Can. J. Math., Vol. XXXVII, No. 5, 1985, pp. 921-933

COMPACTNESS PROPERTIES OF CARLEMAN AND
HILLE-TAMARKIN OPERATORS

ANTON R. SCHEP

Introduction. In this paper we study integral operators with domain a
Banach function space Lo. and range another Banach function space Lp2
or the space L, of all measurable functions. Recall that a linear operator
T from L, into L, is called an integral operator if there exists a
[TADS v-measurable function T(x, y) on X X Y such that

/ |T(x, ) f(y)ldv(y) < oo a.e. for all f € L, and

Tf(x) = / T(x, y)f(y)dv(y) a.e. for every f € L,.

Such an integral operator is called a Carleman integral operator if for
almost every x € X the function

y=T(x,y) = T(y)
is an element of the associate space L'I, ie.,
piI(T,(y)) < co for almost every x € X.

If in addition the function

x = pi(T(y))

is an element of L, i.e., po(pj(T,(y)) < oo, then T is a Hille-Tamarkin
operator from L, into L, . Hille-Tamarkin operators are also known as
integral operators of finite double norm. Characterizations of the above
classes of operators are discussed in [6] and [7]. It follows from the results
in [7] that an order continuous linear operator from L, into L, is an
integral operator if and only if the image under T of an order interval is
equimeasurable (in the sense of Grothendieck), i.e., if we denote

H=T[0fl=(Tg0=g=fgeL,)}

then for every X, C X of finite measure and every ¢ > 0 there exists
X, C X, such that p(X, \ X) < eand xy o H is a relatively norm compact
subset of L. It can be derived from the results in [1] that if p} is order
continuous, then an order continuous linear operator T from L, into L; is
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a Carleman integral operator if and only if the image under T of the unit
ball is equimeasurable. We reformulate this result as a compact
factorization theorem: if p| is order continuous, then an order continuous
linear operator T from L, into L, is a Carleman integral operator if and
only if there exists a factorization T = R - § with S a compact operator
from L, into L,, and R a multiplication operator from L, into L,. We
also prove a similar characterization of Hille-Tamarkin operators. Let p]
and p, be order continuous norms. Then an order continuous linear
operator T from LpI into Lp2 is a Hille-Tamarkin operator if and only
if T = R- S with § a compact operator from L, into L, and R a
multiplication operator from L, into L, . In the third section of this paper
we discuss the relation between Hille-Tamarkin operators and majorizing
operators. The results of this paper extend and complement those of [5].

1. Carleman integral operators. Throughout this paper we shall denote
by (X, p) and (Y, ») o-finite measure spaces and by

L, = L,(Y.») and L, = L,(X,p

we shall denote Banach function spaces. For information on Banach
function spaces we refer to [8], Chapter 15. We begin with a definition.

Definition 1.1. Let H C Ly(X, p). Then H is called relatively uniformly
compact in Ly if there exists g € Ly(X, w) with g(x) > 0 a.e. such

1
that — - H is a relatively norm compact subset of L (X, p).
8
Similarly H C Ly(X, p) is called relatively uniformly compact in L,if

. . 1 . .
there exists g € L, with g(x) > 0 a.e. such that — - H is a relatively
g
norm compact subset of L (X, u).

We note that the above notions are related to relative compactness in
the topology of relative uniform convergence (see [2] for relative uniform
convergence of sequences). We now present a description of equi-
measurable sets.

THEOREM 1.2. Let H C Ly(X, p). Then H is equimeasurable if and only if
H is relatively uniformly compact in Ly(X, p).

Proof. Assume first that H is relatively uniformly compact in L. Let g
be as in definition 1.1, ¢ > 0 and X, C X of finite measure. Then there
exists § > O such that

u{x € X,:g(x) <8} <e
Let
X, = {x € X;:g(x) = 8}.
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Then u(X, \ X,) < € and it is easy to see that Xy, © H is relatively norm
compact in L., so H is equimeasurable. Assume now that H is
equimeasurable. Then we can find disjoint X, such that

and xy - H is relatively norm compact in L. (X, p) for all n. Let

n

¢, = sup( ||hXX"||oo:h € H)

and define

(©9)
gx) =14+ X ne, Xy -

n=1

Then 0 < g(x) a.e. and

1
lh(x)| = —g(x) ae.on X, forallh € H.
n

1 .
A diagonal argument now shows that — - H is relatively norm compact in
8
L. (X, w), i.e., H is relatively uniform compact in Ly(X, p).
We recall that a linear operator T:L, — L, is called order continuous if
J, € L,and f,(x) | 0 a.e. implies that Tf,(x) — 0 a.e.
The following theorem complements Theorem 2.2 of [6].

THEOREM 1.3. Let L, = LY, ») be a Banach function space and let
T:L, — L, be a linear operator. Then the following are equivalent.
(1) T is a Carleman integral operator.
(i) Iff, € L,andf, = 00(L,, L,), then Tf,(x) — 0 a.e. If in addition p’
is order continuous, then each of the above is equivalent to
(i11) T is order continuous and T(U) is equimeasurable, where

U={f€L,o(f) = 1}.

(iv) T is order continuous and T has a factorization T = RS where
S:L, = L, is compact and R:L,, — L, is multiplication by g € L with
g(x) >0 ae.

Proof. The implication (i) = (ii) is immediate from the inequality
P(T(y)) < ooae.
Assume now that (ii) holds. Then p(f,) — 0 implies
f, = 0o(L,, L),
so p(f,) — 0 implies Tf,(x) — 0 a.e. It follows that there exists 0 =
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g € Ly such that

ITF(x)| = g(x)o(f) ae.

(see the proof of Theorem 2.2 of [6]). Let now 0 = f, = fin L,
such that f, — 0 in measure on every set of finite measure. Then
S, = 00(L, L), so

Tf,(x) — 0 ae.

We conclude from Theorem 3.3 of [5] that T is an integral operator. It
follows now from

ITf(x)| = g(x)p(f) a.e forall f € L,

as in the proof of Theorem 2.2 of [6], that T is a Carleman integral
operator. Assume now that p’ is order continuous and assume that (i)
holds. We shall show that (iii) holds. The order continuity of T is obvious,
since T is an integral operator. To show that T(U) is equimeasurable we
may assume that u(X) < co. Let € > 0. Then, since

P (Ty(y)) < o0 ae,

we can remove a set of measure less than ¢, so
(T, (y)) =M < coae. on X

It follows then that
e (T Il = M - W(X) < oo.

Since the norm || ||, X p’ is order continuous, it follows that there exist
simple functions 7,(x, y) of the form

$ a,X4,(X)xp, (V)

such that

HP’(TX(Y) - tn(x’ J’) ) ||| —0

(see also the remark before Theorem 3.2). By passing to a subsequence we
can assume that

p'(T.(y) — t,(x,y)) — 0 ae. on X.

An application of Egoroff’s theorem now yields a set X, C X with
WX\ Xy) = esuch that

Ixx, (P (T (¥) = 1,(x,9))) llo = 0 asn— oo

This implies directly that Xx, © T is a norm limit of finite rank operators
with respect to the operator norm on A(L,, L,). Hence (iii) holds. The
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equivalence of (iii) and (iv) follows from Theorem 1.2. Assume therefore
that (iii) and (iv) hold. Then (iii) implies that T is an integral operator
(Theorem 3.3 of [7]) and (iv) implies via Theorem 1.2 that there exists
0 < g € L, such that

ITf(x)| = g(x)o(f) ae. forall f € L,
As above this implies that T is a Carleman integral operator.

Remarks. 1. The implications (i) < (ii1), provided p’ is order continuous,
are a variant of a result of Gretsky and Uhl ([1]). We point out however
that the definition of a Carleman operator as given in [1] is not exactly the
same as the definition of a Carleman integral operator as given above. The
reason is that if p(T,(y)) < oo for a.e. x € X, then it need not be true
that the function

x = T(x,y) € LY, »)

is strongly measurable. Under the hypothesis that p’ is order continuous
we could have proved that x — T(x, y) is strongly measurable, but the
proof of this is longer than the above direct proof.

2. If p is order continuous, then we showed in [6] that (i) above is
equivalent with:

(i) Iff, € L, and p(f,) = 0, then Tf,(x) — 0 a.e.

In case p is not order continuous, then (ii)’ need not imply (i) as can be
seen from the identity operator on L_.. Therefore condition (ii) above is
the right condition.

2. Hille-Tamarkin operators. In the following theorem we derive a
characterization of order continuity of the norm of a Banach lattice,
closely related to Meyer-Nieberg’s characterization. For information on
Banach lattice we refer to [3] or [9]. We would like to thank the referee for
pointing out the present simple proof, which replaces our original more
complicated proof.

THEOREM 2.1. Let E be a Banach lattice. Then the following are
equivalent.

) IfO=f,=finEandf, \f, =0if n# m then there exist
A, € RwithX, 1 ooandg € E such that

g=2M\JS,
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() If0O=f, =finEandf, N\ [, = 0if n # m, then there exist
A, € R with A, 1 co such that

g)‘kfk < oo.

sup
n

(iii) The norm of E is order continuous.

Proof. If (i) holds, then obviously (ii) holds. Assume (ii) holds. To prove
(i) let 0 = f, = fwith f, A\ f,, = 0if n # m. Then by (ii) there are
A, 1 coand M € R such that

1w

= M forall n.

Hence
/)l = M/X\, — 0 as n — oo.

It follows now from Meyer-Nieberg’s theorem (see [9] ) that the norm on E
is order continuous. Assume now that (iii) holds. Let 0 = f, = fas in (i).
Then there exist natural numbers k, with k, < k, . for all n such that

k,+p

n

>/

i=k,

1
< — forallp € N.
n2" P

It follows that

Ky

>

i=k,

< 1/2" for all n,

which implies (i).
Recall that H C L, is called relatively uniform compact in L, if there
1 .
exists 0 < g € L, such that —H is relatively norm compact in L. The

8
following theorem extends the result of Theorem 1.2.

THEOREM 2.2. Let L, be a Banach Sfunction space with order continuous
andlet H C L, Then H is relatively uniformly compact in L, if and only if H
is equimeasurable and order bounded in L,

Proof. Assume first that H is relatively uniformly compact in L, From
Theorem 1.2 we then conclude that H is equimeasurable. Let0 < g € L,

| - . . .

such that —H is relatively norm compact in L_,. Then there exists M € R
8

such that

h
H—H =M forallh € H.
g oo
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Hence |h| = Mg for all h € H and thus H is order bounded in L,. Assume
now that H € L, is equimeasurable and order bounded in L, We assume
first that xy € L, and |h| = xy for all k € H. Then we can find disjoint
X, C X with

UX =X

n=1

such that Xx, - H 1is relatively norm compact in L_,. From the above
theorem it follows that there exist A, € Rwithl = >\ 1 oo such that

[ee]
g = g >‘nXX,, € L,

Now

1 = g(x)ae. and

1
lh(x)| = X—g(x) ae.on X, forallh € H.

n

1

Again a diagonal argument shows that — - H is relatively norm compact
8

in L., Now we shall remove the assumption that xy € L, and |h| = xy

for all h € H. Assume |h| = g, € L, for all h € H Then define
pi(f) = p(fgy)- Then p, is an order contlnuous function norm (we may
assume that g; > 0 a.e. on X). Let

h
H, = {——:h € H}.
8o
Then H, c L, and |h| = xyx for all h € H). From Theorem 1.2 it is
immediate that 'H , 1s also equimeasurable. Hence by the above argument

. 1 . . .
there exists g € L, such that — - H, is relatively norm compact in L.

1

Put g, = g - gy Then p(g,) = p)(gy) < oo and obviously —H is rela-
81

tively norm compact in L.

To prove the analogue of Theorem 1.3 for Hille-Tamarkin operators
we first need some additional definitions. Let f, € L, Then f, is
relatively uniformly convergent to f € L, if there exists g € L, such that
If — /.l = ¢,g for some sequence of scalars ¢, | 0. We also recall that
a function norm has the Fatou property if it follows from 0 = f, = f, =

.1 fwith all f, € L, that p(f,) 1 p(f) (where p(f) = oo if f & L,).

THEOREM 2.3. Let L =L, (Y, v) and L =L, (X ) be Banach
Junction spaces and assume that p2 is order contmuous “and has the Fatou
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property. Let T:L, — Lp2 be a linear operator. Then the following are
equivalent.

(1) T is a Hille-Tamarkin operator.

(i) Iff, € L,,pi(f,) =1 andf,—0 o(L,, Ly,), then Tf, — O relatively
uniformly in L, .
If in addition p) is order continuous, then each of the above is equivalent
to:

(iii) T is order continuous and T(U) is relatively uniformly compact in L.
where

U= (/€ Lp() =1},

(iv) T is order continuous and T has a factorization T = RS where
S:L, — L, is compact and R:L,, —> L, isa multiplication operator.

Proof. Assume (i) holds. To prove (ii) let f, € L,, p(f,) = 1 such
that

f,—0 o(L,, L)
Then by Theorem 1.3
Tf,(x) > 0 a.e. and |Tf,(x)| = p|(T (»)) a.e.

