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ABSTRACT. Two decades of LLR data and one decade of VLBI data are combined in 
a global analysis to yield improved estimates of the Earth's precession and nutation. In 
this analysis, LLR provides a strong determination of precession, while VLBI is stronger 
in fixing nutation terms with short periods. In all, 24 nutation amplitudes are estimated. 
The largest correlation coefficient, between precession and 18.6 yr out-of-phase nutation in 
longitude, is 0.88. With the exception of some 9 yr and 18.6 yr terms, formal uncertainties 
are 0.1 to 0.2 milliarcseconds. 

1. Introduct ion 

In the past five years, it has become obvious that the current precession and nutation 
theory recommended by the IAU is not adequate for reduction of modern astrometric 
observations, such as those acquired by the VLBI and LLR techniques. Discrepancies at 
the level of a few milliarcseconds, especially for the precession constant and 18.6 yr, 1 yr, 
0.5 yr and 14 day nutation terms, have been revealed by VLBI and LLR observations (e.g. 
Herring et al., 1986; Williams et a/., 1990). It is of great importance to establish more 
accurate precession and nutation constants in order to improve VLBI and LLR analyses for 
astrometry and geodesy. However, based on theoretical considerations, any improvement 
of the quality of these constants is presently difficult because geophysical properties of the 
Earth's interior (e.g. core flattening, mantle inelasticity) are not known well enough. The 
only way to obtain more accurate precession and nutation constants is to estimate them 
from the VLBI and/or LLR observations themselves. Comparing precession and nutation 
constants estimated from LLR and Deep Space Network VLBI data (see Section 4) shows 
that estimates of the short-period nutation terms (1 yr, 0.5 yr, 14 day) are more accurate 
when derived from VLBI data, while estimates of the precession constant and the long-
period nutation terms (18.6 yr, 9 yr) in longitude are more accurate when derived from 
LLR data. Therefore, combining VLBI and LLR data is the best way to improve the 
estimation of precession and nutation constants with the present data, because it takes 
advantage of the unique and complementary strengths of the two techniques. 

For the purpose of estimating precession and nutation constants, we have developed a 
global analysis of VLBI and LLR observations. This global analysis (described in Sec­
tion 2) is performed by combining the VLBI and LLR information matrices derived from 
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the data equations with the VLBI and LLR software of the Jet Propulsion Laboratory 
(JPL). We emphasize that , in this analysis, the full VLBI and LLR information matrices 
are retained to produce combined VLBI/LLR estimates of the precession constant and 24 
nutation amplitudes. Section 3 describes the data sets and modeling used in our analysis, 
while Section 4 presents and discusses our results, including a comparison between the 
VLBI, LLR, and VLBI/LLR estimates and correlation coefficients. 

2. The A l g o r i t h m U s e d to C o m b i n e V L B I and LLR D a t a 

In the past decade, VLBI software (MODEST) (Sovers and Fanselow, 1987) and LLR 
software (LPRED) has been developed at JPL. Both of these programs use the Square 
Root Information Filter (SRIF) algorithm, based on repeated Householder transforma­
tions, to triangularize the data equation matrix. This algorithm is extensively described 
in Bierman (1977). One advantage of the SRIF algorithm is that it allows one to add new 
data equations to a previously analyzed set of data equations and produce "updated" 
parameter estimates without reanalyzing all the data. In practice, this saves much com­
puter time when large amounts of data are to be processed and updated. In our analysis, 
this capability has been used to combine observations of different types (VLBI and LLR). 

The main steps of our joint VLBI/LLR analysis are shown in Figure 1. First, theoretical 
values of LLR ranges and VLBI delays and delay rates are calculated and differenced with 
observations to produce O-C's. This step is performed separately for VLBI and LLR 
measurements by using MODEST and LPRED. Then, the SRIF algorithm is applied to 
LLR O-C's and the R-matrix is retained before the calculation of the LLR parameter 
estimates. This matrix is an upper triangular matrix obtained by applying Householder 
transformations to the data equations (see Bierman, 1977). It is further used as an a priori 
information matrix in a way that mimics a VLBI R-matrix, when the SRIF algorithm is 
applied to VLBI O-C's. This latter step requires identification of parameters common to 
VLBI and LLR and matching their names and units in order to produce consistent joint 
VLBI/LLR parameter estimates. It is to be noted that for our analysis, only precession 
and nutation constants have been considered as common VLBI/LLR parameters. 
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Figure 1: Main steps of the joint VLBI/LLR analysis. 
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3. Observations and Modeling 

