Loren D. Pitt
Nagoya Math. J.
Vol. 57 (1975), 199-228

HIDA-CRAMER MULTIPLICITY THEORY FOR
MULTIPLE MARKOV PROCESSES AND
GOURSAT REPRESENTATIONS

LOREN D. PITT

1. Introduction.

This work grew out of an attempt to prove the false result that an
n-ple Markov process in the sense of Hida (1960) or Lévy (1956a) has
multiplicity one. Instead we proved the representation theorem (Theo-
rem III. 1.) that a centered Gaussian process x(t) is n-ple Markov iff it
can be written in the form

(I.D x(t) = 2.7 e;(Da(t)
where A(¢) = {a;())};.y,...,» is a Gaussian martingale with
(1.2) sp{z(®:s<tt=spl{a(®:s<tand 1 <i<n}

and A(¢) and {e;(t)} satisfy some non-degeneracy condition. We also show
(Corollary IV. 138.) that for any Gaussian martingale A(t) with simple
left innovation spectrum, continuous e;,(t) may be found so that the
process z(t) given in (I.1) will satisfy (1.2).

Together these results show that the only restrictions of the possible
spectral type of an n-ple Markov process is that it has multiplicity M < n.
These constitute our main results on n-ple Markov processes and the
remainder of the paper is devoted to studying the implications that a
process x(t) admits a “Goursat” representation of the form (I.1).

Section II contains preliminaries on multiplicity theory and Gaussian
martingales. In Section III, we prove the basic Theorem III. 1 mentioned
above and derive analogous results for the covariance functions. Sec-
tion IV developes the basic theory of Goursat representations. IV. 3
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gives criteria which imply multiplicity one and is closely related to the
work of Lévy in (1951) and (1956b). IV. 4 is devoted to deriving a con-
dition on e(f) which implies the equality (1.2). As a consequence we
obtain Corollary IV. 13 mentioned earlier. The final Section V discusses
the implications of smoothness properties of x(f) on the multiplicity of
A(t). Roughly stated we show that if x(¢) has k continuous derivatives
then A(t) has multiplicity no greater than n — k.

It is a pleasure to acknowledge the influence of the recent papers
by V. Mandrekar (1974) and M. Hitsuda (1973). 1 received copies of these
during the preparation of the present manuscript and because of insights
obtained, the present work was greatly enhanced. Specifically Mandrekar
proved independently the basic Theorem III. 1, under a very mild tech-
nical condition. The terminology “Goursat representation” is Mandrekar’s
as is part of Lemma IV. 1. Hitsuda’s main results are special cases of
the present Corollary IV. 9 and Theorem IV. 12, which when combined
with our earlier versions lead directly to the present general formulations.

II. Preliminaries.

II. 1. Notations and multiplicity.

We will write «(f) for a centered real Gaussian process with 0 <t¢
< oo, and A(t) = {@;(®)}i_s,...,» Will denote a centered n-variate Gaussian
process which we view as a column vector. We adopt standard matrix
notation and denote transposes with *’s. Thus, if e(f) = {e:(®}icy,...;n
and f(f) = {fi(®}i-1,....n are vector functions while G() = (g,,(t)) is an
n X n matrix function we write e*())G(t) (&) = 3 e;()g:;(8) fi(f), and
e*(DA() = 3 e)(Day(t) will denote the inner product.

We consider z(t) as a curve in the Hilbert space L*2) of square
integrable random variables with inner product <{«,, z,> = Ex,z, and norm
|z = E«? Similarly A(t) is considered as a vector curve with compo-
nent functions a;(t) e L*(2). Corresponding to A(t) we denote the closed
subspaces of L*0):

HA, ) =sp{a(8);s<Lt,1<iL<n}.
H(A) =\ #(A4,1), H(A,t+) = H#(A,s) .
t s>t

If #(4,04+) = {0} we call A(t) regular. &,(A) denotes the orthogonal
projection onto #(A,t). Similarly we define s#(x,t), #(x), and &,(x).
The operator function {&,(4), 0 <t < o} is monotonically non-
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decreasing, but in general &£,(4) is neither left nor right continuous.
Because of this &,(A) fails to be a spectral resolution of the identity on
H#(A) with the usual definition, but in his fundamental paper [1] Cramér
has shown how the usual multiplicity theory for a spectral resolution
extends to the present case. The only feature of this extension that we
wish to emphasize is that innovation (discrete) spectrum splits into left
and right parts and we may speak of left and right innovation multi-
plicities. Cramér shows that the left innovation multiplicity of A(t) =
{o;®} =1, ---,n is bounded by » and if A(f) is left continuous there is
no left innovation spectrum. We also mention that we will deviate slightly
from the now standard usage and we will refer to the Hida-Cramér
multiplicity M of {A(¢)} as the maximum of the left innovation multi-
plicity L, the right innovation multiplicity B and the continuous multi-
plicity C rather than the usual max{L + R, C}.

II. 2. Gaussian martingales.

Let A(t) be a centered n-variate Gaussian process and write &, = &,(4).
A(t) is a martingale provided

(I1.1) EA() = A(s) for s<t¢
or equivalently, if

{a;(r), [a,(t) — ay)()]) =0

11.2
(11.2) forr<s<tand 1<, ji<n.

With the martingale A(f) we associate the structure matrix
(IL.3) G() = (945®) = a®), L@®Y) .
Then

{a(8), a;(t)> = g;;(min (s, t)

and G(t) determines the covariance structure of the process A(f). One
easily checks that for ¢ > s

(IL.4) G(t) — G(s) = E[A@®) — AGIA®Q) — A",

and thus G(t) is a non-decreasing function of non-negative matrices.
Conversely any such function G(¢) is the structure matrix of some
martingale A(%).

A(t) is regular iff G(0+) = 0 and more generally, dim #(4,04+) =
rank G(0+). A(t) will be called non-singular if the matrix G(¢) is non-

https://doi.org/10.1017/50027763000016639 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000016639

202 LOREN D. PITT

singular for each t. From (II.4) we observe that A(¢t) has left and right
hand L? limits at each ¢ and that the points of left (right) discontinuity
for A(t) coincide with the points of left (right) discontinuity for G(f).

