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RATIONAL HAUPTMODULS ARE REPLICABLE

C.J. CUMMINS AND S. P. NORTON

ABSTRACT. It is shown that if / is a Hauptmodul with rational integer coefficients
for a group G < PGL,(Q)*, of genus zero, containing a [o(N) with finite index and
z +— z+k precisely when £ is an integer, then f is replicable. Examples of such functions
are given by the Moonshine functions described by Conway and Norton [CN].

1. Introduction. The modular group I' = SL,(Z) acts on H*, the extended upper
half plane HUQU{ioco}, by fractional linear transformations. The normalized generator,
or Hauptmodul, of the function field of H* /T is the j function,

j(z) = g1 + 744 + 196884 + 21493760g% + 8642999704% + - - -

where g = exp(2iz). In this paper we will normalize Hauptmoduls to have zero constant
term, so we take J = j — 744 as the normalized Hauptmodul for I'. As noted by McKay
the coeflicient 196884 is almost the dimension of the smallest nontrivial complex repre-
sentation of the Monster grdup M, moreover other coefficients are the dimensions, d,,
of representations ¥, of M. Other series are be obtained by replacing the d, by character
values on ¥V, of other conjugacy classes of M (Thompson [T]). For example for the class
2B we obtain the series

be = q ' +276q — 20484% + 112024 + - - -

which is the Hauptmodul for the function field of the congruence subgroup I'¢(2). Con-
way and Norton [CN] made a number of remarkable conjectures about these series which
they termed “Monstrous Moonshine”:

CONJECTURE 1.1.  Each rational conjugacy class in M gives rise to a Hauptmodul
for a genus zero subgroup of PGLy(Q)* containing a normal subgroup To(N), for some
N, of finite index.

This conjecture has now been proved by Borcherds [B1]. Conway and Norton also
conjectured that the power map structure of M is mirrored in certain relationships be-
tween the Moonshine functions. More generally Norton [N1] initiated the study of g-
series of the form:

(1.1 f@=q "' +Hig+Hg* + Hyq’ +---
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where H; € Q,i = 1,2,. .., for whicha “power map” structure like that of the Moonshine
functions can be defined as follows: Given a g-series of the form (1.1) define the n-th
replicate of f iteratively by

(1.2) o) =~ % 19(E50) + i
ad=n
0<b<d

where the primed sum means that the term with a = n is omitted and Q, is the unique
polynomial in f(z) with g expansion

O.(f) = ¢ " + terms of degree > 0.

This definition may produce replicates such that the g-expansion of /"”(z) has terms with
fractional powers of g. If however we have that for all n, f((z) has g-expansion

@ =g +H g+ HP g + -
then we say that f is replicable. As mentioned above it was conjectured by Conway
and Norton [CN] that in the case of the Moonshine functions /" (z) coincides with the
function on the n-th power of the conjugacy class corresponding to f(z) and again this

has now been proved by Borcherds [B1]. We note that the sum in equation (1.2) is, in
many cases, a Hecke operator for an appropriate group. We shall not make use of this

fact. '
Norton [N1] defines the bivarial transformation of f to be:
o0 i_ i
(1.3) > Hunp'q" = —log(1 - pg 3 HE—L)
mn>1 =l P—4q

so that the H,, , are polynomials in the H;. He then calls a function replicable if it satisfies
H,,n = H,; whenever mn = rs and (m, n) = (r, s). In the appendix it is shown that these
two definitions coincide (see also [ACMS]). The latter definition is more convenient for
numerical calculations and was used in [ACMS] to calculate all the replicable functions
with rational integer coefficients which have only a finite number of distinct replicates,
which are themselves replicable; a property that holds for Monstrous Moonshine func-
tions. There are, excluding the trivial cases ¢! + ag, 326 of them, of which 171 are
Monstrous functions. (Note: it is believed that the “finiteness” condition is redundant in
the non-trivial cases.)
Norton conjectured the following:

CONJECTURE 1.2. A function f = q~' + ¥;>1 Hiq" with rational integer coefficients
is replicable if and only if either f is trivial or it is the Hauptmodul for a group G <
PGL,(Q)" satisfying

1. G has genus zero,
2. G contains a To(N) with finite index,
3. Gcontainszv— z+kifand only ifk € 7.

This conjecture has also been extended to include the case of irrational coefficients
[N2] and even to the case of higher genus [Sm, N2]. In this paper we shall prove part of
this conjecture:
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THEOREM 1.3. If f is a Hauptmodul with rational coefficients for a group G <
PGL,(Q)", of genus zero, containing a [o(N) with finite index and z — z + k precisely
when k is an integer, then f is replicable.

