt
0 r=1

+x [w {k(zt) - Z a, (xt)27" l}g(t)
1/z .

r=1

i}
~

1 + I2 .

+ . .
We shall prove that I. = ofx on °(1/«)} , =>0, j=1,2 . Since

k(u) is bounded, by a known result [3],

n
fw {k(u) - aruzr_l}u_2n-2L(u/x)du
1 r=1

~ L(1/x) [m {k(u) - Z a, w1 } 22 , T*0 .
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Therefore, by (3.34),

n
> O{fm [k(u) - aruzr_l](u/x)-zn-gL(u/x)du}
1 r=1

= 0{x2n+2L(1/x)} s, x>0 .

~
"

Next, let € >0 . Choose O < &' <1 such that

n+l
‘Mu)~ a;ﬁpl
r=1

Eu2n+1

< 0 <uc<§'

s

Furthermore, let

§'/x 1/x n+l
I = x{f +f }(k(xt) -y ar(xt)er—l]g(t)dt
0 §'/x r=1

I3 + Ih .

§'/x
|I3] < ex J (xt)
0

2n+lg(t)dt

< €M1x2n+2l}(5’/ac) , £>0,

for some constant Ml . The relation (2.12) indicates that it is no loss

of generality to assume that L(¢t) is nondecreasing. Hence,

n+2

1I,] < eMixg L{1/z) , x>0 .

5

Finally, for some constant Mé .

1/x
I1,| =Mz ( (xt)2 M g()dt
§'/x
1/x
= Méxzn+2 I t2n+lg(t)dt .
§'/x
By (2.12),
1/x
f "™ (t)ae = olL(a/z)} , =0 .
8'/x
Hence,
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I, = 0{x2n+2L(l/x)} », £>0 .

b
This completes the proof of the assertion

I.= 0{:::271+2

; (i/z)} , z~0, j=1,2.

It follows that

1/x
+
t2n 1

n
G(x) ~ z a xgr fw ter_lg(t)dt + an+lx2n+2 f g(t)dt , =z >0 .
0

r=1 * 0
Comparing this asymptotic relation with (2.10), we obtain (2.13).

REMARK 1. The assumption (2.9) is not necessary. With the help of
some known results [9], [10], it can be shown that (2.10) itself implies
g(t) = O(t ] as t > ® , for some. a >0 . This is sufficient to

Justify the Mellin transform technique used.

REMARK 2. The technique is quite general. In particular, it is
applicable when K(s) , the Mellin transform of the kernel k(¢) , has no

singularities other than poles in the complex s-plane and, for

oy f0=g0,, Ks)s= o(]t/P) , 1| >, s=0+iT.
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