Hence Tf, — 0 in order in LPz’ It follows ([2], Theorems 11.8 and 16.3)
that Tf, — 0 relatively uniformly. Assume now that (ii) holds. It follows
from the proof of Theorem 1.3 that T is a Carleman integral operator. It
remains to show that if T(x, y) denotes the kernel of T, then

PUT()) € L,.
From Corollary 2.3 of [6] it follows that

PUT(y)) = sup(|Tf| :p\(f) = 1),

where the supremum is taken in the space Ly(X, p). We now first show that
there exists a constant M such that

py(sup |Tf) = M
I=n

for all finite sequences (f;);<, in L, with p;(f;) = 1 for i = n. If the
assertion would be false, then there would exist finite sequences (f; ),
for each k such that

p(fi)) =1 and py(sup; =, ITfi4l) = k- 2k,

Replacing f; , by f,‘k/2" and concatenating all the finite sequences into
one single sequence (f),),~, we have

=ny

pi(f,) =0 and py(sup |Tf;|) = 0o as n — co.
k=n
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This contradicts (i), so there exists a constant M with the above described
property. From the o-finiteness of y it follows that there exists f, € L,
with p;(f,) = 1 such that

PiT(y)) = sup(sup [T/, (x)]) a.e. on X.

=h

From the Fatou property of p, it now follows that
p2(p1 (T (y))) = sup Pz(iUP ITfl) = M < co.
n =n

Assume now that p} is order continuous. The equivalence of (iii) and (iv) is
obvious and the implication (1) = (ii1) follows from the previous theorem
and Theorem 1.3. Assume therefore that (iii) holds. Then by Theorem 1.3
T is a Carleman integral operator and as before

Pi(T(y)) = sup(ITf|:f € L,, p(f) = D).

Now {|Tf|:f € L, , p\(f) = 1} is relatively uniformly compact in L, , so
that there exist ¢ € L, and C € R such that

|Tf| = Cgforall f e L, with p(f) = 1.
Hence

Pi(T(y)) =Cg €L,
SO

PUT () € L,
and thus T is a Hille-Tamarkin operator.

Remarks. 1. We note that the assumption that p, has the Fatou property
is only used in the proof that (ii) implies (1). We give now an example to
show that this hypothesis can not be dropped. Let I:/; — ¢, be the identity
operator. Then obviously 7 is not a Hille-Tamarkin operator, since

sup,lle,| & c,.

We shall indicate that I satisfies condition (ii) of the above theorem. Let
f,, € I, such that

fn - O 0(1], loo)
Then || f,]l, — 0, so also || f,|l.c — 0. Let
6 = ISl

and assume all ¢, # 0. Then

1
= fulloo = 0,
(Vl

which implies that
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1
g = sup —|f,| € ¢,

n n

Now | f,| = €,g, so that f, — 0 relatively uniformly in ¢,.

2. If p} and p, are order continuous, then the above theorem implies that
every Hille-Tamarkin operator from LpI into Lp2 is compact. It is well
known from examples on L, and L_, that to obtain (iii) from (1) we can not
drop either one of the order continuity assumptions in the above theorem.
This raises the question whether we can characterize the integral operators
which satisfy (iii) in case p} and p, are not both order continuous. In the
next section we shall derive an answer to this question.

3. Majorizing integral operators. Let 'L, — L, be a linear operator.
Then we shall call T majorizing if the set L

{Tff € L, o(f) = 1}

1s order bounded in L,. We note that our usage of the term majorizing is
in general slightly more restrictive than in [3]. By ,E”’"(L L, ) we denote
the set of all majorizing operators. Define "

ITll,, = inf(p)(g):g € L, such that |Tf] = g - p\(f) for all f € L,)

for T € J’"(L L,). Itis easnly seen that ||T|,, defines a latticenorm on
LML, o L) such that .i”"'(L o Lo,) becomes a Banach lattice. Let %’;] P
denote the set of all Hille- Tamarkm operators from L, into L, and let
p, @ pj denote the double norm on ¢ . i.e., if T(x, y) is the kernel of T

S %]‘pz then

P2 @ pI(T) = py(p)(T(¥)).

