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1. A r ing R with unity i s ca l led r ight (left) self in jec t ive 
if the r igh t (left) R - m o d u l e R is in jec t ive [7]. The pu rpose of 
th i s note i s to p rove the following: Let R be a p r i m e r ing with 
a m a x i m a l a n n i h i l a t o r r igh t (left) idea l . If R is r igh t (left) self 
in jec t ive then R is a p r i m i t i v e r ing with a m i n i m a l o n e - s i d e d 
idea l . If R s a t i s f i e s the m a x i m u m condit ion on ann ih i l a to r 
r igh t (left) i d e a l s and R is r igh t (left) self in jec t ive then R i s 
a s imp le r ing wi th the m i n i m u m condi t ion on o n e - s i d e d i d e a l s . 

2, A r igh t (left) idea l I of a r ing R is ca l l ed l a rge if I 
has a n o n - z e r o i n t e r s e c t i o n with each n o n - z e r o r igh t (left) idea l 
of R. An e l e m e n t of R which ann ih i l a t e s some l a rge left 
( r ight) idea l of R is ca l led r igh t (left) s i ngu l a r . The set of 
a l l r igh t (left) s i ngu la r e l e m e n t s in R is known to fo rm a 
two sided idea l of R and th i s idea l i s ca l led the r igh t (left) 
s i ngu l a r idea l of R [3] . 

We note h e r e that if T is a subse t of a r ing R then T 
r 

wi l l denote the r igh t a n n i h i l a t o r s in R of the set T. T is 

defined a s the set of left a n n i h i l a t o r s in R of the set T. 

LEMMA 2. 1. If R is a p r i m e r ing such tha t R con ta ins 
a m a x i m a l a n n i h i l a t o r r igh t idea l then any r ight or left s ingu la r 
e l e m e n t of R is z e r o . 

Proof. Let Z be the n o n - z e r o r igh t s ingu la r idea l of R 
and I be a m a x i m a l ann ih i l a to r r ight idea l of R. Then t h e r e 
i s an e l e m e n t a in R such that I = (a) . a. Z. a 1 (0) s ince 

r 
R is a p r i m e r i n g , hence t h e r e is an e l e m e n t z € Z such that 
aza ^ 0. z a R O (a) ^ (0) s ince (aza) = (a) and (aza) is 

r r r r 
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l a r g e . Thus :h<. re is r t R such that z a r 4 0 and a ( z a r ) = 0 . 
Th i s i s i m p o s s i b l e s ince a ( za r ) = 0 - ( aza ) r i m p l i e s tha t a r = 0. 
Now a s s u m e that S be the n o n - z e r o left s i n g u l a r i dea l of R 
and let s be an e l e m e n t in S such tha t a sa 4 0. (a) O Ra ^ (0) 

s ince (sa) is l a r g e , Hence t h e r e i s r € R such tha t r a ^ 0 

and ( ra ) ( sa ) = 0 . Th i s i m p l i e s tha t sa £ ( ra ) . Not ice tha t 
r 

( ra ) = (a) s ince (a) i s a m a x i m a l a n n i h i l a t o r r i g h t i d e a l and 
r r r 

r a 4 0. Thus a sa - 0, which i s i m p o s s i b l e . 

A r ing R with unity i s ca l l ed r e g u l a r if for any e l e m e n t 
x t h e r e i s y wi th xyx = x. A r i g h t (left) idea l U of a r i n g 
R is ca l l ed un i fo rm if we have J C\ J 4- 0 for any n o n - z e r o 

r igh t (left) i d e a l s J and J such tha t J , J < U . 
1 Z 1 2 — 

LEMMA 2 . 2 , If R i s a r e g u l a r r i n g and U i s a u n i f o r m 
r igh t (left) idea l of R then U is a m i n i m a l r i g h t (left) i dea l of R, 

Proof. Since R i s a r e g u l a r r i n g , the r i g h t (left) s i n g u l a r 
idea l of R is z e r o ( see [5 ] , p . 1386). Le t u be an a r b i t r a r y 

o 
n o n - z e r o e l e m e n t of U. Then t h e r e i s a € R such tha t 
u au - u . Hence (1 - u a) O U ^ O and U < (1 ~ u a) 

c o o o r ™ o r 
by [ 1 ; L e m m a 2 . 2 ] . Since (1 - u a) = u R, U = u R. T h i s 

o r o o 
p r o v e s tha t U is a m i n i m a l r igh t idea l of R. 

LEMMA 2 . 3 . Let R be a p r i m e r ing such that R con­
t a i n s a m a x i m a l a n n i h i l a t o r r igh t (left) idea l . If R is r i g h t 
(left) self infect ive then R is a p r i m i t i v e r ing with a m i n i m a l 
o n e - s i d e d idea l . 