Some partial results have been obtained by Ferenbaugh [F], Koike [K] and Norton
[N2]. The last of these deals with the case of replication by an index prime to N, and
extends to irrational coefficients and higher genus. The idea of the proof of Theorem 1.3
is as follows. From the first definition of replicability, f is replicable if we can iteratively
define its replication powers f™. Suppose all lower replicates have been constructed.
Then the obstruction to constructing f is that the g series

b
=— Y fO(Z22) 40,0
(%)

may not be a series in ¢”, so we have to show #(z) = #(z+ %). However we can inductively
show that both #(z) and #z + %) are modular functions for some congruence group, G,
with singularities only on @ and {ico}. We show that #(z) — #(z + 1) is bounded on some
fundamental domain of G and hence that #(z) = #(z + 1).

The structure of the rest of the paper is as follows. In Section 2 we derive some results
on the Galois action on the coefficients of f. Details of the proof of Theorem 1.3 are in
Section 3. In the appendix we give some properties of replicable functions.

2. Galois action on automorphic functions. We start with some notation and ob-
servations. Let

To(V) = {(‘; Z) €SLy(Z) | ¢ =0 (mod N)}

and
(V) = {(‘; 3) €SL,Z)|b=c=0 (modN)}.

Denote by I'o(N) and T'(V) the images of T'oy(N) and T'(N) in PSLy(Z) = SL,(Z)/{+£/}.
Up to isomorphism PSL,(Z) is a subgroup of PGL,(Q)* = GL,(Q)*/{Q*I} (the su-
perscript denotes positive determinants). Similarly PGL,(Q)" is, up to isomorphism, a
subgroup of PGL,(R)* ~ PSL,(R). We identify these subgroups with their images and so
we refer, for example, to ['o(N) and (V) as subgroups of PGL,(R)*. It will be convenient
to make a distinction between matrices and the corresponding element of PGL,(R)*. The
former are written with round brackets and the latter with angular brackets. If « is a ma-
trix we shall also write () for the corresponding element of PGL,(R)*.

A subgroup G of PGL}(R) is a congruence group if it contains a ['(N) with finite index.
A point of RU {ioc} is called a cusp of G if it is fixed by a parabolic element of G. If G
is a congruence group, it follows ([Sh] Proposition 1.30) that the set of cusps of G is the
same as that of PSL,(Z), i.e. Q U {ioco}. Clearly if w is a cusp and m € G then m(w) is
also a cusp. It is not difficult to use this fact to show that any element of G is a multiple
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of a matrix with rational entries. Thus G is in fact a subgroup of PGL,(Q)" and we may
define |m| as the determinant of m when written as a matrix over Z in its lowest terms.
In the rest of this paper we shall consider only the following case: G will be a subgroup
of PGL,(Q)" containing a T'o(N) with finite index and z +— z + k precisely when k € Z.
We will also take G to be genus zero with Hauptmodul £. In section 3 we shall restrict
further to the case where f has rational g-coefficients. Our aim in the rest of this section
is to derive a relation between elements of the group G and G x k, the fixing group of
the modular function f * k obtained from f by applying the Galois transformation *k to
the Fourier coefficients of f. We start by reviewing the results of [Sh] which we shall
require.
Let Fx be the field of modular functions of level N with Fourier coefficients in
Q(exp(2mi/N)). In Sections 6.1 to 6.5 of [Sh] it is shown that:
a Fy= Q(j, Jalae(Z/ NZ)Z). The functions f,(z) are related to the elliptic curve
C/(Z +z1).
b %y is a Galois extension of Q(j) = F; with Galois group GL,(Z /NZ)/{+I}. The
action of & € GL,(Z/NZ) is given by f, +— faa. If & € SLy(Z) thenf, o @ = fpq.
¢ Let & be an integer coprime to N and x£ the corresponding element of the group

Gal(Q(exp(Zwi/N))/Q). Then ((1) 2) € GLy(Z/NZ)actson Fy by f +— fxk
where f * k is obtained from f by applying £ to the coefficients of /.

d Let U = [1, GL2(Z,) x GL2(R)". For every u € U and every N, there exists an
element o of M>(Z) N GL2(Q)" such that u, = amodN - My(Z,). Set au = ac
for all a € (Z/NZ)*. Thenf, — f,, defines an element of Gal(Fy/ 1), call it
T(u).

