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Abstract

We construct combinatorial bases of the T-equivariant cohomology H7.(Z, k) of the Bott-Samelson variety
Y under some mild restrictions on the field of coeflicients k. These bases allow us to prove the surjectivity
of the restrictions H3.(Z, k) — H;(n’l(x),k) and H;.(Z, k) — H;(Z\n’l(x),k), where 7 : X — G/B is the
canonical resolution. In fact, we also construct bases of the targets of these restrictions by picking
up certain subsets of certain bases of Hj.(%, k) and restricting them to a7 1(x) or Z\n~!(x) respectively.
As an application, we calculate the cohomology of the costalk-to-stalk embedding for the direct image
m.ky. This algorithm avoids division by 2, which allows us to re-establish 2-torsion for parity sheaves
in Braden’s example, Braden and Williamson [‘Modular intersection cohomology complexes on flag
varieties’, Math. Z. 272(3—4) (2012), 697-727].
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1. Introduction

Let X be a Bott—Samelson variety for a connected semisimple complex group G. In
this paper, we study the T-equivariant cohomology H3.(Z, k), where T is a maximal
torus in G and k is a principal ideal domain. The direction of our research is mainly
determined by Hirterich’s preprint [11]. However, this preprint uses Arabia’s difficult
results [1, 2], which, as explicitly stated, are valid for the ring of coefficients Q.
Therefore, we prefer not to use geometrical bases (coming from Bialynicki—Birula
cells) and construct combinatorial bases instead. If the sequence of simple reflections
determining ¥ has length r, then we define in total 2% ! bases B, of H}(Z, k) under
some mild restriction on the characteristic of k (Theorem 4.9 and Lemma 6.1).

Let 7 : £ — G/B be the canonical resolution and x € G/B be an arbitrary 7-fixed
point. Using the previously constructed bases of H3.(Z, k), we can construct a basis of
H;(ﬂ‘l(x), k) as follows (Theorem 4.11, Remark 4.13 and Lemma 6.2):
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(1) choose an index p;
(2) choose a subset M C B,;
(3) consider the restrictions {fl,-1y | f € M}.

This fact implies that the restriction H7.(Z, k) — H}(ﬂ‘l(x), k) is surjective.

One may naturally ask what happens if we consider the complement \x~!(x)
instead of 77'(x)? It turns out that there exists a basis H}(Z\n~'(x), k) that can
be constructed from a basis B, of H3;(Z, k) by steps similar to steps (1-3) above
(Theorem 5.6, Remark 5.7 and Lemma 6.3).

A plausible motivation to consider the T-equivariant cohomology of \x~!(x) is
to calculate the decomposition of the direct image 7.k, into a direct sum of parity
sheaves introduced in [15]. It was noted by the authors of this paper that the natural
map i;? — i\F plays a decisive role in determining such a decomposition at least
when £ is a field (see [15, Proposition 2.26]). Here, i, is the embedding of a (closed)
stratum. In this paper, we address the following question.

ProBLEM 1.1. Let m: ¥ — G/B be a Bott—Samelson resolution and x € G/B be a T-
fixed point. Denote by i, : {x} — G/B the natural embedding. How is the map
HZ ({x}, i;ﬂ*l_cx) — H7.({x}, iym.ky) to be calculated?

It is answered in this paper by Corollary 6.5. Note that, unlike [15], this problem
does not involve any stratifications. However, we can apply its solution to parity
sheaves by considering the stratification G/B = | |, BxB/B and dividing by the T-
equivariant Euler classes of the natural embeddings {x} < BxB/B. The corresponding
construction is given in Section 6.6.

Our algorithm is similar to the one described in [17]. It uses the same construction
of the transition matrix as in [17, Theorem 4.10.3], which was previously used by
Fiebig for his upper bound for Lusztig’s conjecture [8] and which originally comes
from the same Hirterich’s preprint [11]. The advantage of our approach here compared
with [17] is that we do not divide by 2 when we compute products of the basis elements
of H}(n‘l(x), k) (cf. formula (4.20) of this paper and [17, Lemma 4.8.3]). This
allows us to re-establish the 2-torsion for hexagonal permutations in Braden’s example
[5, Appendix A].

The paper is organized as follows. In Section 2, we explain how to adjust Brion’s
proofs [6] of localization theorems to our situation of coefficients different from C and
of noncompact spaces. We use some ideas from [9], where the authors also prove
localization theorems additionally assuming finiteness of 7-curves (which is not the
case for Bott—Samelson varieties). It is important to notice that we do need some form
of GKM-restriction ((C3) in Corollary 2.5) to prove the intersection formula for the
image. To ensure this condition, we first work with coefficients Z’' = Z or Z' = Z[1/2]
if the root system contains a component of type C, and then change coeflicients to a
principal ideal domain in Section 6.1.

In Section 3, we introduce the main characters of the paper: the Bott—Samelson
variety, combinatorial galleries, load-bearing walls, orders < and <, tree analogs of
combinatorial galleries, and so on.
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In Section 4, we construct bases of H3.(X,Z’) and H}.(Z,,Z"). We use here the
criteria proved by Hérterich [11, Theorems 6.2 and 6.3]. The proofs of these results use
only the smooth case of SL,(C) or PSL,(C), which can be handled by [3]. We develop
here the main combinatorial tool of this paper: operators of copy A and concentration
V;, which construct elements of H3.(X,Z’) from elements of H3.(X’,Z’), where ¥’ is
the Bott—Samelson variety for the truncated sequence. Finally, we construct bases of
H3(Zy,Z') in a way similar to [17]. Our new product of basis elements (4.20) does not
include division, which is a definite advantage.

Operators of copy and concentration in a less deterministic form already appeared in
Hirterich’s preprint [11] (see the arguments after Corollary 8.2). However, Hérterich’s
operators are restricted to the cohomology of the fibre only, which involves taking
arbitrary lifts of projections of basis elements. The latter are often hard to find. We
resolve this problem by constructing bases of the cohomology of the whole Bott—
Samelson variety and then restricting them to the fibres.

In Section 5, we construct a basis of H}(Z\n‘1 (x),2Z"). To achieve this goal, we need
to prove the localization theorem for X\n~!'(x) and a criterion for H}(Z\Jr’](x), Z)
(Proposition 5.2) similar to Harterich’s criteria [11, Theorems 6.2 and 6.3].

Section 6 is devoted to applications of the obtained results. We begin with the
change of coefficients in Section 6.1, which allows us to obtain bases of H3.(Z, k),
H3(Z,, k) and H;(E\yr‘l(x), k) for any principal ideal domain k of characteristic not
2 if the root system contains a component of type C,. Then we solve Problem 1.1
and in Section 6.6 show how this information can be used to decompose the direct
image 7.k [r] to a direct sum of indecomposable parity sheaves. As an example,
we show in Section 6.7 that this decomposition may depend on the characteristic of
k (Theorem 6.11) by considering a hexagonal permutation as in Braden’s example
[5, Appendix A].

Finally, we note that all the above results are valid in the affine setting [14] with the
corresponding restriction on the characteristic, as we use only local techniques. The
reader may consult, for example, [10] about affine pavings.

2. Localization theorems

2.1. Generalities. We denote the fact that N is a subset of M, including the case
N =M, by N c M, reserving the notation N ¢ M for the proper inclusion. We write
iun N < M for the natural inclusion map. We sometimes write ry ,, for the map
HZ (M, k) — HZ (N, k) induced by a G-equivariant embedding iy n : N <— M. We
denote by |X| the cardinality of a finite set X and by Map(X, Y) the set of all maps
from X to Y. For a set § with an equivalence relation ~, we denote by rep(S, ~) any
set of representatives of ~-equivalence classes.

It this paper, we consider the bounded equivariant derived category Dl;(X, k) for a
commutative ring k and a topological group 7 acting continuously on a topological
space X, which is called a T-space in that case. For any object .# of this category, one
can define the T-equivariant hypercohomology H7.(X,.%). The basic definitions and
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properties of this category and T-equivariant cohomologies can be found in [4]. We
shall also use the functors f., f*, fi, f' between equivariant derived categories defined
in [4].

In particular, we can consider the T-equivariant cohomology H3.(X, k) = H3.(X, k,,)
with coefficients in the constant sheaf. It also admits the following description via the
ordinary cohomology:

Hy(X, k) = H (X X E7)/T, k),
where E7 is a universal principal 7-bundle. We often write ry,, for the map
H3.(M, k) — H3(N, k) induced by a T-equivariant embedding iy : N <— M.

2.2. Isomorphism of localizations of modules. We want to formulate here a simple
lemma from commutative algebra whose proof is left to the reader.

Let S be a (unitary) commutative ring, M and N be S-modules and g € S.
Consider the ring of quotients S’ = S[¢~!] and S’-modules of quotients M’ = M[q™']
and N’ = N[g"']. Any homomorphism of S-modules f: M — N gives rise to the
homomorphism f” : M’ — N’ of S’-modules that maps m/q* to f(m)/q".

Lemma 2.1. Suppose that for some integers a,b > 0 the following conditions hold:

(1) ¢°NcCimf;
(2) ¢’kerf=0.

Then ' : M’ — N’ is an isomorphism of S’-modules.

2.3. The equivariant Mayer—Vietoris sequence for open subsets. Remember the
following well-known result.

ProrosiTion 2.2 (Mayer—Vietoris sequence) Let X be a T-space. For any open T-
stable subsets U, V and an object F € Db, 7(X, k), we have the following exact sequence:

= HENU NV, Flyay) —» B (U UV, Zlyoy)
—>H’T(U Fly) @ Hy(V, Zly) - Hy(U NV, Zlyay)
S H U UV, Zlyy) — -

In the proofs of the localization theorems, this proposition is applied as follows.
Suppose that X = U UV, where X is a T-space and U, V are its open T-stable
subspaces. Suppose additionally that there exist elements u € H7(pt, k) and v €
HZ(pt, k) such that u annihilates H3.(Oy, %) and v annihilates H 7(Oy, Fy) for
any open T-stable subsets Oy C U, OV cV and any obJects Fy € DT(OU, k), F#y e

(OV, k). Then Proposition 2.2 1mp11es that 4%y and uv* annihilate H 7(0, F) for any
open T-stable O C X and object .% € D’ 7(0, k). Indeed, let Oy = O N U Oy=0nV
and f e H! (0, F). Then uvf is mapped to 0 by the following part of the Mayer—
Vietoris sequence:

H™ ™0, F) > HE™™(0y, Fly) @ Hf™"(Oy, Z|y).

By exactness, uvf comes from HY""1(Oy N Oy, .#). Thus, multiplying by u
(respectively by v), we prove that u?vf = 0 (respectively uv’ f = 0).
Another trivial corollary of the Mayer—Vietoris sequence is as follows.
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CorOLLARY 2.3. Let X be a T-space, X = | |;; Xi, each X; be open and T-stable and 1
be finite. Suppose that Y C X is another T-subspace. We write Y; = Y N X;. An element
f € H*(Y, k) belongs to the image of the restriction H3.(X, k) — H3(Y, k) if and only if
each fly, belongs to image of the restriction Hy.(X;, k) — H3.(Y;, k).

Proor. Induction together with the finiteness of I reduces the problem to the case
I={1,2}. As X; N X, =02 and the Mayer—Vietoris sequence is compatible with
restrictions, we get the following commutative diagram with exact rows:

0 — Hi(X,k) — H3(X1, k) ® Hp(X2,k) ——> 0

l l

0 — H;(Y,k) —— Hyp(Yi, k)@ Hy(Y2,k) —— 0

Hence the required result follows. O

The above arguments apply to any topological group T not necessarily a torus. In
this paper, we are however interested only in the case of a torus 7 =~ (C*)" and use the
following notation:

Sk =Hy(pt,k) = S(X(T) ®z k),

where X(T') is the character group of T and S in the right-hand side means taking
the symmetric algebra. This is a Z-graded algebra such that S ,% = X(T) ®z k. Finally,
note that in the next section we need to consider the compact subtorus K = (S')" of
T ~ C". We can replace T-equivariant cohomology with K-equivariant cohomology if
necessary.

2.4. Localization. We prove here some localization theorems, closely following [6]
(see also [9] for the case of coeflicients different from C).

TueOREM 2.4. Let I < T be a closed subgroup of T and X be a paracompact T -space
that has an open covering X = ;; Y such that for any i € I:

o Y9 isopen and T-equivariant;
e there exists a T-equivariant embedding of Y in a finite dimensional rational
representation V© of T.

Denote by Ar the set of all weights of T occurring as weights of some V¥ and having
nontrivial restriction to T.

Then the natural restriction morphism H3.(X, k) — H;(Xr , k) becomes an
isomorphism after inverting all elements of Ar ®z k.

Proor. For simplicity of notation, we assume that Y” is a subset of V. Let us write

D—Co®--- ;
V C/ﬁ)@ @C/lfli),
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where C, is the representation of 7" with weight 4 € X(T'). Let U be an open K-
invariant neighbourhood of X! in X. Then the set Y?\U does not have I'-fixed points,
which we prefer to write as

Y\ N (V' =o. (2.1)
Without loss of generality, we can assume that ﬂji) restricts trivially to I if and only
if j < m;. Then (VD) consists of the points of the form (cy, ..., ¢y, 0, .. .,0). Consider
the open subsets W() {(c1y. . cn) €VDc;#0}of VO It follows from (2.1) that
n;
()
YAU C U Wi
j=m,‘+1

For any set of the union in the right-hand side, there exists a T-equivariant map
W;’) — ij =~ T/ker /15.’), which is the projection to the jth coordinate.
j .
Let us take an open K-invariant subset O c (Y?\U) N W](.’) for j > m;. Then
composition of maps O — W;i) — C;m — pt gives rise to the following sequence of

J
cohomologies:

HE(pt, k) — HE(C k) = Hy (WS, k) = H(0,k).

Identifying T-equivariant and K-equivariant cohomologies, we obtain that the
image of the first Chern class cl(/ly)) ® k is zero (already for the first map as follows
from [13, 1.9(1)]). Writing this Chern class as A;i) ® k, we get that it annihilates
H(0, .7) for any F € D%(0, k).

Gluing all subsets (Y (’)\U )N W;.’) by the Mayer—Vietoris sequence for open subsets
by the method described in Section 2.3, we get the following property:

there exist naturals a; such that q = 1_[ l_[ (/l;i) ® k)%

icl j=m+1

annihilates Hy(X\U, F) for any object F € D%(X\U, k).

(2.2)

Consider the following direct limit L"(k) := lim FH,’;(U, k) that runs over all
— UdX

K-invariant open neighbourhoods U of X'. Denote by ay, - Hy(U, k) — L'(k) its
natural morphisms. We define L*(k) = @nez L"(k). It is an S;-module and we get
homomorphisms a7y, : Hy(U, k) — L*(k) of §;-modules.

We are going to apply Lemma 2.1 to prove that a} becomes an isomorphism after
inverting g. We know that g € S’ for some 7 € Z.

Let us check condition (1) of Lemma 2.1. Let u € L"(k). By the definition of the
direct limit, u = o/, () for some i € Hg(U, k) and some K-invariant open U containing
X'. We have the exact sequence

HY(XK) — 2 Uk —L s H (X\UL i),
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where i : X\U < X is the natural embedding. Hence and from (2.2), we get
8" (gi) = g@" (i) = 0. The exactness of the above sequence yields git = r;3'(v) for
some v € H ,”(*2’ (X, k). It remains to recall the commutative diagram

L (k)

Hy (X, k) ay
UX
Hy (U, k)
from the definition of the direct limit and write
qu = qalil](a) — an+2f(qu) _ n+2f o rrll]-’i-)%l(v) — a/l+2t(v)

Let us check now condition (2) of Lemma 2.1. Take some v € Hy(X, k) such that
a’y(v) = 0. By the definition of the direct limit, we get v|y = 0 for some K-invariant
open U containing X'. Consider the distinguished triangle

. R +1
iky = ky = Jujky =,

where j: U — X and i : X\U — X are the natural embeddings. It yields the exact
sequence

) Bt
Hy (X\U,i'k,) —— Hy(X, k) —s H(U,k).
Hence, v = B},(w) for some w € Hy (X\U, i’ 'k +)- Multiplying by g and applying (2.2),
we get gv = ﬂ’Zfz’(qW) =

The universal mapping property for direct limits yields the (unique) morphism y*
such that the diagram

¥

L(k) —-—----=-—-—--3% Hy(X", k)
Hy (U, k)

is commutative for any open U containing X'. By [16, (1.9)], y* is an isomorphism. It
is obviously an isomorphism of S ;-modules. Considering the case U = X and applying
the fact that @} becomes an isomorphism after inverting g, we get that Y x also
becomes an isomorphism after inverting ¢ and moreover after inverting all elements of
Ar ®z k. O

As our next step, we explain how to adjust [6, Theorem 6 from Brion’s paper] to
the case of arbitrary coefficients.
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Cororrary 2.5 (Cf. [6, Theorem 6]). Let H}.(X, k) be a free S -module. Under the
hypothesis of Theorem 2.4 with the additional assumption that Ay ® 1} does not
contain zero divisors of Sy, the restriction
iy Hr (X, k) = Hp(XT, k)
is an embedding.
Moreover, ifH}(XT, k) does not have S y-torsion (for example, X" is finite) and the
following conditions hold:

(C1) kis a unique factorization domain;
(C2) A® 1, isprimein S(X(T)®z k) for any A € Arp;
(C3) A® 1} € Ayera ®z k for any A € Ay,

then we have

im i}’x,‘ = m im iy A xT
AeEAT
Proor. Let M = H.(X, k), N = H3.(X",k), R=Ar®zk, S =Sy, S"=R'S, M’' =
R'M, N =R'N, ¢ = iy xr and ¢’ be the morphism from M’ to N’ induced by ¢.
By Theorem 2.4, ¢’ is an isomorphism.
Let {e;}je; be an S -basis of M. Then {e;/1}e; is an S’-basis of M’. Suppose that

plajej, +--++agej) =0for aq,...,a; €S and mutually distinct indices ji,..., ji €
J. We get
e; e;
(p’(ﬂi++%l)
1 1 1 1
3 ,(ozlejl +---+akejk)_ plarej, +--- +agej,) _0
- 1 - 1 o
Hence, a1/1 =---=a;/1 =0in S’. Therefore a; = --- = a; =0, as R does not contain

zero divisors.

Now let us prove the second statement. Let ej. :M — S and (e’)j. M — S’ be
the jth coordinate functions for M and M’, respectively. Consider the following
commutative diagram:

—
\\
< o
\\
\
24— =

-
-
’

S’ %’(

) !

Denoting the dashed arrow by f;, we get the following relation:

fiop=toe;. (2.3)
Note that all functions f; uniquely define elements of N:
fiw=fiw) Vjel=u=u' 2.4)
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Let us take u € (jep, iM ijy., - Consider the coeflicients fj(u) € S'. If they all

belong to ¢(S), then in view of (2.3), the following calculation is possible:

frod Y Gieves) = co i X e = S,
jeJ jeJ
Now (2.4) implies that u = ¢( X je; fi(we;) € im iy ;.

It only remains to prove that f;(u) € S for all j € J. Suppose the contrary holds.
By (C2), in this case, fj(4) contains an uncancellable prime denominator A ® 1; for
some j € Jand A € Ar.

To proceed, let us introduce the following notation: I' =kerd, N, = H}(Xr, k),
Ri=Ar®zk S\ =R}'S,M=R'"M,N,=R;'N), ¢ = iy yr and ¢/, is the morphism
from M’ to N’ induced by ¢,. By Theorem 2.4, ¢/, is an isomorphism.

Asu €im i?(F,xT’ we can write u = i;‘(rgxr (v) for some v € N,. Similarly to the diagram
above, we have the following commutative diagram:

ML>N/1

Ll

M) <= N}
()

There exists some product P, of elements of R, such that (P, /1)(‘10’4)_1("/ 1)=m/1
for some m € M. Applying ¢/, to this equality, we get P v/1 = (¢’)(m/1) = p(m)/1,
which is an equality in N. Therefore, there exists another product #’, of elements of
R, such that

PP = Porpalm) = pa(Pym).

Applying i}, ,, to both sides of this equality,
7):17)/114 = i;r’xr (P;P/IV) = i;r,xr ° 90/1(7):1’") = 90(7):1’")
Finally, applying f;,
PP DSiw) = [Py Pau) = fj o (P ym) = (P m)[1 € u(S).
This is a contradiction, as #/%, by our GKM-restriction (C3) does not have factors
proportional to A ® 1. O
3. Bott-Samelson variety

Let G be a connected semisimple complex algebraic group, T be its maximal torus
and B be its Borel subgroup containing 7. We denote by W, @, ®*, IT the Weyl group,
the set of all roots, the set of positive roots and the set of simple roots respectively.

Let a be a root. We denote by s, and U, the simple reflection and the unipotent
subgroup corresponding to « respectively. Let G, be the subgroup of G generated
U, and U_,. This subgroup is isomorphic to either SL,(C) or PSL,(C). We set
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B, = G, N B. Let P, be the parabolic subgroup of G corresponding to . If « is simple,
then P, = BU Bs,B. We denote by x, : C — U, the canonical homomorphism.

Throughout the paper, we fix a sequence s = (s1, $2,. .., s,) of simple reflections,
where s; = s,, for some «; € I1, and consider the Bott—Samelson variety

=Py X Py X+ XP, |B,
where B acts as follows:

(1o P2 espr) - (B1abas b)) = (pib1, by paba, ... b7 piby).

We denote by [py, ..., p,] the point of X corresponding to (py,.. ., p,). Itis well known
that X is a smooth complex variety of dimension r.

Let 7 : £ — G/B be the map n([py,...,pr]) = p1 - p-B/B. For any x € G/B, we
fix the notation X, = 7r(x) and £, = X\X,. We can also view X as a closed subvariety of
(G/B)" via the embedding ¢ : £ < (G/B)" defined by

(p1,....pr D)= (1B, p1p2B,....,p1p2- - prB). 3.1

This map is an isomorphism for G = SL,(C) and G = PSL,(C).
Each point of G/B fixed by T can be written uniquely as wB for some w € W. So,
abusing notation, we will denote this point simply by w. Consider the following set:

F={(yt,....,¥) lyi=siory;,=e}.

The elements of this set are called combinatorial galleries. We make T act on X by
t-Ip1sp2s---»pr] =1tP1, P2, .-, pr]. ThenT can be thought of as the set of all T-fixed
points of ¥ if we identify (yy,...,v,) with [y}, ...,¥,]. The embedding ¢ defined above
is clearly T-equivariant. Moreover, X is covered by open T-equivariant subsets

U‘}’ = {[xyl(—m)(cl)')’l ’ x’yz(—az)(cz)yz’ cee xy,(—a,)(cr)')’r] | cla cZa ) Cr € C},

where y runs through I.

For each y = (y1,...,y,) el and i=0,...,r, we write yi =Y Yie So we get
¥ = e. If additionally i > 0, then we write 8;(y) = y(-;) and B,(y) = ¥ ' (). If
Bi(y) > 0, then we say that i is load-bearing for y or that the wall corresponding to
Bi(y) is load-bearing. For any A ¢ W, we write

Ty={yel|n(y)eA}, T,=T\TIa.

If A = {x}, then we use the simplified notation I’y = 'y and T, = T'.
For @ € ®* and y € T, we set
Jy)=1{i|B(y) >0}, My ={i|Bi(y) = +a},
Jo(y) = i1 Bi(y) = a} = J(y) N Mo (y),
D(y) ={i| Bi(y) > 0}, Do(y) ={i| Bi(y) = @} = D(y) N Ma(y).
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Note that B,(y) > 0 & y's; <y’ and Bi(y) > 0 < yi~'s; < ¥~ Using these subsets, we
introduce the following equivalence relation on I':

Y ~a 0 y;=0; unlessP;(y)=za.

One can easily check that M, (y) depends only on the ~,-equivalence class of .
We will use the following two relations on I':

S§aye=8'=90 ..., 6=yl 6 <y forsomei=0,...,r;
S<ye=d <y ot =y* 0=y forsomei=0,...,r

Clearly, < is a total order on I', whereas < in general becomes a total order only when
restricted to some I',. Asusual, wesetd <y o ddyord=yandd<y S d<yor
6 =y. Note that 6 ~, y and J,(0) C J,(y) imply 6 < y. We recall the following lemma
from [11].

ProprosiTion 3.1. Let My (y) ={iy <--- <i¢}. Thenfor1 < j<¢,
ij € Ja(')/) — ij+1 € Da()’)

and iy € Jo(y) if and only if son(y) < n(y). In particular, if y ~, 6 and n(y) = n(0),
then Jo(6) C Jo(y) © Da(6) C Do(y).

We use the symbol - to denote the addition of a new entry to a sequence:
(ai,...,ay)-b=(ay,...,a,,b). Conversely, for a nonempty sequence a = (ay,.. ., d,),
we denote by a’ = (ay, ..., a,-1) its truncation. In what follows, we define |a| = n to be
the length of a sequence a = (ay, ..., ay,).

For any integer r > 0, let Tr, denote the binary tree that consists of all sequences
(including the empty one) with entries O or 1 of length less than . We obviously have
[Tr,| =2" -1 and Tr, = Tr,_; -0 U Tr,_; -1 LU {@} for r > 0. To construct bases of the
T-equivariant cohomology of the Bott—Samelson varieties, we consider the set

T={p:Tr, > {s1,.... s} pu=eorp, = s}

Elements of this set are thus tree analogs of combinatorial galleries. For example, for
r=3,wedraw T as

/ Pa \ {6, S3}
120 ) {e, 52}
£(0,0) £(1,0) £0,1) P11 {e, 51}

where the right column shows the sets to which the elements of the corresponding
rows belong.

Our notation above implicitly referred to the sequence s = (sy,.. ., s,) and the group
G. If, for the sake of induction, we want to consider the same objects for the shorter
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sequence s’ = (sq,...,5-1), we add ’ to our symbols: X', I", I:;, and so on. For
example, let » > 0 and p € Y. For any ¢ € {0, 1}, we consider its e-truncation p,, €’
defined by (p}).s = pu . (at the picture above, pj and p} are the left and right subtrees
respectively).

In Section 5, we consider the cases G = SL,(C) and G = PSL,(C). The sequence s
is then characterized only by its length r. We denote by X2 and I'? the Bott—Samelson
variety and the set of combinatorial galleries respectively.

We also consider the Bott—Samelson variety corresponding to the empty sequence
(r = 0). This is the one-point variety £ = I" = {@}.

In what follows, we shall always consider a ring of coefficients k which is a principal
ideal domain of characteristic not equal to 2 if the root system contains a component
of type C,. As the ordinary cohomology H*(Z, k) vanishes in odd degrees and is a free
k-module in each degree, the degeneracy of the Leray spectral sequence at the E,-term
implies

H(Z, k)~ H*(Z,k) ® Sk.

Therefore, we can apply the first part of Corollary 2.5 to prove that the restriction
morphism H3.(Z, k) — H3.(I', k) is an embedding. We denote its image by X(k).

Similarly, H}.(Z,, k) = H*(Z, k) ®; S and we can apply Corollary 2.5 to prove that
the restriction morphism H3.(Z,, k) — H3.(I',, k) is an embedding. We denote its image
by X, (k).

In order to ensure conditions (C1)—(C3) of Corollary 2.5, we want to fix the ring Z’
for each root system as follows: Z’ = Z[1/2] if the root system contains a component of
type C, and Z' = Z otherwise. This choice automatically guarantees that Theorem 2.4
and Corollary 2.5 hold for k = Z’, since A7 C @ in these assertions.

Therefore, from now on, we will assume that the cohomologies (ordinary and
equivariant) are taken with coefficients Z’ unless otherwise explicitly stated. We also
setS =87z, X =X(Z") and X, = X(Z').

Note that all the above constructions are also valid for the Kac—-Moody groups [14,
6.1.16]. These groups have standard Borel subgroups, standard maximal tori and
standard parabolic subgroups [14, 6.17, 6.18], which can be used to define the Bott—
Samelson varieties (also called Bott—Samelson—Demazure—Hansen varieties) similarly
to how they were defined at the beginning of this section [14, 7.1.3]. We therefore
prefer to carry out our calculations in the finite case, implying that they are all true in
the affine case as well.

4. Bases of the images X and X

4.1. Harterich’s localization theorems. We formulate here the following two
results due to Hirterich [11]. It is important to note that one needs to be more careful
with the ring of coefficients when applying the localization theorems in the proofs
of these results. For our ring of coefficients Z’, one can apply Theorem 2.4 and
Corollary 2.5.
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Proposition 4.1 [11, Theorem 6.2]. An element f € H;.(I') belongs to the image X of
the restriction ig . : Hp.(£) — Hp(D) if and only if

(_l)IJa(ﬁ)If((g) = 0 mod o™
0€l,0~0Y,Ja(0)CJa(y)
for any positive root a and gallery y € T.

ProposiTion 4.2 [11, Theorem 6.3]. An element f € H3.(I',) belongs to the image X of
the restriction i;nﬂ- s Hy(Z,) — H3(I)) if and only if

(_1)|Dzr(6)|f(§) =0 mod /P!
0€l+,6~aY,Da(6)CDa(y)

for any positive root a and gallery y € T,.

The reader can either find the proofs of these results in Hérterich’s original
preprint [11] or derive them from the proof of Proposition 5.2 by similarity.

4.2. Copy and concentration. In this section, we describe two ways to get elements
of X from elements of X’. Suppose that » > 0. For f” € Hy(I""), we define its copy
Af" € H3(I) by Af’'(y) = f'(y’) for any y € I'. Clearly, A is an S-linear operation.

Lemma 4.3. It holds that Af' e X if f € X'.

Proor. By Proposition 4.1, we must prove that

(_l)lfa(ﬁ)lf/(y) = 0 mod o™ 4.1)
6€l6~ay,Ja(6)C/a(y)

for any y € I and @ € ®™.

Case 1. r ¢ M,(y). In this case,  ~, v implies ¢, = y,. Therefore, we can rewrite (4.1)
as
(_l)lln(5’)|f'(5/) =0 mod a,lfn(v")l’ 4.2)
&€l 6" ~oy" Jo(6")C T ()

which holds by Proposition 4.1 applied to f" € X".

Case 2. r € My(y)\Jo(y). Choosing in (4.1) the gallery ¢ so that r ¢ J,(6), we can
rewrite this equivalence as (4.2).

Case 3. r € J,(y). Consider the following equivalence relation on the set {0 € ['| § ~,
v} 6 =1 & ¢ =1'. Clearly, every equivalence class of this relation consists of exactly
two elements. Therefore, the sum in (4.1) can be broken into a sum of the following
subsums:

(DO + (DO )

for different 6 = 7. As |J,(0)| and |J,(7)| have different parities, the above sum equals
Zero. O
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For " € Hy(I") and ¢ € {e, 5,}, we define V,f” € H}.(I'), called the concentration of
fatt, by
, B ify =t
Vif'(y) = .
0 otherwise,

for any y € I'. Clearly, V, is an S-linear operation.
Levva 4.4. It holds that V,f" e X if f € X'.

Proor. We shall give the proof for V. f’, the proof for V,, f” being similar.
By Proposition 4.1, we must prove that

(=DY@IB (6)f'(8") = 0 mod o (4.3)
5€r,5~,1')’s6r:e,-lu(‘s)c-lu(7)

for any v € I' and @ € ®*. Clearly, it suffices to consider the case J,(y) # @. We shall
use the notation M, (y) ={i; <--- <ip} and x = n(y).

Case 1. r ¢ M,(y). In this case,  ~, y implies 6, = y,. Thus, it suffices to consider
the case y, = e, as otherwise our sum is equal to zero. We can rewrite (4.3) as

(=DM Olx(=a,) f(8)
661—‘)(’6~a’yv6r:ea~]a(6)c~]a('y)
+ > (1) @lg, x(=a,) (8" = 0 mod =,
6erstv6Nn'y,6r=6,Ja(6)CJa(7)
As sox(—a,) = x(—a,) mod a, it suffices to prove that
(_1)|J<,(5)|f/(5/) =0 mod o™ (4.4)
0€l,0~a7.6r=€,J0(0)CJa(y)

and
(-=D)Y=@1£"(5") = 0 mod @M. (4.5)
S€l 1, 0~ay.0,=€,04(5)C o (y)

We can rewrite (4.4) as
(=)@ f(5) = 0 mod o).
&€l 6"~y Ja(6")C o (¥")
It holds by Proposition 4.1 applied to f” € X’. Noting that J,(0) C J,(y) is equivalent
to D,(8") C Dy(y’) in (4.5) by Proposition 3.1, we can rewrite (4.5) as
(=1 (5" = 0 mod @M1
€T, ~a¥' ,Da(6)CD, (y")
By Proposition 3.1,
DoY) = oY)l = 1 = [Ja(n)] - 1 (4.6)

and |J,(0")| = |Dy(6")| for s,x > x and |J,(6")| = |[Dy(6”)| + 1 for s,x < x. Therefore,
the above equivalence follows from Proposition 4.2 applied to the element f° ’|1_, , which
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belongs to X’, as is easy to see from the following commutative diagram:

H}(¥') —— H3 (X))

l l

Hy(I") —— H;(I7)

Case 2. 1€ My(y)\Jo(y). In this case, iy =r, |Do(y)| = |Jo(y)| and s,x > x by
Proposition 3.1. If ¢ belonged to I’ in (4.3), we would get by Proposition 3.1 that
r € J,(0) and thus the inclusion J,(6) C J,(7y) would not hold. On the other hand, for
any ¢ € I'y such that 6 ~, y, we have r € M,(6)\J,(5), whence B,.(6) = —a. Therefore,
it suffices to prove that

(=)@ £7(§) = 0 mod @M1, (4.7)
& €le8 ~a ¥ T (0TI (y)

If v’ € Ty, then by Proposition 3.1 the summation runs over ¢’ € I, such that ¢’ ~, y’
and D,(6") C Dy(y’). Therefore, (4.7) follows from (4.6) and Proposition 4.2 applied

to f'|..
We assume now that v €Ly, =T, x. Note that Mo (y') ={i; <--- <i,;}. Thissetis
not empty (thatis, £ > 1), as s,7m(y’) = x < sox = n(y’), whence i,_; € J,(y"). Consider
the gallery 7 that is obtained from y’ by replacing y;, , with y;,_, s;,_,. We clearly have

Y~y YV el, J.()=JeM\ic-1}, Do(¥') = Do(y).
Finally it remains to note that in (4.7), we have s,7m(8") = s,x > x = ("), whence
ip-1 & Jo(8"). Thus J,(8") C Jo(y') is equivalent to J,(6") € J,(¥') and hence by
Proposition 3.1 to D,(6") C D,(¥"). Thus we can rewrite (4.7) as follows
(_l)lfa(t?’)lf/((;/) =0 mod @™
8" €l .6 ~oY',Da(8)CD (¥')

This equivalence again follows from (4.6) and Proposition 4.2 applied to f”|, .

Case 3. r € J,(y). In this case, iy = r and s,x < x. We can rewrite (4.3) as

(- l)lln(5’)l+1a,f’ (8"
8 €L 1,0 ~ay' S (0TI (y")

- Z (=)@l £(5") = 0 mod aM=?,
é/ersqxvév’“&'y”-,n(él)C«la(yl)
It suffices to prove that

(=D Nf(@)

€l ~o Y Ja(0)CTa(y)

+ Z (_l)lfa((?’)\f/(é’) =0 mod a,lfa()’)\—l,
6'61‘311x,(S/N,Y}//,Ja((S')CJ(Y(’)")

which follows from Proposition 4.1, as |J,(y)| — 1 = [J,(¥')I. O
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For notational purposes, its convenient to define

{Eme)ﬁ%=n

otherwise.

Vif'(y) =

CoroLLARY 4.5. It holds that gtf’ eXiffeX.
Proor. The result follows from AVdef’ =V,.f" and ﬁs,f’ ==V, f. O
4.3. Folding the ends. For r > 0, we define the automorphism y +— ¥ of I' by
R
It satisfies the following properties:
My(3) = Mo(y);
O~a Y &0~

if r ¢ My(y), then Jo(y) = Jo(y). If r € Mo(y), then Jo(y) = Jo(y)Alr}, where A
stands for the symmetric difference;

Da(')./) = Da(7);
7€rx<:>7€rxs,,

whose proofs are left to the reader.
This automorphism of I' induces an automorphism of H7.(I') by f) = f).
Clearly, these automorphisms are of order 2.

Levmva 4.6. It holds that X = X, X, = X,

Proor. Actually we only have to prove that X c X. Take any f€ X. By
Proposition 4.1, we must check the equivalence

(_l)IJa(ﬁ)\f(g) = 0 mod gV« (4.8)

0€l,6~aY,Ja(6)CJa(¥)
for arbitrary y € I and @ € ®*.
Case 1. r ¢ M,(y). In this case, we can rewrite (4.8) as
Z (=)@ £(5) = 0 mod o=@,
€T b6~ 7o (6)Ca ()
It holds by Proposition 4.1.

Case 2. re My(y)\Jo(y). In this case, y ~, ¥ and J,(y) = J(y) U {r}. We can
rewrite (4.8) as'

> (=P £(5) = 0 mod oM+, 4.9)

6EF»5N(77,rE‘]{r(5)1‘](7(5)Cj(y(7)

'If » ¢ A, then B c A if and only if r € BA{r} and BA{r} C AA{r}.
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To prove it, let us write the two equivalences
Z (_l)lJa(5)\f(5) =0 mod a\lu()")l,
€T b6~ 7o (6)C I (7)
Z (_I)IJa(5)\f(5) =0 mod a,\fa()’)l,
0€l',0~ay,Ja(0)CJa(y)

which hold by Proposition 4.1. Subtracting the latter from the former and considering
everything modulo a”=™!, we get (4.9).

Case 3. r € J,(y). In this case, y ~, ¥ and we can rewrite (4.8) as'
- Z (=)@ £(§) = 0 mod V=,
0€l,0~0Y.Ja(0)CJa(¥)
It holds by Proposition 4.1. O

4.4. Fixing the ends. Let r > 0. Consider the natural embedding ¢ : ¥’ < X defined
by [p1,---sPr—1] — [P1>-- -, Pr-1,€]. This is a B-equivariant hence also a T-equivariant
embedding. We get the following commutative diagram for restrictions:

Hp(3) —— H(X)

| l

Hp(T) —— H;(I7)

Let f be an element of X (that is, in the image of the left arrow). It follows from the
commutativity of the above diagram that the composition f” = f o belongs to X’ (that
is, to the image of the right arrow).

Lemmva 4.7, Let f € X, r > 0 and t € {e, s,}. We define f" € Hy.(I") by f'(¥') = f(¥' - D).
Then ' € X'.

Proor. The argument preceding the formulation of this lemma proves the claim for
t =e. Now let t = 5,. By Lemma 4.6, we get f € X. Then by the case 7 = e, we get
f o1 € X’. The result follows from

fol)=f& &)= -s)=Ff ). o

Levmma 4.8. Let f € X, r > 0 and t € {e, s,}. Suppose that f(y) = 0 for all y such that
v, #t. Then f(y) is divisible in S by B,.(y) for any y € I. Moreover, the function
v = f& 0By - t), where y €I, belongs to X'.

Proor. We shall prove the first claim by induction with respect to <. Suppose that
f(0) is divisible by B,(0) for any § < y. We must prove that f(y) is divisible by B,(y).
Clearly, we need only to consider the case y, = .

'If » € A, then B c A if and only if BA{r} C A.
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We take for a the positive of the two roots B,(y) and —f,(y). Thus, r € M,(y).
Case 1. r € J,(y). In this case, |J,(y)| > 0. Thus, by Proposition 4.1,
(~DM@ £(6) = 0 mod a.
6€l0~a7,Ja(6)C/a(y)
As 6 ~, v and J,(0) C J,(y) imply 6 < 7, the claim follows.

Case 2. r ¢ Jo(y). In this case, r € J,(y), whence |J,(3)| > 0. Moreover, y ~, v. By
Proposition 4.1,

(-D)Ye@I £(5) = 0 mod av. (4.10)
S€T,0~07,6,=1,J()CJa ()
We claim that
O ~aY,0, =1,J0(0) CJy(y) = 6 4. 4.11)
We get 6 <y as 6, =t # ¥,. Thus, there exists some iy such that §° <y and 6, = y;
for i < ig. If iy < r then 6 < y™ and thus & < y. On the other hand, if iy = r then y = §,
since 6, =t = y,.
Now it follows from (4.10), (4.11) and the inductive hypothesis that f(y) is divisible
by a.
Let us prove the second claim. We denote by f” the function under consideration:
&)= f& -0/B.(y -t). By Proposition 4.1, we must check the equivalence
(_1)\10(5’)|f'(6/) =0 mod o=@ (4.12)
5'61"’75'Na}/'Ju(5')CJa(V')
for any v’ € I and @ € ®*. Clearly, we can assume that J,(y") # @. Wesety ;= - 1.
Let us fix the notation
My(y) ={iy < -~ <ig}, y=n().
By Proposition 4.1,
(=)@ £(5) = 0 mod @M@, (4.13)
6€l',6~qy,Ja(6)C /o (y)

Case 1. r ¢ M,(7y). We can rewrite (4.13) as

yi(-ar) D (=D (')
0€ly1,6~a¥:6,=1,J0(6)CJo(y)

+ sayi(—a,) > (D)@l £7(5") = 0 mod oM+,
(5€Fsayr,5~a%5r=l,Ja(5)CJn(Y)

We have s, yt(—a,) = yt(—a,) + ca for some c € Z. Thus, the above equivalence takes

the form
sat-a) ) DO
&€l 6~y Ja(8) o (¥")
—ca Z (_1)|Jn(5')|f,(6/) =0 mod g~ 4.14)

0'€l}0" ~ay Jo(6")CTa ()
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Our aim is to get rid of the second line. As the restriction f|r, belongs to X,
Proposition 4.2 implies that

(_I)IDQ((?)If((S) =0 mod a,IDa()’)I,
6€r)"l76~a7s6r:tsDa(6)CDa(’y)

which can be written as

+yt(—a,) Z (_1)\Ja(5)|f/(5/) = 0 mod a/P,
5’Eryﬁ'Na}/'Ju(fs')CJa()")

where + is taken if s,yf > yt and — is taken otherwise (see Proposition 3.1). Moreover,
yt(—a,) = ¥"(—a,) is not proportional to @ by the hypothesis of the current case. Hence,
it follows from the above equivalence that

ca Z (=Y« @1£(5") = 0 mod /P!,
&Ny 0 ~a¥ Jal0)C oY)

It remains to note that |[J,(y")| = [Jo(¥)| = |Do(y)| + 1, add the above equivalence
to (4.14) and note that s, y?(—«,) is also not proportional to .

Case 2. re My(y)\Jo(y). In this case, ir=r, ¥ ~o ¥ Jo(¥) = Jo(y) U {r}. By
Proposition 4.1,

Jo(6 _ 16
(~1)%@Ig (8)£'(6") = 0 mod =V,
€l 6~a¥.6,=1,Ja(O)CJa(¥)

As r € J,(y), this equivalence can be rewritten as

(=)@l (5" - 1) f'(8") = 0 mod M« ! (4.15)
el 6"~y Ja(6)CTa(¥')

Considering separately the cases ¢’ € I, and ¢’ € I'{ |,

(=D CIB @ - 0f (6) = (=D Dlyr(—a).
We know that yf(~a,) = B,(y) = —a. Thus, dividing (4.15) by —a, we get (4.12).

Case 3. r € J,(y). In this case, iy = r and (4.13) can be rewritten as

(=D 0IB, (8" - 1)f'(8) = 0 mod O, (4.16)
&€l 8 ~oy Jo(8)CTo(y")

’
Say?

Considering separately the cases ¢’ € I, and ¢’ € T’

(=M@ DB (& - 1) f'(6) = (=D lyr(—a,).

We know that y#(—e,) = B,(y) = a. Thus, dividing (4.16) by —a, we get (4.12). O
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4.5. Bases for X. Forany p € T, we construct the subset B, of H*(Z) inductively by
By ={1}, B, =A(By)UV,,(By).

By Lemmas 4.3 and 4.4, we get B, C X.

Tueorem 4.9. The set B, is an S -basis of X.

Proor. We apply induction on r. This result is clearly true for » = 0. Therefore, we
assume that r > 0 and that B, and By, are bases of X’.

Let f € X. By Lemma 4.7, the function f” € H}.(I"") defined by f7(6") = f(¢" - pgs,)
belongs to X’. We have

(f =AU - posy) = f(& - posy) = AN - posy) = f(6) = f(6") =0
for any ¢’ € I'". Let us define

(f = AU - po)
B - pa)
for any 8’ e I”. By Lemma 4.8, &’ is a well-defined function of X’. The above
formulas show that ' — A(f") = V,,, (h"), whence f = A(f") + V,,, (h’). By the inductive
hypothesis and the linearity of A and V,,_, the function f belongs to the S-span of B,,.
It remains to prove the S-linear independence of elements of B,. Let By =

(B, by} and By = BV, ..., b)), Suppose that

W) =

no ny
D1 aPAB”) + > @V, () =0
i=1 i=1
©
l
the above equality to I" - pgs,, we get >, ago)bgo) = 0. Hence all afl(.o) =0 and
> Vv, (b7) = 0. Thus, X7, @!VB,(6)b"(6") = 0 forany § € I - pys,. Cancelling
a nonzero element ,(0), we get that Z;’zll al(.l)bi.l)(é’) =0 for any ¢’ € I””. Hence all

o =0, o

for some « ,ozl(.l) € §. Consider the decomposition ' =T" - py LIT” - pgs,. Restricting

4.6. Basis for X,. For any gallery y € T', we define

a) = [ | B =[]

i€D(y) aed*
A(b,)  ifr¢ D(y),
b@ = 1, y =4~ .
Vv, (b,) ifreD(y).

By Lemma 4.3 and Corollary 4.5, we getb,, € X.

Lemma 4.10. Let y € I'y. Then b,(y) = a(y) and b,(6) = 0 for any 6 € I, such that
0 <.

https://doi.org/10.1017/51446788717000064 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788717000064

100 V. Shchigolev [21]

Proor. The first formula follows directly from the definition of b, and V,. Let us
prove the second claim inductively. From § < vy it follows that there exists some
io =1,...,r— 1 such that 6 < y® and &' =y for i > ip. Clearly & <y’. Assume
that 6, = y.. Then ¢’,y" €I'y,,. Thus by induction, b,(8) = b,/ (6") = 0 if r ¢ D(y)
and b,(6) = Br(é)by/(é’) =0 if r € D(y). Now assume on the contrary that &, # y,.
However, 6" =y" = x. Hence 6"~ #3"~!. This means that ip = r — 1 and y""'s, =
6! <y™~!. Hence r € D(y). Therefore, b,(6) =V, (b,)(6) =0. O

Tueorem 4.11. The set {b,|r, | v €T\ }isan S -basis of X.. In particular, the restriction
X — X, is surjective.

Proor. This set is S-linearly independent by Lemma 4.10, as < is a total order on I,
and a(y) # 0. Let us prove that any element f € X, is representable as an S-linear
combination. We apply induction on the cardinality of the set

C(f) ={6 €I, | there exists y € I', such that 6 >y and f(y) # 0},

the upper closure of the support of f. If C(f) = @, then f = 0 and the result follows.
Suppose now that C(f) # @ and let y be its minimal element with respect to <. As

0ely, d~ay, Do) CDuly) =<, (4.17)

Proposition 4.2 implies that f(y) is divisible by [],eq- @P*¥! = a(y). Consider the
difference h = f — f(y)/a(y)b,. By Lemma4.10, we get C(h) C{6 €T’ |6 >y} & C(f).
By induction, & belongs to the S-span of our set. Thus, so does f. O

CoroLLarY  4.12. The restrictions H3(X) — H3(X,) and H*(X) — H*(Z,) are
surjective.

Proor. The surjectivity of the first morphism follows from Theorem 4.11. As X and
Y, are equivariantly formal, the second morphism is obtained from the first one by
applying ? ®s Z' (where S‘Z’ = 0 for i > 0). Hence it is also surjective. O

RemMark 4.13. We describe how to construct the tree p,(x) € T by an element x € W.
If » = 0 then p,(x) is the empty tree. Now assume that » > 0. By a property of the
Bruhat order, we have either x > xs, or x < xs,. We set p,(x)g = e in the former case
and p,(x)y = s, in the latter case. This choice of p,(x)y is actually defined by

X0r(X)g > X0 (X)g S (4.18)

If r = 1 then our algorithm stops. If » > 1 then we define the left subtree p,(x); and the
right subtree p,(x)] inductively by

pr(x)y = Pr-1 (60 (Nas,), P} = pro1 (30, (X)a). (4.19)

For example, let r = 3, s = (51, 52, 51) and x = 5, where s = S,,, $2 = Sq, and @1, @
are simple roots of the root system of type A,. Calculating according to the above
algorithm, we obtain that p3(x) is the following tree:
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e/sl\sz
s/ \s e/ \e

Here the left subtree is p(x), the right subtree is p,(xs;) and the elements of the bottom
row read from left to right are p;(xs2), p1(x), p1(x51), p1(x5152).

By induction it is easy to prove that, up to sign, all elements b, with y € I, belong
to B, (v. Indeed, this is obvious for » = 0. Let » >0 and y € I'y. By induction,
b, up to sign belongs to B, (x,,). First, assume that r ¢ D(y). Then b, = A(b,/)
and Y 's, >y As v = xy,, we get xy,s, > xy,. Hence, by (4.18), we get
pr(x)ﬂ =v,s. By (4.19), we have pr(x)6 = pr—l(xpr(x)zsr) = pr—l(x7r)' Thus, by up to
sign belongs to A(Bp,()%), which is a subset of B, (). Now assume that r € D(y). Then
b, = FVv%(by/) =V, (b,) and ¥ 's, <y!. By (4.18) and (4.19), we get p,(X)p =,
and p,(x)] = pr-1(xp(X)g) = pr-1(xy,), respectively. Thus, b, up to sign belongs to
Vo, )0 (Bp,xy; ), Which is a subset of By, ().

Finally, we write down the exact inductive formula for the values of the basis

functions:
b, (6") if r ¢ D(y),
b,(6) = (6’)"1(—ar)by/(6’) if r € D(y) and 6, = v,, (4.20)
0 if r € D(y) and 6, # vy,.

5. Basis of the image X,

5.1. Localization for £,. Let k be a principal ideal domain with invertible 2 if
the root system contains a component of type C,. We are going to consider the
complement £, = Z\n~!(x) to the fibre of the map n: £ — G/B, where x is a T-
fixed point of G/B (see Section 3). As X, is just a T-subspace of X, we can apply
Theorem 2.4 to it as well. However, it is more difficult to apply Corollary 2.5.
Actually, the only problem to overcome is to prove that H7. (Z,, k) is a free S ;-module.
Unfortunately, we can not solve this problem in the same way as for £: we do not
know if X, has an affine paving.

Consider the natural embeddings i: X, < X and j: X, < X. From the non-
equivariant distinguished triangle

J1i'ky = kg > ik =, 5.1
we get the exact sequence
HZm(Z, k) N Hzm(zx, k) N H2m+1(2, J’]_Ci ) N H2m+1(2’ k) — 0

The left morphism is surjective by Corollary 4.12 and the following corollary of the
projection formula (cf. [12, VL.5.1]).
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ProposiTiON 5.1. Let Z' — k be the natural ring homomorphism. For any topological
space X, we get the exact sequence

0 — H'(X) ®z k — H\(X, k) — Tor;(H*'(X),k) — 0.

Hence H>"+1(Z, j!lgi) = 0. Since X is compact,
0=H""(, jiky ) = H" (S, jikg ) = H" S ).

The Poincaré duality in the form [7, Theorem 3.3.3] yields the following exact
sequence:
0= EXt]i_mOd(H? dim Z—ZWH—I(EX’ k), k) — HZm(EX’ k)
— Homy moa(H>™=2™(E,, k), k) — 0.
Hence, . A .
H" (S5, k) = Homypmoa(H; "™ 72" (85, k), k). (5.2)
From (5.1), we get the exact sequence
0=H" (T, k) = H™(E, jikg ) = H(Z, k),
The right cohomology is a finitely generated free k-module. We get that its submodule
H>™(Z, ji k)= H>"(Z,,k) is a finitely generated free k-module. Hence and from (5.2),
it follows that H*"(Z,, k) is also a finitely generated free k-module.
Now, again applying the Poincaré duality in the form [7, Theorem 3.3.3],
0 = Bxty_poa(HZ ™" (S, k), k) = H" (£, k)
— Homymog (H; ™21 (2, k), k) = 0.

Hence we get H*"1(Z,,k) = 0.
Now the degeneracy of the Leray spectral sequence at the E,-term implies

H7(Er, k) ~ HY(E,) ® Si.

This mo_dule is therefore a free S ;-module.
Let X, (k) denote the image of the restrictions H}(ix, k) — H}(l_"x, k), which is
injective by the first part of Corollary 2.5.

5.2. Review of Hirterich’s constructions. We shall briefly sketch Haérterich’s
constructions, in order to be able to apply them to the cohomology of the difference
3, in Section 5.3 and prove the criterion (Proposition 5.2) for the image X of the
restriction i, .. : H3(2,) = Hy(Ty).

Let a be a positive root and y € I'. We set T, := kera and M,(y) = {i; <--- <ic}.
Hirterich [11, Section 4] constructs the embedding vy : (Go/ B,)! — X by requiring

that its composition with the map ¢ : £ < (G/B)" defined by (3.1) be equal to

Ve . . . .
Y 1 i—1 il ir—1 i r
(815580 V> Win> -+ Ymin » & Vmine -+ > 81V min » - - » 8V mins - - - » 8 min)»

https://doi.org/10.1017/51446788717000064 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788717000064

[24] Bases of T-equivariant cohomology of Bott—Samelson varieties 103

where yn;, is the minimal element with respect to < in the ~,-equivalence class of y
(that is, the unique element of this class having no load-bearing a-walls). Here and
in what follows we write g instead of gB, or gB if it is clear from the context that we
consider an element of G,/B, or G/B respectively. Note that for £ = 0, the map vy
takes (G, /B, )¢ isomorphically to {y}.

Clearly, v depends only on the ~,-equivalence class of y. Corollary 4.4 from [11]
states

sle= || ims (5.3)
yerep(I',~a)

We note that to ensure the 7-equivariance of vy, we must define an appropriate 7'-
action on (G, /B,)’. This can be done as follows:

t-(g1s..,80) = (g1t .. tget™).

Similarly, we can consider the Bott—Samelson variety E? for the subgroup G, of G
(generated by the unipotent root subgroups U, and U_,) using the sequence («, ..., @)
of length ¢. Recall that we denote by l"? the set points of Zg fixed by the maximal torus
G, N T of G,. We identify this set with the set of combinatorial galleries (y, ..., ¥¢),
where y; = e or y; = s,.

The isomorphism ¢ : Z? — G,/Bqy becomes an isomorphism of T-spaces if we define
the following T-action on X

t-[pr,....pd i=ltpit™", . tpet '],

The set of T-fixed points of Z? is again l"?.

It is clear that (im vg)T ={06e€l' |6 ~,v}. We can compute the preimage of each
point of the last set with respect to the map v}, o ¢ : Z? — X. Indeed, without loss of
generality, it suffices to compute (v}, o 1)~!(y). Let us define

[ Sa ifi; € Jo(y),
8= e otherwise.

This definition and [11, Remark preceeding (4.1)] ensures v;"(gl, o, 80)=7v. We
define g :=[g1, 8,82, ..., 8, ,8¢] as an element of (G,/B,)". Hence v}, o «(3) = .
The equivalence

JEI@) ©§sa<F @gi=F =5, @ ij€La(y)
proves that

iye) = Ja(Vy 0 1(6)) (5.4)

for any 6 € F%.
Now we are going to explain how to compute the intersection im vy N a(x).
Suppose that £ > 0 and vj(g1,...,8¢) € 7~ !'(x). Consider the following commutative
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diagram:
(GalBo) —5 = —— (G/BY
\ I
G/B
Recalling the definition of ¢ o v (see Harterich [11, (4.1)]),
grYhi B = xB. (5.5)

If g¢ € By, then (5.5) together with the Bruhat decomposition yields x =y, . . On
the contrary, if the last equality holds, then (5.5) is true for any g, € B,.

If gp € UysaBa, then gy = x,(c)s,b for some c € Cand b € B,. Applying [11, (4.2)],
we can rewrite (5.5) as

g{"y:ninB = Xa(C)Sab)’fninB = xoz(c)sa/y;‘ninB- (5.6)
This representation is already canonical in the sense of [13, 1.13], as

(S0Yimin) " (@) = Vinin) ™ 5a(@) = i)™ (=@) = =(¥jin) ™' (@) < 0.

Now, comparing (5.6) with (5.5) by the Bruhat decomposition, we get x = s,/ . and
¢ = 0. This analysis proves the following formulas:
@ lf’)/ ¢ r{x,s,,x}a
imvy N () = V5 ((Ga/Ba) ' X {e))  if x = 7(ymin), (5.7
Vg((G{X/Ba)g_l X {S(x}) if x= sa”(‘)’min)
if £>0and
@ ifyerl,,
im0 () = 7 (5.8)
ly} ifyel,
if £ =0.

5.3. Description of X,. We will prove the following analog of Propositions 4.1
and 4.2.

ProposiTiON 5.2. An element f € H}(fx) belongs to the image X, of the restriction
i;ﬁn : Hy(Zy) — H(I') if and only if

(=DY«@ £(5) = 0 mod M« (5.9)
6er76~(177']<1(6)c']a(7)

for any positive root a and gallery y € l:‘[x,s(,x} and

(=D)!P@I £(5) = 0 mod /P (5.10)
8€l s x,0~a¥,Do(6)CDqo(y)

for any positive root a and gallery y € T's ;.
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Proor. Subtracting 77! (x) from (5.3),

Sho=sTal = || imi ).
yerep(I',~a)
Note that (im vi\n~'(x))" = {6 € [ |6 ~q 7).

By Corollary 2.3, an element f € H}(fx) belongs to the image of H;(iz”) -
H}(I_“x) if and only if each restriction f7 := flser s,y belongs to the image of
Hy(imvy \r7'(x)) = Hi({o € [y |6 ~q ¥}). Clearly, it suffices to consider only the case
{6€T,|0~y v} #@. We fix such ay € I" and consider the set My (y) = {i; < --- < if}.
Case 1. y ¢ Ty, By (5.7) or (5.8), we get that im vg\n‘l(x) =1im1§ and {6 €
[0~y ={0€T |6 ~,y}. We have the commutative diagram

2 ¢ 3 2
rf Zf

L

{6, sa}e (—> (Ga//Boz)g

(g
vy\Lg z\Lv;”

: a\T : a
(imvy)" —— imvy

{0el 6~}

and hence we get the following commutative diagram for cohomologies:

H}(T) ¢ H (%)

(V%L)*T\I IT\(@OL)*

Hy (18 €T |6 ~q ¥) +—— Hj(m )

Thus f7 belongs to the image of the bottom arrow if and only if f o v} o« belongs
to the image of the top arrow. By [11, Proposition 5.4(a)] this is equivalent to

Z DV 012 6 (8) = 0 mod @M@ 5.11)
5el2, J(8)c(x)

for any 7 € I';. By (5.4), we have the equivalences
V()] = oWy o)l  J©O) C (1) & Jo(vy 0 ) C Jo(vy 0 (7).
So (5.11) can be rewritten as

Z (_l)lfu(viot(é))lf o vg o «(8) =0 mod Myl
€7, Jo (V5 0U8))Cla (V5 oul(T))

Replacing vj o «(6) and vy o «(7) with § and y respectively, we get the final version (5.9).
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Case 2. x = n(Ymin). The condition {§ € Ty |6 ~, y} # @ implies £ > 0. Let Y =
(Go/Bo) ™" and Z = {e, 5} be its set of T-fixed points. By (5.7),
im v\~ (x) = Vi (Y X ((Ga/Bo)\{e})).

Consider the following maps:
e the natural inclusions 7: T2 | < %2, iyz:Z < Yandi: {s,} > (G,/By)\{e};
o a:Y > YX({(Gy/By)\e}) and b: Z — Z x {s,} that add the point s, to the last

position;
e the projection p : ¥ X ((G,/By)\{e}) — Y to the first £ — 1 coordinates.

By definition, p o a =id. Thus a* o p* =id on the level of cohomology. In
particular, a* is surjective. We have the following commutative diagram:

2 I 2
I > iy
L Ut
Z < i s Y
b a
v iyzxi v
Z X {sa) = Y X ((Ga/Ba) \ {€})
v | K
(0 € 5016 ~0y) == (mv\ 7' (@) —— imv? \ 7' (x)
Hence we get the following commutative diagram for cohomologies:
Hi(IZ) < ’” H(5F )
-
H3(2) < H3(Y)
b*/\z /\a*
. Gz Xi)” .
H(Z X {s)) ¢ H}(Y X (Ga/Bx) \ (e})
o b oy

H}({6 €5, |6 ~a ¥)) ————— Hj(imv§ \ 77 (x))

The surjectivity of a* proves that b* maps isomorphically im(iyz X 7)* onto imiy,.
Therefore the same is true about the whole left vertical column of the above diagram:
the image of the bottom arrow is mapped isomorphically onto im7*. Thus f” belongs to
the image of the bottom arrow if and only if f o v}, o b o € im7*. By [11, Proposition
5.4(a)] this is equivalent to

Z (DY f 012 0 b o y(8) = 0 mod ¥ (5.12)
5er2_,, J@)CI()
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for any 7 € F?_l. Consider the commutative diagram

r, ——z

| l
r? —l> Zx {sa}

where ¢(01,...,0¢-1) = (01,...,0¢-1,00-1 -+ 0201 So)- One easily notes that vﬁ/’ oboud)
runs over the set {6 € I, | 6 ~, ¥} as d runs over 1"?_1. By (5.4),

Ja(vg obo L(é)) = J(,(vg oLo q((S)) = iJ(q((j)) = i]((;) LI {lg}

Hence,
|Da (v}, 0 b o t(0))] = [Ja(Vy 0 b o ud)\icl = lise)| = [J(O)I.

By (5.4) and Proposition 3.1, the inclusion relation is also preserved:
J@O)cJne Ja(vg obod))C Ja(v;' obou(1))
© Dy (v 0 b o 1(0)) C Do(vy 0 b o (7).
Now we can replace (5.12) with
(_1)|Da(vj:obot(5))|f ° nyt obo L((S) =0 mod Qan(viDbOl(T))l.
S€T2_ |, Do (v 0bou(5))C D (v obou(T))
Replacing v o b o 1(6) and vy o b o «(7) with ¢ and 7y respectively, we get (5.10).

Case 3. x = $¢m(Ymin). For € >0, this case can be obtained from Case 2 by
interchanging e and s,. We get the following version of (5.12):

Z =DV f 012 0 b’ 0 4(8) = 0 mod ¥, (5.13)
6el?_|, J(6)cJ(x)

where b’ : Z — Z X {e} adds the point e to the last position. We have a similar
commutative diagram

rr, ——z
q’l l
7 —— Zx{e)

where ¢'(01,...,0¢-1) = (O1,...,0¢-1,0¢-1 - - - 0291). Here again, vij o b o ¢(6) runs over
the set {§ € [’y | 6 ~o ¥} as S runs over I'7_. By (5.4),

Jo(V 0 b" 0 1(0)) = Jo(V 0 L0 4" (0)) = isq) = L1w)-

Hence,
IDa(vy 0 b 0 1(6))] = |Jo (v 0 b" 0 (o)\ie}l = lises)| = [T ()]
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and the same is true for the inclusion

J(6) C J(7) & Jo(vy 0 b' 0 1(6)) C Jo(vy 0 b" 0 u(T))
=3 Da(vg o b’ o (¥)) C Da(vg o b’ o u(7)).
Therefore, we again get (5.10).
Finally, assume that ¢ = 0. In this case, ¥ = ymi, and im v;” \n~!(x) = {}. Hence the
restriction Hy.(imv§\n~'(x)) = H3;({6 € [ | 6 ~, ¥}) is the identity map. Thus f7 is
always in its image. On the other hand, condition (5.10) is also satisfied, as D,(y) = @.

All the cases being considered, it suffices to apply Corollary 2.5 to conclude the
proof. O

5.4. Versions of Lemmas 4.6,4.7, and 4.8 for £,. First, we get the following results
similar to the first two lemmas.

Lemma 5.3 (Cf. Lemma 4.6). X, = X

Proor. Take any f € X,. By Proposition 5.2, in order to prove that f € X, , we must
check the following equivalences:

(_l)lfa(5)|f(5) = 0 mod o™
0€l,6~aY:Ja(6)CJa(y)
for y € Tyyy,.5,x5,) and
(_l)an(ﬁ)If(('s) = 0 mod @/P«™)
0€L s x5y 0~a¥:De (6)CDq (y)

fory € I’y «s,. The first equivalence can be proved exactly as in Lemma 4.6. Note that
v, € L'ixg,x if r € My (y) (for Case 2). In view of the properties listed in Section 4.3,
the second equivalence can be rewritten in the form

Z (_1)\Dn(5)|f(5) =0 mod alDa()”)I'
SEFJQX35~075DH(5)CDU(7)
It holds by Proposition 5.2. O

Lemma 5.4 (Cf. Lemma 4.7). Let feX,r>0andtecle,s,). Wedefine f' € H;(l_";,
by f'(y') = f(y' - 1). Then f" € X,.

Proor. The same embedding ¢ as in Section 4.4 induces the following commutative
diagram:

H}(E) — HHE)

l l

H3(T) —— H3 ()

Therefore the lemma holds for ¢ = e. In order to prove it for ¢ = s,, consider f and
apply Lemma 5.3. O
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The version of Lemma 4.8 requires however a more accurate choice of 7.

LemMA 5.5 (Cf. Lemma 4.8). Let x € W, f € X, and r > 0. We can choose a unique
t €{e, s,} such that xt < xts,. Suppose that f(y) =0 fory, #t. Then f(y) is divisible

by B.(y) for any y € L. Moreover, the functiony’ — f(y' - t)/B.(y’ - t), wherey’ €T",
belongs to X',.

Proor. First, we show how to choose 7. Let us choose ¢ € {e, s,} arbitrarily. The
elements xt and xts, are comparable with respect to the Bruhat order, as they differ
by a reflection. The element ¢ is already chosen if xt < xts,. Suppose that xt > xts,.
Then we set ¢ =ts, and get xt’ = xts, < xt = xt's,. The uniqueness is clear from
xt < xts, © xt’ > xt’s, with ¢’ as before.

As in the proof of Lemma 4.8, we shall prove the divisibility claim by induction
with respect to <. Suppose that £(6) is divisible by B8,(5) for any 6 € I', such that § <y
for some y € I',. We must prove that f(y) is divisible by B,(y). Clearly, we need only
to consider the case y, = t.

We take for « the positive of the two roots B,.(y) and —B,(y). Thus r € M, (y). Note
the following chain of equivalences:

vyel,, ©y =sx= yrsr(yr)_lx oyYs,=xoy =xs, @yely. (5.14)

Similarly, we get y € I' & ¥ € I'y,,.

The case y € [, is identical to Cases 1 and 2 of Lemma 4.8, where one applies
Proposition 5.2 instead of Proposition 4.1. Note that in this case ¥ € T}, 5, by (5.14),
Case 1 corresponds to r € J,(y) and Case 2 corresponds to r ¢ J,(y).

Consider the case y € Iy, .. By Proposition 5.2,

(_1)\Dn(5)|f(5) =0 mod aIDH(Y)I.
Jersax:(g”a'}’aDn((s)CDn('y)

We have n(6) = n(y) in the summation. It follows from this fact and Proposition 3.1
that J,(6) C J,(y). Hence 6 < y.

It remains to check that D,(y) # @. By (5.14), we get y € [y Thus y"~! =yt =
xs,¢, whence our condition xt < xts, implies ¥ 's, <y"~! and r € Dy (y).

Let us prove the last claim. We denote by f’ the function under consideration:
&)= f&"-0/B.(y -t). By Proposition 5.2, we must check the equivalence

(_l)lfa(5’)|f/(5/) =0 mod a\la()”)l
'€l 0" ~o Y S0 )T (Y')

for any y’ € l_"g | and the equivalence

Xt,Sq Xt

(_l)IDa(tS’)If/(d’) = 0 mod aP«™" (5.15)

0"l :0" ~a¥'\Da(0")CDa(¥')

S xt”

for any y’ € I:;W. The first one can be proved exactly as in Lemma 4.8, as y € T,

and y € [y, if 7 € M,(y) (Case 2), where y =y - £.

https://doi.org/10.1017/51446788717000064 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788717000064

110 V. Shchigolev [31]
It remains to prove (5.15). In this case, y = y" - t € Iy . We consider the following
cases.

Case a. r ¢ M,(y). In this case B,(y) # +a. Hence s,x(—a,) # +a. By Proposition 5.2,

(=1)P=@l £(85) = 0 mod /P, (5.16)
S€l 5 x,0~a¥,0,=1,Do (6)C Dy (y)

As 6, =y, = t in this summation, we can rewrite the above equivalence as

Sax(—ay) > (=1)P@) £y = 0 mod /P,
&ermxhé/ ’“(f)/an((s’)CDa('y/)

Cancelling out s,x(—a,), we get (5.15).

Case b. r € M,(y). In this case, xs, = sox. Forany 6 € I'y_, such that 6, =tand 6 ~, v,
we have 6" 's, = sgxts, = xt < xts, = s,xt =" ~'. Hence r € D,(5). Therefore we can
rewrite (5.16) as

ta Z (=1)P@ () = 0 mod @/Pe@ 1,
6/er.r(,xlsé/"rr}//sDa((s/)CDa()ﬂ)

Cancelling out +a, we get (5.15). O
5.5. Basis for X,. For any gallery y € I and x € W, we define

A(cj,%) if xy, > xy,s,,
V%(ci,y’) if xy, < xy,s,.

X X

c®: . c)/_

By Lemmas 4.3 and 4.4, we get ¢, € X.

THEOREM 5.6. The set {C;Ifx | y €T} is an S -basis of X .. In particular, the restrictions
X - X, and H3(Z) — H}(ix) are surjective.

Proor. We apply induction on r, the result being obvious for r = 0. Now let r > 0
and f be an element of X,. Choose ¢ € {e, 5.} so that xg > xgs, and define f'(y’) =
f(y -q) fory e l_";q. By Lemma 5.4, we get f’ € /\_’;q. By the inductive hypothesis,
f"= Yyer,, ay €I, for some a, € S. Consider the difference

h=f- > aycl,. (5.17)
Verx,)’r:q
By the above definitions, we get 4(6) = 0 for any ¢ € ', such that §, = ¢:
WO = fO) = Y aye®=f©0)- Y, ayAC)©)

yel'vy=q yelvyr=q

= > @) - > ayei©)=0.

y'elly yelvyi=q
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Let ¢ be the element of {e, s,} distinct from g. We clearly have xt < xts,. Thus by
Lemma 5.5, we get that the function /2’ defined by #'(y') = h(y’ - 1)/B,(y’ - t) fory’ € T,
is a well-defined element of X,. By induction, &’ = ¥ ., by ¢l for some by €.
We geth =3 e - by ¢)lr,. Indeed, both sides evaluate to 0 at 6 € I'y such that 6, = g,
and for 6 € I', such that 6, = ¢,

WO = Y. bSO =h@ D= > byV(eE 1)

}/Gl:x,}/,-:t ‘}/El:‘\,‘y,:t
=B @)= Y, byBO)ei(d)
yel oy =t
=B,8) D byc(@) = Y. byB,©)el(d) =0.
V'Er'ﬂ YEFX,Y,-:I

Hence and from (5.17), we get that f is an S-linear combination of elements of our set.
Finally, let us prove the linear independence. Suppose that we have 3 ¢ ayc, =0
for some a, € S. We can write this sum as

D aAeh+ D aVie) =0, (5.18)
yelryr=q yelyy,=t

Evaluation at § € I'; with 6, = ¢ yields Y, cp, @,€,/(5') = 0. Hence by the inductive
hypothesis, a, = 0 for any y € [, such that y, = g. Therefore (5.18) takes the form
Dyel ymt ayV,(cif ) = 0. Evaluation at § € T', with §, = ¢ yields Dyl ayﬁr(d)cif )=
0, whence X /e, ayc;‘,f (6') = 0. By the inductive hypothesis, a,, = 0 for any y € I', such
that y, = 1. O
Remark 5.7. For each x € W, we can define the tree £,(x) € T just as we defined the
tree p,(x) in Remark 4.13 but with the opposite choice of the element corresponding
to the empty sequence:

X6 < XE(Xosr, &)y = E-1(x€(Dasr),  E(X)] = E-1(xE(X)o).

Similarly to Remark 4.13, one can easily prove that {c¢} | y € I'} = B, (v).

6. The costalk-to-stalk embedding and the decomposition of the direct image

6.1. Change of coefficients. Let k& be a principal ideal domain with invertible 2
if the root system contains a component of type C,. Consider the canonical ring
homomorphism Z" — k. It extends to the ring homomorphism § — S;. We get the
following commutative diagram:

H(X) ®y k — HI(Z, k)

l l (6.1)

H/(() ®2 k —— H(T, k)
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As H'(X) and H'(Z, k) vanish in odd degrees, ¥ is compact and T is finite,
Proposition 5.1 implies that the horizontal arrows are isomorphisms. Hence we get
the following chain of isomorphisms:

H; (D) ®s Sk~ (H'(Z)®z S)®s Sk~ (H*(X) @z k) & Sk
~H*' k)@ Si = H}(Z, k).

The similar chain yields an isomorphism H3.(I') ®s S N H3.(T', k). Diagram (6.1)
proves that these isomorphisms are compatible with the restriction from X to I'. This
means that we get the following commutative diagram:

Hy(2) 85 Sy —— Hi(S.k)
X®s S —> HyI)®s Sp —— H(T.k)
If we go along the upper path, then we get an isomorphism of S ;-modules X ®g S >

X (k). However this map is the same as the map of the lower path. Hence we get the
following result.

Lemma 6.1. There exists an isomorphism of S -modules (dashed arrow) such that the
following diagram is commutative:

[ [

Hy(T) ®s Sy —=> H}(T, k)
Arguing similarly with X, and I, we get the following result.

LemMmA 6.2. There exists an isomorphism of S y-modules (dashed arrow) such that the
following diagram is commutative:

! !

H3(Ty) ®s Sk —= H3([, k)

The case of X,(k) is more difficult, as Z, is in general not compact. However, we
can use the Poincaré duality
H'(Z4, k) = Hompmoa(H; ™7 (Ex, k), k)
established in Section 5.1. We get the following sequence of canonical maps:
H(E,) ® k = Homg moa(H2"(E,), 7)) @2 k 5
— Homymog(H; “™*7(E,) ®2 k. k) = Homymoa(H; ™' (1,4), k)
~ H'(X,, k).
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From Section 5.1, we know that H24m>~($ ) is a finitely generated free Z'-module.
Hence we conclude that the morphism ¢ in the sequence above is an isomorphism. If
we replace X, by T, in this argument, then we get an isomorphism H'([,) ®7 k ~
Hi(T,, k). It is rather easy to see that these isomorphisms are compatible with the
restriction from X, to I'y. An argument similar to the one preceding Lemma 6.1 proves
the following result.

Lemma 6.3. There exists an isomorphism of S -modules (dashed arrow) such that the
following diagram is commutative:

[ [

Hy(T)) ®s S ——> H([x. k)

These three lemmas allow us to construct bases of X(k), X, (k), X.(k) from the
bases of X, X, X, given by Theorems 4.9, 4.11, 5.6 respectively. Moreover, we can
construct operators A and V, on H3.(I", k) similarly to Section 4.2 and obtain analogs
of Lemmas 4.3 and 4.4.

6.2. Description of the costalk-to-stalk embedding. From the T-equivariant
distinguished triangle

ik, =k = JJks 5,
where i and j are as in Section 5.1, we get the following exact sequence:
HY (Ex, i'ky) = HME k) = Hp(Ex, k) - HF (S, i'ky) — (6.2)

We are actually interested in the left map. It would be very convenient if we could
prove that its source H.(Z,, i’lgz) vanishes in odd degrees. This is fortunately true, as
the sequence

HPM (S, k) = HP"(E, k) = HP"™ (S, itky) = HP" (2, = 0

is exact by (6.2) and the left map is surjective by Theorem 5.6 and Lemmas 6.1 and 6.3.
Consider the following commutative diagram with the exact first row:

0 — B (S, i) — HPEK) — HPEk) — 0

T

(%

2m _
0 —— ker¢? —— X(k)*" —— X, (k)" —— 0
Here, ¢*" is the restriction map f flr, and the solid vertical arrows are induced

by embeddings I' < X and ', < X, respectively. We have thus proved the following
result.
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Lemma 6.4. There exists an isomorphism of S -modules (dashed arrow) such that the
following diagram is commutative:

HY (2, i'ky) — Hy(Z, k)

i
X (k) —— X(k)
where X*(k) = {f € X(k) | fIr, = O} and the bottom arrow is the natural embedding.

CoroLLary 6.5. The functor H3.(Z,, -) applied to the natural morphism i k — 'k,
where i: X, < X is the embeddmg, yields a map isomorphic to the embeddlng
X*(k) — X, (k).

It remains to discuss the behaviour of X*(k) with respect to the change of the ring
of coefficients k. By the remark at the end of Section 5.5, we have {c, | ¥ € I'} = Bg,(»).
Thus we can write Bgx) = {b1,...»bms Dins1s - .., by} s0 that {bilg ..., byl } is a
basis of X,. We have the following decompositions b ile, = Xy cijbilp, for some
(homogeneous) c¢;j € S. Let u = )", x;b;, where x; € S, be an arbitrary element of
X. We get

n

m m m
= Z -xibill_"x + Xj Z Ci, /b L= Z (Xl Z Ci,jxl‘)bih‘—x.
- . =

i=1 j=m+1 i=1 Jj= m+1
Hence X* = X*(Z') is a free S-module with basis {~ X, c; jbi + bj}_,,.,. Arguing
similarly, we get that X*(k) is a free S x-module with basis {— Y7 (¢;; ® 1,)(b; ® 1;) +
b;® 1)
Jj=m+1*

LeEmMA 6.6. There exists an isomorphism of S y-modules (dashed arrow) such that the
following diagram is commutative:

X*®s S ---1-% X*(k)

! [

Hy(T) ®s Sy —=> H}(T,k)

6.3. Description of X*(k). We are going to describe this module via the dual of
X, (k). This is a well-known description due to Fiebig [8, Lemmas 6.8, 6.9 and 6.13].
We present here an alternative proof that does not require invertibility of 2 in k. Let

DX (k) = {g € Map(I'x, Qi) | (8, f) € S for any f € X.(k)},

where Oy is the ring of quotients of S and (g, f) = X,er, &, fy (the standard scalar
product). It will be convenient, for example in Lemma 6.7, to identify elements of
DX, (k) with their extensions by zero to I.
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Consider P € H3.(T', k) defined by

P(y) = nﬁi(y) ®ly== 1_[ (@ ® 1M,
i=1

acdt
Note that any P(y) is divisible in S by the Euler class
eb= [] ool
acd*, s, x<x

(see for example [17, Lemma 4.9.7]).
Lemma 6.7. It holds that X*(k) = PyDX (k).

Proor. First we prove by induction on r that Pyg € H;.(I'y, k) for any g € DX (k). This
is clear for » = 0, so we assume that r > 0. Let 7 € {e, s,}. By Lemma 4.4,

Sk3 @ Vif )= ) 8 - 0B, -0f &)
yery

for any f” € X’(k). Hence the function

g =By -ty -0,

'/

where y' €I,

values in S:

belongs to DX’ (k). By the inductive hypothesis, the product P; g’ has

r—1
Sk3 P'(Y)g() = (Hﬁ;(y’))ﬂr(a/ gy 1) =P D8y - 1)
i=1

As t is arbitrary, the function Pyg has values in Sy.

Now we are going to prove the lemma for k = Z’. In this case, we write P = Pz and
DX, = DX,(Z'). We apply induction on r, the result being obvious for » = 0. Assume
that r > 0.

Let us prove that Pg € X* for g € DX,. We actually must prove that the extension
by zero of Pg to I belongs to X, which by Proposition 4.1 is equivalent to checking
that

(- p(§)g(6) = 0 mod oV
€l 6~a¥:Ja(6)CJa(y)

for any @ € ®* and y € I'. In this summation, P(6) is clearly divisible by oI =
aM®l Hence it also divisible by a*®)!. Therefore it remains to prove that the
function

o(5) = (=)Ya@Ip(§)jae®if § ~, v and J4(5) C Jo(y),
Py =10 otherwise,
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where 6 € I', belongs to X. It is rather difficult to prove it directly, applying
Proposition 4.1. Therefore, we define the following function ¢y by induction: gg = 1

and .
V.45 if r & Mo(y),
qy =1V9.49y + Vy,5,dy —aAq),  if r € Mo(y)\Jo(y),
—Aqy, it r ¢ Jo(y),

if r > 0. By Lemmas 4.3 and 4.4, we get qg € X. Therefore, it suffices to prove that
2|Ma(7)|—|Ju(7)\prv — qg‘

This formula is obvious for » = 0. Therefore, we consider the case » > 0 and apply
induction.

Case 1. r¢ My(y). If 6 », 7y, then either 6, # vy, or & »,¥'. In both cases,
qg(é) = Vyrqg,(é) = 0. Now assume that § ~, y. Then 6, =7y,, &’ ~; Y, Jo(0) = Jo(8'),
Jo(¥) = Jo(Y), Mo(y) = Mo (Y'). If Jo(6) & Jo(y), then Jo(6") € Jo(y') and

43(6) = Vy,45,(68) = B(8)q(8") = 2M0IHOIIB (5) Y, (8") = 0.
If J,(8) C J,(y), then J,(6") C J,(¥') and
45(0) = V,47(0) = B,(0)gy (&) = 2MOINIIB ()1, (&)
— 2IMH(7)I7\JQ(7)I(_ 1 )'J“(é)‘ﬂr(d)P((S’)/a”“(”)l

— 2|M(r(7)|_“,0('y)|(_l)ljtv(‘s)‘P(é‘)/alJa('y)‘ — 2|Mtv(7)‘_|jn(7)|p$(6).

Case 2. r € Mo(y)\Jo(y). If 6 +4 7y, then & +, ¥'. In this case, q,(6) =0, as qg, ) =
2|M"(7')|‘“"(”/)|p$,(6’) = 0. If J,(6) ¢ J, (), then either r € J,(6) or J,(&') ¢ Jo(¥'). In
the former case, we get 8,(0) = @ and

42(8) = V,,4%(8) + V5, (6) — ¥Ag%(6) = B(8)¢% (&) — ag(8') = 0.

In the latter case, we get ¢5,(6") = 2‘M‘*(7/)|‘”’1(’/)‘p$, (6") = 0, whence ¢5(6) = 0.
Now suppose that § ~, v and J,(0) C Jo(y). Then & ~, v, Jo(6") C Jo(¥') and
r ¢ J,(0). It follows from the last formula that 8,(5) = —«@. Hence,

42(8) = V,,45(8) + Vs, 4.(6) — a2 (6) = B(5)’(6') — ag (&)

=2aq% () = 2\Ma(7’)|—|Ju(*/)\+1(_l)lfn(5’)|(_a)P(5/)/a,IJa(V')I
Y
- 2|M(y(7)‘_|'/(i('y)|(_ 1)|Ja(5)|P(6)/a|Ja(7)| - 2‘M(r(7)|_“]a('y)|p;l(6)'

Case 3. re Jy(y). If § 47, then & +,y'. In this case, ¢,(6) =0, as qg,(d’) =
MY )=1a () py(6") = 0. If Jo(6) & Jo(y), then Jo(6") & Jo(y') and we again get
qg(d) = 0, as qg{(é") = 2‘M(r(7/)|_|‘/a(7/)‘p’(yy/ (6') = O

Now suppose that 6 ~, v and J,(6) C J,(y). Then &’ ~, ¥" and J,(6") C J(¥').
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If r ¢ J,(0), then B8,.(6) = —a and
45(0) = =Aqy(60) = —q5, (&) = =20 (87)
— _2|Ma(’}’)|—|Ja(7)|(_1)|Ja(5')|P(6’)/a|1u(7/)|

- 2\Mn(7)|—\1<y(7)|(_ 1 )Ila(é’)l(_a,)P(éf)/alla(V)\
— 2\Mu()’)|—\!a(7)l(_l)lln(5)lp(5)/alln(7)l — 2|Mn('y)|_|'/r1(y)|p$(6).

If r € J,(0), then B,.(6) = @ and
45(6) = ~Ag,(8) = ~g5,(8") = ~2M0RO 8 (&)
= DMeOI-Val(_ 1)a@) ps57) M
- 2\Ma(7)|—\fa(7)|(_ l)lfa(ﬁ)lap((;/)/a\h()')l
= QMO )a@) p(g) 1Mo = QMDA e (),

Finally, we prove the inverse inclusion. Let f € X*. We apply induction on the
cardinality of the following set (lower closure of the support of f):

6(f) ={§ € Iy | there exists y € I', such that 6 <y and f(y) # 0}.

If 6(f) = @, then f = 0 and the result follows. Suppose now that 6(f) # @ and let y
be its maximal element with respect to <. Let @ be a positive root.
First suppose that s,x > x. In this case, |/, (y)| = |Dy(y)|. From [11, Theorem 6.2(3)],

(_l)lfn(é)lf(d) = 0 mod @™MeWI-MaIl
O€l,0~0 7,0 (¥)CTTo(0)

Proposition 3.1 and (4.17) imply that > y for any ¢ in the above summation. Thus
f(y) is divisible by M=)l = @IMeI=IDa(y)]

Now suppose that s,x < x. In this case, |J,(y)| = |Dy(y)| + 1. Let j be the greatest
element of M,(y). Note that j is also the greatest element of J,(y). Lety be obtained
from y by replacing y; with y;s;. We clearly have n(y) = sox, ¥ ~, ¥ and Jo(y) =
Jo(y) U {j}, whence |J,(y)| = |Jo(¥)| = 1 = |Dy(y)|. From [11, Theorem 6.2(3)],

(_l)lfa(t?)lf(é) = 0 mod @M=l
6€Tl,6~aY.Ja(¥)CTJo(6)
As j e J,(0) for any ¢ in the above summation, we can replace there the condition
Jo(y) C Jo(6) with J,(y) C J,(6). Hence again § > y in the above summation and f(y)
is divisible by @M«®=IPaI,
As a result, we get that f(y) is divisible by

1—[ aMeI=IDe] — ._._@‘
aed* a(y)

It follows from Theorem 4.11 that DX, has an §-basis {By}yerx such that f)y(y) =
1/a(y) and b, (6) = 0 for 6 € I', with 6 > y. To get this basis, one should invert and
transpose the matrix given by (4.20).
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Consider the difference h = f — f(y)/(P(y)/ a(y))Pf)y. WegetCh)c{oel',|0<y}
G C(f). By induction, & belongs to the PDX . Thus, so does f.

Finally, let us return to the general case. By Lemma 6.2, the basis {f)y}yen of
DX, mentioned above and the similar basis for DX (k) yield an isomorphism (dashed
arrow) making the following diagram commutative:

PDX,®s S; ——= PiDX,(k)

! l

Hy(D)®s S — H(L,k)

Multiplying it by P, we get by Lemma 6.6 an isomorphism (dashed arrow) making
the following diagram commutative:

X*®s Sk = \){ X*(k)
//

(PDX,) ®s S - > PiDX (k)

(v l

H7() ®s S > H7.(I', k)

The commutativity of the right triangle means that the isomorphism represented by the
dashed arrow is over H3.(I', k), which proves that it is the equality of subsets. O

Prorosition 6.8. Let H, be the matrix defined by (4.20) and P, be the diagonal
matrix with yth entry Pz(y). We set Hyy = H, ®s S and Pyy = P, ®s Si. The
costalk-to-stalk embedding X*(k) — X, (k) is described by the transition matrix
(H;,}C)T Py H;}( All entries of this matrix are divisible in S by the Euler class e, (k) =
l_[aed)*,sax<x @ ® Iy

Proor. We need only to prove the divisibility. It suffices to consider the case k = Z'.
We write e, = e,(Z’). Let f € X*. By Proposition 4.1,

(_1)|Ja(5)\f(5) =0 mod o™
0€l'v,0~a Yy, Ja(0)CJa(y)

for any a € ®*. If s,x < x, then |J,(y)| = |Do(y)| + 1. By Proposition 3.1 and (4.17),
we get ¢ < y in the above summation. Hence we get by induction that f(y) is divisible
in S by e, = e,(Z'). Dividing the above equivalence by « if s,x < x and taking into
account that different roots are not proportional,

(—1)|J"(6)|f(5)/€x = 0 mod /P«
5EFX,6NH’)/,D[,(5)CDG (7)

Thus we have proved that f/e, € X,. O
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6.4. