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Rigid local systems and motives of type G,

Michael Dettweiler and Stefan Reiter

With an appendix by Michael Dettweiler and Nicholas M. Katz

ABSTRACT

Using the middle convolution functor MC, introduced by N. Katz, we prove the
existence of rigid local systems whose monodromy is dense in the simple algebraic
group Go. We derive the existence of motives for motivated cycles which have a motivic
Galois group of type Go. Granting Grothendieck’s standard conjectures, the existence
of motives with motivic Galois group of type G can be deduced, giving a partial answer
to a question of Serre.

Introduction

The method of rigidity was first used by Riemann [Rie57] in his study of Gauf’s hypergeometric
differential equations o F1 = 2F}(a, b, ¢). Consider the monodromy representation

p:m P (PN{0, 1, 00}, 5) — GL(V;)

that arises from analytic continuation of the vector space Vi ~ C2 of local solutions of o F} at s,
along paths in P'\{0, 1, oo} which are based at s. Let 7;, i € {0, 1, 0o}, be simple loops around
the points 0, 1, oo (respectively) which are based at s. Then the monodromy representation p
is rigid in the sense that it is determined up to isomorphism by the Jordan canonical forms of
p(7i), for i =0, 1, co.

One can translate the notion of rigidity into the language of local systems by saying that
the local system L(3F1) on P1\{0, 1, 0o} which is given by the holomorphic solutions of o F} is
rigid in the following sense: the monodromy representation of L(2F}) (as defined in [Del70])
is determined up to isomorphism by the local monodromy representations at the missing points.
This definition of rigidity extends in the obvious way to other local systems. Since Riemann’s
work, the concept of a rigid local system has proven to be very fruitful and has appeared in
many different branches of mathematics and physics (see, e.g., [BH89, Inc56]).

A key observation turned out to be the following: the local sections of the rank-two local
system L(2F7) can be written as linear combinations of convolutions f * g, where f and g are
solutions of two related Fuchsian systems of rank one (see [Kat96, Introduction]). By interpreting
the convolution as higher direct image and using a transition to étale sheaves, Katz proved
in [Kat96] a vast generalization of the above observation: let F be any irreducible étale rigid
local system on the punctured affine line in the sense specified below; then F can be transformed
to a rank-one sheaf by a suitable iterative application of middle convolutions MC, and tensor
products with rank-one objects to it (see [Kat96, ch. 5]). (The definition of the middle convolution
MC, and its main properties are recalled in §1.) This yields the Katz existence algorithm for
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irreducible rigid local systems, which tests whether a given set of local representations comes from
an irreducible and rigid local system (see [Kat96, ch. 6]). This algorithm works simultaneously
in the tame étale case and in the classical case of rigid local systems mentioned above [Kat96,
§86.2 and 6.3].

Let F be a lisse constructible Q-sheaf on a non-empty Zariski open subset j : U — IE",1i which is
tamely ramified at the missing points P{\U (cf. [Gro77]). We say that F is rigid if the monodromy
representation

pr (U, ) — GL(F5)
of F is determined up to isomorphism by the conjugacy classes of the induced representations of

tame inertia groups I'*™¢ where s € D := P'\U. Sometimes we will call such a sheaf an étale
rigid local system. If F is irreducible, then F is rigid if and only if the following formula holds:

x(P, j.End(F)) = (2 — Card(D))rk(F)* + Z dim(CentralizerGL(fﬁ)(I;ame)) =2;
seD
see [Kat96, chs 2 and 6].

In preparation for Theorem 1 below, recall that there exist only finitely many exceptional
simple linear algebraic groups over an algebraically closed field which are not isomorphic to a
classical group; see [Bor91]. The smallest of these is the group G, which admits an embedding
into the group GL7. Let us also fix some notation: let 1, —1 and U(n) denote, respectively,
the trivial Qg-valued representation, the unique quadratic Qs-valued character and the standard
indecomposable unipotent Qy-valued representation of degree n of the tame fundamental group
T (Gyy, 1), where k is an algebraically closed field of characteristic not equal to 2 or ¢. The
group m*™¢(G,y, ;) is isomorphic to the tame inertia group I'™°. This can be used to view
representations of I**™¢ as representations of w{*™¢(G,, ;). We prove the following result.

THEOREM 1. Let ¢ be a prime number and let k be an algebraically closed field of characteristic

not equal to 2 or L. Let ¢, n: mi#™¢(G,, ;) — Q; be continuous characters such that

@, 1, PN, o0, me?, o # —1.

Then there exists an étale rigid local system H(p, n) of rank 7 on PI\{0, 1, 0o} whose monodromy
group is Zariski dense in G2(Qg) and whose local monodromy is as follows.

e The local monodromy at 0 is of type
-1o-10-16-101011.
e The local monodromy at 1 is of type
U2)aU(2) » U(3).

e The local monodromy at oo is of the form summarized in the following table.

Local monodromy at co Conditions on ¢ and n
U(7) p=n=1
UB,p)aUB,p) @1 p=n#1,¢"=1
U2,9)2U2,9)2U1L ") aULP)®1| o=n¢'#1#¢
U2, ¢) 2 U(2,9) 9 U@B) p=1,p*#1
PONOENOPNONOPD1 ©, N, e, 91,7, P, 1
pairwise distinct
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Theorem 1 is proved in a slightly more general form as Theorem 1.3.1 below, where it is also
proved that these are the only étale rigid local systems of rank 7 whose monodromy is dense in
GG5. The proof of Theorem 1.3.1 relies heavily on Katz’s existence algorithm. Using the canonical
homomorphism

TP (BHC)\0, 1, 00}) — 7 (PE\{0, 1, 00}),

the existence of a rigid local system in the classical sense (corresponding to a representation
of the topological fundamental group 7;°°(P'(C)\{0, 1, c0})) whose monodromy group is Zariski
dense in G4 can easily be derived.

Suppose that one is given several local representations
I#me — GL(V) with s € DU {oo}

which are assumed to come from an irreducible rigid local system F on P!\D U {oo}. It has
been observed empirically that the rigidity condition y (P!, j,End(F)) =2 and the (necessary)
wrreducibility condition

X(P' juF) = (1 - Card(D))k(F) + > dim(FE™) <0 (0.0.1)
s€DU{oco0}

contradict each other in many cases; this occurs especially often when the Zariski closure of the
monodromy group of F is supposed to be small in the underlying general linear group. It is
thus astonishing that the aforementioned irreducible and rigid Ga-sheaves exist at all. In fact,
the local systems given by Theorems 1 and 1.3.1 are the first, and perhaps the only, examples
of tamely ramified rigid sheaves such that the Zariski closure of the monodromy group is an
exceptional simple algebraic group.

We remark that in positive characteristic, wildly ramified lisse sheaves on G,, with Ga-
monodromy were previously found by Katz (see [Kat88, Kat90]). Also, the conjugacy classes
in Gy(Fy) which correspond to the local monodromy of the above rigid local system H(1,1)
have already come up in the work of Feit, Fong and Thompson on the inverse Galois problem
(see [FF85, Tho85]); however, only the situation in G3(F,) was considered, and the transition to
rigid local systems was not made.

We apply the above results to give a partial answer to a question posed by Serre on
the existence of motives with exceptional motivic Galois groups. Recall that a motive in the
Grothendieck sense is a triple M = (X, P,n), n € Z, where X is a smooth projective variety over
a field K and P is an idempotent correspondence; see, e.g., [Saa72]. Motives appear in many
branches of mathematics (see [JKS94]) and play a central role in the Langlands program [Lan79].
Granting Grothendieck’s standard conjectures, the category of Grothendieck motives has the
structure of a Tannakian category. Thus, by the Tannakian formalism, every Grothendieck motive
M has conjecturally an algebraic group attached to it, called the motivic Galois group of M
(see [Del90, Saa72]).

An unconditional theory of motives for motivated cycles was developed by André [And96],
who formally adjoins a certain homological cycle (the Lefschetz involution) to the algebraic cycles
in order to obtain the Tannakian category of motives for motivated cycles. Let us also mention
the Tannakian category of motives for absolute Hodge cycles, introduced by Deligne [DMOS82]
(for a definition of an absolute Hodge cycle, take a homological cycle that satisfies the most
visible properties of an algebraic cycle). In both categories, one has the notion of a motivic
Galois group, given by the Tannakian formalism. It can be shown that any motivated cycle is an
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absolute Hodge cycle, so every motive for motivated cycles is also a motive for absolute Hodge
cycles; see [And96]. Since the category of motives for motivated cycles is the minimal extension
of Grothendieck’s category that is unconditionally Tannakian, we will work and state our results
mainly in this category.

The motivic Galois group is expected to encode essential properties of a motive. Many
open conjectures on motivic Galois groups and related Galois representations are considered
in the article [Ser94]. Under the general assumption of Grothendieck’s standard conjectures,
Serre [Ser94, 8.8] asks the following question ‘plus hasardeuse’: do there exist motives whose
motivic Galois group is an exceptional simple algebraic group of type Go (or Eg)? It follows from
Deligne’s work on Shimura varieties that such motives cannot be submotives of abelian varieties
or the motives parametrized by Shimura varieties; see [Del79]. Thus, motives with motivic Galois
group of type G2 or Eg are presumably hard to construct.

There is the notion of a family of motives for motivated cycles; see [And96] and § 3.2. Using
this notion, we prove the following result (see also Theorem 3.3.1).

THEOREM 2. There is a family of motives M, parametrized by S = P'\{0, 1, oo}, such that for
any s € S(Q) outside a thin set, the motive My has a motivic Galois group of type Gs.

Since the complement of a thin subset of Q is infinite (see [Ser89]), Theorem 2 implies the
existence of infinitely many motives for motivated cycles whose motivic Galois group is of type
Go. A proof of Theorem 2 will be given in §3. It can be shown that under the assumption of
the standard conjectures, the motives M are Grothendieck motives with motivic Galois group
of type G2 (see Remark 3.3.2). In this sense, we obtain a positive answer to Serre’s question in
the G case.

The method of construction of the motives Mj is based on the motivic interpretation of rigid
local systems with quasi-unipotent local monodromy, introduced by Katz in [Kat96, ch. 8]. It
follows from Katz’s work that the sheaf H(1,1) in Theorem 1 comes from the cohomology of a
smooth affine morphism 7 : Hyp — IF’}@\{O, 1, oo} which arises during the convolution process (see
Theorem 2.4.1 and Corollary 2.4.2). Then a desingularization of the relative projective closure of
Hyp and the work of André [And96] on families of motives imply that a suitable compactification
and specialization of 7 gives motives over Q whose motivic Galois groups are of type Gs.

In the appendix to this paper, written jointly with Katz, the Galois representations associated
with the above motives M are studied. It follows from Theorem A.1l of the appendix that for
two coprime integers a and b which each have at least one odd prime divisor, the motive Mj,
with s =1+ a/b, gives rise to {-adic Galois representations whose image is Zariski dense in the
group Go. This implies that the motivic Galois group of M is of type Go. By letting a and b
vary among the squarefree coprime odd integers greater than 2, one obtains infinitely many
non-isomorphic motives M ,/, with motivic Galois group of type G2; see Corollary A.2(ii) in
the appendix.

We remark that Gross and Savin [GS98| proposed a completely different way of constructing
motives with motivic Galois group G4, which involves looking at the cohomology of Shimura
varieties of type G2 with non-trivial coefficients. The connection between these approaches has
yet to be explored. Owing to an observation of Serre, at least the underlying Hodge types
coincide.
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1. Middle convolution and Gs-local systems
Throughout this section we fix an algebraically closed field & and a prime number ¢ # char(k).

1.1 The middle convolution

Let G be an algebraic group over k and let 7:G x G — G be the multiplication map. Let
D%(G, Q) denote the bounded derived category of constructible Qg-sheaves on G (cf. [Del80,
§1] and [Kat96, §2.2]). Given two objects K, L € DY(G, Q), define their !-convolution as

K # L:=Rm(K X L) e DG, Q)
and their x-convolution as

K %, L:= Rr, (KR L) € D’(G, Q).
An element K € D%(G, Qy) is called a perverse sheaf (cf. [BBD82]) if K and its dual D(K) satisfy,
respectively,

dim(Supp(H(K))) < —i and  dim(Supp(H (D(K)))) < —i.
Suppose that K is a perverse sheaf with the property that for any other perverse sheaf L on G,

the sheaves K % L and K %, L are again perverse. Then one can define the middle convolution

K g L of K and L as the image of L K in L %, K under the ‘forget supports map’ in the
abelian category of perverse sheaves.