LEMMA 2.1. If M € G then any prime p dividing |M| also divides N.

PROOF.  Suppose, to the contrary, that p divides |M]| but not N. Let M’ be a matrix
corresponding to M which is written in lowest terms over Z. Then the rank of M’ con-
sidered as a matrix over GF(p), is 1. As (p,N) = 1, ['(N) projects onto the whole of
PSL,(p) when read modulo p, so that we can find matrices B and C in ['(V) such that

BM'C = ( (1) 8) (mod p). This implies that for any i € Z=° the matrix (BM'CY is not

zero mod p, but p divides det((BM' Cy ) and so the cosets ((BM'CY)T'(N), i € 72° are all
distinct and so the index of (V) in G is infinite, which is a contradiction. =

THEOREM 2.2 ([SH] P. 147). (a) For every o € GLy(Q)" and everyh € Fy, hoa €
Far for some N'.

(b) If o € GLy(Q)", B € GLy(Q)', u € U, v e Uand au = v3 then (joay™ = jo
and (fy 0 )™ = fo, 0 3.

COROLLARY 2.3. Ifh€ Fyand o € GLy( Q)" NMy(Z) thenhoa € TNdct(a)-

PROOF. Considerfirst f, € Fy. From Theorem 2.2(a), f, o «r is a modular function of
some level. Moreover, since I’ (N det(a)) C o 'I'(W)a, f; o a is a modular function of
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level Ndet(cr). We may find v € SLy(Z) such that Y~'a = o is upper triangular. Then
by comment b above, f; o« = f, 0 (Y&) = fiy o &. Since f;y is an element of Fy, it has a
Fourier expansion with respect to exp(2iz / N) with coefficients in Q(exp(27ri / N)) , thus
fay © & has a Fourier expansion with respect to exp(27riz /N det(a)) with coefficients in
Q(exp(Zm‘ /N det(a))) and so it, and hence f; o «, is in Fygea)- The corresponding
result for j(z) is given in [Sh] Proposition 6.6 (5). Since Fy is generated over Q by the f,
and j the result follows. [

ka b

PROPOSITION 2.4.  Let k be coprime to N; if < c d

> € G and ged(ka, b, c,d) = 1,

a b
then<c kd> € Gxk.

ka b a b
PROOF. Leta:(c ),Bz(c kd)anddeﬁneu,veUby

d
10
up={(0 k) forp | N
Jij forp fNandp = oo
and
k0
vp—{(O 1) forp| N
a forp fNandp = o0

Here u and v are well-defined since det(3) = det(«) and by Lemma 2.1 the primes which
divide det(c) also divide N. If N’ is integer such that any prime dividing N’ also divides

0 %
and d at the start of this section, thatif 2 € Fy then ”® = hxk. Then by Lemma 2.1 and

—1
Corollary 2.3 (f, 0 @)™ = (f o) xk. Lets € [y(N) be such that§ = (k O) mod N,

N then since u, = ( ! ) mod N’ - M>(Z,,) for all primes p we have, by comments ¢

0 %
then for any a € (Z/NZ)* we have f3, 0 B = f5 0 67'3 = (f; * k) 0 67! 3. Thus from
Theorem 2.2 we have (f; o a) xk = (fy xk) o6~ 3. Similarly (jo a) xk = joé~!3. So for
any h € Fy wehave (hoa)xk = (h*xk)os5!j. Since f € Fy and () fixes f we have
frxk=(foa)xk=(fxk)os'Bandso (§7!8) € G * k. However it is not difficult,

using the fact that (1) 2) normalizes I'o(V) mod N, to show that G * k also contains
To(N)and so (B) € G* k. =

3. Replicability of rational Hauptmoduls. As in the last section G will denote a
subgroup of PGL,(Q)* containing some I'o(N) for some N with finite index and z +— z+k
precisely when & € Z. We will also take G to be genus zero with Hauptmodul /* with
rational coefficients. We use a= b + O(1) to denote that the difference between a and b
is bounded over some limiting process, which unless otherwise stated will be that 1 — 0
along the positive imaginary axis.
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LEMMA 3.1. Iff and G are as above, and f is singular at r [ m, where (r,m) = 1,
then there exists M € G of the form

d e
M= <~Km Zr>

(5 ool ) 222) ot

where D = |M|. In particular D [ £ and the fractional part of d | ém are independent of
the particular choice of M. Also for any k such that (k, {m) = 1

f(%c +t)= exp(27ridl€) exp( 2mwiD ) Lo,

m tm? (2
where kk =1 (mod £m).

with ged(d, e, tm, £r) = 1 and

PROOF. It is clear that the form of M is as given above if M(r/m) = co. Now since
(k, £m) = 1, by left multiplication of M by a suitable translation we find

kd' €
< —Lim Zr> €G
where d' = kd (mod ¢m). Since G * k = G we have by Proposition 2.4 that
/ /
T= < d e > €G.

