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Abstract

Let G be a locally compact abelian group, 1 < p < o0, and A be a commutative Banach algebra. In this
paper, we study the space of multipliers on L? (G, A) and characterize it as the space of multipliers of
certain Banach algebra. We also study the multipliers space on L!(G, A) N L?(G, A).

2000 Mathematics subject classification: primary 43A22.

1. Introduction and prelimiharies

Let G be a locally compact abelian group with Haar measure, A be a commutative
Banach algebra with identity of norm 1. Denote by L' (G, A) the space of all Bochner
integrable A-valued functions defined on G. It is a commutative Banach algebra under
convolution and has an approximate identity in C.(G, A) of norm 1, L?(G, A) is the
set of all strong measurable functions f : G — A such that ||f (x)||% is integrable for
1 < p < o0, that is, ||f (x)||% € L'(G). The norm of a function f in L?(G, A) is
defined as

1/p
If e cay = (/ If GOl dx) 1<p <oo.
G

It follows that L? (G, A) isaBanachspaceforl < p < ooand L?(G, A) is an essential
L'(G, A)-module under convolution such that for f € L'(G, A) and g € L?(G, A),
we have

If *gllerc.ay < W lemllgllon -
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Denote by C.(G, A) the space of all A-valued continuous functions with compact
support. C.(G, A) is dense in L? (G, A) (for more details see [2, 6, 7]).

For each f € L'(G, A), define the mapping T; by T;(g) = f * g whenever
g € L?(G, A). Ty is an element of £(L? (G, A)), Banach algebra of all continuous
linear operators from L?(G, A) to LP(G, A), and || T; || < |Ifl,,, - Identifying f
with 7, we get an embedding of L'(G, A) in £(L?(G, A)). Let Hpig 4)(L? (G, A))
denote the space of all module homomorphisms of L'(G, A)-module L? (G, A), that
is, an operator T € £(L? (G, A)) satisfies T(f xg) = f * T(g) foreach f € L'(G, A),
g € LP(G, A).

The module homomorphisms space, called the multipliers space

HLI(G.A)(LP (Gv A))»

is an essential L'(G, A)-module by (f o T)(g) = f *x T(g) = T(f * g) for all
geLP(G,A).

Let A be a Banach algebra without order, for all x € A, xA = Ax = {0} implies
x = 0. Obviously if A has an identity or an approximate identity then it is without
order. A multiplier of A is a mapping T : A — A such that

T(fge)=fT(g)=(Tf)g, (f,ge€A).

By M (A) we denote the collection of all multipliers of A. Every multiplier turns out
to be a bounded linear operator on A. If A is a commutative Banach algebra without
order, M(A) is a commutative operator algebra and M(A) is called the multiplier
algebra of A [15].

In this paper we are interested in the relationship between the multipliers L' (G, A)-
module and the multipliers on a certain normed (or Banach) algebra. The multipliers
of type (p, p) and multipliers of the group L”-algebras were studied and developed
by many authors. Let us mention McKennon [10, 11] Griffin [5], Feichtinger [3]
and Fisher [4]. In these studies, a muitiplier is defined to be an invariant operator (a
bounded linear operator T commutes with translation). In the case of a scalar function
space on G, the multipliers are identified with the translation invariant operators.
However, in the Banach-valued function spaces, an invariant operator does not need
to be a multiplier [8, 14]. Dutry [1] gave a new proof of the identification theorem
concerning multipliers of L'(G)-module and of Banach algebra. His ideas are used
in this paper for the generalization of the results of McKennon concerning multipliers
of type (p, p) to the Banach-valued function spaces.

We briefly describe the content of this paper. In Section 2 we construct the p-
temperate functions space for the Banach-valued function spaces whenever 1 < p <
oo and study their basic properties. In Section 3 we characterize the multipliers
space of L?(G, A) as a certain Banach algebra and extend the results of McKennon
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to Banach-valued space. In Section 4 we study the multipliers space of L'(G, A) N
LF (G, A).

2. The L' (G, A) space and its basic properties

Let G be a locally compact abelian group with Haar measure, A a commutative
Banach algebra with identity of norm 1.

DEFINITION 2.1. Anelement f € L? (G, A) is called p-temperate function if

1f N2ocG.a) = suPllig * f lrcay | 8 € LP(G, A), llgllrcay < 1} < 00
or

W Uisc.ay = supllig * fllrc.a) | 8 € CAG, A), llgliLrG.a < 1} < 00.
The space of all such f is denoted by L, (G, A). It is easy to see that

(LG A1 1)

is a normed space. For each f € L, (G, A), there is precisely one bounded linear
operator on L? (G, A), denoted by W;, such that

(2.1) Wr(g)=gx*f and W I=IfI,,,-
It is easy to check that Wy € H (g4 (L7 (G, A)).