Let us now consider the situation where G = A}c. For any non-trivial continuous character

X (Gmg) — Qf,

let £, denote the corresponding lisse sheaf of rank one on Gy, . Let j: G, — Al denote the
inclusion. From j,£, one obtains a perverse sheaf j,£,[1] on A! by placing the sheaf in degree
—1. Since !-convolution (and *-convolution) with j,L,[1] preserves perversity (see [Kat96, ch. 2]),
the middle convolution K s#y;q j«Ly[1] is defined for any perverse sheaf K on Al.

The following notation will be used: for any scheme W and any map f: W — G,,, define

‘CX(f) = f"Ly. (1.1.1)

The identity character will be denoted by 1, and —1 will denote the unique quadratic character

tame

of m*™¢(Gy,). The inverse character of x will be denoted by X (by definition, x ® ¥ =1). The
following category will be of importance.

DEFINITION 1.1.1. Let 7; = 7;(k) denote the full subcategory of constructible Q-sheaves F on
A}f which satisfy the following conditions.

e There exists a dense open subset j : U — A! such that j*F is lisse and irreducible on U and
F >~ g% F.

e The lisse sheaf j*F is tamely ramified at every point of P!\U.

e There are at least two distinct points of A at which F fails to be lisse.
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The properties of 7, imply that F[1] «miq £y[1] is a single sheaf placed in degree —1 (see [Kat96,
ch. 5]), leading to the middle convolution functor

MCy, : Ty — Ty, F = (F[1] #mia Ly [1])[—1];
see [Kat96, 5.1.5]. (Note that, by the definition of 7, the sheaf MC, (F) is again irreducible;
cf. [Kat96, Theorem 3.3.3].)

An important property of MC, is that

MC, o MC, =MCy, if xp#1, MC, oMCy=1Id. (1.1.2)

Let U C A! be an open subset of A! such that | is lisse, and let ¢ : U — P! be the canonical
inclusion. The sheaf F € 7; is called cohomologically rigid if the index of rigidity

rig(F) = x(P', t.(End(F|1)))

is equal to 2. Then MC, carries rigid elements in 7, to rigid elements in 7, by virtue of the
following relation (see [Kat96, 6.0.17]):

rig(F) = rig(MC, (F)). (1.1.3)

1.2 The numerology of the middle convolution

We recall the effect of the middle convolution on the Jordan canonical forms of the local
monodromy, given by Katz in [Kat96, ch. 6]. Let F € 7; and let j:U ~ Al denote an open
subset such that j*F is lisse. Let D := A\U. Then, for any point s € D U {oo} = P'\U, the sheaf
F gives rise to the local monodromy representation F(s) of the tame inertia subgroup I(s)%™¢ (of
the absolute Galois group of the generic point of A') at s. The representation F(s) decomposes
as a direct sum of (character) ® (unipotent representation), where the sum is over the set of
continuous Qg-characters p of wt¥™¢(G,,, 1) ~ I(s)tame:

F(5) =@ Lox_s) © Unip(s, p, F) for all s€ D
p

and

F(o0) = @ L (z) @ Unip(oo, p, F).
p

Here, the following convention is used: if one starts with a rank-one object F, which at s € D
gives rise locally to a character s of 7{¥™¢(G,,), then

Xoo = H Xs-

seD

For s € D U {oc}, write Unip(s, p, F) as a direct sum of Jordan blocks of lengths {n;(s, p, F)}i.
This leads to a decreasing sequence of non-negative integers

61(57;07]:)262(57%}—)2'">€k(57,0a}—):0 for k>0,

where the integer e;(s, p, F) is defined to be the number of Jordan blocks in Unip(s, p, ) whose
length is at least j.
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ProPOSITION 1.2.1. Let F € 1; be of generic rank n. Then the following hold.

(i) rk(MCy(F)) = Y tk(F(s)/(F(5)")) = rk((F(00) @ L))
seD
= Z(n - 61(3, 17 f)) - 61(007Y7 f)
seD

(ii) For se D andi>1,
ei(s, px, MCy(F)) = ei(s, p, F) ifp#1and px # 1,
eir1(s, 1, MCy(F)) = ei(s, x, F),
ei(s, X, MCy (F)) = eiva(s, 1, F).
Moreover,
e1(s, 1, MCy (F)) =rk(MCy(F)) —n+ei(s, 1, F).
(iii) For s=o00 and i > 1,
€i(00, px, MCy(F)) = ei(oo, p, F) ifp# 1L and px # 1,
€i+1(00, X, MC (F)) = ei(oo, 1, F),
ei(00, 1, MCy (F)) = €it1(00, X, F).
Moreover,

e1(o0, x, MCy(F)) = Z(rk(}“) —ei(s, 1, F)) — rk(F).
seD

Proof. Assertion (i) is [Kat96, Corollary 3.3.7]. The first three equalities in (ii) are [Kat96,
6.0.13], and the last equality follows from [Kat96, 6.0.14]. To deduce (iii), we argue as follows.
From [Kat96, 3.3.6 and 6.0.5], for any JF € 7; there exists an I(co0)**™e-representation M (oo, F)
of rank » _p(n —ei(s, 1, F)) that has the following properties:

Ei(OO, 07-7:)261‘(007/)7}—) lfp#]-v
Eii1(00,1, F) = ei(00,1, F) fori>1,
Eq(00,1, F) =rk(M (oo, F)) — rk(F),

where the numbers FE;(co, p, F) denote the invariants associated to M (oo, F), defined in an
analogous way to the invariants e;(s, p, F) for F(s). Moreover, by [Kat96, 6.0.11], we have that

E;(00, px, MCy(F)) = Ej(oc0, p, F) for alli>1and p.
By combining the preceding equations, it follows that if px # 1 and p # 1, then
€i(00, px, MCy(F)) = Ei(o0, px, MC\(F)) = Ei(oc, p, F) = ei(o0, p, F).
If p =1, then since x is non-trivial, the following holds:
€i+1(00, X, MCy (F)) = Eit1(00, X, MCy(F)) = Eit1(00, 1, F) = €i(00, p, F).
Moreover,

62'(00, 17 MCX(f)) = EZ‘+1(OO, 17 MCX(f)) = Ei_t,_l(OO, Ya f) = 62'4_1(00, X: f)7
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since x and hence ¥ are non-trivial. Finally,

61(007 X MCX(.F)) = El(OO, X MCX<~7:))
= El(OO, 1, f)
= rk(M (o0, F)) — rk(F)
=) (tk(F) = ex(s, 1, F)) — rk(F),

seD

where the last equality follows from [Kat96, 6.0.6]. O

Let F €Ty, and let £ be a middle extension sheaf on Al (i.e. there exists an open subset
j: U — Al such that j*£ is lisse and £ ~ j,j*L). Assume that F|y is also lisse. Then the middle
tensor product of F and L is defined as

MT,(F) = j«(Flu ® Llv);

cf. [Kat96, 5.1.9]. Obviously, the generic rank of MT £ (F) is the same as the generic rank of F. For
any s € D U {oo}, denote by x; » the unique character p with e; (s, p, £) = 1. Then the following
holds (see [Kat96, 6.0.10]):

ei(s, pxs,c MT(F)) = ei(s, p, F). (1.2.1)

1.3 Classification of irreducible rigid local systems with G2-monodromy

In this section, we give a complete classification of rank-7 rigid sheaves H € 7, whose associated
monodromy group is Zariski dense in the exceptional simple algebraic group G2(Q) whose
minimal representation has dimension 7 (we refer to [Bor91] for basic results on the group G2).

Let us first collect some information on the conjugacy classes of the simple algebraic group
G2 which will be needed in what follows. In Table 1 (on page 937), we list the possible Jordan
canonical forms of elements of the group G2(Qy) < GL7(Qy), together with the dimensions of the
centralizers in Go(Qy) and in GL7(Qy).

We use the following conventions: E, € Q}*" denotes the identity matrix, J(n) denotes
a unipotent Jordan block of length n, w € Q, denotes a primitive third root of unity, and
i€Q, denotes a primitive fourth root of unity. Moreover, an expression of the form
(xJ(2),271J(2), 22, 272, 1) denotes a matrix in Jordan canonical form in GL7(Q,) with one
Jordan block of length 2 having eigenvalue , one Jordan block of length 2 having eigenvalue 27!,

and three Jordan blocks of length 1 having eigenvalues 22, =2 and 1.

Table 1 can be derived as follows. By Jordan decomposition, any element g € G2(Qy) can be
written as g = su where s € G2(Qy) is a semi-simple element and u is unipotent. By conjugating
inside GL7(Qy), we may assume that s is in the maximal Ga-torus

T = {diag(z, y, zy, 1, (zy) ",y ", 27 | 2,4, € Q) }.

Since the group Go(Qy) is simply connected, the centralizer C(s) is a connected reductive group
of Lie rank two (see [Car93, Theorems 3.5.4 and 3.5.6]). The possibilities for the type of the
centralizer C'(s) and its Weyl group

W(C(s)) CW(Ga)=Ds={((1,6,5,7,2,3),(1,2)(6,7)),
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TABLE 1. The GL7 conjugacy classes of Gs.

Centralizer dimension in

Jordan form G GL~ Conditions
E; 14 49
(J(3),J(2), J(2)) 6 19
(J(3),3(3), 1) 4 17
J(7) 2 7
(—Ey4, E3) 6 25
(_J(2)7 _J(2)> E3) 4 17
(-3(2),-3(2),3(3)) 4 11
(=J(3),-1,J(3)) 2 9
(wEg, 1, wilEg) 8 19
(wI(2),w 1 J(2),w, w1, 1) 4 11
(wI(3),w™1J(3),1) 2 7
(4,4, —1,1,i7 1,371, —1) 4 13
(iJ(2),i71J(2), -1, -1,1) 2 9
(v, 2,27t 271 1,1, 1) 4 17 x?#£1
(z, 2,22, 1,27 271, 272) 4 11 ot #1423
(v, -1, -2, 1, -2z~ 1,271 2 9 zt #£1
(J(2), 2713(2), 2%, 272,1) 2 7 vt #£1
(xJ(2),2713(2), J(3)) 2 7 2 #1
(xJ y7 xy7 17 ('ry)_17 y_17 x_l) 2 7 .’1:7 y7 'ryJ 17 (xy)_17 y_17 x_l

pairwise distinct

which is embedded into G2(Q,) € GL7(Qy) by the permutation representation of the underlying
symmetric group S7, are summarized in the following table.

C(S) T @; . A1 A1 . Al AQ G2
W(C(S)) 1 ZQ Z2 X ZQ 53 D6

Here, Z,, denotes the cyclic group of order n, S,, denotes the symmetric group on n letters, and
D,, denotes the dihedral group of order 2n. This also implies the centralizer dimensions in G2 of
the semi-simple elements occurring in Table 1.

The W (G2)-conjugacy classes of the subgroups W (C(s)) < W(G2) are as follows.

Z ((1,2)(6, 7)) ((1,6)(2,7)(3,5)) ((1,7)(2,6)(3,5))
Zoy X Ly <(177)(27 6)(37 5), (172)(677)>
Ss ((1,5,2)(6,7,3), (1,2)(6,7)) | {(1,5,2)(6,7,3), (1,6)(2,7)(3,5))

The conditions on the eigenvalues of an element s &€ T, imposed by the condition that s
be centralized by one of the above conjugacy classes of subgroups of W(Gz), lead to the
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following possibilities for the Jordan forms and their centralizers inside W (G2) (note that if
(1,7)(2,6)(3,5) € C(s), then s has order less than or equal to 2).

s W(C(s)) Conditions
diag(z, v, zy, 1, (zy) "Ly~ ™) 1 1, z, y, vy pairwise distinct
diag(z, z, 2%, 1,272, 271, 27 1) ((1,2)(6,7)) 22 #£1, 2341
diag(z, 71, 1,1, 1, 2, 271) ((1,6)(2,7)(3,5)) 2 #1
diag(—1,—1,1,1,1, -1, 1) Ty X Zo
diag(w, w, w?, 1,w 2wl w™) Ss3 wi=1

The Jordan forms of the unipotent elements u can be found in [Law95] and their centralizers
C(u) =Cg,(u) in [Car93, §13.1]. We note that for any Jordan form, there is only one class
in Go(Q); cf. [Car93]. The connected component C(u)? can be written as C(u)’=C - R,
CNR=1, where R denotes the unipotent radical of C'(u) and C' is reductive. These results
are summarized as follows.

Jordan form | dim(R) | Type of C | C(u)/C(u)®
(J(Q)a J(Q)a ES) o Al 1

(J(2),J(2),J(3) | 3 Ay 1
(J(3),J(3), 1) 4 1 S3
J(7)) 2 1 1

To obtain the information in Table 1 about a mixed (i.e. neither semi-simple nor unipotent)
element g € G2(Qy), we make use of the uniqueness of the Jordan decomposition of g = g, - g, =
gu * gs Within the group G2(Qy), where gs € Go(Qy) is semi-simple and g, € G2(Qy) unipotent;
cf. [Car93]. The uniqueness implies that

Cas(9) = Ca,(9s) N Cay (gu)- (1.3.1)

Note that the centralizer dimensions of elements in GL,, can be derived from their Jordan form
by using the arguments of [Car93, p. 398|.