——fm klr
So r r
1 o) =roM(5+)
)
- oo 28) (22 s o
and similarly
1) =rer(5+)
dk
/(- e2)
- (5 o 222) 00
as required. [

LEMMA 3.2. For any non-zero integers m and L there exists a non-zero integer s
such that (1 +sm,L) = 1 and (s,L) = 2,L)/ (2, L), m).

PROOF. Letm' = m/((2,L),m) and take s = k(2,L)/((2,L),m) where

1 (modp)ifp | L,p|mandp #2;
k={ —2m''2,L)"" (modp)ifp|L,p fmandp #2;
1 (mod(2,L)).
Then s has the required properties. n
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LEMMA 3.3. With G as above, if

d e
M—<—Zm Zr>€G

is written in lowest terms, then { | (2/(2,m), £)d.

PROOF. Ifm = 0 thenr = 1 (recall (r,m) = 1) and by [Sh] Proposition 1.17 all

elements of G that fix 0o are either parabolic or the identity and we must have ¢ = d.
1

0
by Lemma 3.2 there exists a non-zero integer s such that (1 + sm, m) = 1 and (s, ¢) |
@2, tm)/((2, m),m) | 2/(2,m), and so (s,£) | (2/(2,m),£). Let k be such that
k(1 +sm) =1 (mod £m). In the notation of Lemma 3.1,
rk r 27id 2miD
150 =1 (5 +o)= el T ) e () + 00

m tm?(?

If » = 0 then we consider instead M < i > Thus we may assume mr # 0. Then

and also by Lemma 3.1:

f(%( + t): exp(27rid(1 +sm)) exp( 27riD) +0(),

m tm? (2
Hence ¢ | sd and so £ | (s, £)d and the result follows. n

LEMMA 3.4. IfM € G then, written in lowest terms,
_ ] X €
M= S rba)
where (6, ¢pv) = (o, Yv) = (Y, 9) = 1, and 2,v)pd | 2. Also if2 | ¢ then 2 | M.

PROOF. Write b
a
u={% a)

Let A = ((a,c),(d,c)), ¢ = (c,d)/) and ¢ = (a,c)/) so (¢,9) = 1. Then lLc.m.
(Mg, A\p) = Ay | c and so set v = —c/A¢y and also o = d/(c,d) and § = a/(a,c).
Then M has the required form with (6, ¢v) = (a, Yr) = (¥, ¢) = 1.
G also contains
M = < d —b > .
—c a
Applying Lemma 3.3 to M and M~" we find using the properties above that ¢ | 2/(2,v)
andalso ¢ | 2/(2,v) and so (2, )¢ | 2, since (¢,v) = 1. Finally to show that if 2 | y¢
then 2 | )\, first consider the case ¢ = 2, then ¢ = 1 and (2,v) = (2,6) = 1 hence

(o i) = (0 5) e

and 2 divides |M]| so, using the same argument as in the proof of Lemma 2.1,2 | A\. A
similar argument gives the result in the case that ¢ = 2. [
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Before proceeding to the main result we shall first derive some results on sums of
roots of unity using modular functions.

In what follows for r/m € Q definem’ = m/(r,m) and ¥’ = r/(r,m) and 7(r,m) =
x/m’ for some x such that x¥' = 1 (mod m') and x = 1 (mod 2), we shall not need
this second condition until Lemma 3.12. Note that different choices of x change 7 by an
integer which does not change exp(27ri7'(r, m)) which is all we shall require.

LEMMA 3.5.
> exp(27ri7(ar + bm,dm)) = { eXp(ZwinT(r,m)) ifg=(r,mpn;
Oadbznd 0 otherwise.
<
(aﬂb%,jm):g

PROOF. The function satisfies the identity,
qaz+b .
> i(57) = o).

ad=n
. - .. . . o
Evaluating at - + # and examining the singularity at 7 = 0 gives

0<b<d

[T . . 277(m, r)*n
On (j(; + t)) = exp(27rnn'(r, m)) exp(——”—nz———) +0(1)
and
rar+bm at 2mig?
+— | = [ +
a;_:‘n ]( - y ) Eg: adz:n exp(2mir(ar + bm, dm)) exp( P )
0<b<d 0<b<d
(artbm,dm)=g
and the result follows by comparing coefficients. =
LEMMA 3.6. Let s(n,g) = }:dl,,(—l)"/ 1u(d | g) where u(x) is the Mobius function,

defined to be zero for non-integral values of x. Then s(n,g) = —b,4 + 26,2, (Kronecker
delta).