The multiplicity theory for Gaussian matingales and the theory of
stochastic ‘“Wiener” integrals is well known and is presented in various
degrees of completeness in a number of sources, e.g. Mandrekar (1968),
Rosenberg (1964) and Rozanov (1958). Unfortunately our requirements
do not allow the usual normalization of assuming G(?) is right continuous.
In the remainder of this section we briefly describe the necessary modifica-
tions in the existing theory.

For each point ¢ at which G(t+) = G(f) we adjoin an ideal point
t+ to the interval [0, co) which is greater than ¢ but with ¢4+ < s for
each real s >¢. The resulting set I is naturally ordered and the struc-
ture matrix G(t) induces a non-negative matrix valued measure G(dt) on
the order o-field # of I. Similarly the martingale A(¢) induces an n-
variate Gaussian random measure A(dt) on # with covariance measure
G(dt), i.e.

FEAWJ)A*(J,) = GWJ, N Jy) for J,,J,e % .
We will write L*{G} for the L* space of vector functions ¢(¢) on I
with norm

lelf = f ()G (ds)e(s) < oo .

For each tel we write L*t, G} for that subspace of L*G} consisting of
all functions supported on the interval [0,¢{]. With this notation the
chain of spaces {#(4,t),tel} is naturally isomorphic to the chain
{L¥t, G}; t e I}, and the isomorphism is provided by the stochastic (Wiener)

integral
e(s) > W) = r e(s)A(ds)

which gives a linear isometry from LX¢, G} onto s#(A,t). The notation
r will always be used for I .
[0,¢]

The multiplicity theory for {A(f)} is easily established. Write u(dt)
for the trace measure of G, u(dt) = tr G(dt), and let G'(f) be the matrix
density of G(dt) with respect to g. G’(f) is a measurable matrix valued
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function and can be diagonalized with a measurable orthogonal matrix
valued function O(%), (see e.g. [2], p. 1341),

(I1.5) OMG' ®0*() = diag (@), - - -, 7(0) = I'(®)
with 7, > 7, > -+ > 7, > 0. Setting p,;(dt) = r,(H)u(dt), we observe that

I’ c*(8)G(ds)e(s) = J " ()T ()e(s)p(ds)
11.6) .
=3[ amas ,

where e(t) = O(t)c(t). This shows that ¢(s) — O(t)c(s) determines a linear
isometry

I, G) = ; LAt 1)

and at the same time, shows that the multiplicity function for the re-
solution {&,} is given by the rank function »(t) = rank G’({) = rank I'(?).
Moreover, the multiplicity of an n-variate martingale A(f) is no greater
than n. The left innovation spectrum consists of those real ¢ for which
G@) — G(t—) #+ 0 with multiplicities 7(f) = rank (G(t) — G(t—)); similarly
for the right innovation spectrum. When G’(f) has rank k a.e. [p] we
say A(t) has uniform multiplicity & and when %k =1 simply that A(f)
has multiplicity one or simple spectrum. When p(f) is equivalent to
Lebesgue measure we speak of Lebesgue spectrum.

III. Multiple Markov processes.

Let xz(t) be a univariate process and write &, for &,(x).

DEFINITION III. 1. A process «x(¢) will be called n-ple Markov if
for all @ < b, the set {€,2(t): t > b} contains exactly n linearly independent
elements.

This definition differs from that of Hida (1960) where it is assumed
that {€,x(t):7=1,.--,N} contains exactly » linearly independent ele-
ments whenever a < t, < -.- < ty are distinct and N > =.

Following Mandrekar (1974) we will say that a process z(f) admits
a Goursat representation of rank n if there exists an n-variate martingale
A(t) and a (non-random) vector valued function e(t) with

(I11.2) X(@) = e*AR) = 2 e;(Day(d) .
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If the martingale A(¢) is non-singular and the function e(f) satisfies the
condition :

For each b there exist t, >t,_,> .-+ >t, > b for which the matrix

I11.3
( ) (ei(t;)) is non-singular,

we say that (II1.2) is a non-singular Goursat representation. If

we call representation (III.2) proper. Note that #(z,t) C #(A,t) for
any Goursat representation.

THEOREM III.1. X(¢) is n-ple Markov iff it admits a proper non-
singular Goursat representation of rankn.

Proof. Suppose z(t) = e*(t)A(¢) is a proper Goursat representation
of rankn. Then for a <t, &,2(f) = e*(1)A(a), and the set {&,2(t): t > b}
= {e*(¢)A(a): t > b} certainly contains no more than » independent elements.
It will contain » independent elements iff A(f) is non-singular and there
are times ¢, > --- > t, > b for which {e(t,): 1 < ¢ < n} are independent.
This shows the sufficiency of the conditions of the theorem and also
shows that to prove necessity one only needs establish the existence of
a proper Goursat representation x(f) = e*(t)A(%).

Assuming xz(t) is m-ple Markov we now construct A(¢). We note
that for ¢t < T the operator &, induces a one-one invertable map from
sp{€r2(s): s > T} onto sp {&,x(s): s > t}. This is true because they both
have dimension n, and the image sp{&;6,2(s):s > T} = sp{€,x(s): s > T}
also has dimension n. Thus we may fix a time T, and a basis {a,(Ty)}
for sp {€,2(8): s > T} and then define the a;(¢) by the formuli

a;(t) = ,04(Ty) if t< T,
a(Ty) = E7,2:(t) and
a;t)esp{Sx(s):s >t} if t>T,.

For the process A(t) thus defined one has #(4,t) C s#(x,t). Because
Er:8p{6r2(8):8>T}—sp{€,x(s):s >t} (T > 1) is one-one the {a;(?)} form
a basis of sp {&,x(s): s >t} and because x(f) € sp {€,2(s): s >t} there will
exist functions e,(t) for which
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2(t) = 3 ei(ay(t) .

This also shows that #(x,t) = (A4, t).

It now remains to show that A(f) is a martingale. For s <t we
show &,A(t) = A(s) by checking the cases (1) t < T, (i) s<T,<t and
(i) Ty<s. (@) 6:AQ®R) =6.6,A(Ty) = EA(T,) = A(s). (i) §,AQ) = &6 7,A1)
= AT = A(s). (iil) 67,8,AQ1) = E7,A(@) = A(T) and &,,A(s) = A(T)).
For each j, both a,(s) and &,a,(t) are in sp{€x(r): t > s} and because
ér, is one-one on sp{€,x(r): 7 > s} we see a,;(s) = &,a,;(t). Thus 6A(t) =
A(s). A(t) is a martingale and the proof is complete.