Proof. Since the r igh t s i n g u l a r i dea l i s z e r o by L e m m a 
2. 1, R is a s e m i - s i m p l e r ing by [6; L e m m a 8]. H e n c e , by 
[7; T h e o r e m 1], R is a r e g u l a r r i ng . Let I be a m a x i m a l 
a n n i h i l a t o r r igh t i dea l of R. Then t h e r e is an e l e m e n t a € R 
such that 1 - (a) . Let J be a r ight i dea l of R such tha t 

r 
I < J. If x € R such tha t x- J = (0) then x = 0. T h u s , if f is 

a R - h o m o m o r p h i s m of J into R such that f(J) ~ (0) then f i s 
z e r o m a p p i n g . Hence by [2; P r o p o s i t i o n 2 . 2 ] J is a l a r g e r igh t 
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i dea l of R. Thus I is a m a x i m a l c o m p l e m e n t r igh t idea l of R. 
Let U be a r igh t idea l of R which is a c o m p l e m e n t of I. 
Then U i s un i form. T h u s , by L e m m a 2 . 2 , U is a m i n i m a l 
r i gh t idea l of R. 

LEMMA 2 . 4 . If R is r igh t (left) self in ject ive then a 
c o m p l e m e n t r igh t (left) idea l i s an ann ih i l a to r r igh t idea l . 

Proof. Let C be a c o m p l e m e n t r igh t idea l of R. Then 
t h e r e i s a r igh t idea l I of R such that C f l l = (0), and if J 
i s a r i gh t idea l such tha t J > C then J O I ^ 0. Define a 

m a p p i n g f such that f(i) - i for a l l i e I and f(c) = 0 for a l l 
c € C. Then t h e r e i s a € R such tha t f - a. Thus C < (a) . 

— r 
If C < (a) then (a) O I ^ (0) hence t h e r e i s i € I, i i 0, 

? r r 
such tha t f(i) = a i = 0. Th i s i s i m p o s s i b l e . Thus C = (a) . 

r 

THEOREM. If R i s a p r i m e r i ng which sa t i s f i e s the 
m a x i m u m condi t ion on a n n i h i l a t o r r igh t i d e a l s and i s r igh t 
i n j ec t i ve , then R i s a s imp le r i n g wi th the m i n i m u m condi t ion 
on r igh t i d e a l s . 

Proof . By L e m m a 2 . 3 , R is a p r i m i t i v e r ing with a 
m i n i m a l r igh t i dea l , say M. Let D - H o r n (M, M) ; then D 

R 
is a d iv i s ion r ing . Since R sa t i s f i e s the m a x i m u m condi t ion 
on ann ih i l a to r r i gh t i d e a l s , by L e m m a 2. 4 the m a x i m u m condi ­
t ion on c o m p l e m e n t r i g h t i d e a l s holds in R. Hence the left 
D - s p a c e M i s finite d i m e n s i o n a l by [4; T h e o r e m 3. 1]. Thus 
R i s a s i m p l e r i ng with the m i n i m u m condi t ion on r igh t i d e a l s . 

R e m a r k . In g e n e r a l , a r igh t se i f - in jec t ive p r i m e r ing 
which con ta in s a m a x i m a l ann ih i l a t o r r i gh t idea l is not n e c e s ­
s a r i l y a s i m p l e r i ng wi th the m i n i m u m condi t ion on r ight i d e a l s . 
F o r e x a m p l e , let V be an infinite d i m e n s i o n a l , left v e c t o r space 
ove r a d iv i s ion r i n g D. Le t T (D, V ) be the r ing of a l l l i n e a r 

o 
t r a n s f o r m a t i o n s of V over D which a r e of finite r ank . It i s 
known tha t T (D,V) is a s imp le r i ng with a m i n i m a l r igh t i dea l , 

o 
and if x€ T (D, V ) then (x) 1 (0). Let Q be the m a x i m a l 

o r 
r i g h t quot ien t r i ng (in the s ense of R. E. Johnson) of T (D, V )• 
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Then Q is a p r i m i t i v e r ing with a m i n i m a l r igh t i dea l [ see 5; 
3. 1 ], and Q is r i g h t - s e l f i n j ec t ive . Howeve r , Q i s not a 
s i m p l e r ing with the m i n i m u m cond i t ions on r igh t i d e a l s , fur , 
if it w e r e , T (D, V ) would con ta in an e Le men t x such that 

o 
(x) = 0 [ see 5; 2. t> and p. 1390]. 
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