PROOF. Consider first s(n, 1). If # is odd then
s(n, 1) = ;<—1)"/f’u(d> =~ ud) = ~bn
din

djn

as required. If 4 | n then

s = 3 D)+ Y DYud) =Y wd) =0

dln, 4 yd d|n, 4|d din

as required. If 2 exactly divides n then

s )= 3 ) u@+ 3 (—1)"ud)

din, 2 fd d|n, 2|d
= > pd— 3 wd
d|(n/2) dn, 2|d

= 5n/2,1 — (bna — 6n/2,1)
= 26,,/2’1 - 25",2
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as required.
In general s(n,g) = >4, gld(—l)"/du(d/ g). Setting d = gd’ we have s(n,g) =
ngll,,(—l)”/ & 1 d) = s(n /g, 1) and the result follows from the previous calculation. m

LEMMA 3.7.

az+b
@@= 3 (DY
" ad=n, 0<b<d ( d )
is invariant under T'y(2).

PROOF. We must show that right multiplication by M € I'¢(2) permutes the set of
matrices of the form

(g Z), ad=n,0<b<d

up to left multiplication by elements of I" while preserving a (mod 2). Let

M:(z"; g) b — 287 = 1.

There exist p, g, r, s with ps — gr = 1 such that the product
p q\(a b a
r s)\0 dJ\2y ¢

! /
(" b), dd =n 0<b <d.

is again of the form
0
From which we deduce that
paa=a (mod2) and rac =0 (mod 2)

Ifa =0 (mod2)thena’ = 0.Ifa = 1 (mod 2) then » = 0 (mod 2) since « is odd,
however (p,r) = 1s02 [psod =1. =

LEMMA 3.8.
Asz — 00  hy(z)= (—1)" exp(2minz) + O(1)

—exp(2min/z) + O(1) if nis odd;

Asz— 0 hu(z) = { — exp(2min/z) + 2 exp(min/2z) + O(1) if n is even.

PROOF. 1) For fixed a and d we have

raz+b
2 ( ) =Y dHuq™
0<b<d k
so that the only negative exponent in the g expansion at infinity occurs ford = 1,k = —1
anda = n.
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2) We have thatasz — 0

2
j(aZ; b): exp(27ri7’(b,d)) exp(@) +0(1)
So s
M@= 3 (=1)" exp(2rir(b,d)) exp(z—mg)’—@—) +0(1)

ad=n nz
0<b<d

=20 3 exp(2rint, ) exp(zmgl ) + o)
gln 0<b<d (4
dln (bd)=¢g

i

= 3 (S ud/g) exp ) + 00)

gn “din nz

so using Lemma 3.6

PPN exp(2min/z) + O(1) if n is odd;
@) =1 _ exp(2min/z) + 2 exp(min/2z) + O(1) if nis even.

LEMMA 3.9. Ifm' is odd and n is even then

12 . - exp(21rim'(r, m)) if g = n(m,r);
2 exp(27rn'(ar+ bm,dm)) =132 exp(27rih gr(r, m)) ifg =n(m,r)/2;
0

ad=n, .
0<b<d otherwise.

(ar+bm,dm)=g
where 2h =1 (mod m’).

PROOF. We compute the singular part of 4,(5 +¢) as ¢t +— 0 in two ways. Write
r' =r/(m,r)and m’ = m/(m,r). Then since m’ is odd we may find integers x and y such

that ym’ + x(2r') = 1 so that
m —r
(% 7)ere

Transforming by this element and using Lemmas 3.7 and 3.8 we find

r mm't
—+t) = -
& (m’ t) i ( (m,r)+ 2xmt)

4mixn 27in Tixn in
= — )+ — )+
exp( o )exP(m’?-t> 2exp( p_y )eXp(2m’2t) o(l)
Also
r ar+bm at
ho(—+1t) = e —— + =
(m ) adX::,,( ) J< dm d)
0<b<d
i
= adzzn exp(27ri7'(ar + bm, dm)) exp( t:r’fj) +0(1)
0<b<d
where g = (ar + bm,dm). Comparing coefficients yields the result. n

https://doi.org/10.4153/CJM-1995-061-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-061-1