Let o(s,t) = Ex(s)x(t) be the covariance function of an n-ple Markov
process and let G(f) be the structure matrix of the corresponding
martingale A(t) in Theorem III.1. Then

p(s, t) = Ee*(s)A(s)e*(D)A(?)
= 2 e(s)Ea,(s)a;(t)e;(t)
= 2 €,(58)g;,(min (s, t))e,(?) .

Setting f(s) = G(s)e(s), we have

(I1L.5) o(s, 1) = gfxs)ei(t) = fH)et), s<t.

The next proposition is elementary and we leave its verification to the
reader.

LEMMA IIL.2. A positive definite function o(s,t) of the form

(I1L.6) o(s, ) = f]fi(min (s, t))es(max (s, t))
i=1
18 the covariance function of an n-ple Markov process iff f(s) and e(t)
satisfy.
For each a > 0 there exist times s, < --- <8, < a -for which
(I11.7.a)

the matriz (fi(s;) is non-singular.

For each b > 0 there exist times t, > --- > t, > b for which
(I11.7.b) . . .
the matriz (e,(t;)) is non-singular.

The kernels p given by (IIL.6) with e(t) and f(s) satisfying (IIL.7)
have the following uniqueness property.

LeMmMA II1.3. Suppose f(s) and e(t) satisfy (II1.7.a) and (I11.7.b)
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and that F(s) and é(s) are another pair of n-dimensional vector valued
functions satisfying

(I11.8) T*(s)e(t) = F*(9)e) , s<t.
Then there exists a unique non-singular matriz L with
é(t) = Le(t)
S(8) = L*f(s) .
In particular, if e(t) = &) then f(s) = f(s).

e(t), ---,e(t,) are linearly independent. There exists a unique L for
which

Proof. Fix a time T and choose times ¢, > ... > ¢, > T for which

Le(t;) = é(ty) , 1<i<n.
Then for s< T
Felt) = f*(s)Le(t), 1<i<n.
Because the e(f;) are independent this shows that
(I11.9) J(8) = L*f(s) for s< T,

and condition (II1.7a) implies that L* is invertible and that f(s) satisfies
condition (II1.7a). From (II1.9) we now have

F(&)Et) = f*(s)e(t) = f*(s)Le(t), s<T <Lt
and because f(s) satisfies (III.7a)
(I11.10) Le(t) = e() , t>T.

Letting T'| 0 while keeping ¢,, - - -, t, fixed shows that (II1.10) holds for all
t. Condition (III.7.a) and the identity (II1.10) then gives f(s) = L* f(s) for
all s and thus completes the proof.

ProrosITION II1.4. A kernel
o(s,t) = f*(min (s, f))e(max (s, 1)) ,

where f and e satisfy (II1.7), is positive definite iff there exists an in-
creasing function G(t) of non-negative matrices with

(IT1.11) f@) = G®e®) .
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Proof. Suppose o(s, t) is positive definite. By Lemma IIL.2 p is the
covariance function of an n-ple Markov process x(f). By Theorem III.1
we can write x(tf) = e*(f)A(f) where A(f) is an n-variate martingale with
structure matrix H(f). Then for s< ¢

o(s, t) = e*(s)H(s)é(t)
= f*(s)e(t) where f(s) = H(s)é(s) .
By Lemma III.3 there exists an invertible matrix L with é(t) = Le(t)
and f(t) = L*f(t). Thus f(t) = L* f(t) = L*H(s)Le(s) = G(s)e(s) with G(s)
= L*H(s)L, which is increasing and non-negative.
Conversely, if f(f) satisfies (II1.11) we may define xz(f) as «(f) =

e*(t)A(t) where A(t) is a martingale with structure matrix G(¢). Then
for s <t we have

Ex(s)x(t) = e*(s)G(s)e(t)
= P(sy t) )

and p(s,t) being a covariance function is positive definite. As a corol-
lary to these arguments we state

COROLLARY III.5. A process x(t) which admits a Goursat represen-
tation x(t) = e*(H)A({) of rank n is n-ple Markov iff the functions e(t)
and f(t) = G()e(t) satisfy conditions (I11.7.a) and (II1.7.b). A kernel
o(s, t) is the covariance function of an n-ple Markov process iff it admits
a representation of the form

o(s, 1) = e*(s)G()e(t) for s<t¢,

where e(t) satisfies (II1.7.b), G(s) is a non-decreasing function of positive
definite matrices, and f(t) = G(t)e(t) satisfies (I111.7.a).

IV. Goursat representations.

Whenever a Goursat representation
2(t) = e*(t)A(t)

is known to be proper a number of problems are greatly simplified. For
example, the least squares prediction of z(f) given {x(z): ¢ < s} is

&su(t) = 6(A)e*(DAR)
= e*(H)A(s) .
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The prediction error is
Elx(@) — S = E |e*O[AR) — A]P
= e*(O[G{®) — G(s)]e(?) .

The identity #(x,t) = #(A,t) shows that the Hida-Cramér multiplicity
theories for the two processes x(f) and A(t) coincide and, as we shall
see, leads directly to the Hida-Cramér canonical representation of xz(f).
For these reasons it is desirable to have criteria for deciding if a Goursat
representation is proper. In this section we present some basic theory
for Goursat representations including canonical representations, criteria
for properness, and multiplicity bounds for processes with Goursant
representations.

IV. 1. Existence of proper representations.

LEMMA IV.1. Let z(t) = e*(1)A() be a Goursat representation and
write &, for &, (x). Then:

(Iv.1) B(@®) = ¢,A@®) is a martingale.
(Iv.2) 2(t) = e*(t)B(t) and this representation is proper.

(IV.3) If in addition x(t) ts n-ple Markov then for any other proper
" Goursat representation

z(t) = e*(O)B®)

of x(t) there exists a non-singular matriz L with é(t) = Le(t) and
B(t) = L*B(t).

Proof. (IV.1): From the definition of B(t), ##(B,t) C s#(x,t). Thus
the identities

6:B(t) = 6:6,A(t) = E,A@) = E,6,(A)A(t) = €,A(s) = B(s) , s<?)
show that B(f) is a martingale.
(IV.2): That x2(t) = e*(t)B(t) follows from
z(t) = &,2(t) = &,e*()A() = e*(t)B(t) .