By the structure of the centralizers of unipotent elements listed above, every centralizer of a
unipotent element contains an involution, except for J(7), which explains the occurrence of the
mixed elements in the seventh to ninth rows of Table 1. To verify the claim on the centralizer
dimensions in G, note that the dimension of the centralizer of a non-trivial unipotent element «
in a group of type A; - A; is either 2 or 4, depending on whether or not a subgroup of type A1
is contained in the centralizer of u. The claim concerning the centralizer dimension in Ga for
the seventh to ninth rows of Table 1 therefore follows from the structure of the centralizers of
unipotent elements shown above.

Since the centralizer of an element s of order 3 is of type Ao, one has two classes of non-trivial
unipotent elements in Cg, (s). Then, the centralizer dimensions in a group of type Ay may again
be derived using [Car93, p. 398], implying by (1.3.1) the centralizer dimensions in Go given n
the 11th and 12th rows of Table 1.

Let s=diag(y,y,y* 1,y %,y ', y'). Since Cg,(s) is of type Q) - A1, the distribution of
the eigenvalues of s implies that the non-trivial unipotent elements in C(s) have Jordan form
(J(2),J(2), 1,1, 1). Thus there exists an element h with Jordan form (yJ(2), 32, 1,572, y~1J(2)),
which explains the occurrence of the mixed elements in rows 14 and 18 of Table 1.
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The computation of the centralizer dimension is similar to what was done in the above cases.
A similar argument applies to row 19, using the fact that the centralizer of a unipotent element
with Jordan form (J(2),J(2),J(3)) contains a group of type A;.

The only case left is to exclude an element ¢g=gsg, with possible Jordan form
(z3(2),1,1,1,271J(2)), 2 # 1. Since Cg, (gs) is of type Ty - Ay (with T1 ~ Q)°), one has g, € T}.
A similar argument applied to the element h = g.g, occurring in rows 14 and 18 of Table 1
(with Jordan form (yJ(2), %2, 1,y 2,y 'J(2))) implies the existence of a non-conjugate torus
Ty o~ @ZX with 75 C Cg,(gu), contradicting Cq,(gy) = A1 - R where R is the unipotent radical.
Summarizing these results leads to Table 1.

We will use the following notation in our next result, Theorem 1.3.1. Let U(7) denote the

Qq-valued representation of 7i#™¢(G,,) which sends a generator of 7{¥™¢(G,,) to the Jordan

block J(4). For any character y of 7{™¢(G,,), let
Ui, x) :==x @ U(@),
let
—-U(i):=-1U(i)
(with —1 denoting the unique quadratic character of 7{¥¢(G,,)), and let U(i, x)? denote the
j-fold direct sum of the representation U(7, x).

THEOREM 1.3.1. Let £ be a prime number and let k be an algebraically closed field with
char(k) # 2, . Then the following hold.

tame

(i) Let ai, a0 € Al(k) be two distinct points and let @, n: 7™ (G, ;) — Q) be continuous
characters such that
0.1, 9, P11 ", @ # 1 (1.3.2)
Then there exists an irreducible cohomologically rigid sheaf H = H(p, n) € Ty(k) of generic
rank 7 whose local monodromy is as follows.

e The local monodromy at o is —1* @ 13.
e The local monodromy at s is U(2)? @ U(3).
e The local monodromy at oo is of the following form.

Local monodromy at oo Conditions on ¢ and n
U() p=n=1
UB,p)aUBp @1 p=n#1¢’=1
U(2,0)0U02,9) U1 ¢") 0 UL D1| p=n¢" #1#¢°
U2, 9)0U(2,3) aU@3) p=17,¢"#1
pONOENOPNENOP D1 ®5 15 1, 91, 1, P 1
pairwise distinct

Moreover, the restriction H)| Al\{a1,00} 18 lisse and the monodromy group associated to 'H is

a Zariski dense subgroup of the simple exceptional algebraic group Go(Qy).

(ii) Assume that H € T, is a cohomologically rigid Q-sheaf of generic rank 7 which fails to be
lisse at oo _and is such that the monodromy group associated to H is Zariski dense in the
group Go(Qy). Then H fails to be lisse at exactly two distinct points a1, o € AY(k) and,
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up to a permutation of the points a1, ag and oo, the above list exhausts all the possible
local monodromies of 'H.

Proof. We introduce the following notation. Let j:U:=A}\{aq, a2} —=P' denote the
tautological inclusion. Let x — oy, with ¢ =1,2, denote the morphism U — G,, induced by
sending z € U to x — o;. For any pair of continuous characters y1, x2 : 7120¢(G,,) — Q/, set

L(x1, x2) = Jx (L (2—a1) ® Lys(@—as))s
using the notation of (1.1.1). Let
Fir=L(=1,—¢n) €T
Define inductively a sequence of sheaves Hy, ..., Hg in 7y by setting
Ho:=F1 and H;:=MTg,  (MC, (Hi—1)) fori=1,...,6,
where the F; and p; are defined as follows:
Fs=Fs=Fr=L(-1,1), Fo=Fs=L(1-P), Fi=L(1, —¢N)
and
pLi= @i, pri=—@n’, pai= QU pai=—@n, psi= =P, psi= =,

We now distinguish five cases, which correspond to the different types of local monodromy
at oo listed above.

Case 1. Let ¢ =7 = 1. The following table lists the local monodromies of the sheaves Hp, .. .,
Hg = 'H at the points a1, as and oo; the proof is a direct computation, using Proposition 1.2.1

and (1.2.1).

at at as at oo
Ho -1 -1 1
Hi | UQ2) -U(2) U(2)
He | —121 U(3) U(3)
Hz | U(2)? U(2) @ —12 U(4)
Hy | 120 13 U2)?e U(5)
Hs | U2 | -U2)® - 12 © 12 | U(6)
He | -1 @13 | U220 UB) u(7)

By Proposition 1.2.1 and the results of §1.1, the sheaf H =Hg is a cohomologically rigid
irreducible sheaf of rank 7 in 7; which is lisse on the open subset U = A}\{a1, aa} C Aj. The
lisse sheaf H|y corresponds to a representation

p (AN fag ) ap}) — GL(V),

where V is a Qy-vector space of dimension 7. Let G be the image of p. Note that G is an irreducible
subgroup of GL(V) since H is irreducible. In the following, we fix an isomorphism V' ~ (@Z This
induces an isomorphism GL(V) ~ GL7(Qy), so we can view G as a subgroup of GL7(Qy).

We want to show that G is contained in a conjugate of the group Go(Q;) < GL7(Qy). To do
this, we argue as in [Kat90, §4.1]. First, note that the local monodromy at s € {a, ag, 00} can
be (locally) conjugated in GL7(Qy) into the orthogonal group O7(Qy). It then follows from the
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rigidity of the representation p that there exists an element x € GL(V') such that

Transpose(p(g) ") = p(g)* Vg€ m*™(A"\{a1, a2}).

In other words, the group G respects the non-degenerate bilinear form given by the element 2~ !.
Since G is irreducible and the dimension of V is 7, this form has to be symmetric. Thus we can
assume that G is contained in the orthogonal group O7(Qy). By the results of Aschbacher [Asc87,
Theorem 5 parts (2) and (5)], an irreducible subgroup G of O7(K) (where K denotes an
algebraically closed field or a finite field) lies inside an O7(K)-conjugate of Ga(K) if and only
if G has a non-zero invariant in the third exterior power A3(V) of V = K”. In our case, this is
equivalent to

HO(U, A*(H)) =~ H°(P', j.A*(H)) # {0}, (1.3.3)
where H = H|y. Poincaré duality implies that the previous formula is equivalent to
H2(U, N3 (F)) ~ H2(P, A3 () # {0}. (1.3.4)

The Euler—Poincaré formula implies that
X(P', AP (H)) = RO(BY, A (H)) — B (P, juAP(H) + B2 (P, AP (H))
=x(U) tk(A*(H)+ > dim(A3(H)T)

se{ai,az,00}

=—-354+19+13+5
=2. (1.3.5)
Note that
x(U)=hr%(U) = W1 (U) + h*(U) = -1, rk(A3(H)) =35
and, for s = a1, ay and oo, the dimensions of the local invariants dim(A?(H)!(*)) equal 19, 13 and
5, respectively.

The latter claim can be verified as follows. The group G, leaves a line fixed in the third
exterior power A3(V) of its minimal representation V = QJ; cf. [Asc87]. Hence [OV90, Table 5]
implies (for dimension reasons) that the G2(Qy)-module A3(V') decomposes as

ANV)=Va S*V), (1.3.6)

where S?(V) is the second symmetric power of V. For s = a1, we have to determine the dimension
of the fixed space of an involution in G2(Q) under A3, which can easily be seen to have
dimension 19, using the decomposition in (1.3.6). For s = 0o, we have to determine the dimension
of the fixed space of a regular unipotent element u, which can be assumed to be contained in the
image of the sixth symmetric power S%(p) of the standard representation p of SL2(Qy). Since

S2(SP(p)) = 8 (p), (1.3.7)
120

where S?(p) =1 and S¥(p)=0 for k negative (cf. [OV90, Table 5]), this implies that
dim(A3(H)()) = 5, because A®(S%(p)) = S%(p) @ (S2(p) ® S3(p) ® S*(p) ® 1) (by (1.3.6)) and

each summand adds a 1 to the dimension of the fixed space. The claim for dim(A?(H)!(®2)) can
be verified by analogous reasoning, using

SPVieVa) =S (V) @ 52 (Va) @ (Vi@ Ve) and  SP(p) @ S%(p) = ) S"T(p)

120
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together with formula (1.3.7), by embedding the element (J(2),J(2),J(3)) into the image of
p®p®S(p).

It follows from (1.3.5) and the equivalence of (1.3.3) and (1.3.4) that (U, A3(H)) > 1.
Therefore, the monodromy group G can be assumed to be contained in G2(Qy). Let G denote the
Zariski closure of G in G2(Qy). By [Asc87, Corollary 12], either a Zariski closed proper maximal
subgroup of Ga(Qy) is reducible or G is isomorphic to the group SL2(Qy) acting on the vector
space of homogeneous polynomials of degree 6. In the latter case, the unipotent elements of the
image of SLa(Qy) are either equal to the identity matrix or conjugate in GL7(Qy) to a Jordan
block of length 7. Since the local monodromy of H at ag is not of this form, G must coincide
with Ga(Qy). This finishes the proof of assertion (i) in Case 1.

In Cases 2-5 that follow, we shall list only the local monodromy of the sheaves
Ho,...,H6:H.

In each case, rigidity implies that the image of 71 (U) is contained in an orthogonal group, and
one can compute that an analogue of (1.3.5) holds. Thus the image of w1 (U) is Zariski dense
in G2 by the same arguments as in Case 1.

Case 2. Suppose ¢ =1 and that ¢ is non-trivial of order 3. Then the local monodromies of

Ho, ..., He="H at a1, as and oo are as follows.
at aq at as at oo
Ho -1 —p [
Hi U(2) —p®—p pDP
Ho 121 PPl PPl
Hs | U(1, ¢)? @12 o1 U1, -1)2 U2,0)®10p
Hy| 12013 —p o U(1,)? 312 U2 oU(2,p)@¢
Hs; | UL o1 | U2 -p)@12aU(1,-p)? | UB,p)aUR2)ap
He | —-14@13 U((2)2 e U(3) UB,o)aUB,p) D1

Case 3. Suppose ¢ =1 and ¢ # 1 # 0. Then the local monodromies are as given in the following

table.
at aq at a9 at oo
Ho -1 _()02 (pz
Hi el 20 —p oted?
Ho -1251 YOP? D1 PCPOPD
Hs | U(1, %) @12 710U, -1)? PO Dp
Hi| 1?@-1° —pa U1, ¢ @17 Polepopay
Hs | UL, p)P a1 | UQ -9 a12a U1, —p)? 10U, )0 p’ap
He —-1*t@13 U229 U((3) U22,0)2U02,9) 2’ 0p° @1
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Case 4. Suppose p =7 and ¢* # 1. Then we have the following.

at aq at a9 at co
Ho -1 -1 1
Hy p@1 -1® -9 U(2)
Ho -12¢1 papiel U(3,9)
Hs U(2)? p 010U, —¢°)? > @ U(3, )
Hy| 12013 @ U(1, )2 ® 12 PPa1eU(3, )
Hs | U(L,p) 013 | UR,-p)@1?aU(1,-p)? | 1aU(2,7%) e U3,p)
He | —-14@13 U223 U((3) U2, 0) @ U(2,7) @ U(3)

Case 5. The characters

are pairwise disjoint and

©,n, N, o1, M, P, 1

en# —1#on’, 1.