RATIONAL HAUPTMODULS ARE REPLICABLE 1211

LEMMA 3.10. Ifm’ and n are even then

Z (__l)n/d exp(27ri7'(ar + bm,dm)) _ { exp(27rim'(r, m)) ifg= n(m, r);

ad=n, 0 otherwise.
<b<d

(ar&?n,;m):g

PROOF. The argument is similar to the last Lemma. Since m’ is even there exist x

and y such that

(—jn' ij) €T'o(2)
S
° h r +t)=h ad 1

o) =l — )
27 27,

- o) (22 o)

and also
L) T Cpop(narsiman) en(2) + o

0<b<d
where once again g = (ar + bm, dm). Again comparing coefficients yields the result. =

LEMMA 3.11. Givenr € Z and m,n € 7>° and a divisor k of n then there exists a

matrix b
a
m=(5 a)

with ad = n and 0 < b < d such that (ar + bm,dm) = (r,m)k.

PROOF. We can find coprime integers e and f such that er + fm = 0 (mod n) and

hence a matrix
s=(¢ 1
=\g h

o= 90

() =(5)

then (p, q) = (r, m)k. By premultiplying by a suitable element of SL,(Z) we can put M’
into the required form. u
In the following lemma we make the definitions:

in SL;(Z). Let

and

(m) = { exp(2mid /¢v) if 1/m is on the same G-orbit as 0o;
0 otherwise.
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where in the first case, m = v and
A2 €
=
is a matrix that maps 1/m to co. Keeping the same notation, if the element (M) of G
maps 1/m to oo define:
A(m) = 27i|M| [ * N ¢*2.
LEMMA 3.12. f™ exists. Also
) r _ I\nr(r,m) N2
Nl (; +t)—- C(nm"ymrm exp(A(nm »n /t) +0(1),

1™ has no singularities in the upper half plane and is an automorphic function for U'(M)
for some M.

PROOF. Induction on n. For n = 1 the only property that must be verified is that
r _ INT(r,m) !
S (2 + )= ¢y exp(atm) /1) + O(1)

When {(m') is a primitive m’-th root of 1 this follows from Lemma 3.1. However from
Lemma 3.4 {(m’) can be an m’ /2-th or 2m’-th primitive root of 1. Only the latter situation
is a problem and it can only occur when m’ is odd. Lemma 3.1 in this case implies that the
exponent of {(m’) is congruentto r (mod m’)and 1 (mod 2), but now the result follows
from our definition of 7(r, m).

Now assume that the result holds for all a < n (in fact we only need that it holds for
all proper divisors of n). Let

W@ = 0(f@) - ¥ f(a)<az+b)‘

ad=n d

We have to show that ¢,(z) = t,(z + %) 50 f"(2) = t,(z /n) has integral g-expansion i.e.
the n-th replicate of f exists. From above we have

0u(£(=+1) )= (clm) ™™ exp(m'm 1) + 01

Using the inductive hypothesis,

2 (ER S T G cn{iomsm)

ad=n ad=n
0<b<d 0<b<d
(artbm,dm)=g

= (™ exp(d(uyn /1) + O(1)

where = nm/(nr,m). When {(nm/g) is a primitive nm/g-th root of 1 we can use
Lemma 3.5 and, after applying a suitable Galois automorphism, Lemma 3.11 to show

that
+
5 10(Z2 5 = oty e exp(Amn )
o

— (™™ exp(A(uyn /1) + O(1)
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However, as noted above, it might happen that {(nm /g) is a 2nm / g-th or nm / 2g-th root
of 1. However in this case —((nm/g) is a primitive nm/g-th root of 1 and we can use
Lemma 3.10 and 3.11 to obtain the same result (recall that 7(r, m) is odd), except in the
case that n is even and m’ is odd. In this case, from Lemma 3.9, we find:

Z, 7@ (aZ; b) = ((m'y™erm exp(A(m')n/t) — 20(2m" exp(A(m')n/t)

ad=n
0<b<d

— ()™ exp(A(uyn /1) + O(1)

where 22 = 1 (mod m'). However, if
PAY I
=22m’ A
is a matrix that maps 2m’ to 0o, {(m’) = — exp(2miéh/m') and also A2m") = A(m’). So
once again we find:

’ b I\nr(r,m / rrnr,m
5 7952 = o'y exp(m'n 1) = ™" exp(duin ) + O()

ad=n
0<b<d

Combining these results we find

()= ()™ exp(A(u)n/ 1) + O(1).