PROPOSITION 2.2. L", (G, A) is a dense subspace of L? (G, A).

PROOF. Since each f € C.(G, A) belongs to L;(G, A) and C.(G, A) is dense in
L? (G, A), the proof is completed. O

LEMMA 2.3. The space L;, (G, A) is a normed algebra under the convolution.

PROOF. By (2.1) we get

If *gll, o, = sup lax(f *lrGa = sup [Welh*f)llirca)
IallLr Ay <1 i WAk .4y <1
< Wl nilnlp] I fllpgn = N8I, 00 IF 1 6,

forall f and g in L;,(G, A). Hence (L;(G, A), |l - I*. = )is anormed algebra.

. LP(G,A)
Let us notice that

2.2) Wiwg = Wy o Wy = W0 Wy
for all f and g in L;, (G, A). Moreover, the closed linear subspace of ¢(L? (G, A))
spanned by {W;,, | f € L;,(G, A), g € CAG, A)} is denoted by A s (G 4. (]
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THEOREM 2.4. The space A1 (G.) is a complete subalgebra of Hyi (g 4)(L? (G, A))
and it has a minimal approximate identity, that is, a net (T,) such that lim, || T, || <1
andlimy, | T, o T — T|| =0forall T € AprG.ay.

PROOF. Let f € L;(G,A), then Wy € £(LP(G, A)). Since LP(G,A) is a
L'(G, A)-module we have

Wi(gxh)=gxhxf = gx W (h)

forall g € L'(G,A) and h € L? (G, A).

Thus W; belongs to Hpiay(L?(G, A)). Since Hpia(LP(G, A)) is a Ba-
nach algebra under the usual operator norm, A, G4y iS a complete subalgebra of
Hyon(L? (G, A)).

Now we only need to prove the existence of minimal approximate identity of
A G.ay- Let (9y) be a minimal approximate identity for L'(G, A) [2]. If (®,)
denotes the product net of (®,) with itself, then (®,) is again minimal approximate
identity for L' (G, A). Itis easy to see that the net We, isin A1, (G .4y and lim, || w, <L

Let f € L;,(G,A) and g € C.(G,A) . Since (2.2) and (¥d,) is a minimal
approximate identity for L' (G, A), we get

liml| W,, o Wyug — Wyull = Timll(W,, o Wy = Wp) o Wy || < im|| Ws,, [l W7 |

< @HS * Dy — glluallWrell = 0.
Consequently, we have lim, || W, oT —T| =0forall T € ApeG.a) O
PROPOSITION 2.5. The space A p»(G.a) is an essential L'(G, A)-module.

PROOF. Letg € L'(G, A), Wy € Aps(G.a)- DefinegoW; : LP(G, A) — L (G, A)
by letting (g o Wy )(h) = Wy (hx g) = W;(g * h) foreach h € L?(G, A).

lgo Wrll = sup [IWr(g*Mircay < If Nivomllgllieic.a-
lalLr .4y <1
Consequently, Ay (6.4 is a L' (G, A)-module. On the other hand, since L'(G, A) has
a minimal approximate identity (®,), (¥, > 0) with a compact support such that it is
also an approximate identity in L? (G, A), [2].
For any Wy € A|.(G 4y, we have

[®go Wy — Well = sup [[(Poo Wy — Wp)(A)l

LP(G.A)
1hll e (G.ay <1

= sup [[W(Pa*xh—h)

llglLr c.a) <1

S M I all®Pa * b — RllirGay =0

LP(G.A)
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forall h € L? (G, A). Using [13, Proposition 3.4] we have that A ;. 4) is an essential
L!(G, A)-module. Moreover, A, 4 contains L' (G, A). O

3. Identification for the multipliers spaces of L'(G, A)-module with the
multipliers space of certain normed algebra

In this section, we obtain the generalization of the results of McKennon [10-12] to
the Banach-valued spaces.

PROPOSITION 3.1. Let T be in HyiG.ay(L? (G, A)) and f, g € L?(G, A). Then,
() iff e L,(G,A), T(f)€L,(G, A);
() ifge L, (G A), T xg)=f *T(g).