This and the inclusion (B, t) C #(x,t) complete the proof. Item (IV.3)
is due to Mandrekar (1974). The proof is an elementary modification
of the proof of Lemma III.3, which we omit.
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Let G(t) denote the structure matrix of A(f) and set f(t) = G(t)e(t).
If x(t) is n-ple Markov then, by Lemma III.3, any increasing solution
H(t) of

Ex(s)x(t) = e*(s)H(s)e(t) , s<t
must satisfy
av.4) F@) = H()e(t) .

The covariance interpretation of (IV.3) is that equation (IV.4) has only
one solution H(t) corresponding to a proper representation; namely the
structure matrix H(t) of B(t) = £,A(t). The covariance matrix of A(%)
— B(t) is G(t) — H(t). Thus G(t) — H(t) is non-negative definite or H(%)
< G(t), and this must hold for any other structure matrix solution G(%)
of (IV.4). We can thus state a corollary to Lemma IV.1.

COROLLARY IV.2. Let x(t) be n-ple Markov and let
(IV.5) 2(t) = e*(t)A(t)

be a Goursat representation of rank n. Then (IV.5) is proper iff G(t)
18 the minimal structure matrixz solution of (IV.4).

IV. 2. Multiplicity theory for Goursat representations.

If 2(t) = e*(t)A(t) is a proper Goursat representation the Hida-Cramér
canonical representation for x(t) is easily derived. This is done by di-
agonalizing the density G’(¢) as in (I1.5),

OMGMO*@) = I'(t) = diag. (n(®), + -+, 7@ ,

and setting
(I1V.6) B®) = | 094 .
Then B(t) is a martingale with the diagonal structure matrix
EB®B*(®) = [ 06)dG(©)0*s)
- r I(s)dps) -

Thus the processes b,(f) are independent martingales with b,({) = 0 for
7> M where M = ess. sup. rank G’(s) is the multiplicity of A(¢).

https://doi.org/10.1017/50027763000016639 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000016639

210 LOREN D. PITT

But (IV.6) is invertible with
A(ds) = O*(s)B(ds)
and
x(t) = e*(D)A()
IV.7) - f e*(H)0*(3)B(ds)

_ f; [ (% e0,@)b,as .

Because xz(t) = e*()A(t) is proper we have

and (IV.7) is seen to be the proper canonical Hida-Cramér representa-
tion of x(t).

The Hida-Lévy criterion for canonical representations [Lévy (1956b)
and Hida (1960)] also has a useful version in the present setting.

THEOREM IV.3. A Goursat representation x(t) = e*(t)A(t) is proper
iff for each T > 0 and ce LT, G} the relation
0 = e*(t) f "Gds)e(s) for all t < T implies
G(ds)e(s) =0

Iv.g)

Proof. Because #(x,T) C #(A,T) the representation will be proper
iff the orthogonal complement of s#(x,T) in #(A,T) is empty for each
T > 0. But each xze #(A,T) has a representation as a stochastic integral

= f H($)dA(s),  «s) e L4T, G},
and for t < T
Eae = e*(t) f‘ G(ds)c(s) .

Thus z is orthogonal to s#(x,T) iff (IV.8) holds for each t < T and the
result follows.

IV. 3. Multiplicity one conditions.

In cases when z(f) = ¢*(£)A(t) has multiplicity one the general multi-
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plicity theory simplifies greatly and in certain cases Theorem IV.3 gives
an effective technique for proving that a given Goursat representation
is proper and in other cases for determining the proper representation.
Our work in this section is closely related to that of Lévy in (1951) and
(1956b) as well as Hitsuda (1973), but our techniques and results are
quite different.

We begin by considering a Goursat representation

(Iv.9 x(t) = e*(AR)

where the martingale A(¢) is regular (i.e. G(0+4) = 0) and the density
G’ = dG/dy of the structure matrix of A(f) has rank 1. Since u(?) =
tr G(t), tr G’(t) = 1 and G'(t) has the form

(IV.10) G'(t) = g(g*®)
where g(t) is a vector function with |g(f)| =1 a.e. [g].

THEOREM IV.4. (i) The representation (IV.9) with G'(t) given in
(IV.10) is proper iff for each T > 0, a(t) = 0 is the only solution in
LAT, 4} of

(IV.11) 0= j FO9E)a(S)ds), 0<t<T.

(i) A sufficient condition that (IV.9) is proper is that e(t) is absolutely
continuous with respect to p and that

1V.12) ‘gi(t)i @M@ e LYT, i} for each T >0 .
7
Proof of (i). If G'(t) has the form (IV.10) then each function
r G(ds)c(s) with c(t) e LT, G} has a unique representation of the form
13 ¢
f G(ds)e(s) = f 9S)a(S)uds) ,  a®) e LT, 4} .
In fact,

a(s) = g*(s)c(s)

and

j‘ *(8)G(ds)e(s) = j’ ()P (ds) -
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Thus
(IV.13) e*®) [ Gld9e(® = [ *Dy@a@uds) ,
and (i) follows directly from Theorem IV.3.
Proof of (ii). To see that (IV.12) is sufficient let ae L¥T,u} be
such that
0= j‘ FOgSaE)dus), 0<t<T.
Differentiating with respect to p gives

0 = e*®)g(Ba(t) + ‘%‘;_*a)g(s)a(s)dy(s) ,

or

(IV.14) alt) = — f ‘ (e*(t)g(t»-lde

B g(s)a(s)du(s) .
Recalling that |g(s)] = 1 a.e. [¢], condition (IV.12) shows that the Voltera
kernel on the right side of (IV.14) is Hilbert-Schmidt. A Hilbert-Schmidt
Voltera integral operator cannot have a non-zero eigenvalue and thus
a = 0. Part (i) completes the proof.

Fortunately the quantity e*(¢)g(f) has a direct interpretation in terms
of the covariance function p(s,t) = Ez(s)z(f). To see this observe that

[e* 9D = e* (DG (De(?)

and that 7(f) = p(f,%) has the two representations () = e*()G(¥)e(t) and
r(t) = f*(t)e(t). Differentiating each with respect to g gives

g—:(t) G Be(t) + 2f*(t)-«(t)

and
gy = df U™ Wye(t) + f*(t)-—(t) :
dp
so that
IV.15) e*)G' Be(t) = gﬁ(t)e(t) - *(t)—"lf—(t) .
dy dy
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In case p(f) is continuous we have also

e*()G (t)e(t) = lim

1
t+ hyt + h) + pt,t) — 20(t, t + W)} .
ni0 #(t-i-h)—y(t){p( + + 1) + o, t) — 20(¢, ¢ + h)}

Finally, if we assume that u(dt) is equivalent to Lebesgue measure we
write ¢'(f) = de/dt and set

#'(t) = lim %{p(t F Rt 4 B) — ot B) — 20(t, ¢ + B)} -
Then
o(t) = (%)e*(t)G(t)e(t)
and the dependence in condition (IV.12) on g disappears giving
(IV.16) r;e/(t) P o ()dt < oo .