Then the local monodromies are as follows.

at aq at ao at oo
Ho -1 —pn ©n
H, ool PO —p 71 D o202
Ho 1@ —12 nenrel ne P D en?
Hs | U, o7)2 @12 T® 16 U1, —pn)? TO e D O7?
Hy | UL -1 @17 oo UL ¢*) ®1? OB PN PO ¢n
Hs | UL,p)P o1 | UR,-poUl, -9’61’ | pone?dndendp®p
He| —1'@1° U(2)? e U(3) 1O eTEnePd ¢

This finishes the proof of assertion (i).

Now let us prove assertion (ii) of the theorem. Let D be a reduced effective divisor on Al
let U := A"\ D, and let j : U — P! denote the obvious inclusion. A sheaf H € 7;(k) which is lisse

on U is cohomologically rigid if and only if

rig(H) = (1 - Card(D))rk(H|p)* + Y Y ei(s,x, H)* =2

s€DUco 1,

(cf. [Kat96, 6.0.15]). (Note that the sum >, | e;(s, X, H)? gives the dimension of the centralizer
of the local monodromy in the group Ger(mU)(@g); see [Kat96, 3.1.15].) Another necessary

condition for H to be contained in 7y is that H be irreducible. This implies that

x(PY, j.(H|p)) = (1 — Card(D))rk(H) + Z e1(s,1,H) <0,

seDU{oo}
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TABLE 2. The possible centralizer dimensions.

Case Zi,x ei(ah X5 H)2 Z@X 67;(052’ X H)2 Z@X ei(oo, X H)2

P 29 13 9
P, 29 11 11
Py 25 19 7
Py 25 17 9
Ps 25 13 13
Ps 19 19 13
P, 17 17 17

since the same arguments as for (1.3.5) apply here. Assume first that Card(D) > 2 and that H
fails to be lisse at all points of D. Then, by (1.3.8),

Z Z ei(s, x, H)? =2+ (Card(D) — 1)72.

s€DUco 1,Xx

Since }_, \ ei(s, X, H)? <29 by Table 1, one immediately concludes that the cardinality of D
is less than or equal to 3. If Card(D) = 3, then, by Table 1, the following combinations of the
centralizer dimensions can occur:

(25,25,25,25), (29,29,29,13), (29,29, 25,17).
In each case, one obtains a contradiction to (1.3.9) (using a quadratic twist at each local

monodromy in the (25, 25, 25, 25) case).
Thus D = {a1, as}, where a; and az are two distinct points of Al(k), and

Z Zei(s, X, H)> =7 +2=51.
s€{aq,a2,00} 4,X
This leaves us with seven possible cases P, ..., P7, which are listed in Table 2.

Using Table 1 and the inequality of (1.3.9), one can exclude Py, Py and P; by possibly twisting
the local monodromy at «aj, ay and co by three suitable (at most quadratic) characters whose
product is 1. The case P5 can be excluded by means of the inequality in (1.3.9) and a twist by
suitable characters of order at most 4 whose product is 1.

Since the monodromy representation of H is dense in the group G2(Qy), one obtains an
associated sheaf Ad(H) € 7; of generic rank 14, given by the adjoint representation of G. This
is again irreducible, which implies that

X(P', j.(Ad(H)|p)) = (1 — Card(D)) - 14+ Y dim(Cg,(H(s))) <0.

s€ DUco

This can be used to exclude the cases P, and Py, because in these cases one has, respectively,

X(P!, . Endg, (H|y)) = =14 +8+4+4>0

and
X(P', juEndg, (H|y)) = =14+ 6 + 6 + 4 > 0.

By the same argument, in case P3 one can exclude the possibility that the centralizer dimension
19 comes from a non-unipotent character.

944

https://doi.org/10.1112/5S0010437X10004641 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X10004641

RIGID LOCAL SYSTEMS AND MOTIVES OF TYPE Go

Thus, up to a permutation of the points oy, as and oo, we are left with the following possibility
for the local monodromy: the local monodromy at «y is an involution, the local monodromy at
g is unipotent of the form U(2)? @ U(3), and the local monodromy at oo is regular, i.e. the
dimension of the centralizer is 7. Let us explain the conditions in formula (1.3.2) of Theorem 1.3.1.
By Table 1, the regularity of the local monodromy at oo implies that ¢, n, on # —1. It follows
from the properties of Katz’s algorithm and the regularity at co that Fi, ..., Fg also must not
equal 1 (see Remark 1.3.2(i)), implying the further condition 7 # —1 by the definition of Fj.
In addition, each p; has to not equal 1 in order for MC,, to be defined, which implies on? # —1.
The condition nyp? # —1 is non-redundant only in Case 5. In this case, by Proposition 1.2.1(i),
the equality n¢? =—1 implies that the rank of MC_gz;(Hz2) is 3 instead of 4, producing
a contradiction. (We remark that the conditions ¢* # 1 # % in Case 3 and the condition
¢©*#1 in Case 4 also follow from (1.3.2) and are stated only for completeness in the table
of Theorem 1.3.1(i). Also, the conditions of (1.3.2) can alternatively be derived from similar
considerations as for np? = —1.) O

Remark 1.3.2. Let us give a few remarks on the general construction of the sheaves in the proof
of Theorem 1.3.1.

(i) The construction of the various sheaves H = Hg follows Katz’s existence algorithm for rigid
local systems [Kat96, ch. 6] in reverse order, using the invertibility of MC,, stated in (1.1.2).
Since the local monodromy of H at oo is always regular by the discussion following Table 2,
it follows from Proposition 1.2.1(iii) that the local monodromy at oo also has to be regular
in each intermediate step (making the tables of local monodromies plausible, at least for
the local monodromy at oo). Together with the multiplicativity of MC stated in (1.1.2) and
Proposition 1.2.1, this also implies the conditions Fa, Fy, Fs # 1 (as well as Fy, F3, F5 # 1,
which is automatically fulfilled). Proposition 1.2.1 further implies that the local monodromy
at a1 has to be involutive in each second intermediate step. The monodromy groups of
Ho, Ha, Hg are contained in a general orthogonal group. In addition, the monodromy groups
of Hy, Hs, Hs in Case 1 are symplectic groups. (The latter two claims can be derived from
rigidity and the properties of the local monodromy.)

(ii) We stress that while Theorem 1.3.1 gives all possible local monodromies of rigid local
systems of rank 7 with monodromy group Zariski dense in Gg, it does not list all possible
pairs of characters ¢, n for which one can apply a sequence of middle tensor products
and middle convolutions in order to obtain such a local system. There is some freedom in
choosing the sequence of intermediate sheaves Hy, ..., Hs while fixing Hg. Thus one can,
for example, interchange ¢ with 7, corresponding to the action of the Weyl group W (G3)
on the maximal torus.

(iii) In some special cases, the monodromy group of Hs is even a finite group. This phenomenon
arises in Case 2, where the monodromy group of Ho is the imprimitive reflection group
Z2.Z3. In Case 3 with ¢ being a fifth root of unity, we obtain A5 x Z5 as the monodromy
group of Hsy. Also, in Case 5 with 1 being a third (respectively, a fifth) root of unity and
1 being a fifth (respectively, a third) root of unity, one obtains a finite monodromy group.
In this case the monodromy group of Hs is As x Z3 (respectively, As X Z5).

Let us assume that oy =0, =1 and k= Q. Let ¢ : A(l@ — A}@ be the base-change map. We say
that a sheaf H as in Theorem 1.3.1 is defined over Q if H’A@\{O,l} is of the form ¢*($)) where $
is lisse on A}@\{O, 1}.
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THEOREM 1.3.3. If a sheaf H as in Theorem 1.3.1(i) is defined over Q, then the trace of the
local monodromy at oo is contained in Q. This is the case if and only if the local monodromy
at oo takes one of the following forms.

u(m)
UB,¢)@aUB,p) @1 ¢ of order 3
U(2,0)®U(2,p) ® U(3) ¢ of order 3 or 6

pENPen®Pn ®N®PDd 1 | ¢ of order 7 or 14 amdn:gp2

@ of order 12 and n = —¢

Proof. The first assertion follows from the structure of the local fundamental group at co. Using
the local monodromy of the sheaves H listed in Theorem 1.3.1(i), one obtains the result via an
explicit computation. O

2. The motivic interpretation of the rigid G2-sheaves

In this section we recall the motivic interpretation of the middle convolution in the universal
setup of [Kat96, ch. 8]. This leads to an explicit geometric construction of the rigid Ga-sheaves
found in the previous section.

2.1 Basic definitions

Let us recall the setup of [Kat96, ch. 8]. Let k denote an algebraically closed field and ¢ a prime
number which is invertible in k. Further, let a1, .. ., a;, be pairwise disjoint points of A'(k) and
¢ a primitive root of unity in k. Fix an integer N > 1 such that char(k) does not divide N and let

1
R:= RN,Z —Z|:CN7 W:|7

where (v denotes a primitive Nth root of unity. Set

SNmei=RygTr, . T][1/A], A=T](T - T)).
i#j
Fix an embedding R — Q, and let E denote the fraction field of R. For a place A of E, let E\

denote the A-adic completion of E. Let ¢ : Sn,, ¢ — k denote the unique ring homomorphism for
which ¢({x) = ¢ and such that

o(T)=a; fori=1,... n.
Let A}QN!M\{TM ..., T} denote the affine line over S with the n sections T, ..., T, deleted.

Consider, more generally, the spaces

1
An,r+ 1)g:= Spec<R[T1, coy Ty Xy ooy X [])

AV
where
Sni= (T10 = 1)) (TT0% = 1)) (T - x0)
i a.j K
(here the indices 4, j run through {1, ..., n}, the index a runs through {1,...,r 4+ 1}, and the
index k runs through {1,...,7}; when r =0 the empty product [[, (X;4+1 — Xj) is understood
to be 1).
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Define
pr;: A(n,r+ g — Agy  \MTh, .. Tl
(Tl, ey Tn,Xl, e ,XT+1) g (Tl, ey Tn, Xl)

On (Gy,)g with coordinate Z, one has the Kummer covering of degree N of equation
YN = Z. This is a connected py(R)-torsor whose existence defines a surjective homomorphism
71 ((G)r) — pn(R). The chosen embedding R — Q, defines a faithful character

xn:pn(R) = Qp
and the composite homomorphism
m((Gm)r) — pn(R) — Q;

defines the Kummer sheaf £, , on (G,,)g. For any scheme W and any map f : W — (G, ) g, define
[’X(f) = f*ﬁx

2.2 The middle convolution of local systems

Denote by Lisse(IN, n, £) the category of lisse Qg-sheaves on
Aln, g = (A — (11, ... s T0)) S e

For each non-trivial Q-valued character x of the group uy(R), Katz defined in [Kat96] a left
exact middle convolution functor

MC, : Lisse(N, n, {) — Lisse(N, n, ¢)
as follows.

DEFINITION 2.2.1. View the space A(n,2)r with its second projection pry to A(n,1)r as a
relative A' with coordinate X, minus the n + 1 sections T1, ..., T}, and X,. Compactify the
morphism pr, into the relative P!,

pry Pt x A(n, 1)g — A(n, 1)g,

by filling in the sections T, . . ., Ty, X2, 0co. Moreover, let j : A(n,2)g — P! x A(n, 1) denote
the natural inclusion. The middle convolution of F € Lisse(N, n, £) and L, is defined as

MCy (F) := R (PTa)1 (j (P71 (F) © Lyy(x,-x,))) € Lisse(N, n, £)
(see [Kat96, §8.3]).
For any F € Lisse(N,n,¢) and any non-trivial character x as above, let Fj denote the
restriction of F to the geometric fibre U, = Af\{a1, ..., an} of (AT — (T, ..., Ty))sy,,, defined

by the homomorphism ¢ : S — k. Define x;, to be the restriction of x to G, 1 and let j: U — IP’,IC
denote the inclusion. Then the following holds:

where on the left-hand side the middle convolution MC,, (Fj) is defined as in §1.1, and on
the right-hand side the middle convolution is defined as in Definition 2.2.1 above (see [Kat96,
Lemma 8.3.2]).
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2.3 The motivic interpretation of the middle convolution
In [Kat96, Theorems 8.3.5 and 8.4.1] the following result is proved.

THEOREM 2.3.1. Fix an integer r > 0. For a choice of n(r + 1) characters
Xai:pN(R)—Q)f, i=1,...,n, a=1,...,r+1,
and a choice of r non-trivial characters
pepn(R)— Q) k=1,...,7,
define a rank-one sheaf L on A(n,r + 1)r by setting

L= ® EXa,i(Xa*Ti) ® £Pk(Xk+1*Xk)'
a,i k

Then the following hold.