It is easy to verify that this expression is invariant under the substitution » — rn + m,
m +— mn so that t,(;- +1) — t,(; + % +£) = O(1). Hence this difference is bounded on
Q. At infinity #,(z) = exp(—2mizn) + O(exp(27riz)) and so the difference is bounded at
infinity. By the inductive hypothesis each term on the right hand side of

0(2) = (@) — dZ_ f“)(%é)

0<b<d

has no poles in the upper half plane and so neither does #,(z). Also #,(z) is an automorphic
function for the intersection of the fixing groups of each term in the right hand side each of
which contain a principal congruence subgroup by the inductive hypothesis and so #,(z)
is an automorphic function of ['(M) for some M. Thus £,(z) — t,(z + %) is an automorphic
function for I'(n> M), bounded on a fundamental domain and hence is constant. However
from the g expansion of ¢, we see that the constant is zero as required.

Finally we can use /" (z) = t,(z/n) and

tn(2)= C(u)" "™ exp(A(w)n /1) + O(1)
to verify that
Nk (—r% + t): C(nm'yrrm exp(A(nm')n2 / t) +0(1),

and also that /™ is an automorphic function with no singularities on the upper half
plane. n
To summarise we have now shown:
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THEOREM 1.3. If f is a Hauptmodul with rational coefficients for a group G <
PGL,(Q)*, of genus zero, containing a I'o(N) with finite index and z — z + k precisely
when k is an integer, then f is replicable.

Appendix. In this appendix we shall prove some useful properties of replicable
functions. As in the rest of the paper we shall take f"to have rational integer coefficients.

LEMMA A.l.

1 o=
on() = ?,‘ + Z”Hn,mqm-
i=1

PROOF. First note that any polynomial in
f@ =q ' +Hig+ Hg* + Hyq’ +---

whose g-expansion has only positive degree terms is zero, from which we can deduce
that the Q,(f) satisfy the recurrence relation:

n—1
(n + I)H,, + Qn+l(/) + ; Hiani(f) :an(f)

This leads to the generating function:

= i+1 &1 i
—log(1 - pf@+ 3 Hp™) = 3 20"
i=1 j=1
Comparing with equation (1.3) we see that
l e8]
On() = — + 3 nHymq™. u
q m=1

LEMMA A.2. The function
f@)=q ' +Hiqg+ Hg* + Hyg’ +---

is replicable if and only if the coefficients H,, , given by the generating function:
00 pi _ qi
2 Huwp'q" = — log(l —quHr——)
mn>1 = P—q
satisfy the conditions H,, , = H,; whenever mn = rs and (m,n) = (r,s).

PrROOF. If f satisfies H,, , = H,; whenever mn = rs and (m,n) = (r, s) then set

ﬂ@=_(%

where

https://doi.org/10.4153/CJM-1995-061-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-061-1

RATIONAL HAUPTMODULS ARE REPLICABLE 1215
al(.k) = kzu(d)Hg,dki i>0, a(ﬁ =1, ag‘) =0
dlk

and p is the Mobius function. It follows that /(' = £. For any pair r,s € Z >, we find,
by Moébius inversion, that

1
Hr,rs = Z "‘a(d)
4 d s/ d?
and, since f satisfies H,, , = H, s whenever mn = rs and (m, n) = (r, s) this implies that

1
A.1) Hpp = dz Eafjjl/‘ﬂ
|(m,m)

which gives, using Lemma A.1 (compare Serre [S], Chapter VII, Section 5.3)

(4.2) 0N =3 f9az+b)/d).

ad=n
0<b<d

Conversely if f has replicates which satisfy (A.2) it follows that the H,, , satisfy (A.1)
and so H,, , = H,; whenever mn = rs and (m,n) = (r,s). ]

PROPOSITION A.3.  Iff = 1/q+Hq+---+ Hyq" is replicable then f = 1/q+ Hyq.

PROOF. Ifk = 0 or k = 1 then we are done, so assume k > 2 and H;, # 0. We
consider two cases, either

f=1/q+Hq+---+H_iqd" '+ Hg"
withl <i<kandH,_ i =---=H,_;=0and H;_; # 0, or
(4.3) [=1/q+Hd".