The basic significance of this quantity ¢*(f) was observed and exploited
in a slightly different setting by Lévy in (1951) and (1956b).

We will now assume that x(t) = e*(£)A(t) is a representation for
which e(f) is absolutely continuous and ¢%(¢) # 0 exists for almost all ¢.
Agsuming further that (IV.16) holds and setting f(¢) = G(£)e(t) we pro-
ceed to derive conditions under which the equation

av.1mn J@) = H®)e(?)

can be solved with a structure matrix H(#) that is absolutely continuous
with respect to Lebesgue measure and for which H'(t) = dH/df has
rank 1. By the preceding comments and part (ii) of Theorem IV.4 this
is equivalent to showing that x(¢) has simple Lebesgue spectrum.

If the desired matrix H(t) exists then we may differentiate f(t) =
H(t)e(t) and obtain

(Iv.18) J'@) = H@)e'(t) + H'(e(t) .

Thus a necessary condition is that f(¢) is absolutely continuous. But
assuming H’(t) has rank 1, (IV.18) gives

(Iv.19) H'(b) = (') — He@)(f'() — He'@t)*

e*(t)(f'(t) — He'(t)) , a.e [df].
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The denominator is non-zero since

e*(@) f'(t) — e*(OH@)e' () = fFBe) — f*@)e'?)
=d¥(t) =0 a.e. [dt].

Thus any absolutely continuous H(t) with rank H’(¢) = 1 which satisfies
(IV.17) must also satisfy the differential equation (IV.19). Conversely
suppose that H(t) is absolutely continuous on some interval [a, ) with

H(a)e(a) = f(a)
and that (IV.19) holds on [a,b). Then
H'(t)e(t) = f'(t) — He'(P)

or
4 HBew) = 1'@)
dt ’

and since H(a)e(a) = f(a) we see
H®e(t) = @) , tela,b).
Moreover H(t) is increasing since by (IV.15)

H @) = (f'(t) — HOe'O)(S'(®) — HR)e' @)*o™*(t)
>0 a.e. .

These considerations allow us to draw the conclusion that x(¢) has multi-
plicity one if the equation (IV.19) has a local existence theorem. Pre-
cisely, we can prove

THEOREM IV.5. Suppose that
o(s, 1) = f¥(e(®); s<t

where e(t) and f(t) are absolutely continuous. Suppose also that *(t) # 0
exists a.e. and that (IV.16) holds. A sufficient condition that x(t) has
stmple Lebesgue spectrum in (0, oo) s that for each T > 0 and each non-
negative matrix H with

He(T) = f(T)

the initial value problem
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() = SO — HOe®)J' () — Hpe't)*
(IV.20) FO(f'(t) — HB)e' D)
H(T) = H

has an absolutely continuous solution H(t) on some interval [T, T + ¢).

Proof. We will show that for each 77> 0 an ¢ > 0 can be found
for which x(t) has simple Lebesgue spectrum in the interval [T, T + o).
Repeating this argument with T replaced by T 4+ ¢ we can find a maximal
interval [T,S) with T < S < 400 in which z(¢) has simple Lebesgue
spectrum. If S < + oo we can find another ¢ > 0 so that z(f) has simple
Lebesgue spectrum in [T,8) U [S,S + &) = [T, S + ¢), thus contradicting
the assumption that [T,S) was a maximal such interval. Thus S must
equal +oo and since T > 0 was arbitrary x(f) will have simple Lebesgue
spectrum on (0,c0) plus possibly some right innovation spectrum at
t = 0 if x(f) is not regular.

Proceeding we fix T > 0 and let

x(t) = e*(®)B(t)

be the proper Goursat representation of x(t), whose existence is guar-
anteed by Lemma IV.1. Let H(t) denote the structure matrix of B(¢)
and define H(®) for te[0,T + ¢) by

B =H@w if t<T,

and for T<t<T + ¢ let A(t) denote the solution of (IV.20) with A(T)
= H(T), whose existence we have assumed. Then H(¢) is a structure
matrix solution of

f@® =H@®e®t); 0<t<T+e.

Let E(t) be a martingale defined on (0, T + ¢) with structure matrix
H (t), and set

#(t) = e*(OB() .
Then for s,t < T + ¢
Ex(8)#(t) = Fx(s)x(t) ,

and z(t) and #(t) have isomorphic multiplicity theories for 0 <t < T + ..
Because xz(t) = e*(t)B(t) is proper and H(t) = H(@®) for t < T we have
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H(E, ) =H#B, ), t<T.
The proof of Theorem IV.4 is now eagily modified to show that
H@, ) =H#B,t); t<T+e.

But H(¢t) satisfies (IV.20) on [T, T + ¢), and thus B(¢) has simple Lebesgue
spectrum in [7T,T 4 ¢). Hence #(t) and z(t) have simple Lebesgue spec-
trum in [T, T + ¢) and the proof is complete.

If ¢/() and f'(t) are continuous and ¢%(f) > 0 for ¢ > 0 the classical
existence theorem applies to the initial value problem (IV.20), and we
have

COROLLARY IV.6. If €'(t) and f'(t) are continuous and if o*(t) > 0
for t > 0 then xz(t) has simple Lebesgue spectrum.

It is not unreasonable to suppose that a local existence theorem for
the initial value problem (IV.20) holds whenever e(f) and f(t) are abso-
lutely continuous and {|&/(t)] + f'(®)}e~(f) is locally square integrable.
We have been unable to prove this but one can easily verify the follow-
ing approximation theorem, whose proof we omit.

