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1. A ring R with unity is called right (left) self injective
if the right (left) R-module R is injective [7]. The purposc of

this note is to prove the following: Let R be a prime ring with
a maximal annihilator right (left) ideal. If R 1is right (left) self
injective then R 1is a primitive ring with a minimal one-sided
ideal. If R satisfies the maximum condition on annihilator
right (left) ideals and R 1is right (left) self injective thern R is
a simple ring with the minimum condition on one-sided ideals.

2. A right (left) ideal I of a ring R 1is called large if 1
has a non-zero intersection with each non-zero right (left) ideal
of R. An element of R which annihilates some large left
(right) ideal of R 1is called right (left) singular. The set of
all right (left) singular elements in R is known to form a
two sided ideal of R and this ideal is called the right (left)
singular ideal of R [3].

We note here that if T 1is a subset of a ring R then T
r

will denote the right annihilators in R of the set T. T{ is

defined as the set of left annihilators in R of the set T.
LEMMA 2.1. If R is a prime ring such that R contains
a maximal annihilator right ideal then any right or left singular

element of R 1is zero.

Proof. Let Z be the non-zero right singular ideal of R

and I be a maximal annihilator right ideal of R. Then there
is an element a in R suchthat I=(a) . a.Z.a# (0) since
r

R is a prime ring, hence there is an element z € Z such that

aza # 0. zaR (N (a)r # (0) since (aza)r = (a)r and (aza)r is
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large. Thus there is r e R osuch that zar # 0 and a(zar) =0.
This 1s impossible since a(zar) =0 = (aza)r implies that ar = 0.
Now assume that S be the non-zero left singular ideal of R

and let s be an element in S such that asa # 0. (a)l M Ra # (0)

since (sa)l is large. Hence there is r ¢ R such that ra # 0

and (ra){sa) =0. This implies that sa ¢ (ra) . Notice that
r
(ra) =(a) since (a) 1is a maximal annihilator right ideal and
r r r
ra # 0. Thus asa =0, which is impossible.

A ring R with unity is called regular if for any element
X there is y with xyx=x. A right (left) ideal U of a ring
R 1is called uniform if we have J1 M JZ # 0 for any non~-zero

right (left} ideals Ji and JZ such that Ji’ JZ <uU.

LEMMA 2.2. If R 1is a regular ring and U is a uniform
right (left) ideal of R then U is a minimal right (left) ideal of R.

Proof. Since R 1is a regular ring, the right (left) singular
ideal of R is zero (see [5], p.1386). Let u be an arbitrary
o

non-zero element of U. Then there is a ¢ R such that
uau =u . Hence (1 -~ua) MU#£0 and U< (1 - u a)
o o o o 'r - o 'r
by [1; Lemma 2.2]. Since (1 - u a) =u R, U=u R. This
o r o [

proves that U is & minimazal right ideal of R.

LEMMA 2. 3. let R be a prime ring such that R con-
tains @ maximal annihilator right (left) ideal. If R 1is right
(left) self injective ther R 1s a primitive ring with a minimal

one-sided ideal.

Prcof. Since the right singular ideal is zero by Lemma

2.1, R is z semi-simple ring by [6; Lemma 8]. Hence, by
[7; Theorem 1], R is a regular ring. let [ be a maximal
annihilator right ideal ¢f R. Then there is an element a ¢ R

such that I ={(a) . Let J be z right ideal of R such that
r
I; J. U xe¢ R such that % J =(0} ther x=0. Thus, if { 1s

a2 R-homomorphism of J inte R such that f(J)} =(0) then { is
zero mapping. Hence by [2; Proposition 2.2] J is a large right
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ideal of R. Thus 1 is a maximal complement right ideal of R.
Let U be a right ideal of R which is a complement of I

Then U is uniform. Thus, by Lemma 2.2, U is a minimal
right ideal of R.

LEMMA 2.4. If R is right (left) self injective then a
complement right (left) ideal is an annihilator right ideal.

Proof. Iet C be a complement right ideal of R. Then
there is a right ideal I of R such that CMNI1=(0), and if J
is a right ideal such that J; C then JMNI1# 0. Define a

mapping f{ such that f(i) =1 for all ieI and f(c) =0 for all
ce C. Then there is a € R such that f=a. Thus C< (a) .
- r

If C ; (a)r then (a)rﬂ I+ (0) hence there is i€ I, i# 0,

such that f(i) =ai=0. This is impossible. Thus C =(a) .
r

THEOREM. If R is a prime ring which satisfies the
maximum condition on annihilator right ideals and is right
injective, then R 1is a simple ring with the minimum condition
on right ideals.

Proof. By Lemma 2.3, R is a primitive ring with a
minimal right ideal, say M. Let D :HomR(M, M); then D

is a division ring. Since R satisfies the maximum condition
on annihilator right ideals, by Lemma 2. 4 the maximum condi-
tion on complement right ideals holds in R. Hence the left
D-space M is finite dimensional by [4; Theorem 3.1]. Thus
R is a simple ring with the minimum condition on right ideals.

Remark. In general, a right self-injective prime ring
which contains a maximal annihilator right ideal is not neces-
sarily a simple ring with the minimum condition on right ideals.
For example, let V be an infinite dimensional, left vector space
over a division ring D. Let TO(D, V) be the ring of all linear

transformations of V over D which are of finite rank. It is
known that T (D,V) is a simple ring with a minimal right ideal,
o

and if xe TO(D,V ) then (x) #(0). Let Q be the maximal

right quotient ring (in the sense of R. E. Johnson) of T (D, V).
o
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Inen Q is a primitive ring with a minimal right ideal [SG(‘ 5;
5.1], and Q is right-self injective. However, Q is not a
simple ring with the minimum conditions on right ideals. fur,

it it were, T (D, V) would contain an clement x such ths

(x)_ =0 [see 5. 2.t and p.1390].
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