Our VLBI data set consists of 68 dual-frequency (2.3 and 8.4 GHz) VLBI observing 
sessions carried out by the Deep Space Network (DSN) on two intercontinental baselines 
(Goldstone-Madrid and Goldstone-Tidbinbilla) between October 1978 and October 1989. 
It is basically the same data set described by Sovers (1990), and includes 8578 dual-
frequency Mark II delay and delay rate pairs and 423 Mark III pairs. The LLR data 
(described in more details by Williams et al., 1990) consist of 6293 ranges (distance 
measurements) from telescopes on the Earth to reflectors on the Moon acquired between 
August 1969 and December 1989. VLBI and LLR modeling was performed in Solar 
System Barycentric coordinates in terms of the mean equator and equinox of J2000.0, 
and largely adhered to the IERS standards (1989) for astronomical constants. The LLR 
analysis is based on the DE303/LE303 planetary and lunar ephemeris. Earth orientation 
parameters were adopted from a combination-of-techniques series obtained by Kalman 
filtering (Gross 1990, private communication). More information about VLBI and LLR 
modeling is found in Sovers (1990) and Williams et al. (1990), respectively. 

In our analysis, the precession constant and both the in-phase and out-of-phase nutation 
terms of periods 18.6 yr, 9 yr, 1 yr, 0.5 yr, 14 days, and 433.2 days (retrograde free core 
nutation with reference epoch J2000) have been estimated. We emphasize that this is the 
first unconstrained analysis with the precession constant and the 18.6 yr and 9 yr nutation 
terms estimated together in the same fit. Such unconstrained analysis is possible because 
of the time span of our data, especially the LLR data which cover 20 years. 

4. Results 

Table 1 shows our combined VLBI/LLR estimates of 25 precession and nutation constants 
together with the individual VLBI and LLR estimates of these constants. The values 
indicated in this table are the corrections to the IAU nutation coefficients; all errors 
quoted in this paper are formal la uncertainties. Units are milliarcseconds (mas) for 
nutation, and mas/yr for precession. The nutation terms are labeled with subscripts 
corresponding to term numbers in the 1980 IAU series, while the superscripts indicate 
the phase (sine or cosine). 

Comparing the formal uncertainties of the individual VLBI and LLR estimates shows 
that LLR data provide more accurate estimates of the precession constant and the 18.6 yr 
and 9 yr nutation terms in longitude, while VLBI data provide more accurate estimates 
of the other nutation terms, especially the short-period nutation terms (1 yr, 0.5 yr, 14-
day). Notably, the formal uncertainty of the precession constant is smaller by an order 
of magnitude when derived from LLR data (0.17 mas/yr) than when derived from VLBI 
data (1.87 mas/yr). Estimates of the precession constant and the 18.6 yr and 9 yr nuta­
tion terms in longitude based on VLBI data have large uncertainties caused by extremely 
high correlation coefficients between these parameters as shown in Table 2. In this table, 
only correlations exceeding 0.5 are printed; within each triplet, the order (top to bottom) 
is LLR, VLBI, and VLBI/LLR. For example, the correlation coefficient between the pre­
cession constant and the 18.6 yr out-of-phase nutation in longitude (At/>J) is 0.997 in the 
VLBI analysis, while it is only 0.64 in the LLR analysis. Such a huge correlation coefficient 
is explained by the shape of At/>J, which is almost linear over the period of our VLBI obser­
vations (see Figure 2). Besides this correlation coefficient, 14 other correlation coefficients 
are larger than 0.50 in the VLBI analysis, 4 of them larger than 0.90. By contrast, only 
3 correlation coefficients are larger than 0.50 (maximum value of 0.64) in the LLR analysis. 
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Table 1. Comparison of the VLBI, LLR, and Combined VLBI/LLR Estimates 
of 25 Precession and Nutation Constants 

Precession 

18.6 yr AeJ 
AVf 
AeJ 
AVJ 

9 yr Aec
2 

AVI 
Ae | 
AVI 

1 y Aec
10 

AVfo 
AeJo 
AVico 

0.5 yr A e | 

AVI 

AVI 

14 day Aec
si 

AVIi 
Aesi 
AV^i 

FCN Aec
F 

AV> 
AeJ. 
AV^ 

LLR 

-2.66 ±0.17 

0.47 ±0.59 
-7.60 ±1.49 

2.46 ±0.74 
3.12 ±1.52 

-0.43 ±0.49 
-0.22 ±1.04 
-0.29 ±0.50 

1.09 ±1.02 

1.59 ±0.34 
5.03 ± 0.66 

-1.87±0.27 
-0.39 ±0.47 

-0.65 ± 0.27 
1.09 ±0.50 
1.02 ±0.29 

-0.02 ±0.52 

0.80 ±0.47 
-2.97 ±0.93 

0.91 ± 0.42 
0.75 ±0.82 

-0.12 ±0.26 
-0.71 ±0.42 
-1.03 ±0.25 

0.19 ±0.50 

VLBI 

-5.17 ±1.87 

1.57 ±0.26 
-10.21 ±3.62 

2.80 ±0.54 
12.52 ±8.29 

0.18 ±0.23 
-0.88 ±1.76 
-0.17 ±0.34 
-1.24 ±1.56 

1.60 ±0.13 
4.26 ±0.34 

-0.25 ±0.12 
0.85 ±0.33 

-0.58 ±0.11 
1.70 ±0.33 

-0.61 ±0.12 
-0.28 ±0.30 

0.18±0.11 
-0.49 ± 0.30 

0.05 ±0.12 
0.68 ±0.31 

-0.29 ±0.13 
1.21 ±0.42 
0.10 ±0.15 

-0.93 ±0.35 

VLBI/LLR 

-2.83 ±0.15 

1.44 ±0.20 
-6.07 ±0.85 

2.28 ±0.37 
3.05 ±0.96 

-0.12 ±0.18 
1.17 ±0.62 
0.04 ±0.24 
0.08 ±0.41 

1.69±0.11 
4.25 ±0.27 

-0.54 ±0.10 
0.81 ±0.25 

-0.50 ±0.10 
1.37±0.25 

-0.44 ±0.10 
-0.27 ±0.24 

0.07 ±0.10 
-0.74 ±0.23 
-0.12 ±0.10 

0.56 ±0.25 

-0.34 ±0.11 
0.04 ±0.28 

-0.13 ±0.13 
-0.61 ± 0.26 

LLR data cover a period long enough to properly separate the precession constant and 
the 18.6 yr and 9 yr nutation terms. 

In the combined VLBI/LLR analysis, correlation coefficients are significantly reduced 
relative to those of the VLBI analysis alone: only 8 correlation coefficients are larger than 
0.50 (instead of 15 in the VLBI analysis), and the maximum value is 0.88 (instead of 0.997 
in the VLBI analysis). It is also to be noted that formal uncertainties of parameters are 
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Table 2. Comparison of Correlation Coefficients \p\ > 0.5 for 
the Precession Constant and the 18.6 yr and 9 yr Nutation Terms. 

Ae\ AiP{ Ae{ Aip\ Ae\ AxPI AeJ A 0 | 

Prec. 0.91 
0.64 
0.997 
0.88 

0.86 
0.52 

0.91 

Asf 77 
66 

0.74 
0.72 

A ^ 0.89 
0.57 
0.60 
0.72 

0.97 

Acf 0.82 
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Figure 2: Shape of At/>J and coverage of VLBI and LLR data between 1969 and 1990. 
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smaller in the combined analysis than in the individual VLBI and LLR analyses, with 
improvements of up to a factor of 2.5 (case of A ^ ) - Based on the decrease of the 
correlation coefficients and the improvement of formal uncertainties, we argue tha t the 
combined VLBI/LLR analysis is stronger than either analysis alone. Comparing our 
VLBI/LLR estimates with the independent VLBI results of Herring (1988) and Zhu et 
al. (1990) indicates good overall agreement, with most of the differences at the 1-2 a 
level. Because of the addition of the LLR data, our estimates of the precession constant 
and the 18.6 yr nutation terms are stronger than those of Herring (1988) and Zhu et al. 
(1990). It is also worth noting that for the 9 yr nutation terms, not previously estimated 
from VLBI data, our estimates of the corrections (-0.12 ± 0.18, 1.17 ± 0.62, 0.04 ± 0.24, 
0.08 ± 0.41 mas) are in good agreement with those from the deformable-Earth series of 
Zhu et al. (1990) ( -0 .25 , 1.23, 0.0, 0.0 mas). 

5. Conclus ion 

25 precession and nutation parameters are estimated in a combined analysis of 20 years 
of LLR data and 11 years of VLBI data. This global VLBI/LLR analysis combines the 
information matrices derived separately from the VLBI and LLR data equations. Com­
parisons of formal uncertainties and correlation coefficients between various precession 
and nutation parameters show that the combined VLBI/LLR analysis is stronger than 
either the VLBI or the LLR analysis alone. This combined analysis provides estimates of 
the precession constant and the 18.6 yr nutation terms that are stronger than any previ­
ous results. It also provides, for the first time, estimates of the 9 yr nutation terms. We 
emphasize that our results do not depend on any geophysical hypothesis, that they are 
unconstrained, and that they have been obtained with the full VLBI and LLR informa­
tion matrices retained. The overall agreement between our estimates and the independent 
results of Herring (1988) and Zhu et al. (1990) is good. 
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