PROPOSITION IV.7. The initial value problem (IV.20) has local solu-
tions provided that

{av.zi {€®] + | /@ Na™'(t) is locally square integrable,
and

(IV.22) for each T > 0 there exists an ¢ > 0 and a sequence of positive
' definite functions

pa(S, 1) = fF¥(min (s, t))e,(max (s, 1) T <s, t<T+e.

with continuously differentiable e,(t) and f.(f) for which &) >0 on
[T, T + ¢) and

lim e, (t) = e(?) , lim f,.(t) = f®)

700 n—rco

and

av.2s)  Im| {

n-o JT

ed) edp |l _S® 2}dt —0.
o,(t) o) a, (1) a(t)

There are two elementary cases where this theorem is easily applied.
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THEOREM IV.8. Let p(s,t) be the covariance function of a process
with Goursat representation x(t) = e*(t)A(t). Set f(t) = G(t)e(t) and
suppose that e(t) and f(t) are both absolutely continuous and that e'(t)
and f'(t) are both locally square integrable. If either

(Iv.24) G'(t) is continuous and ¢*(t) = 0 for all t > 0 or

(IV.25) e(t) =0 for all t, G'(t) is locally square summable and the
. minimum eigenvalue of G'(t) is locally bounded below,

then the conditions of Proposition IV.T are satisfied and x(t) has simple
Lebesgue spectrum on (0, o).

Proof. If (IV.24) holds we simply take e,(f) to be a sequence of
continuously differentiable functions with JTH[eﬁ,(t) — e{t)fdt — 0. Set-
T

ting fa.(f) = G(t)e,(t) we know that p,(s,?) = fF(min (s, t))e.(max (s, ?)) is
positive definite. Moreover, f.(t) = G'(t)e,(t) + G(t)e,(t) is continuous
and converges to f/(t) in the L* norm on [T,T + ¢). Upon noting that
ai(t) = eX(t)G(t)e,(t) converges uniformly to ¢*(t) > 0 on [T, T + &), condi-
tion (IV.23) is obvious.

If (IV.25) holds we let ¢, be as above and let G,(t) be a continuously

T+e
differentiable approximation of G(¢) with J |G(t) — GE)}Pdt — 0 and
T

such that G(t) > ol for all te[T,T + ¢] and some § > 0. Setting f,(t)
= G,(t)e,(t) one can proceed as above.

COROLLARY IV.9 (See Hitsuda (1973)). Let B(t) be a standard n-
dimensional Brownian motion and let e(t) be absolutely continuous with

lee’(t)lz it < oo, for T< oo

and
e(t) #0 for all t.
Then

2(t) = e*(t)B()
= e,(®)b,(t) + -+ + e, (t)b,(t)

has simple Lebesgue spectrum.
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EXAMPLE (n = 2). Let n =2 and let x(f) = e*(t)A(f) be a process
with simple Lebesgue spectrum in (0, c0). Supposing that e(t) is abso-
lutely continuous and ¢%t) > 0 a.e. then we have seen that the problem
of finding the structure matrix H(t) of B(t) for a proper Goursat rep-
resentation xz(t) = e*(t)B(f) corresponds to solving the equation

H(t) = '@ — HOe®)(f') — H)e'@)*
e*O (') — H)e' (D))
or, more simply, since ¢*(t) = e*(O)(f'(t) — H(@)e'(t))
(IV.26) H'(t) = ('@ — H (t)e,(t)z((jt‘ ;(t) — H(t)e'()* .
g

Equation (IV.26) is a quadratic equation in the three unknowns h,(%),
h,(®) and h,() = hy,(t) but can be reduced to a simple Riccati equation
as we will now show.

Denote the structure matrix of A(f) by G(t). Then we must have

S@) = G@®e(t) = H@)e(?) .
Setting J(¢) = H(t) — G(¢) we have
J(@)e(@) = 0.
Since J(t) is symmetric we can write

. (e, (D)) —ei()ey(?)
70 = Z(t)(—el(t)ext) (e,(t))? )

where A(t) is a scalar function. Moreover, H’'(f) has rank one since x(?)
has simple Lebesgue spectrum in (0, co) and hence

av.z2mn det H'(t) = det (G'()) + J'(£)) =0 .

A simple calculation now shows that (IV.27) is equivalent to the Riccati
equation

(Iv.28) 0 = 2Z(@®)a(@) + b(@) + c@®A®) + d)A(D)

where

a(t) = eygs, + €195 + 2e.e,95
= ¢*(%)
b(t) = 911922 - (giz)z =det ¢
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c(t) = 2[e,e595, + e€19h + (e.€; + ele,)g]
d@t) = —(ee; — ee))* .

As a simple example consider
z(t) = Cos (t)a,(t) + Sin (t)a,(t)
where a,(t) and a,(f) are independent Brownian motions. Then ¢,(¢) =

Cos (t), e,(t) = Sin (), 95, = 9% = 1, and ¢}, = 0. Equation (IV.28) simpli-
fies to

0= +1— 2.
The initial condition H(0) = 0 requires that 1(0) = 0, and we find that
A(t) = —tanh (¢) and

_({t 0\ _ Cos’ (t) —Sin (t) Cos (¢)
H® _(0 t) tanh (t)(—Sin(t) Cos () Sin? (¢) ) ‘

IV. 4. Arbitraliness of A(#) in proper Goursat representations.

If A(t) occurs in a proper Goursat representation
(Iv.29) x(t) = e*(HA®) ,

the equality +#(x,t) = #(A,t) shows that A(f) has simple left innovation
spectrum. We also know from the material in the last section that if
e(t) is too smooth with respect to u(t) = tr G(£) and A(¢) has multiplicity
greater than one then (IV.29) cannot be expected to be proper. We now
Si'IOW that for any A(t) with simple left innovation spectrum a continuous
function e(t) may be chosen for which (IV.29) is proper. Throughout
this section the following assumptions will be in force.

A(t) is an m-variate martingale whose left innovation spectrum
(IV.30) is simple. The trace of the structure matrix G(t) of A(t) will
be denoted by wu(?).

(Iv.31) e(®) = (e,d), - -+, e,(t)* is n — 1 times continuously differentiable.

(IV.32) 7(t) is a continuous positive function such that for each non
' empty interval [a, b] C (0, c0),

“ (e _ [e(tin) — )P _
L =P G =ty T

where this supremum is over all finite paritions of [, b].
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(IV.33) 2(t) is the process with Goursat representation
x2(t) = e*(z(t))A(L) .
PROPOSITION IV.10. For 0 <s<T
[@(TN*A(T—)esp{x): s <t <L T}.