The formula

PUT(y)) = inf(g: |Tf] = gp(f))

implies immediately that for all T € J , we have

T, = py ® pi(T).
In general 7 , will be a proper subset of #™(L,, , L, ), but it follows from
Theorem 3.2 of [6] that "

A, =L, L,)

P1.P2

whenever p, is order continuous. It is easy to verify that Qf 1s a
Banach lattice in general, so that Qf is always a closed subspace of
L"(L, » L,). We can consider now L, ® L, as a subspace of
x oy If L’ ®, . L,, denotes the completion of L, & L, with respect to
HTII then L’ ®m Lp2 is a closed subspace of %mz’

m?
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THeOREM 3.1. Ler L, and L, 0, b€ Banach function spaces and let
'L, =L, be a linear operator. Then the following are equivalent.
(1) T e L’ ®,, L.
(i) T is order contmuous and
(Tff € L, pi(f) S 1
is relatively uniformly compact in L -

Proof. Assume (i) holds. Then there exist S, € L’I ® L, with
IIS,ll,, < 1/4" such that T = X{° S,, with the series convergent in the
II-IIm-norm Let0 <g, €L, o) such that

pxg,) < 174" and |S,fI = g,0\(f) forallf € L,.
Put

(o0}
— ? 2'g
: 1 .
Then |Tf| = gpy(f) for all f € L,, so - - T maps L, into L,
g

1 . - .
Now — - S, 1s a finite rank operator from L, into L, and

g g n=N+1
= é<n=$+l g")pl(f) = (nzg-# ;")p](f)

1 .
Hence —T is a compact mapping from L, into L
g
Assume now that (ii) holds. Then there exists 0 < g € L, such that

1
-+ T:L, = L
8

is compact. Since L has the approximation property it follows that there

which proves (ii).

[eeld

1 .

exist §,:L, — L, of finite rank such that S, — — - T in the operator
8

norm of .,?’(Lpl, L.). Put

T.f = gS.f.
Then T,:L, — L, is of finite rank and [|T — T,||,, — 0. Hence
TelL,®,L,
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We now remark that the above result is an order continuous version of
Proposition 8.2 of [3]. We now introduce another class of Hille-Tamarkin
operators. Let &, o, DE the set of all order continuous 7T from L,
into L, such that {Tf pi(f) = 1} is equimeasurable and order bounded i in
L,. From Theorem 1.3 it follows easily that

&

P1.P2 = ')f;ppz'
From Theorem 2.2 and Theorem 3.1 it follows that

Sormy = L, On Ly,

whenever p, is order continuous. From Theorem 1.3 it follows that
é7‘7|~1”z - %l-Pz

whenever p) is order continuous, so in particular
LP. O L - ‘%fn 1)

whenever p| and p, are order continuous. This result generalizes a result
obtained in [4] for L, spaces.

THEOREM 3.2. ‘fpppz is a closed sublattice of ‘}{;’M’z

Proof. The fact that (ompl'pz is a sublattice immediately follows from the
known properties of compact operators with range in L (see [3]). It
remains to be shown that &, , is closed in J ,. Let T, € &, , and
T e l)?;l'pz such that

Nr — 7,l, < 1/2" for all n.
Thus there exist 0 = g, € L, with py(g,) = 1/2" such that
(T = T,)fI =g, forallf € U= {fn(f) = 1}.

Then g = 3{° g, exists in L, sothatg,(x) > 0a.e on X. Let X, C X be
a set of finite measure and € > 0. Then Egoroff’s theorem implies that
there exists X, C X such that

,U‘(X() \ XO,() < e€/2

and g, — 0 uniformly on X, . Now T, € &, , implies that there exist
X, © Xy, with

MXp \ X,) < e/2""!

such that x - T(U) is relatively norm compact in L. Let

Then w(Xy \ X,) < eand xy - T,(U) is relatively norm compact in L, for
all n. Let now § > 0. Then there exists n € N such that
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For this n there exist f; € U (1 = i = m) such that for all f € U there
exists f, € {f;} such that

“Xx‘(Tnf - Tnfk) ”oo < 8/2

Hence

||Xx((Tf_ Tfk) “oo = “X)(((T - E)(f_fk)”oo
)
+ HXth:l(f_fk) “oo é 2||XX(gn||oo + E < 8

It follows that xx, © T(U) is relatively norm compact in L, and thus
T eé&

PPy

In conclusion we remark that all the inclusions in

L;’| ®'" LPz c éDPpPz c %ppz

can be proper, for if T:L, — L is continuous but not compact in
measure, then T € ]  but T & & ., and if T:L|, — L, weakly compact

but not compact, then T € & ,,but T & L, ®, L.
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