(i) The sheaf K := R"(pr,{)1(£) is mixed of integral weights in [0, r]. There exists a short
exact sequence of lisse sheaves on A}gN ; é\{Tl, vy T}y

0—-Kepo1 =K —=K= —0,
such that K<,_1 is mixed of integral weights less than or equal to r — 1 and where K-, is
punctually pure of weight r.

(ii) Let x = xn : un(R) — Q) be the faithful character defined in the previous section and let
e(a,i), withi=1,...,n, a=1,...,r+1, and f(k), with k=1,...,r, be integers such
that

Xai=x"“" and pp=xI®.
In the product space Gy, g X A(n,r + 1)r, consider the hypersurface Hyp given by the

equation
Y= (H(Xa - Tm(“’“) ( [I Kiwa—x0) ““)),

a,t k=1,...,r

and let
7 Hyp — A}gN’n’e\{Tl, T,
(Y, Tl, N ,Tn, Xl, e ,XT+1) g (Tl, ey Tn, Xr+1).

The group un(R) acts on Hyp by permuting Y alone, inducing an action of un(R) on
R"m(Qy). Then the sheaf K is isomorphic to the x-component (R"mQg)X of R"m(Qy).

(iii) Fora=1,...,r+1, let
Fo = j:a(Xa) = ® ‘CXa,i(Xa*Ti) S LiSSQ(N, n, f)

i=1,..,n
Let
Ho = F1,
Hy = F2 @ MC,, (Ho),
Hy = Fri1 @ MC,, (Hp—1).
Then K—, =H,.
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2.4 Motivic interpretation for rigid Gz-sheaves
Let € : m1 (G r) — v (R) be the surjective homomorphism of § 2.1. By composition with €, every

character y : uy(R) — @Z gives rise to a character of 71 (G, r), again denoted by x. For a sheaf
K € Lisse(N, n, ¢) which is mixed of integral weights in [0, 7], let W"(K) denote the weight-r

quotient of K.

THEOREM 2.4.1. Let ¢, n and H(p,n) be as in Theorem 1.3.1. Let N denote the least common
multiple of 2 and the orders of ¢,n. Further, let x = xn : un(R) — Q; be the character of
order N which is defined in § 2.1, and let n1 and no be integers such that

e=x" and n=x? forny,ny €Z,

where Xy is the restriction of x to Gy, . Let Hyp = Hyp(ni, n2) denote the hypersurface in
Gm,r X A(2,6 + 1) defined by the equation

YV = < T .- Tz‘)e(a’i)> ( IT X - Xk)f(k)>,

1<a<T;1<4i<2 1<k<6

where the numbers e(a, i) and the f(k) are as given in the following two tables.

[

e(1,1) e(2,1) | e(3,
0

) e(4,1) e(5,1) | e(6,1) | e(7,1)

N N
0 5 0 5

vz
vz

e(1,2) e(2,2) |e(3,2) e(4,2) e(5,2) | e(6,2) | e(7,2)

%—l—nl—i—ng %—nl 0 %—i—m—ng 0 5 - 0

f() f2) f3) f(4) f) | f(©)

N N N
T—ni—2ng | 5 H+ni+2ng | 5 —np—ng | 5 +n+n

Let

7 =m(n1,n2) : Hyp(ny, n2) — A}S'Nynl\{Th Ty}
be given by (Y, Ty, To, X1,...,X7)— (T1,To, X7). Then the higher direct image sheaf
WO[(ROmQy)X] is contained in Lisse(N, n, £). Moreover, for any algebraically closed field k whose
characteristic does not divide {IN, one has an isomorphism

H(e, Maifar,a0) = WOLRMQ) D) a1 far 00}

Proof. This is just a restatement of Theorem 2.3.1 in the setting of Theorem 1.3.1. The last
formula follows from (2.2.1) and Theorem 2.3.1(iii). O

We now turn to the special case where ny =no =0, N =2, a1 =0 and ag = 1. In this case,
the higher direct image sheaves which occur in Theorem 2.4.1 can be expressed in terms of the
cohomology of a smooth and proper map of schemes over Q. This will be crucial in the next
section.

COROLLARY 2.4.2. Let N =2 and n1 =ns =0, and let
Hyp =Hyp(0,0) € Gpr x A(2,6 +1)r

be the associated hypersurface equipped with the structural morphism m=m(0,0): Hyp —
AG\{T1, Tr}. Let mg: Hypgy — A(l@\{(), 1} denote the base-change of 7 induced by T — 0 and
T5 — 1. Then the following hold.
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i) There exist a smooth and projective scheme X over A,\{0, 1} and an open embedding of
Q
J : Hypg — X such that

D = X\Hypg = U D,
i€l
is a strict normal crossings divisor over A'\{0, 1}. The involutory automorphism o of Hyp
(given by Y — —Y) extends to an automorphism o of X.
(ii) Let [[;c; D;i denote the disjoint union of the components of D, and let
mx: X — A(b\{(), 1} and mp,: H D; — A(l@\{O, 1}
i€l
denote the structural morphisms. Let G := W6[(R6m@g)x]\%\{0’1}. Then

g ~ H[ker(RG(ﬂ'X)*(@é) - R6(7T]_[ Dz)*(@f))]v

where II denotes the formal sum (o —1)/2.

Proof. Let A C Agﬁ,m x, be the divisor defined by the vanishing of
7

6
H 1 — HX H —1). (2.4.1)
i=1

=1
Let S = A%\{O, 1} and let PS := ng(O,...,XG x 5. Consider the embedding

AT — PS (x4, 27) — (Lizy:-- 6], 27).

Let
PS\(AT\A) U Li,

where the L; are the irreducible components of L. By Theorem 2.4.1, the hypersurface Hypg C
G x (AT\A) is an unramified double cover of A"\ A defined by

v2=[xm-x) [ x [ x (2.4.2)

=1 1=1,3,5,7 1=1,2,4,6

Consider the embedding
G, X (A7\A) — P x ]P’g, (y,x1,...,x7) — ([Liy]l, [1:21:- - x6], z7)

and view Hyp as a subscheme of P! x ]P’6 via this embedding. Let X C P! x IP’?9 be the Zariski
closure of Hyp. By projecting onto P ¢, we obtain a ramified double cover a: Y—MP’G The
singularities of X are situated over the singularities of the ramification locus R of « : X — PS,
which is a subdivisor of L by (2.4.2).

There is a standard resolution of any linear hyperplane arrangement L =|J, L; C P" that is
given in [ESV92, §2]|. By this we mean a birational map 7 : P™ — P" which factors into several
blow-ups and which has the following properties: the inverse image of L under 7 is a strict
normal crossings divisor in P", and the strict transform of L is non-singular (see [ESV92, Claim
in §2]). The standard resolution depends only on the combinatorial intersection behaviour of the
irreducible components L; of L; therefore it can be defined for locally trivial families of hyperplane
arrangements.

In our case, we obtain a birational map 7: I~P’g — PY such that L:= 771(L) is a relative
strict normal crossings divisor over S and such that the strict transform of L is smooth over S.
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Let &: X — IP’G denote the pullback of the double cover a along 7, and let R be the ramification
divisor of a. Then R is a relative strict normal crossings divisor since it is contained in L. Write
R as a union Uk Ry, of irreducible components. By successively blowing up the (strict transforms
of the) intersection loci Rkl N RkQ with k1 < ko, one ends up with a birational map f ]13)6 — }f"f’
Let &: X — IP’G denote the pullback of the double cover & along f Then the strict transform
of R in IP’ is a disjoint union of smooth components. Moreover, since R is a normal crossings
divisor, the exceptional divisor of the map f has no components in common with the ramification
locus of &. It follows that the double cover &: X — I@’g is smooth over S and that D = X\Hyp
is a strict normal crossings divisor over S. This desingularization is obviously equivariant with
respect to o, which finishes the proof of assertion (i).

Let mx : X — S denote the structural map (the composition of & : X — ]f”ﬁs with the natural
map I@’g — S). There exists an n € N such that the morphism 7x extends to a morphism X4 —
ALN\{0, 1} of schemes over A :=Z[1/(2n)]. We assume that n is big enough that D4 := X \Hyp,4
is a normal crossings divisor over A\ {0, 1}. In the following, we shall mostly omit the subscript 4
but will tacitly work in the category of schemes over A (making use of the fact that A is
finitely generated over Z, so as to be able to apply Deligne’s results on the Weil conjectures).
Let mp : D — AN\{0, 1} and 7y, : Hyp — A\ {0, 1} be the structural morphisms. The excision
sequence gives an exact sequence of sheaves

R*(mp)+(Qe) = R®(maayp)1(Qe) — R%(mx)+(Qe) = R%(mp)«(Qe) — R (muyp)(Qe).  (2.4.3)

By exactness and the work of Deligne (see [Del80]), the kernel of the map R®(mpyp)1(Qe) —
RS(7mx)«(Qy) is an integral constructible sheaf which is mixed of weights less than or equal to 5.
Since the mixed weights of R"mQ, (respectively, R"m.Qy) are at most (respectively, at least) n
by [Del80], the exact sequence in (2.4.3) implies an isomorphism

WO (RS (ayp)1(Qr)) — im (R (mryp )1 (Qe) — RO (7x )« (Q0))- (2.4.4)

By the exactness of (2.4.3) and functoriality, one thus obtains the following chain of
isomorphisms:

WO(R® (mryp)1(Qe))X = im(R (miyp)1 (Qe) — RO(mx)«(Qe))X
~ ker(R®(mx)+(Q¢) — RO(7p)+(Q0))X, (2.4.5)

where the superscript X stands for the y-component of the higher direct image in the sense of
Theorem 2.3.1 (the notion extends in an obvious way to X and to D).

We claim that the natural map
ker(R®(mx).(Qe) — R (mp)« (@) — ker(R®(mx).(Qe) — R (mp, p, )(Q0))X  (2.4.6)

is an isomorphism. To show this, we argue as follows. Since the sheaf WO(R%(muyp)1(Qp))X is
lisse (see Theorem 2.4.1), the isomorphisms given in (2.4.5) imply that

ker(R%(mx)«(Qr) — R (mp).(Q))*

is lisse. It follows from proper base change that

ker(RS(mx ). (Qe) — Rﬁ(WHi DA,i)*(QZ))X

is lisse. Thus, by the specialization theorem (see [Kat90, 8.18.2]), in order to prove that the map
in (2.4.6) is an isomorphism it suffices to verify this for any closed geometric point § of Hyp.
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In view of (2.4.5), we thus have to show that
X

WO(HP (Hypg, Q¢))X ~ ker <H6(Xs, Q¢) — HS (H Ds., Qg>> : (2.4.7)

It is proved in [Kat96, §9.4.3] that the Leray spectral sequence
EY? = HP (X5, R7j.Q() = H""(Hyp;, Qv)
for the inclusion map j. : Hyps — X5 degenerates at 3. Together with the fact that dy has bidegree
(2, —1), this implies that
WO (Hyps, Qp) = By = By /By’
= H°(Xs, Qo) /im(H* (X5, R'j.Q0))

- 1%, Qo ([T 2 040

where in the last equality we have used R'j,Qp = &P, @g(—l)‘(Di)g by purity (cf. [Gro72/73] and
[Kat96, §9.4.3]). Taking duals under Poincaré duality, we obtain

W By, @) = ber (100X, @) — 1 ([ e ) )

which implies (2.4.7) upon taking x-parts. Hence the map in (2.4.6) is an isomorphism as claimed.
So,

WO (RO 117,00 (@)X = ker(R%(mx )+ (@1) — ROm1,_, s (@)X
= T(ker(R (mx,)(Qe) — R(r1,_, 0, )+(Q0),

where the last equality can be seen to be a tautology using the representation theory of finite
(cyclic) groups. It follows that

G= WG(Rﬁ(WHyp)!(@é))xf%\{og} =~ M (ker(R®(mx )+ (Qe) — R(mp1 p,)«(Q0))),

as claimed. O

3. Relative motives with motivic Galois group G-

3.1 Preliminaries on motives

For an introduction to the theory of motives, including the basic definitions and properties, we
refer the reader to the book of André [And04]. Let K and E denote fields of characteristic
zero. Let Vi denote the category of smooth and projective varieties over K. If X € Vi is
purely d-dimensional, we denote by Cort®(X, X)g the FE-algebra of codimension-d cycles in
X x X, modulo homological equivalence (the multiplication is given by the usual composition
of correspondences). This notion extends by additivity to an arbitrary object X € V.
A Grothendieck motive with values in E is then a triple M = (X, p, m) where X € Vg, m € Z,
and pECorrO(X, X)g is idempotent. To any X € Vi one can associate a motive h(X) =

(X, A(X),0), called the motive of X, where A(X) C X x X denotes the diagonal.