We shall show that the former case cannot occur. Looking at the (i + 1)-st replication
identity we have:

i+ . ! fla ———————+b
(4.4) 0 =1 @+ 1e)+ X 19(=57)
0<b<d
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First note that

. b
() it

0<b<d

The term with second largest degree on the Lh.s. of (A.4) is (i + 1)H,_;Hig"*" and
contributions from the 2-nd term on the r.h.s. to this degree would come from the j-th
term with ja = (1 +i)k —i,buta | (i+1)soa|isoa = 1andd = i+ 1. But the degree
of this sum is bounded above by & /(i + 1). So to have a contribution of degree (i + 1)k — i
we would have to have (i + 1)k —i < k/(i+ 1) which implies k < (i+1)/(i+2) < 1 and
so k = 0 a contradiction. So the sum on the r.h.s. has no terms of degree (i + 1)k —i. Also
(i+Dk—i=1 (modi+1) soﬂi+‘)((i+ l)z) has no terms of degree (i + 1)k — i. So we
must have (i + 1)H_;H, = 0 which is a contradiction. So f must be as given in (A.3).

We now show that we must have k = 1. Take n such that (n, k(k + 1)) = 1 and
n>k+1. Then

Qn(f) — ]/qn+...+ (’?)]_I;;q*n+j(k+l)+..,+qunk
J
VA Y A
—n+k+1

Looking at the coefficient of ¢ ,weseewemusthavecy =c; =+ =¢,4y =0
and ¢, s = —nHy. So the coefficient of g" %~ Dk js fm—k ((nfk) — n). Sincen > k+1,

((nfk) - n) = 0 implies k = 1. So we have to check that the coefficient of g<"~*~1 is
zero on the r.h.s. of (A.4). Now H}?q’“ of degree k(n—k—1) implies a | k(n—k—1) and so
a | k(k+1)and hencea = 1 since (n, k(k+ 1)) = 1. Butagain the degree of thea = 1 term
is bounded by k/n < 1 and so this term vanishes. Finally k(n —k — 1) = —k(k+ 1) # 0
(mod n), since (n, —k(k+ 1)) = 1, 50 f"(nz) has no terms of degree k(n —k — 1). =
We also give a proof of the fact that any replicable function is determined by the
values of 12 of its first 23 coeflicients as noted by Norton [N1].

LEMMA A4. IfN € Z°° then there exist m,n,m’.n' € 7°° such that 1) m+n =
N, 2) mn = m'n', 3) (m,n) = (m',n'yand 4) m' +n’ < m+ n exactly when N #
1,2,3,4,5,6,8,9,10,12,18, 20, 24.

PROOF. Note first that if the lemma holds for N it holds for kN, k > 1 by taking km,
kn, km', kn'. We consider cases:

i) N = 2Fexcept2,4and 8. For N = 16 choosem = 1,n = 15,m' = 3andn’ = 5.
From the comment above we then obtain all higher powers of 2 as multiples of
16.
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ii) N odd of the form 2?+1,a > 4 (i.e. except 3, 5 and 9) choose m = 2°—2,n = 3,

m' =21"—1andn' = 6.
iti) N odd, N — 1 not a power of 2. In this case choose m = N—1,n = 1, m’ =
27"(N — 1) and n’ = 2", where 2" is the exact power of 2 which divides N — 1.
Note N—1>2"=N>2+1=>N2 —1)>2Y—1=N>27"(N-1)+2".
iv) Neven, nota powerof 2. Then N must be a productof 2, 4 or 8 with 3, 5 or 9 since
all other possibilities are multiples of the cases considered above. For 40 choose
m=1,n=39m =3andn = 13. For36choose m = 1,n =35, m' =5
and n’ = 7 which, from the comment above, gives m = 2, n = 70, m’ = 10 and

" = 14 as a solution for 72.

The only remaining cases are N = 1,2,3,4,5,6,8,9, 10, 12, 18,20, 24. It is easily
verified that there are no solutions for m, n,m’, n’ in these cases. n

PROPOSITION A.5.  If
f=q ' +Hig+Hg +---

is replicable then f is determined by the values of H,, H,, H3, H, Hs, H;, Hg, Hy, H;,,
H17, H19 andH23.

PrROOF. Ifi+1 #2,3,4,5,6,8,9,10, 12, 18,20, 24 then by Lemma A.4 we can find
m,n,m’,n’ suchthatm+n = i+1, Hy, » = Hpy v and m’+n’ < m+n (since f is replicable).
The leading term of H,,, is H; and so solving H,,, = H, ,» for H; expresses H; in terms
of the H; with j < i. Iterating this process we can express all the coefficients in terms of
Hl, Hz, H3, H4, H5, H7, Hg, Hg, Hn, H17, H19 and H23. [ ]
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