Proof. Fix te(s,T) and for each partition t, =t <t, < ... <¢,
of [t, T] satisfying <(t;,,) # t(t;) we associate the sum

Il
=N

— 5 2, M) — a(t)
T A

where

2= [e(tss1) — T(ti)lz( [z(t;.) — r(tj)]2>" .
,U(ti+1) — u(ty) u(g.1) — ﬂ(tj)

Then 2, > 0 and > 4, = 1.
Setting 4;7 = ©(t;,) — =(t;) we write

z=> que*(f(ti_,_l))é-(ﬁ—%%&é + 3 lz[e(f(ti+l) A_z,e(t(ti))]*A(ti) .
1 1

le(z(t;,) — e(z(t))1(dir)™* = €'(z(s;)), and thus
Ai‘l' l

+ 122 Al (z(siD]*AR) — [/ ((TNI*AT—)]| . -

Letting «(f) = sup {|[¢/(z(sN]*A([) — [¢(D)I¥*A(T—)||: t < s < T} we see
o) |0 as t1T and that

(122 2{[€/(z(s:NI*A(E:) — [€/((TNT*AT =)} =< 22 Aw(t)
= o).

By the mean value theorem there exist numbers s;e (¢;,¢;,,) with
o — [EDIFAT-) < | 5 ae it |2l = AW)]

Using the martingale property one obtains

|2 ettt Al = AT

= 2, A(dir)*e* (et DGR L) — G(E)]e(z(ts,) .
Setting M = sup {||e(o)|: s < ¢ < T} provides the estimate

0 < e*(z(te, NIGEis) — G(Ele(z(ts,0)
< MP[pEey) — p@I1,

2

(Iv.34)
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which gives an upper bound for (IV.34) of

M 23 ll(tin) — #(ti) = M? [T(ti+1) - T(ti)]z -t .
Z 4;z)? (Z ,u(tin) - #(ti) )

By (IV.32) this can be made less than (T — ¢) with an appropriate choice:
of the partition. For such a choice we have

Iz — [EEIFAT ) < VT — 1 + o) .

Noting again that «(f) |0 as t1T shows that [¢/(z(T))]*A(T—) is a limit.
point of the #’s and hence is contained in sp {x(s): s <o < T}.

The above argument applies equally well to the derivatives e®(¢),.
1<k <n, and we obtain the immediate

COROLLARY IV.11. For 0 <s<T and 0 < k < m,
[e®((TNI*A(T—)esp{x@®): s <t < T}.
If the functions e,(?), - - -, e,(t) satisfy the Wronski condition
(Iv.34) We (T), -+, e,(T) # 0

then the vectors e(T), €'(T),---,e™ P(T) are linearly independent and.
Corollary IV.11 shows that

o (T—)esp{z@®): T —e<t < T} H#(,T), 1=1,--,n.

If A(t) were left continuous this would show that the representation
(IV.33) was proper. When A(t) is not left continuous this requires a
further condition.

THEOREM IV.12. Suppose the Wronski condition (IV.34) is satisfied
for all T (o dense set would suffice) and further that e(t) is such that
[G(®) — G(t—)]e(z(t)) + 0 whenever

G@) — G(t—) # 0.
Then for T>e>0and 1 <1< n
a(Tesp{a@®): T —e<t<T}.
and the representation (IV.33) is proper.

Proof. We may assume A(T) — A(T—) 0. Then by the preceding
comments it suffices to show that
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a(T) — a;(T—)esp{x@®): T —e <t L T},

Moreover since A(t) has simple left innovation spectrum, A(T) — A(T—)
has a degenerate normal distribution supported on the one dimensional
range of G(T) — G(T—). Thus the components a,(T) — a,(T—) are scalar
multiples of the variable

e*((THIA(T) — A(T-)] .
But
e*(MNAD) — AT) =2(T) —x(T—)esp{e@): T —e<t <L T},
and the proof is complete.

COMMENT. For any A(t) with simple left innovation spectrum ex-
amples of functions z(¢) and e(t) satisfying the conditions Theorem I1V.12
exist. For example, let #(¢) be a strictly increasing continuous function
that is singular with respect # and choose e(tf) of the form

eu(t) = (1, exp (ab), - - -, exp (0 — D)) .
where « > 0 is such that
{IV.35) {G@®) — G(t—)le,(z(})) + 0 whenever G() — G(t—) # 0.

Such «’s must exist because for a fixed ¢ with G(£) # G(t—) there are
at most (n — 1) values of « with {G(f) — G(t—)}e(z(f)) = 0, and there are
at most countably many ¢ with G(¢) = G(t—). Thus (IV.35) holds for all
but a coutable set of « > 0. For such an « the conditions of Theorem
(IV.12) are satisfied and, moreover, if ¢, < --. < ¢, then (e;(z(¢;))) is non-
singular. By Theorem (II1.1) and (IV.12) we have

COROLLARY 1V.13. For any non-singular martingale A(t) whose left
innovation spectrum is simple there exists a continuous function e(t) so
that the representation x(t) = e*(t)A(t) is proper and x(t) is n-ple Markov.

COMMENT. A remarkable property of the processes described in
Theorem IV.12 is that for all ¢t < T,

(IV.36) spf{a(s):t <s<Tt=spl{as):1<i<n,t<s< T},
or equivalently for each fixed T

AV.3T) Mysp{a():t<s<T=Nsp{a(s):1<i<n,t<s<T}.

But for any Goursat representation
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Mspf{e(s):t<s<TICNsp{a(e):1<i<n,t<s<T}.
13

Thus the equality (FV.36) holds iff the dimensions of the two spaces in
(IV.37) are equal. Assuming that A(f) is left continuous and non-
singular

av.3®) MNsples):1<i<n;t<s<T=sp{a(D):1<i<n}

has dimension n. We thus have

ProPOSITION IV.14. A Goursat representation x(t) = e*(t)A(t) where
A(t) is left continuous and non-singular ts proper if for each T,

(IV.39) dim \sp{x@):t<s<T}=mn.
t
This is true in particular if z(¢) is (n — 1) times differentiable and
for each T, {x(T),2'(T), - - -, 2™ (1)} are linearly independent. We show

in section V that this condition implies that x(f) has multiplicity one.
In the opposite direction we now prove

PROPOSITION IV.15. Suppose that x(t) = e*({)A(t) is a proper Goursat
representation of rank m with uniform multiplicity n, (t.e. G’ = dG/dp
has rank n a.e. [pl). Then for any T > s > 0 with w(T) > w(s+),

(IV.40) spf{e@):s<t<Tt=sp{a;@®:1<i<nand s<t <L T}.