One also has the theory of motives for motivated cycles due to André [And96], where the
ring of correspondences Corr®(X, X ) is replaced by a larger ring Corr (X, X)g of motivated
cycles by adjoining a certain homological cycle (the Lefschetz involution) to Corr®(X, X)g

(see [And96, And04]).
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The formal definition of a motivated cycle is as follows. For X, Y € Vi, let pr§y denote the
projection X x Y — X. Then a motivated cycle is an element (pry? ).(aUxxy(3)) € H*(X)
where o and 3 are E-linear combinations of algebraic cycles on X x Y and xxy is the Lefschetz
involution on H*(X x Y') relative to the class of line bundles nxxy = [X]| ® ny + nx ® [Y] (with
nx and 7y being classes of arbitrary ample line bundles Ly and Ly in H?(X) and H?*(Y),
respectively). Define Corr?not(X , X)p to be the ring of the motivated codimension-d cycles,
in analogy to Corr’(X, X)z. A motive for motivated cycles with values in E is then a triple
M = (X, p,m) where X € Vg, m € Z, and p € Corrh,, (X, X)g is idempotent with respect to
the composition of motivated cycles.

The category of motivated cycles is a neutral Tannakian category [And96, §4]. Thus, by
the Tannakian formalism (see [Del90]), every motive for motivated cycles M with values in F
has attached to it an algebraic group Gjs over E, called the motivic Galois group of M.
Similarly, granting Grothendieck’s standard conjectures, the category of motives has the structure
of a Tannakian category. Thus, by the Tannakian formalism and by assuming the standard
conjectures, every motive in the Grothendieck sense M has attached to it an algebraic group Gz,
called the motivic Galois group of M. The following lemma and subsequent remark were
communicated to the authors by André.

LEMMA 3.1.1. Let M =(X,p,n) be a motive for motivated cycles with motivic Galois
group G pr. Assume that Grothendieck’s standard conjectures hold. Then the motive M is defined
by algebraic cycles, and the motivic Galois group Gy in the Grothendieck sense coincides with
the motivic Galois group G s of motives for motivated cycles.

Proof. The first assertion follows from the fact that the standard conjectures predict the
algebraicity of the Lefschetz involution in the auxiliary spaces X x X x Y that are used to
define the projector p (see [Saa72]). The second assertion is a consequence of the following
interpretation of Gy (and of Gp7). The motivic Galois group for motivated cycles G is the
stabilizer of all motivated cycles which appear in the realizations of all submotives of the mixed
tensors M®" @ (M*)®" where M* denotes the dual of M (this can be seen using the arguments
in [And04, §6.3]). Similarly, under the assumption of the standard conjectures, the motivic Galois
group Gy is the stabilizer of all algebraic cycles which appear in the realizations of submotives of
the mixed tensors of M; see [And04, §6.3]. Under the standard conjectures these spaces coincide,
so Gy = é M- O

Remark 3.1.2. The above lemma can be strengthened or expanded as follows. It is possible to
define unconditionally and purely in terms of algebraic cycles a group which, under the standard
conjectures, will indeed be the motivic Galois group of the motive X = (X, Id, 0), where X is a
smooth projective variety. Specifically, let Giég be the closed subgroup of [, GL(H(X)) x Gy,
that fixes the classes of algebraic cycles on powers of X (viewed as elements of H(X)®" @ Q(r),
with the factor G,, acting on Q(1) by homotheties). Then the motivic Galois group Gx is
related to G52 by (cf. [And04, 9.1.3]) Gx = im(G%E , — G%) for a suitable projective smooth
variety Y. Under the standard conjectures, one may take Y to be a point.

3.2 Results on families of motives

It is often useful to consider variations of motives over a base. Suppose that one is given the
following data:

(i) a smooth and geometrically connected variety S over a field K C C;
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(ii) smooth and projective S-schemes X and Y of relative dimensions dx and dy, respectively,
equipped with invertible ample line bundles Lx and Ly, with * denoting the Lefschetz
involution relative to [(Lx/s)s] ® [Ys] + [Xs] ® [(Ly/s)s];

(iii) two Q-linear combinations Z; and Zs of integral codimension-(dx + dy) subvarieties in
X xg X xgY which are flat over S and such that for one (and thus for all) s € S(C), the
class

ps = (ErN XN (((20):) U((22)s]) € HYX (X, x X.)(dy) C End(H*(X,))

satisfies ps o ps = ps-
(iv) an integer j.
Then the assignment s — (Xg, ps, 7), s € S(C), defines a family of motives in the sense of [And96,
§5.2]. The following result is due to André (see [And96, Theorem 5.2 and §5.3)).

THEOREM 3.2.1. Let s+— (Xs,ps,j), s € S(C), be a family of motives with coefficients in E,
and let Hg(M;) = ps(Hp5(Xs, E)(j)) be the E-realization of My, where H}, (X, E) denotes the
singular cohomology ring of X(C). Then there exists a meagre subset Exc C S(C) and a local
system of algebraic groups G < Aut(Hg(Ms)) on S(C) such that the following hold.

(i) Gy, C G for all s € S(C).

(ii) Gp, = G, if and only if s ¢ Exc.
(iii) G contains the image of a subgroup of finite index of w\°"(S(C), s).
(iv) Let g, denote the Lie algebra of G, and let b, denote the Lie algebra of the Zariski closure

of the image of w\°°(S(C), s). Then the Lie algebra b, is an ideal in g,.

Moreover, if S is an open subscheme of P" which is defined over a number field K, then
Exc NP"(K) is a thin subset of P"(K) (thin in the sense of [Ser89)).

3.3 Motives with motivic Galois group G2
An algebraic group G defined over a subfield of Q, is said to be of type G3 if the group of
Qq-points G(Qy) is isomorphic to the simple exceptional algebraic group G2(Qy) (see [Bor91] for
the definition of the algebraic group Ga). It is the aim of this section to prove the existence of
motives for motivated cycles having a motivic Galois group of type Ga.

We start with the situation of Corollary 2.4.2. Let S := A}Q\{O, 1}, let mg : Hypgp — S be as
in Corollary 2.4.2, and let wx : X — S be the strict normal crossings compactification of Hyp
given by Corollary 2.4.2. Let

G = Hker(R®(mx).(Qe) — R°(m11 p,)«(Qr))] (3.3.1)

be as in Corollary 2.4.2, where the D; are the components of the normal crossings divisor
D = X\Hyp over S. We want to use the right-hand side of this isomorphism to define a family
of motives (Ns)seg(c) for motivated cycles such that the Qy-realization of N coincides naturally
with the stalk Gs of G. This is done in three steps.

o Let
Vs H' (X5, Q) — H” (H Dy, Qz)
i
be the map induced by the tautological map 1s:= ]_[Z D,;— Xs. Let T'y, €
Corr, oy (Xs, [1; Ds,i)g be the graph of 5. Note that I'y, can be viewed as a morphism
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of motives
Ty, =¥ h(X,) — h(H Dsﬂ-)

Since the category of motives for motivated cycles is abelian (see [And96, §4]), there exists
a kernel motive

Ks=(Xs,ps,0), ps € Corrpoi (Xs, Xo)o,
of the morphism v} such that

Pl (X Q1) = e (170X, @) — 1 (T] D 1) )

e The Kiinneth projector 7T§<S : H*(Xs) — H'(X,) is also contained in Corr)

mot
(see [And96, Proposition 2.2]).
e Let IT; denote the following projector in Corrd (X, Xs)g :

mot
I, := 3 (A(X,) — To,),

where A(X,) C X, x X5 denotes the diagonal of X and I'y, < X5 X X denotes the graph
of os. By construction, the action of II; on H 6(X s) is the same as the action induced by
the idempotent II = (1 — ¢)/2 which occurs in Corollary 2.4.2.

(XS, XS)Q

By (3.3.1) one has

G, =11 [ker <H6(Xs, Q) — HS (H Dy, @O)} Vs € S(C).

Thus, by combining the above arguments, one sees that the stalk s is the Q/-realization Hg, (Ns)
of the motives

Ny = (X5, g - ps - 7%, 0)  with II, - p, - 7%, € Corrl i (X, Xs)o-

mot
We set
MS = NS(3) — (XS7 Hs -ps . ﬂ-g(s’ 3)

THEOREM 3.3.1. The motives Mj, s € S(C), form a family of motives such that for any s € S(Q)
outside a thin set, the motive M has a motivic Galois group of type Gbs.

Proof. That the motives (Ns),eg(c) form a family of motives (in the sense of §3.2) can be
seen from the following arguments. Let I'; C X xg X be the graph of the automorphism o
and let A(X) C X xg X be the diagonal. By Corollary 2.4.2; the projectors Il arise from the
Q-linear combination of schemes (A(X)—T,)/2 over S via base change to s. The Kiinneth
projector 7§ € Corr? (X, X) is invariant under the action of 7;(S). It therefore follows
from the theorem of the fixed part, as in [And96, §5.1], that 7T§(S arises from the restriction
of the Kiinneth projector 7%, where X denotes a normal crossings compactification over Q of
the morphism 7x : X — S (which exists by [Hir64]). By [And96, Proposition 2.2], the projector
W% is a motivated cycle. Since this cycle gives rise to the Kiinneth projector 77?}3 on one fibre
via restriction, we can use the local triviality of the family X/S to show that the restriction of
Wg—( € Corr’(X x X) to X xg X gives rise to a family of motives (X, 77%8, 0). A similar argument
applies to the projectors ps. Therefore the motives My = Ng(3), s € S(C), indeed form a family

of motives.
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Let G*" be the local system on S(C) defined by the composition of the natural map
m(S(C), s) — m(S,s) with the monodromy representation of G. By the comparison
isomorphism between singular and étale cohomology, the local system G*" coincides with the
local system which is defined by the singular Qj-realizations Hg /z(NS) of the above family

(Ns)ses(c)- It follows from Theorem 2.4.1 that Q|Aé\{071} ~H(1, 1)\%\{071}, where H(1, 1) is asin

Theorem 1.3.1. Tt then follows from Theorem 1.3.1(i) that the image of 7°?(S(C), s) < 71 (S, s)
in Aut(Hg,(Ns)) ~ GL7(Q¢) under the monodromy map is Zariski dense in the group G2(Qy).
Since the algebraic group G is connected, the Zariski closure of the image of every subgroup of
finite index of 7°P(S(C)) coincides also with Ga(Qy).

By Theorem 3.2.1(i) and (ii), and the fact that S is open in P!, there exists a local
system (Gs)ses(c)y of algebraic groups with G < Aut(Hg,(M;)) such that the motivic Galois
group Gy, is contained in G4 and there exists a thin subset Exc C Q such that if s € Q\Exc,
then G5 = Gjy,. By Theorem 3.2.1(iii), G5 contains a subgroup of finite index of the image
of m(S(C), s). Thus, by what was said above, the group G contains the group Go for all
s € S(C). Let gy denote the Lie algebra of the group Gs. Let g, denote the Lie algebra of the
group Gs. By Theorem 3.2.1(iv), the Lie algebra gy is an ideal of g. From this and the fact
that Nagr,(G2) = G, x Ga (where G, denotes the subgroup of scalars of GLy), it follows that
Gn, < Gy, X Gy for all s € S(C). The representation py, of Gy,, which belongs to the motive
N, under the Tannaka correspondence, is therefore a tensor product x ® p where x : Gy, — G,
is a character and p: Gy, — GL7 has values in G2 < GL7. Let A denote the dual of the motive
which belongs to x under the Tannaka correspondence. Then Gy, ga, = G2 for all s € Q\Exc.

We claim that for s € Q\Exc, the motive A; is the motive (Spec(s),Id,3). The Galois
representation which is associated to the motive Ny is equivalent to that of the stalk of G
at s (viewed as a Q-point) and is therefore pure of weight 6. By [KWO03, Theorem 3.1], any
rank-one motive over QQ is a Tate twist of an Artin motive. Therefore, the f-adic realization of
any rank-one motive over QQ is a power of the cyclotomic character with a finite character. For
GN.2A, to be contained in G, the ¢-adic realization of Ag has to be of the form e ® X?, where €
is of order at most 2. But if the order of € is equal to 2, we derive a contradiction to Theorem A.1
in the appendix. It follows that A, is the motive (Spec(s),Id, 3) and that the motivic Galois
group of My = Ny ® As = N4(3) is of type Gs. O

Remark 3.3.2. Under the hypothesis of the standard conjectures, Theorem 3.3.1 and
Lemma 3.1.1 imply the existence of Grothendieck motives whose motivic Galois group is of
type Go. Moreover, it follows from Remark 3.1.2 that, independent of the standard conjectures,
there is a projective smooth variety X over Q such that the group G?}g (which is defined in
Remark 3.1.2) has a quotient G.
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Appendix. On Galois representations with
values in G

Michael Dettweiler and Nicholas M. Katz

Let ¢ be a prime and let (1, 1) be the cohomologically rigid Q-sheaf on A}@ of rank 7
which is given in Theorem 1.3.1 of the main article (_Whose notation we adopt in this appendix).
The restriction of H(1,1) to A}@\{O, 1} is a lisse Qg-sheaf whose monodromy is dense in the

exceptional algebraic group G2(Qy) and whose local monodromy at 0, 1 and oo is of type
13 (-1)% U@Q)?@®U(3) and U(7), respectively. (A.1)

By [Kat96, Theorem 5.5.4], there exists a lisse Qg-sheaf Gy on Sy ::A}%Z\{O, 1M Ry =12Z[1/20])
which, after the base change R; — QQ and the extension of scalars Qy — Q on the coefficients,
becomes the restriction of H(1,1) to A}@\{O, 1}. (The construction of G, is given below.) The
monodromy representation of the Tate twisted sheaf G;(3) is denoted by

pe:m1(Se) — GL7(Qp).

