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On the Existence of the Graded Exponent
for Finite Dimensional Z,-graded Algebras

Onofrio M. Di Vincenzo and Vincenzo Nardozza

Abstract. Let F be an algebraically closed field of characteristic zero, and let A be an associative unitary
F-algebra graded by a group of prime order. We prove that if A is finite dimensional then the graded
exponent of A exists and is an integer.

1 Introduction

If A is an algebra, possibly nonassociative, it is acceptable to translate its complexity
considering how many polynomial relations are satisfied by its elements: less rela-
tions mean more difficult computations with algebra elements. If the base field has
characteristic zero, the so called multi-linear relations are enough to describe the
complete situation, thanks to a typical process of multi-linearization of the polyno-
mial relations satisfied by the algebra. Within this general setting, one can attach to A
a sequence of nonnegative integers (cn (A)) nen? the codimension sequence of A. This
in some sense provides a measure of how many relations hold in A. A classic result
states that if an associative algebra A does satisfy at least a nontrivial polynomial re-
lation (a PI-algebra) then there exists a constant d € N such that ¢,(A) < d" for all
n € N [Rell]. The existence of an exponential bound for the codimension sequence
easily fails not only for nonassociative algebras, but also for the associative ones. For
example, for the free associative algebra A = F(x, y), one has ¢,(A) = n!.

If the codimension sequence of an algebra A is exponentially bounded, it makes
sense to ask whether the limit lim,, ( v, (A) ) exists, and to try to compute it. This
was achieved by Giambruno and Zaicev for associative PI-algebras [GZ1], [GZ2].
They proved not only that the limit does exist, but also that it is a nonnegative inte-
ger, called the exponent of A, or the Pl-exponent of A, confirming a conjecture posed
by Amitsur. Similar attempts were made for other classes of algebras; what is known
is that the Lie-exponent of any finite dimensional Lie algebra does exist and is also an
integer [Za]. The same conclusions hold for certain simple Jordan algebras of small
dimension [GRZ]]. These positive answers go together with the partial or negative
ones: it has been proved [Vol]], [VoZ2] that if L is an infinite dimensional Lie algebra
then the Lie codimension sequence may have over-exponential growth. Even when
exponentially bounded, the limit lim,, ( V/ck (A)) may be not an integer [MZ]]. A new
scale to measure the rate of growth of the codimensions of Lie algebras is contained
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in [Pe]. Among the other results, it was shown in [BD] that the finite dimensional
condition implies an exponentially bounded codimension sequence, also for nonas-
sociative algebras. Nevertheless it was shown in [[GMZ] that for any real number
o > 1 there exists a nonassociative algebra of exponent a.

In PI-theory a topic of increasing interest is the study of group graded algebras.
Apart from their own interesting features, group graded algebras may provide sig-
nificative information on quite general questions. This is the case, for instance, for
the fundamental results of Kemer on PI-algebras, in which Z,-graded algebras were
involved [Ke]]. In certain circumstances, actually, this situation is equivalent to have
a group acting as a group of algebra automorphisms. A G-codimension sequence
(cS(A)) may be defined in this case, too, and with light assumptions it has exponen-
tial growth [GR], so questions about the existence of limn( v/ c§ (A)) make sense. In-
deed, it has been proved in [[GZ3], [BGP] that this exponent does exist when G = 7,
and G acts on a finite dimensional associative algebra A either as a group of auto-
morphisms (Z,-graded algebras) either of anti-automorphisms (algebras with an in-
volution). In the present paper, we shall prove that the exponent of an associative
finite dimensional algebra graded by a group of prime order exists, as well, and it is
an integer.

2 Basics

Throughout the rest of the paper, let F denote an algebraically closed field of char-
acteristic zero, and let the word algebra mean an associative unitary F-algebra. If G
is any finite group, we say that A is G-graded if there exist F-subspaces A, (for each
g € G)such that A = @geGAg and forall g, h € G it holds A;A;, C Agy. Each A is
called a G-homogeneous component of A, and if a € A; we say that g is the degree
of a, and write |a| = g. The G-grading is trivial if A, = A (e being the identity ele-
ment of G). If A, B are G-graded algebras, the structure-preserving homomorphisms
are the so called G-homomorphisms: an algebra homomorphism ¢: A — Bis a
G-homomorphism (or a graded homomorphism) if for all g € G it is ¢(A,) C B,.