PROOF. (i) Let f bein L! (G, A). By the definition T € Hyi6.4)(L? (G, A)),

[ T(f)”'u(c,A) = sup{llh * T(f )leeG.ay | h € C(G, A), Al vy = 1}
=sup{IT(h * )l pn, | B € C(G, A), |RllLrcay < 1}

S NTINS Neeig.ay < 00

Hence we get T(f ) € L;(G, A).
To prove (i), let g be in L, (G, A). Since C.(G, A) is dense in L? (G, A), for each
f € L?(G, A) there exists (f,) C C.(G, A) such that lim, ||f, — f l1rG.4) = 0.
From (2.1) we get lim, ||f, x g — f * gl = 0. By (i) we have

LPG.a)
lim |fu * T(8) = f * T, ,, =0
and f * T(g) = lim, f, * T(g) =lim, T(f, % g) = T(f *g). i
DEFINITION 3.2. For the space A, ). the space (A;r(.4)) is defined by
(Arrigay) ={T € Huay(LP(G,A)) | To W e Aprgay. forall W e Arga)l).
LEMMA 3.3. The space (Apr(G.ay) is equal to the space Hpg 2 (L? (G, A)).

PROOF. Let T € Hyiga)(L?(G, A)). Forany S € Apr(a), Wwe have § = Wy,
foreach f € L;(G, A), g € C.(G, A). By Proposition 3.1 we get

(ToWr)(h) =T(h*f %8) =h*xT(f *g) = Wryup(h) = Wery)(h)
forallh € L?(G, A). Thus T o S € Ar(Ga). Consequently,

(ArrG.ay) = HpG.ay(LP (G, A)). 0O
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Let us note that we have the inclusion M (A 1»(G.4)) C Hivc,a)(ALeG.ay)-

THEOREM 3.4. Let G be a locally compact abelian group, 1 < p < 0, and A
be a commutative Banach algebra with identity of norm 1. The space of multipliers
on Banach algebra A»G 4y, M(ALv(G.a)), is isometrically isomorphic to the space
(Ar )

PROOF. Define the mapping F : A.g.a)y = M(ALr(Ga) by letting F(T) = pr
foreach T € Apr(G ay, Wwhere pr(S) = T o Sforall § € Aprg a)- Note that F is well
defined and moreover if p7(SoK) = ToSo K = pr(S)o K forall §, K € Apr(Ga),
or € M(Aprc.ay)-

It is obvious that the mapping T — pr is linear. We now show that it is an isometry.
We obtain easily || T|| = ||pr|l. Since Wy, is a minimal approximate identity for the
space Ay (g.a), We have

T o S| 1T o We,ll
sup > sup —————
seAwa IS « N Well

lorll = = |ITIl.

Therefore, || o7l = || Tl

Finally, we show that the mapping T — pr is onto. It is sufficient to show that if p
is an element of M (A 1v(G.4)), the limit of p®, exists for the strong operator topology
and this limit T satisfies pr = p. Let p be in M(Apr(.4)) and (,) C L'(G, A). By
PP, (f * g) = p(Pq *f)g’ we have

(3.1 im(p@a)(f * &) = of (8)

for all f € LY(G,A), g € LP(G, A). Since L?(G, A) is an essential L'(G, A)-
module, the limit of (o®,)(f * g) exists in L?(G, A) and is denoted by Tg, and
Tg € Hpiga(L? (G, A)). From (3.1) we get, forall f € L'(G, A),

3.2) foT=pf.

Soforall W € A4y we have

(3.3) Tod,oW=(p®,) 0 W=p(®, 0 W).

Since Av(g.4 is an essential L'(G, A)-module, we have T o W = p(W) and also
pr(W) = p(W) forall W ¢ ALP(G‘A) . So Pr = p. O

COROLLARY 3.5. The following spaces of multipliers are isometrically isomorphic:
M (AL G.a) = Hoea(LP(G, A)).
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REMARK 3.6. (i) Let p = 1. Since L}{(G, A) is a Banach algebra, it follows
that Li(G, A) = L'(G, A) and Apr(G.a) is isomorphic to L'(G, A) as a Banach
algebra. Thus by [14] we get Hyi6.4)(LP (G, A)) = M(L'(G, A)) = M(G, A).

Here M (G, A) denotes A-valued bounded measure space.
(i) If A =¢ we have the case of the scalar valued function space in [10, 11].

4. The identification for the space L!(G, A) N L?(G, A)

Before starting the identification, let us mention some properties of the space
L'(G,A)NL?(G, A).

If 1 < p < o0, then the space L'(G, A) N L?(G, A) is a Banach space with the
norm [If | = IIf lzs.a + If sy for £ € L'(G, A) N LP(G, A).

LEMMA 4.1. For L'(G, A) N LP(G, A),

(i) LYG,A)NLP(G, A)isdensein L' (G, A) with respect to the norm || - || 11(G.4)-
(i) Forevery f € L'(G,A)NL?(G,A) and x € G, x — L,f is continuous,
where L,f (y) = f (x"'y) forally € G.