Let sp € S¢(Q). The morphism sy — Sy induces a homomorphism o« : m1(S0, S0) — 7T1£Sg, 50)-
Since m1(so, So) is isomorphic to Gal(Q/Q), we can view « as a homomorphism Gal(Q/Q) —
71(Se, S0). The specialization of py to sg is then defined as the composition

p0 = proa: Gal(@/Q) — GLr(Qy).
Indeed, we may view sg as a point of Sy with values in the ring Z[1/(2¢)][so, 1/s0, 1/(so — 1)], so
that p;° is in fact unramified except possibly at 2, ¢ and those primes p such that either s or
so — 1 fails to be a p-adic unit. Our main result is the following theorem.
THEOREM A.1.

(i) The representation py has values in G2(Qy).

(ii) Let a and b be two coprime integers which each have an odd prime divisor that is different
from ¢, and let so := 1+ a/b. Then the image of p;° is Zariski dense in G2(Qy).

For sop € S¢(Q), let M, be the motive for motivated cycles which appears in Theorem 3.3.1.
By construction, the above Galois representation p;° is the Galois representation of Gal(Q/Q)
on the (-adic realization of the motive M, (see the proof of Corollary A.2). As a corollary of
Theorem A.1, we find an explicit way of obtaining motives with motivic Galois group of type Gbs.

COROLLARY A.2.

(i) Let sop=1+a/b be as in Theorem A.1. Then the motive for motivated cycles My, has a
motivic Galois group of type G.

(ii) Let (a,b) and (a’, V') be pairs of squarefree odd coprime integers, each greater than or equal
to 3, such that (a,b)# (a/,V'). Let so=1+a/b and s;, =1+ a'/V/. For any prime ¢ not
dividing the product aba’’, the (-adic representations p,° and pzé are not isomorphic. In
particular, the motives M, and M, s, are not isomorphic.
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(iii) There exist infinitely many non-isomorphic motives Mg, whose motivic Galois group is of
type Go.

The proofs of Theorem A.1 and Corollary A.2 are given below. First let us recall the
construction of Gy. The group us(Ry) of the second roots of unity of R, =Z[1/(2¢)] acts on
the étale covers f; and fy of Sy = A}ﬁ\{o, 1} defined by the equations y?> =z and y> =2 — 1,
respectively. The covers fi and fo therefore define surjections

ni:m1(Se) — pe(Ry) fori=1,2.
The composition of the embedding x : ua(Ry) — Qp with n;, for i =1, 2, defines lisse Qg-sheaves
Ly(z) and Ly ;1) on Sp. Let j: Sy — A}g% denote the tautological inclusion, and let
Fy=Fs=Fr:=Ji(Ly@) and Fo=Fy=TF6:=ju(Lyo-1))-

Let Ho := j«(Ly(a) @ Ly(z—1)) and define inductively

Hi = ja(Fiz1 @ j*(MCy(H;-1))) fori=1,...,6, (A.2)
where MC, (H;) is as defined in [Kat96, §4.3] (see also Remark A.5 below). We remark that on
each geometric fibre Sy of Sy, one has

MCy(Hi-1)|g, = MCy(Hi-1]g,), (A.3)

where MC,, on the right-hand side is the middle convolution functor defined in [Kat96, ch. 5],
(or in §1.1 of the main part of this article). We then define G, to be the lisse sheaf Hslg,. It
follows from the construction of H(1,1) in the proof of Theorem 1.3.1 and from formula (A.3)
that

(Ge® @6)’%\{0,1} =K1 Dlag\goay- (A.4)

Remark A.3. By [Kat96, 5.5.4 part (3)], the weight of Gy is equal to 6, which implies that
the Tate twist Gy(3) has weight zero. By [Kat96, 5.5.4 part (2)], the restriction of Hg to any
geometric fibre is irreducible and cohomologically rigid of the same type of local monodromy.
Moreover, by the specialization theorem (see [Kat96, 4.2.4]), the geometric monodromy group
(of the restriction of Gy) on any geometric fibre of Sy is also Zariski dense in Gj.

PROPOSITION A.4. Let sy be a rational number that is not 0 or 1, and let p be an odd prime
number different from ¢. Then the following hold.

(i) Ifordy(sg) <O, then the restriction of p;° to the inertia subgroup I, < Gal(Q/Q) at p factors

through the tame inertia group at p, I;ame o 7,(not p) (1), and is an indecomposable unipotent
block of length 7.

(ii) Iford,(sg — 1) >0, then the restriction of p;,° to I, factors through the tame inertia group
I;ame o 7,(not p)(l) and is the direct sum of an indecomposable unipotent block of length 3
and of two indecomposable unipotent blocks of length 2.

(iii) If ord,(so) > 0, then I, acts tamely, by automorphisms of order at most 2.

(iv) If both sg and sy — 1 are p-adic units, then I,, acts trivially.

Proof of Proposition A.J. We first prove (i). Let W), denote the ring of Witt vectors of an
algebraic closure of IF,,. Let ¢ be the standard parameter on Al o let z:=1 /t denote the parameter
at infinity, and consider the formal punctured disc A, := Spec (W, [[z]][1/%]). Since Spec (W),) is
simply connected, one knows that 71 (A,) is the group Z®°t P)(1) (this follows from Abhyankar’s
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lemma,; see [Kat80, Example on p. 120]). In more concrete terms, all finite connected étale covers
of A, are obtained by taking the Nth root of z for some N prime to p. We can read the effect of a
topological generator of this group in our representation after extension of scalars from W), to the
complex numbers, so we know that a topological generator gives a single unipotent block of size 7
(since this is the local monodromy of G, around oo on every geometric fibre of Sy over Ry). If
we specialize z to a non-zero point zy (here 1/sp) in the maximal ideal pW), of W), the resulting
ring homomorphism Wp[[z]][1/z] — K, := Frac(W}) induces a homomorphism of fundamental
groups I, — m1(4,), which, in view of Abhyankar’s lemma, factors through Ij*™e = 7m0t p) (1),

Identifying both source and target of this map I} — m(A,) with the group 700t 2)(1), we
see that this map is non-zero (simply because in W), zy does not have an Nth root for any
N not dividing ord,(zp)). So after pullback to such a point, the specialized representation of
I;,ame remains unipotent and indecomposable (because in characteristic zero, if A is a unipotent
automorphism of a finite-dimensional vector space, then A and any non-zero power of A have the
same Jordan decomposition). To prove (ii) and (iii), we repeat these arguments, but now with z
taken to be t — 1 and t, respectively, and using the fact that for our sheaf Gy, local monodromy
around 1 (respectively, around 0) is unipotent of the asserted shape (respectively, involutory).
Assertion (iv) was already noted at the beginning of the appendix. O

Proof of Theorem A.1. For fields of cohomological dimension less than or equal to 2 (and hence
for ¢-adic fields), it is known that there exists only one form of the algebraic group G, namely
the split form (see [Kne65, Ser95]). It therefore follows from Theorem 1.3.1 and formula (A.4)
that the geometric monodromy of G,(3) is Zariski dense in the group G2(Qy). Poincaré duality,
applied in each step of the convolution construction of Gy given in (A.2), implies that the sheaf
Ge(3) is orthogonally self-dual and hence that py respects a non-degenerate orthogonal form. The
normalizer of G2(Qy) in the orthogonal group O7(Qy) consists of the scalars (+1) only. Since
the representation p,; has degree 7, it follows that there exists a character €, : m1(S¢) — (£1) such
that py ® €, has values in G2(Qy).

We have to show that €, is trivial. To do this, we argue as follows. Because on each fibre
the geometric monodromy group is Go by Remark A.3, the character ¢, is actually a character
of m(Z[1/(2¢)]). As ¢ varies, the characters €, form a compatible system (this follows from the
compatibility of p, which, in turn, comes from the compatibility of MC, proved in [Kat96,
5.5.4(4)]). So, taking ¢ to be 2, one sees that €, is a quadratic character whose conductor is a
power of 2. Given the structure of 2-adic units as the product of (£1) with the pro-cyclic group
1+ 4Z9, one can see that any homomorphism from this group to (+1) actually factors through
the units modulo 8. Therefore it suffices to show that for p in a set of primes whose reduction
modulo 8 meets each non-trivial class of units mod 8, and for one t € F,\{0, 1}), the Frobenius
element py(Frob, ;) is contained in G2(Qy).

Since the weight of py is 0 by Remark A.3, the eigenvalues of ps(Frob, ;) (with p # 2, ) are Weil
numbers of complex absolute value equal to 1. Moreover, any Frobenius element is contained
in either G2(Qz) or the coset —G2(Qy). Since any semi-simple element in G2(Qy) < GL7(Qy)
is conjugate to a diagonal matrix of the form diag(x, y, vy, 1, (xy) =%, y=1, 271), it follows (from
elementary arguments on trigonometric functions) that the trace of py(Frob, ;) lies in the interval
[—2, 7] if pe(Froby,;) is contained in G2(Qy), or in the interval [—7, 2] if py(Froby, ) is contained in
—G2(Qp). By compatibility and the discussion above, it therefore suffices to show that for p
in a set of primes whose reduction modulo 8 meets each non-trivial class of units mod 8
and for some t € F,\{0, 1}, the trace of py(Frob,;) lies in the left open interval |2, 7] if p # £.
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Using the computer system Mathematica, the authors have checked that, in fact, for the primes
p =137, 139, 149 and 151, the trace of some py(Frob, ;) is contained in |2, 7] if £ # p. (Details of
the actual computation are discussed in Remark A.5 below.) This implies that €, is trivial for
all primes ¢, proving the first assertion of the theorem.

By Scholl [Sch06, Proposition 3], a pure f-adic Galois representation p, of Gal(Q/Q) is
irreducible if the following conditions are satisfied: there exists a prime p# ¢ and an open
subgroup I < I, such that the restriction of py to I is unipotent and indecomposable, and the
restriction of p to Gal(Q,/Q) is Hodge-Tate. By Proposition A.4(i) and the assumption on
s0 = 1 4 a/b, the restriction of p;° : Gal(Q/Q) — GL7(Qy) to I, is unipotent and indecomposable,
where p is any odd prime divisor of b which is different from £. It follows from the motivic
interpretation of G, given in Corollary 2.4.2 that p;° is a Galois submodule of the sixth étale
cohomology group of a smooth projective variety over Q. Since the étale cohomology groups
of a smooth projective variety over Q; are Hodge-Tate by [Fal88], the restriction of p;° to
Gal(Q,/Qy) has the Hodge-Tate property. Since p;° is pure of weight 0, Scholl’s result implies
that the representation p;° is absolutely irreducible. Let ¢ be an odd prime divisor of a which
is different from ¢, and let J;, be the image of a topological generator of Igame under p;°. By
Proposition A.4, the Jordan canonical form of J, has two Jordan blocks of length 2 and one
of length 3. By [Asc87, Corollary 12], a Zariski closed proper maximal subgroup of G2(Qy) is
reducible, or G is isomorphic to the group PSL2(Qy). In the latter case, the non-trivial unipotent
elements of the image of PSLy(Qy) are conjugate in GL7(Qy) to a Jordan block of length 7. Thus
the existence of J, implies that the Zariski closure of Im(p;°) in G2(Qy) is equal to G2(Qp).
It follows that Im(p;°) is Zariski dense in G2(Qy), finishing the proof of the second claim of
Theorem A.1. a

Proof of Corollary A.2. By construction, the Galois representation p,°:Gg — GL7(Qp) is
isomorphic to the Galois representation on the stalk (Gy(3))s,. Moreover, the stalk (Gy(3))s,
is the f-adic realization of the motive My, which appears in §3.3 of the article. The motivic
Galois group G, of M, can be characterized as the stabilizer of the spaces of motivated
cycles in the realizations of every subobject of the Tannakian category (Ms,) generated by M,
(this can be seen from using the arguments in [And04, §6.3]). By Chevalley’s theorem, there
exists one object M € (Mj,) such that the motivic Galois group Gy, is characterized as the
stabilizer of a line in the realization of M which is spanned by a motivated cycle. This line is fixed
by an open subgroup of the absolute Galois group Gal(Q/Q). Therefore, the group G M, (Qe)
contains the image of an open subgroup of Gal(Q/Q) under p,°. Since the group Go(Qy) is
connected and the Zariski closure of pj°(Gal(Q/Q)) is dense in G2(Qy) by Theorem A.1(ii), the
group G2(Qy) is contained in Gy, (Qf). By construction, the motivic Galois group Gy, of Ms,
is contained in the group G (see the proof of Theorem 3.3.1). Together with what was said
before, one concludes that Gy, (Q) = G2(Q¢) and so Gy, (Q) is of type G, proving the first
claim.