It is possible to define a free object in the class of G-graded algebras, for an as-
signed group G: consider a countable set of indeterminates X := {x{ | 1 < i €
N, g € G}. We shall call i the name and g the G-degree of x. Then the map
|-|: X — G defined by |xlg | = g induces a G-grading on the free associative al-
gebra F(X) simply setting |x - - - x,,| := |x1] - - - |%;u| for any monomial in the (not
necessarily distinct) indeterminates xi,...,x, € X. It is customary to denote by
F(X | G) this G-graded algebra, and call it the free G-graded algebra. The freeness
property is the following: for any G-graded algebra A and any map ¢y: X — A such
that |po(x)| = |x| for all x € X there exists a unique G-homomorphism ¢ extending
©o. We shall often say that such a map ( is an admissible G-substitution for A.

The set Tc(A) C F(X | G) of polynomials vanishing under any admissible G-
substitution is an ideal of F(X | G), stable under any graded endomorphism of the
free graded algebra. We call G-identities its elements.

As usual, we say that a monomial x; - - - x, € F(X, G) is G-graded multi-linear of
length n if {name (x;) | i = 1,...,n} = {1,...,n}. Explicitly, if x; = x‘j, then
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Xpooxy = x5 -ox and (g1,..,80) € GY {iyeeju) = {1,...,n). Let us
denote by V¢ the F-subspace spanned by all the G-graded multi-linear monomials
of length n. That is, the span of all monomials x‘g(l) . ~x§”(n) for (g1,...,8.) € G"
and o running through the symmetric group S,,.

Since char F = 0, a standard Vandermonde argument shows that the knowledge
of T(A) can be reduced to the knowledge of the sets VS N T(A) forall n > 1.

The symmetric group S, acts on V¢ by renaming the indeterminates, and this
turns V¥ into a left S,-module. Since any o € S, sends x‘lg to x({(i), o can be ex-
tended diagonally providing a G-endomorphism ¢, of F(X | G). Therefore VS N
TG(A) is an S,-submodule of V¢, and we are allowed to consider the S,-module
VE(A) := Vf/(VnG N Tg(A)) . The number c$(A) := dimp VS(A) is called the n-th
G-codimension of A, and its character x$(A) is called the n-th graded cocharacter.

The study of the S,-structure of VS(A) can be reduced to the study of smaller
spaces of multi-linear polynomials. Let us denote [n] := {1,...,n}. We say that a
family G := {9, C [n] | g € G} is a G-partition of n if

S,NGy=2 ifg#h and | G = [nl;

4€G

in this case we write § g n. Every monomial m € V¢ uniquely defines a G-partition
of n, namely G(m), setting

Go(m) :=={j € [n] | xf appearsinm} forg € G
and, for a G-partition G of n, we define
VE(G) := spany(m € VS | m monomial and G(m) = G)

Then (see [DV}, Lemma 1])
Vi= @ V(9
Sk n
and o o
| ~ V2 (G)
S

G = VGG T (A
VA = Ve AT T o2, VI9) N T

Note that any G-partition of # defines a subgroup of Sym(#), namely

H(G) := [] Sym(Sy).

g€eG

The action of this subgroup on V(G) determines a module structure on it. More-
over, if § and 8 are G-partitions of n such that |G,| = |§,| for each g € G,
then H(G) and H(S) define equivalent actions. Therefore, fixing an order in G,
say G = {g1,...,&}, we may denote by V¢ the H(S)-module V(3) where
|Ge,| = ni, and the indeterminates are labeled in the standard way as xf‘, P

then x* .,x ., and so on. We shall denote by Xf} . the H(S)-character of

np+1o 0 sty G O WAL B 0GR MRV VY Ang,..., n
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H(G)-modules are the tensor products M(A')®- - -@M(X"), where A - n; and M(\')
is a chosen representative for the isomorphism class of irreducible S, -modules asso-
ciated to \'.

By [DV, Theorem 2], given the cocharacter th__ﬂm (A), the graded cocharacter
Xn(A, G) is known as well. In particular, the degree cS(A) = x,(A, G)(1) and the

..........

n
(2.1) A= > (m N m) Cnpeeon, (A)-

e tn,=n

In case the number exp®(A) := lim, \/cS(A) does exist, it is called the G-graded
exponent of A. The aim of this paper is to show that if G & Z;,, p prime, then for any
finite dimensional G-graded algebra the G-graded exponent of A does exist and it is
possible to compute it.