PROOF. (i) Since C.(G, A) isdense in L!(G, A) with respect to the norm || - || 116 4)
and C.(G, A) C L'(G,A)N L?(G, A) C L'(G, A) it is obtained.

(i) Let f € L'(G, A) N LP(G, A). It is easy to see that ||[L.f || = IIf Il. By [2]
the function x — L, f is continuous, G — L?(G, A), where 1 < p < oo. Therefore
for any x, € G and € > 0, there exists U} € ¥, and U, € ¥, such that for every
x € U ;

”fo - onf ”L"(G.A) < 6/2
and for every x € U,

”fo - Lx.,f ”L'(G.A) < 6/2

Set V=UNU,,thenforallx € V,wehave ||[L,f — L, f|l <e. d

PROPOSITION 4.2. The space L'(G, A) N LP(G, A) has a minimal approximate
identitiy in L' (G, A).

LEMMA 4.3. The space L'(G, A) N L? (G, A) is an essential L' (G, A)-module.

PROOF. Let f € L'(G,A) and g € L'(G, A) N L?(G, A). Since L?(G, A) is an
L'(G, A)-module, we have

Wf *gll = If * gl + If *gllrcay < WA N NIEH-
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By [13, Proposition 3.4] we get that L'(G, A) N L?(G, A) is an essential L'(G, A)-
module. ]

PROPOSITION 4.4. L'(G, A) N L?(G, A) is a Banach ideal in L'(G, A).
PROPOSITION 4.5. L'(G, A) N L?(G, A) is a Banach algebra with the norm || - |.
PROOF. For any f, g € L'(G, A) N L?(G, A), using the inequality
- Negay < 00- 11
we get that [If = gll < IIf Il ligl- O

COROLLARY 4.6. The space L' (G, A) N LP(G, A) is a Segal algebra.

PROOF. By Lemma 4.1 and Proposition 4.5 we obtain that L'(G, A) 0 L7 (G, A)
is a Segal algebra. 0

We now return to Section 3 to mention the multipliers of L'(G, A) N L? (G, A).
Since L'(G, A) N L?(G, A) is an L'(G, A)-module and a Banach algebra, then we
geteasily M(L'(G, A) N L (G, A)) = Hyig.4(L'(G, A) N L?(G, A)).

PROPOSITION 4.7. Hyig,4)(L'(G, A) N LP(G, A)) is an essential Banach module
over L'(G, A).

PROOF. Let f € L'(G,A)and T € HLn(G_A)(Ll(G, A)N L?(G, A)). Define the
operator f T on L'(G, A)NLP(G,A)by (f T)(g) = T(f *g)forallf € L'(G,A)N
L? (G, A). By Proposition 4.5 T is well defined. Then Hy:.4)(L'(G, A)NL? (G, A))
is an L'(G, A)-module. Let (®,) be a minimal approximate identity for L'(G, A)
and T be in Hyig.4)(L' (G, A) N LP(G, A)). We have

lim||®, o T — T} = 0.

By [13, Proposition 3.4], we have that Hyi.4)(L'(G, A) N L?(G, A)) is an essential
Banach module over L'(G, A). O

Define g to be the closure of L'(G, A) in Hyig4)(L'(G, A) N LP(G, A)) for the
operator norm. Evidently,

Hpea(L'(G, A) N LP(G, A)) = (Huc.a (L' (G, A) N LP(G, A)). = o = (P)e.
where (-), denotes the essential part and we have

Huga(L'(G, A)NLP(G, A)) = (p).
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Here (g) is defined as the space of the elements T € HLI(G‘A)(Ll (G, A)NLP(G, A))
suchthat T o o C .
Using the same method as in Theorem 3.4 we get the following lemma.

LEMMA 4.8. The multipliers space of Banach algebra g is isometrically isomorphic
to the space ().

We also get the following corollary.

COROLLARY 4.9. Hpi .4 (L'(G, A) N L? (G, A)) = M(p).

So the multipliers space of L'(G, A) N L?(G, A) can be identified with the multi-
pliers space of the closure of L!(G, A) in Hpi.4)(L'(G, A) N LP(G, A)).

REMARK 4.10. (i) It is evident that every measure u € M (G, A) defines mul-
tiplier for L'(G, A) N L?(G,A), 1 < p < o0o. This is obvious from the fact that

e £ < Bl WL f € LY(G, A)NLP(G, A).
On the other hand, for u € M (G, A), wehave uoL'(G, A) C L'(G, A), the inclusion
in the space Hyi.4)(L'(G, A) N L? (G, A)).
Hence, i o g C g, thus M (G, A) can be embeded into ().

(i) If A =¢£ and G is a noncompact locally compact abelian, we have the more
general result than the Corollary 3.5.1 in Larsen [9]. -
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