To prove the second claim, we argue as follows. Fix a prime ¢ which does not divide the
product aba’t’. By Proposition A.4, we recover the odd primes p that divide a as those odd
primes p where I;ame acts unipotently with a block of length 3 and two blocks of length 2, and we
recover the odd primes that divide b as those where I;ame acts unipotently with a single block of

length 7. Since (a, b) # (a’, b'), the Galois representations p° and p,° have a different ramification
behaviour at at least one prime divisor p of a - b or of @’ - ¥’. Thus the Galois representations p;"

/

0

and PZ are not isomorphic, so long as ¢ does not divide the product aba’t’. For any such ¢, the
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l-adic realizations of My, and M, s, are not isomorphic as Galois representations, which implies
that the motives My, and My are not isomorphic. This concludes the proof of (ii). Assertion (iii)
is an immediate consequence of (ii). O

Remark A.5. Let m:A!' x A' — A! denote the addition map. For H;, i=0,...,6, and x as
above, the sheaf MC, (H;) is the image of the !-convolution

Hi j*(ﬁx) = Rm(H; ¥ ]*(EX))

in the *-convolution Rm,(H; X j.(L,)) under the ‘forget supports map’ (cf. [Kat96, §4.3]). In
the case at hand, it happens that each of the sheaves H; has unipotent local monodromy at co
(in fact, a single Jordan block of length i + 1). It then follows from [Kat96, 2.9.4 part 3]) that
the canonical map

H; * j*(CX) — H; *mida j*(ﬁx) = MCX(Hi)

is an isomorphism. At each Fp-rational point ¢ € Sy(F,), one may then use the Grothendieck-
Lefschetz trace formula to see that the trace of the Frobenius Frob,; at ¢ on the stalk
(Hi *1 j«(Ly))f is given by the convolution

== fila)folt—2), i=1,...,6, (A.5)

z€F,

where f;(x) gives the trace of Frob, , on H; and fo(x) gives the trace of Frob, , on L,. Using a
standard computer algebra system, such as Mathematica, it is easy to derive from formula (A.5)
the trace of Frob,; (for small primes p) for the sequence Ho = Ho, Hl, .. ’HG of constructible
sheaves defined as follows: the ‘middle tensor’ operation

J«(Fir1 @ 5 (MCy(Hi-1))), i=1,...,6, (A.6)
on the right-hand side of (A.2) is replaced by the literal tensor product
H; = Fir1® (ﬂi—l *17+(Ly)), i=1,...,6, (A.7)

of Fi+1 with the !-convolution H;—1 % j«(Ly). We derive the traces of the following Frobenius
elements on Hg(3).

Trace(Frob137785) TI'a(Ze(FI"Oblgg’lg) Trace(Frob14g,5g) Trace(F‘r0b151773)
2.88... 3.59... 3.51... 3.03...

How well do these traces of Frobenii on Hg(3) approximate the traces of the same Frobenii on
He(3)? Although the canonical map H; *1 j«(Ly) — Hi *mid jx(Ly) = MCy(H;) is an isomorphism
at each stage, the middle tensor product in (A.6) may differ, by a d-function at either 0 or 1,
from the literal tensor product used in (A.7). Keeping careful track of these d-functions and
their progeny under later stages of the algorithmic construction of Hg(3) and Hg(3) leads to
the conclusion that the largest error in computing traces at F,-points when working with !
convolution and literal tensoring instead of middle convolution and middle tensoring is bounded
in absolute value by (8/,/p) + (4/p). Thus, for p > 100, the largest error in trace at an F,-rational
point of AN\{0,1} is 0.84. So from the table above we see that for each p listed, the trace of
Frobenius on Hg(3) at the indicated F,-rational point does indeed lie in ]2, 7].

961

https://doi.org/10.1112/5S0010437X10004641 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X10004641

M. DETTWEILER AND S. REITER

REFERENCES

And96
And04
Asc87

BBDS2
BHS89

Bor91
Car93
Del70

Del79

Del80
Del90

DMOS82
ESV92
Fal88
FF85
GS98

Gro72/73

Gro77
Hir64

Inc56
JKS94

Kat80
Kat88

Kat90

Y. André, Pour une théorie inconditionelle des motifs, Publ. Math. Inst. Hautes Etudes Sci.
83 (1996), 5-49.

Y. André, Une introduction aux motifs, Panoramas et Syntheses, vol. 17 (Soc. Math. France,
Paris, 2004).

M. Aschbacher, Chevalley groups of type Go as the group of a trilinear form, J. Algebra 109
(1987), 193-259.

J. Bernstein, A. A. Beilinson and P. Deligne, Faisceauz pervers, Astérisque 100 (1982).

F. Beukers and G. Heckman, Monodromy for the hypergeometric function ,F,_1, Invent.
Math. 95 (1989), 325-354.

A. Borel, Linear algebraic groups, Graduate Texts in Mathematics, vol. 126 (Springer, New
York, 1991).

R. W. Carter, Finite groups of Lie type: conjugacy classes and complex characters (John Wiley
and Sons, Chichester, 1993).

P. Deligne, Equations differéntielles a points singuliers réguliers, Lecture Notes in
Mathematics, vol. 163 (Springer, Berlin, 1970).

P. Deligne, Variétés de Shimura: interprétation modulaire, et techniques de construction de
modeéles canoniques, in Automorphic forms, representations and L-functions, Proceedings
of Symposia in Pure Mathematics, vol. 33, eds A. Borel and W. Casselman (American
Mathematical Society, Providence, RI, 1979), 247-290.

P. Deligne, La conjecture de Weil. II, Publ. Math. Inst. Hautes Etudes Sci. 52 (1980), 137-252.

P. Deligne, Catégories tannakiennes, in The Grothendieck Festschrift, Vol. II, Progress in
Mathematics, vol. 87 (Birkh&user, Boston, 1990), 111-195.

P. Deligne, J. Milne, A. Ogus and K. Shih, Hodge cycles, motives, and Shimura varieties,
Lecture Notes in Mathematics, vol. 900 (Springer, Berlin, 1982).

H. Esnault, V. Schechtman and E. Viehweg, Cohomology of local systems on the complement
of hyperplanes, Invent. Math. 109 (1992), 557-561.

G. Faltings, p-adic Hodge theory, J. Amer. Math. Soc. 1 (1988), 255-299.

W. Feit and P. Fong, Rational rigidity of G2(p) for any prime p > 5, in Proceedings of the
Rutgers group theory year, 1983-198/, eds M. Aschbacher et al. (Cambridge University Press,
Cambridge, 1985), 323-326.

B. H. Gross and G. Savin, Motives with Galois group of type Gs: an exceptional theta-
correspondence, Compositio Math. 114 (1998), 153-217.

A. Grothendieck, Théorie des topos et cohomologie étale des schémas (SGA 4), Lecture
Notes in Mathematics, vol. 269, 270, 305 (Springer, Berlin, 1972-1973) (with M. Artin and
J.-L. Verdier).

A. Grothendieck, Cohomologie (-adique et fonctions L (SGA V), Lecture Notes in
Mathematics, vol. 589 (Springer, Berlin, 1977).

H. Hironaka, Resolution of singularities of an algebraic variety over a field of characteristic
zero. I, II, Ann. of Math. (2) 79 (1964), 109-203, 205-326.

E. L. Ince, Ordinary differential equations (Dover Publications, Mineola, NY, 1956).

U. Jannsen, S. Kleiman and J.-P. Serre eds, Motives I, II, Proceedings of Symposia in Pure
Mathematics, vol. 55 (American Mathematical Society, Providence, RI, 1994).

N. M. Katz, Sommes exponentielles, Astérisque 79 (1980).

N. M. Katz, Gauss sums, Kloosterman sums, and monodromy groups, Annals of Mathematics
Studies, vol. 116 (Princeton University Press, Princeton, 1988).

N. M. Katz, Exponential sums and differential equations, Annals of Mathematics Studies,
vol. 124 (Princeton University Press, Princeton, 1990).

962

https://doi.org/10.1112/5S0010437X10004641 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X10004641

Kat96

KWO03
Kne65

Lan79

Law95

Ov9I0

Rieb7

Saa72

Sch06

Ser89

Ser94

Ser95

Tho85

RIGID LOCAL SYSTEMS AND MOTIVES OF TYPE Go

N. M. Katz, Rigid local systems, Annals of Mathematics Studies, vol. 139 (Princeton University
Press, Princeton, NJ, 1996).

M. Kisin and S. Wortmann, A note on Artin motives, Math. Res. Lett. 10 (2003), 375-389.

M. Kneser, Galois-Kohomologie halbeinfacher algebraischer Gruppen tber p-adischen Korpern
I, II, Math. Z. 88 (1965), 259276 and 89 (1965), 250-272.

R. P. Langlands, Automorphic representations, Shimura varieties, and motives. Ein Mdrchen,
in Automorphic forms, representations and L-functions, Proceedings of Symposia in Pure
Mathematics, vol. 33, eds A. Borel and W. Casselman (American Mathematical Society,
Providence, RI, 1979), 205-246.

R. Lawther, Jordan block sizes of unipotent elements in exceptional algebraic groups, Comm.
Algebra 23 (1995), 4125-4156.

A. L. Onishchik and E. B. Vinberg, Lie groups and algebraic groups (Springer, Berlin, 1990).

B. Riemann, Beitrdge zur Theorie der durch die Gauss’sche Reihe F(a, 3,7, x) darstellbaren
Functionen, Abhandlungen der Koniglichen Gesellschaft der Wissenschaften zu Géttingen 7
(1857), 3-32.

N. Saavedra Rivano, Categories Tannakiennes, Lecture Notes in Mathematics, vol. 265
(Springer, Berlin, 1972).

A. Scholl, On some (-adic representations of Gal(Q/Q) attached to noncongruence subgroups,
Bull. London Math. Soc. 38 (2006), 561-567.

J.-P. Serre, Lectures on the Mordell-Weil theorem, Aspects of Mathematics, vol. 15 (Vieweg,
Wiesbaden, 1989).

J.-P. Serre, Propriétés conjecturales des groupes de Galois motiviques et des représentations
£-adiques, in Motives I, Proceedings of Symposia in Pure Mathematics, vol. 55 eds U. Jannsen,
S. Kleiman and J.-P. Serre (American Mathematical Society, Providence, RI, 1994), 377-400.

J.-P. Serre, Cohomologie galoisienne: progrés et problémes, Astérisque 227 (1995), 229-257
(Séminaire Bourbaki 1993/94).

J. G. Thompson, Rational rigidity of G2(5), in Proceedings of the Rutgers group theory year,
1983-1984, eds M. Aschbacher et al. (Cambridge University Press, Cambridge, 1985), 321-322.

Michael Dettweiler michael.dettweiler@iwr.uni-heidelberg.de
Interdisciplinary Center for Scientific Computing (IWR), University of Heidelberg,
69120 Heidelberg, Germany

Stefan Reiter reiters@uni-mainz.de
Institut fiir Mathematik, Johannes Gutenberg Universitdt Mainz, D-55099, Mainz, Germany

Nicholas M. Katz nmk@math.princeton.edu
Department of Mathematics, Princeton University, Princeton, NJ 08544, USA

963

https://doi.org/10.1112/5S0010437X10004641 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X10004641

	1 Middle convolution and G_2-local systems
	1.1 The middle convolution
	1.2 The numerology of the middle convolution
	1.3 Classification of irreducible rigid local systems with G_2-monodromy

	2 The motivic interpretation of the rigid G_2-sheaves
	2.1 Basic definitions
	2.2 The middle convolution of local systems
	2.3 The motivic interpretation of the middle convolution
	2.4 Motivic interpretation for rigid G_2-sheaves

	3 Relative motives with motivic Galois group G_2
	3.1 Preliminaries on motives
	3.2 Results on families of motives
	3.3 Motives with motivic Galois group G_2

	Acknowledgements
	Appendix On Galois representations with values in G_2
	References