3 Notation

From now on let A denote a finite dimensional G-graded algebra, where G is a cyclic
group of order p prime. There is a well understood duality between G-gradings of A
and G-actions on A; notice that a G-action, in our hypotheses, is either faithful either
trivial. This duality is a general fact for any finite abelian group. We shall recall it for
groups of prime order. So, let ¢ be a primitive p-th root of the unity in F and assume
G = (7) 2 Z,.

e IfGactson A, thendefineAy:={acA|y-a= Cka}. The sets (A )k=o.....p—1
define a G-grading on A, which is trivial if and only if the action is trivial.

e Ifa G-grading is given on A, any element of A can be uniquely written in the form
a= Zf;ol Ao, with ax € A Then define the action

p—1
v-a:= cha,‘/k.
k=0

Notice that this action is trivial if and only if the G-grading is so; otherwise, the
action is nontrivial and G can be embedded into Aut(A). Then, viewing v €
Aut(A), it is an automorphism of A of order p.

In what follows we shall freely pass from one point of view to the other.

An F-subspace V' C A is G-graded or homogeneous if V.= P, (V N A,). That
istifVov=>" o Ve is the (unique) decomposition of v (viewed in A), then all the
summands vg belong to V, as well. Equivalently, V is G-homogenous if and only if V
is stable for the G-action on A. This definition applies to subalgebras of A, and to left,
right or two-sided ideals of A. The algebra A is G-simple if it has no G-homogenous
two-sided ideals apart from 0 and A. Of course, a simple algebra is G-simple.

Thinking G as a group acting on A, it is clear that ] = J(A), the Jacobson radi-
cal of A, is always a G-graded ideal. As a consequence of [SVO, Corollary 2.10 and
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Remark 2.11], it has a G-graded semi-direct complement in A, which is a completely
reducible (unitary) G-graded subalgebra B. That is, A = B + J, a direct sum as
F-vector spaces, and B is a maximal semisimple G-homogeneous subalgebra (not an
ideal, however).

Let I be a summand occurring in the decomposition of B into a direct sum of
minimal two-sided ideals; then (I) is a minimal two-sided ideal of B too. If y(I) = I
then I is G-homogenous, so it is a G-graded and simple algebra. If v(I) # I then
Y(I) NI = 0; then, since G = Z,,, the orbit {y*(I) | k = 0,...,p — 1} has p
elements, and each of them is a minimal two-sided ideal of B, hence occurring in
the decomposition of B. Hence @f;ol Ak(I) is a G-simple subalgebra of B and B =
C1 @ - - - ®C,is adirect sum of G-simple graded subalgebras C; of B, for some s > 1.

We are going to show the candidate number to be exp®(A). Let 8 be the set of
all possible sequences (Dy, ..., D) fork € [s], Dy,...,Dy € {C,...,C,} pairwise
distinct, satisfying

DyJD,]--- JDy # 0,

and let
d := max{dimg(D; + -+ -+ D) | (D1,...,Dy) € 8}.

We shall prove that d is actually the G-exponent of A. From now on, we assume
(Ci1,...,Cy) € Sand dim(C; +- - -+Cy) = d. Moreover, since A is finite dimensional,
J is nilpotent. We fix I € N such that J' # 0 and J*! = 0. Finally, we fix B :=
Ci®---®CsandB,:=C, ®---PDC. ThenA = B+ Jand dimp By, = d.

The notion of alternating polynomial is needed thoroughly. Recall that the sym-
metric group Sym(X) acts on X by renaming the indeterminates, and we shall de-
note by o(f) the image of the polynomial f € F(X) under the renaming action of
o € Sym(X).

Definition 3.1 Let f = f(X) be a polynomial in the indeterminates of X C X. If
Y C X and f is multi-linear on Y, we say that

* fis alternating on the set Y if for any o € Sym(Y) itiso f = (—1)7 f;
e fissymmetricon Y if forany o € Sym(Y) itisof = f.

A polynomial may be alternating or symmetric on several sets of variables. The
direct generalization is that if Y; (i < t) are disjoint subsets of X then f is alternating
(resp. symmetric) on the sets Y; if forany o € Sym(Y,) - - - Sym(Yx) < Sym(J,_« i)
itholdsof = (—1)7 f (resp. o f = f).