Proof. We begin with two simple observations. First, if u(s+) <
w(T) then

(IV.41) dimspfe(®):s<t<T}=mn.
Second, if xesp{a;(®):1<i<n and s<t < T} then x has a unique repre-
sentation as a stochastic integral

(IV.42) @ = f " () AWds)

with

() e IMT, G} and

1v.43
( ) ct) =c(s+) for 0<t<s+.

Thus if the equality (IV.40) does not hold, there exists a c(t) = 0
satisfying (IV.43) with
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0= Ez({)x

(IV.44) — *(d) f G(ds)e(s), O0<t<T.

We will show this is impossible, and to this end it suffices to show that
(IV.44) implies ¢(t) =0 a.e. for s<<t < T. This is true because (IV.43)
and (IV.44) would give

x = c*(s+)A(s+)
and
0 = Ex(t)x = c*(s+)G(s+)e(t) , s<t<T.

By (IV.41) it follows that G(s+)ce(s+) = 0 and thus Ex® = ¢*(s+)G(s+)
-¢(s+) = 0, which contradicts the assumption that c(f) is not identically
'ZEro.

To see that (IV.44) implies c¢() = 0 for s <t < T we define the
function «(f) by

a(t) =0 for 0 <t <L s+

.and

da . , 1 t -1

Tt = {1 + |(G @®) j G(ds)c(s)}} , s+ <t<T.
Setting

—rrwenyi-1f de ¢
@) = [GO] {@(t)j G(ds)c(s)} + alt)e(®)
‘we observe that ¢,(t) e LT, G} and that
(IV.45) j’ G(ds)ex(s) = alt) r Gs)e(s), 0<t<T.
Setting
y = j " cx(s)A(ds)

gives

Eax)y = e*@) I‘ G(ds)e,(s)
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= a(®e*®) f " Gds)e(s)
=0, 0<t<T.

Because x(t) = e*(t)A(t) is assumed proper we may conclude that y = 0.
Thus ¢,(f) = 0 and by (IV.44),¢(t) = 0 for s <t < T. The proof is com-
plete.

V. Smoothness properties and multiplicity bounds.

Smoothness properties of xz(f) = e*(£)A(f) are reflected in smooth-
ness of the function e(f) and multiplicity bounds on the martingale A(%).
In this section we discuss the elementary aspects of this theory.

To avoid trivialities we will assume that the martingale A(¢) is non-
singular. The basic identity which follows directly from the martingale
property of A(t) is

lz@) — x(8)|F = ||e*@IA®) — A + |[(e() — e(s)*A(S)]}
(V.1) = e*(O)[G(t) — G(s)]e(?)
+ (e(®) — e(8)*G(s)(e(t) — e(9) , s<t.

From (V.1) we have at once

(V.2) lx() — 2(s) |} > e*(DIG(E) — G(s)]e(t) ,
and
(V.3) |2(®) — z(s)|F = A(s) |e(t) — e(®)P, st

where A(s) is the minimum eigenvalue of G(s). The function A(s) is non-
decreasing. Because G(s) is non-singular A(s) > 0.

From (V.3) it is clear that if x(¢) is continuous then so is e(t), and
if x(t) satisfies a local Holder condition then so does e(f). We will now
see that differentiability properties are similar. Suppose that

Dﬁ@:ﬁmﬂ%:ﬂﬂ

ste —

exists. Upon writing

(M) = 2(8) _ puplAD = AG] | (@) — e(D* 4o
t—s T t—s t—s

and noting by (V.3) that (t — s)7'|e(t) — e(s)| is bounded, we may choose
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a sequence s,1t so that (t — s,) (e(t) — e(s,))*A(s,) converges as 7 — oo.
Thus e*(t)(t — s,)'[A(f) — A(s,)] also converges to some limit, say z.
But by the martingale property, x is orthogonal to sp {(s):s <t¢}. On
the other hand, since z(s) is left continuous at ¢, sp{z(s): s <t} = #(x,t)
and x is orthogonal to

T = [D_x(t) — lim Eglt:%(fﬂiA(sn)] e H(t,x) .

Thus 2 = 0 and

D_a(t) = lim _[E(%:f@ﬁA(sn) .

n—oo — S,

As this must be true for any convergent subsequence we must have

D_a(t) = lim [_e(”t__@l"iA(s) .
S

stt

This and the assumption that A(¢) is non-singular now imply that D_e(t)
exists and D_x(t) = (D_e(t)*A(t—). Similarly, if x(f) is k times differ-
entiable then so is e(f) and

(V.4 @) = (ePEN*AQ) .

THEOREM V.1. Suppose x(t) is (kK — 1) times differentiable and that

for each t, {x(t), ---,xz* " P@)} are linearly independent. Then:

@) If z*V(t) is continuous the discrete multiplicity of A(t) is bounded
by n — k.

(i) If xz*-(t) is Hplder a-continuous for some o > 1/2 then the multi-
plicity of A(t) is bounded by n — k.

Proof. (i) For each t the k vectors e(t), - .-, e* () are independ-
ent, and applying (V.2) to the derivatives z”(¢), which we may by (V.4),
we have

0 = |[29(+) — 2V(E-)]| = VN (GE+) — GE-NeP®) , 0<7<k.

Thus rank (G(¢+) — G(t—)) =n — dimker (G(t+) — GE=) < n — k.
(i) For any interval [a, b] C (0, 0) and any j = 0, .- -, k — 1 there exists
a ¢ < oo for which

(V.5) [2P() — aP(s)| < clt —sl,  s,tela,b].
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‘We now approximate the integral
[ erarawerman = [ er@raanere

by Riemann-Stieltjes sums which we estimate using (V.2) and (V.5)

3 @ENMGE) — Gti)]e?(t) < 3| @ (t) — @Dt
< eS|t — tonf

Since 2« > 1 this estimate tends to 0 as the norm of the partition tends
to zero. Thus

[ eowravermip=o,

and since the interval [a,b] was arbitrary we see the kernel of G'(¢)
contains the % independent vectors {e(t),---,e* (f)} a.s. [¢] and
rank G'(t) < n — k.

COROLLARY V.2. If k=n —2 in Theorem V.1 part (ii) then x(t)
has simple spectrum.
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