The most basic property of an alternating polynomial is the following remark.

Remark 3.2 Let f = f(X) be alternatingon Y C X. If dimp(A) = m < |Y|
then f € T(A). In our settings (A = B+ J, /' = 0,B = C; @ --- ® C, and
d = dim(C; & - - - @ Cy)), we record the following direct consequence.

Lemma 3.3 LetYy® C X* C XS forg € G X =, X8 and let f = f(X) be a
multi-linear G-graded polynomial, alternating on the sets Y8 (g € G). Ifzg |98 > d
then for any A-valued G-substitution o such that Lp(Ug Y¢&) C Bitisp(f) = 0.
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Proof Since f is multi-linear it is enough to check the standard G-substitutions. So,
let B and J be G-homogeneous bases for Band J. If o(X) C B then ¢(f) = 0 unless
©(X) C C; for some i, because C;C; = 0if i # j. But even in this case, since

> IBNCE| =dimsC; <d < Z|yg|

4

there must be ¢ € G such that |BNC§| < [Y¢]. Since |[BNC{| = dimpC¥ and f
is alternating on Y¢ it is ¢(f) = 0. Therefore at least one element of X has to be
mapped in J. Then the maximality of d provides ¢(f) = 0 (further details can be
found in |GZ1, Lemma 3]). [ |

Alternating and symmetric polynomials arise naturally when studying the irre-
ducible characters of the symmetric groups. In our settings, we are interested in the
character an ..... (A), so let (ny,...,n,) € NP satisfy n; +---+n, = n. In or-
der to keep the notation as simple as possible, we denote the (weak) composition
(ny,...,n,) of nby n. IfN Fn (i =1,...,p), the sequence (A, ..., \?) will be
denoted by A\. We write also A - #. Moreover, we shall denote by H) the subgroup of
S, determined by n. The irreducible H,-module associated to A will be denoted by

My :=MA\)® - ®@M\P)

and x, will denote its character. Coherently, a multi-tableau on ) is a filling of \!
with the names {1, ..., n; }, of \* with names {n; +1,...,n; +n,} and so on. Hence
we shall denote by T,\ such a multi-tableau, that is T,\ = (T,\1 ; Ta). Leter, =
rr;cr,; be the essential idempotent generating a minimal left module Sy —1som0rph1c
to M ()\ 1), where rr, is the sum of the elements of row stabilizer of Ty and cr, is
the signed sum of the elements of the column stabilizer of T)i. Then the element
er, = er, er,, """ €T, is an essential idempotent associated to T). Recall that x,
occurs in the decomposition of an (A) if and only if there exist a multi-tableau
T) and a polynomial f € VI ", such that f ¢ Te(A) and e, f & Tg(A).

When T, is assigned, the entries of T»¢ are names of variables, all of them having
G-degree g. We shall often identify those names with the variables themselves; for
instance we shall shortly say that the variables y‘?l, cey yﬁ, occur in the first column
of T)¢ meaning the set of variables of G-degree ¢ whose names occur in the first column
of Txe. Also, we shall write 9’; to denote the set of variables occurring in the j-th
column of T)g.

4 The Upper Bound

In this small section we shall display an upper bound for the graded codimension
sequence S (A).

Remark 4.1 letn = (m,...,n,), A = nandlet Uy C V, be an irreducible
H,-module isomorphic to M ()\) If 0 # f € U, then there exists a multi-tableau
T = Ty such that 0 # f’ := crerf € U, is alternating in each set of variables yi
those occurring in the j-th column of T);.

https://doi.org/10.4153/CMB-2011-104-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-104-9

Existence of 7,-exponent 277

Remark 4.2 As anotational fact, if A - n is assigned, we shall denote by h§ (A), or

simply by hi- , the length of the j-th column of A¢. In particular, 45 denotes the height
of the partition A I- n,.

Lemma 4.3 Let M(\) = W, ¢ TG(A). Then hi < dimpAS forallg € G and
Z hlJrl < d. Further,

dlmp W,\ < nl dimp A H (h l)ng
geG
I,y >0
Proof Let 0 # f; € W). Then there is a multi-tableau T = T) such that f =
crerfo # 0, hence Wy = FH, f. Let us denote for short by H? the set of variables
occurring in the j-th column of T). The polynomial f does not belong to T(A) but
is alternating on each ‘dg So, in particular, it is ‘Hg | = hg < dimp Adforallg € G.
Now let us suppose Z W, >d Ifj<I+litis h‘j >
G-substitution and fix j < I+ 1. The polynomial f is alternating on each Y* 7> and
the set X; = UgeG 9‘5 has size > d. If ¢(X;) C Bthen ¢(f) = 0 by Lemma[3.3]
so at least one variable among those in X; should be mapped in J, in order to get a
nonzero value (f). But then at least / + 1 variables among those in Uj<z+1 X; are
substituted by elements of J. Therefore p(f) € J 1 — 0, which is absurd.
Finally, let §, := dimp A%. Recall §, > h{. By standard combinatorial computa-

Let ¢ be a standard

tions if hl 1 > 0thend)y < n"sg(hi‘;l)”g . Otherwise, dys < n'%. Therefore
. . 16, _ ldimp A g
dlmF WA = H d/\g < H n'’s H l+1)ﬂe — phdimr H (hl+1)ng’ [ ]
(456 8cG (456 g€G
>0 I, >0

As a corollary, let us record an upper bound for c¢(A).
Theorem 4.4 There exist o, t such that c¢(A) < an'd", foralln € N.
Proof Letn € N. By equation (2.1) it is

cff(A) = zﬂ: (Z) cu(A) = Z (Z) Z my dimp Wy

n N7 Akn

for some multiplicities m1,. Notice that if Z . (A) > d then my = 0. Now let us
choose for each weak composition n of n a max1mal dimensional module W,, with
nonzero multiplicity. All its composing partitions 18 must lie in a strip of height
0 = dimp A%, and d,x < < nP% or dyg < n ‘S( l(u)) s according to the cases when
Hl(u) = 0 oris > 0, respectively. Let G(n) := {g € G | hlﬂ(,u) > 0}. Then

dy = [l dus <[] n® < 1 ( l+1(“)) pldim A I1 ( l+1('u))

- geG g€eG g€G(n) g€G(n
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Let us denote t; := hfﬂ (p) for g € G(n); notice that £, depends on the composition 1
only. Then for all A - n the fact d) < dﬁ yields

cg(A) < nl'dimFAZ<Z mA> <Z) I t;g.

n An g€G(n)

Further, from the fact that the sum of multiplicities is polynomially bounded
(see [Bel), there exist constants &, b € N such that

: n
S(A) < dnl'd'mFAan ( ) I1 tgg.
w M g6

Now let us consider the summand (2) [ecem ts*. Let |G(n)| = r; for sufficiently
large n it is r > 1. Moreover, without loss of generality we may assume G(n) =
{v.7% ..., 7"} Write n; := ny, u = Y. mandv := >0 n;. Notice that
n; < l&/i wheni > r+ 1andsov < IdimA. Then

(n) n! u! V! n!
n mleonlngg!ong! nleond e lonp! ulv!

() ) )

Since the number (n +11-/~n ) occurs in the expansion of (p — r)", it is
r p

14 .
( ) < (p _ r)v < pldlmA.
Meet = 1

The number (7) = (") is a polynomial expression in 1 of degree v for sufficiently
large n, hence it is < nldimA a6 well,

Finally, the number (ﬂl_t_’,” )t;‘} -+ -t occurs in the expansion of (£, + - -+ + £,,)";

sincet, +--- +t, < dand u < n, that number is < d".
Therefore we get the inequality

n

CG g @n3ld1mFA+b§ :d"
n

nt+p—1
p—1
[St, Section 1.2]), we get the inequality

Since there are ( ) compositions of # in no more than p parts (see for instance

ey (A) < an?ldmeAth (" ; P N 1) d".

Finally, notice that (";{ 711) is a polynomial expression in # of degree p — 1, so it is
definitively c¢(A) < an'd" for certain numbers a, . [ |
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5 The Lower Bound

Now we are going to find a lower bound for the codimension sequence cS(A). In
order to obtain it, we shall find polynomials which are of sufficiently high degree
and are not graded polynomial identities for A. We shall make use of the following
theorem.

Theorem 5.1 ([Fol]) Let C be a central simple algebra, and let X,, X, be disjoint sets
of variables of size dimp C. Then there exists an explicit central multi-linear polynomial
f = f(Xy1,X,), alternating on X;, and a substitution ¢ such that o(f) = lc.

Actually, if m > 1, the product ]?of m such polynomials on disjoint sets of vari-
ables is still multi-linear, alternating on 2m sets of variables X; of size dimr C, and the
obvious extension @ of ¢ provides a substitution with @(f) = 1¢. So the following
corollary holds.

Corollary 5.2 Let C be a central simple F-algebra, m > 1 and let X be the disjoint
union of 2m sets of variables X; (j = 1,...,2m), each of size ‘I)CJ‘ = dimg C. Then
there exist a central multi-linear polynomial f = f(X), alternating on each X;, and a
substitution o such that p(f) = 1c.

We are indeed mostly interested in Corollary[5.21 The first step to our aims is the
following lemma.

Lemma 5.3 Let G be a finite group, m > 1 and let C be a simple algebra graded
by G. Forany g € GletY5,..., Y3, be disjoint subsets of X, each of size dim C,. Let
9:=U,, H‘?. Then there exists a central multi-linear polynomial f = f(Y) alternating

on each 95; and a G-substitution @ such that o(f) = 1c.

Proof Let B be a G-homogeneous F-basis of C, set § := dim C and let Xy, ..., X,
be 2m disjoint sets of (nongraded) variables, each of size 0. Let X be their disjoint
union. So, by Corollary[5.2] there exist f = f(X) multi-linear, alternating on each
X;, and a substitution ¢ such that ¢(f) = 1¢. Actually, there is no harm in assuming
that p(X) C B.

Notice that forany j = 1,. .., 2m it must happen that o(X;) = B, because ’DC]’ =
0 and f is alternating on X ;. Therefore, if we decompose X; into the (disjoint) union
of the sets X;, := {x € X; | p(x) € BN C,}, it must happen ‘DCj‘g = dimC,.
Indeed, f is alternating on each X;, because it is so on the whole Xj; if |f)C j7g| >
dim C, this leads to (f) = 0, a contradiction. Also, notice that

5= ] = 300 < Y dime = o

g€G geG

implies |X;¢| = dimC, forallg € Gand j € [2m].
Now just replace in f the set of nongraded indeterminates X ; ; by the set of graded

indeterminates Y%, for all j and g. Notice that |DCj7g| = dimC, = ‘95 , f(Y) is
alternating on each Hf (actually on the whole Y; := |J B ‘j‘? ), the substitution ¢ gives
rise to a natural G-substitution g and @g(f) = lc. [ |
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The next step is when C is G-simple but not simple. While in the previous lemma
just “G finite” was needed, in the following one we must assume that G = Z, in order
to use our arguments.

Lemma 5.4 LetG=Z,, m > 1and let C be a G-simple G-graded algebra. For each
g € GletY,..., Y3, be disjoint subsets of X$, each of size |Y{| = dimC,. Let Y$
be their union and Y = |JY8. Then there exists a multi-linear polynomial f = f(Y),
alternating on any Y°, and a G-substitution @ such that p(f) = 1.

Proof ] = J(C)isa G-ideal of C and C is G-simple, hence C is semiprimitive. Since
it is finite dimensional, it is completely reducible, so it is a direct sum of minimal
two-sided ideals C = I; & - - - @ Ii. If k = 1 then C is simple, and the result follows
by the previous lemma. Notice that if the grading is trivial, then any ideal is G-
homogeneous, so C must be a simple algebra. Hence assume that C is not simple,
that is k > 1, and let the grading be nontrivial. Then G = (7) = G < Aut(A) acts
on A; therefore a G-homogeneous subspace is precisely a G-invariant subspace. Let
I := I;. Then it cannot be y(I) = I, otherwise I should be a graded ideal of C, so
I = C, a contradiction. Therefore v(I) # I and 7(I) is a minimal two-sided ideal
of C, disjoint with I. Actually, it is easy to see that G acts on the set of minimal two-
sided ideals of C by permuting them. Since the stabilizer of this action has to be a
subgroup of G properly contained in G (because (I) # I), it has to be {e}. But then

LI P
L:=Y ~'(D) =@
i=1 =1

is a two-sided ideal of C which is stable under the action of G, hence it is a nonzero
G-ideal of C, so L = C. This forces k = p.

Therefore, if C is G-simple but not simple, then C is a direct sum of p minimal
two-sided ideals, none of them G-homogeneous, constituting a full orbit under G
and all of them isomorphic as F-algebras. More precisely, C is the direct sum of p
copies of a simple algebra I, and G acts on them by cyclically permuting them.

Now, let dimp I = [ and let B be a linear basis for I. Let us define, for any b € B
andanyg =~/ € G,

by == b+ TP Vy(b) + P72 (B) + -+ P (D).

Then b, is a G-homogeneous element of G-degree g = 77, and the set € := {b, | b €
B g € G} is a G-homogeneous basis for C. More precisely, for a fixed g = 7/, the set
{by | b € B} is a linear basis for C,. Hence all the graded components of C have the
same dimension /.

Then let fy = fo(X) be the polynomial of Corollary[5.2] corresponding to an I-
dimensional central simple algebra and to the fixed m > 1, and let ¢, be a standard
substitution on B such that ¢y(fy) = 1;. Since ’Hﬂ = dimC, = dimI = |X;|,
we may pass to the graded variables Y¢ (for ¢ € G) and consider f,(Y¢). Hence the
polynomial

f=10) =11 (¥

¢€G
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(whatever order we choose for the factors) is multi-linear and alternating on each Y5.
Moreover, let ¢ be the following G-substitution: if x € X and ¢o(x) = b € B, then
for any y € Y8 set o(y) := by € C,. By a straightforward computation, it turns out
that p(f) = l¢. [ |

Now let us go back to the assigned finite dimensional G-graded algebra. Recall
that A = B + ] as a direct sum of F-vector spaces of the completely reducible G-
graded subalgebra B and the Jacobson radical J. We decomposed B into the sum of
G-simple subalgebras B = C; @ - - - & C,,, but we are mostly interested in the sum of
the first k summands, namely the subalgebra By = C, ®- - - ®@Cy, having the following
properties:

e dim By = d, the candidate integer to be the exponent;
e CJCy---Cr1JCr #0.

Each C; has a central polynomial f;, by Lemma[5.4] The idea in what follows is to glue
these polynomials in order to get a nonvanishing polynomial for A of sufficiently high
degree.

Lemma 5.5 Letm > 1. Then there exists a multi-linear polynomial f in the disjoint
union of variablesY U X U J and an A-valued G-substitution ¢ satisfying p(Y) C By
such that

* Yispartitioned as Y = U, Y. Each Y® is a disjoint union ¥ = U, ¢;<pn Y¢ of
sets Y8 C X¢ with same size |%J§’ = dimg B;

e |X|=k|J=k-1;

e fisalternating on each set J5;

* o(f) #0.
Proof For each fixed j € [k] as in Lemma[5.4llet f; = f;(X;) be a central multi-
linear polynomial in the graded variables of X; = Uf;"l Ugea x5 j» alternating on any

f)ij C X&, of size ‘Xf.’j‘ = dim C? . By Lemma [5.4] there exists a G-substitution ¢;
such that ;(fj) = Ic;. There is no loss in generality in assuming that ¢ ;(X;) = B;,
a G-homogenous linear basis for C;.

Choosing disjoint sets X; as j runs through 1,...,k, we may consider for any
i € [2m] and any g € G the sets

k
Ye = U X‘fj.
j=1

Then .
o8 = > |
j=1

Denote KX = {x;,...,x}and J = {x{,...,x;_, }. Since C,J - - - JCx # 0 there exist
b; € Cjandcy,...,c—1 € Jsuch that byc;---ce_1bx # 0. Once again, we may

k
= ZdimC‘? = dimBi.
=1

https://doi.org/10.4153/CMB-2011-104-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-104-9

282 O. M. Di Vincenzo and V. Nardozza

assume b; € B; and let ¢; be G-homogeneous elements in J. Then consider the
G-substitution ¢: Y UK U J — A defined by

Pl =), x)=bj, olx) =
J
Then let g be the following multi-linear graded polynomial

g = x1 fi()x1x2 (22)x5 -+ x—1 f (k1) x5y 2k fie ().

Notice that p(g) = bic; - - - ck—1bx # 0; yet ¢ has not the requested alternating prop-
erties. In order to get them, let us identify for a moment the names of the involved
graded variables with the variables themselves; let Sym(Y%) be the symmetric group
on the set %}f and let
2m
8= [T II Sym(¥%).
g€Gi=1
Notice that since the Y¢ are pairwise disjoint the direct product of these symmetric

groups is well defined; for o € 8§ let (—1)7 denote the sign of the permutation o.
Then consider the multi-linear polynomial

fHUKXUY = (~1)70(g).

€S

The polynomial f is clearly alternating on any Y3. Moreover, since C;C; = 0 if
i # i’, it is also clear that in ¢(f) a summand ¢(o(g)) is not vanishing if and only
ifa(DC‘fj) = f)ij foralli =1,...,2m, j = 1,...,kand all g € G. Therefore it must
happen

2m k
o e T TT TT sym(ac).

geGi=1 j=1

In this case, it is 0(g) = (—1)”¢ hence

¢(o(g) = (=1)7¢(g) = (=1)7brp1(fi)er - - - ck—1brp(fi) = (—=1)7bycy - - - ck—1 by

and therefore, since ‘DC‘lgj = dim C‘j foralli=1,...,2m,itis
k 2m
o(f) = (H HdimC§!> bici - ceo1by # 0. n
j=1g€G

Theorem 5.6 There exist constants a, b such that cS(A) > an®d".

Proof We continue to adopt the same notation used in the preceding lemmas. We
are going to show the inequality by exhibiting a multi-linear polynomial which is
not a graded polynomial identity for A of sufficiently high degree. So, take any n >
2d +2k —1,and let n — (2k — 1) = 2dm + ¢t for some 0 < ¢t < 2d. Corresponding
to the number m > 1let f = f(Y UK U J) be the polynomial and ¢ the G-graded
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substitution of the previous lemma. Consider a set of new graded variables Y’ :=
{r1,.- .yl C X5 let

g =y
then extend ¢ by sending yJ’» in l¢, forall j = 1,...,t. Let us denote this G-substi-
tution by the same symbol . Of course, o(f’) # 0, and f’ is multi-linear, with the
same alternating sets as f, of total degree n. So ' € VI \ Ts(A).

Let H be the permutation group ngc Sym(Y#), and M be the H-module gen-
erated by f’ inside VC. Namely, setting d; := [Y¢], mg = [(KUJ) NX¢| and
ng =0y +myfore # g € G n,:=0 +m,+tandn = (n,ng,...,ng ), we
can view M C V,,. By identifying the names of the graded variables with the variables
themselves, let us consider a multi-tableau T), of shape A = (X, ..., Ay, _,) where for
eachg € Gitis \, = ((Zm)dg ) , a rectangular diagram of height §,, and each column
is filled by the variables of Y¢. More precisely, following notation of the previous

lemma, if Y& = H% U---u Hﬁ and each set H‘?, for j = 1,..., kis the disjoint union
131; = Uf;"l ‘é‘f P let us fill the i-th column of A$ downward by the variables %Jlgl, then
Y, LY

Let ey, be the essential idempotent of the multi-tableau T). Then it is straight-
forward to check that go(eTAf/) = p(f) # 0, and hence eTAf' € M and gener-
ates an irreducible H-module W) which is contained in VG \ Tg(A), of dimension

dim WA = ngG X\ (1)
Then the following inequalities hold:

co(A) = dim Wy = ] xae(1) > n* TT 02",
geG geG

for a constant u, by [Re2, Lemma 3.1]. By formula 2.1)) it is

G . n n uln 2mdg
S(A) = ; <m> cm(A) > (ﬂ) cn(A) = n (n> glETG dg %

Now recall that n, = §, + m, + t and for g # eitis ny = J; + m,. Then for the
multinomial coefficient ( ) it is

n
1.

<n> o (Zg 2mé,)! ~ (2md)!
- Hg(2m6g)! - Hg(Zmdg)!’
therefore

@md)l
[T, 2mag)t 5™

and finally, by Stirling’s formula, we get

cf(A) > n

(e}

Qmd) ., Cmd
Hg(Zmég)!/ Hg(Zmég)2m5g

CS(A) > n* d’.

2md, 2md n
Tmag = ™ =

https://doi.org/10.4153/CMB-2011-104-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-104-9

284 O. M. Di Vincenzo and V. Nardozza
Corollary 5.7 The limit lim,, \/cS(A) does exist and is an integer < dimp A.
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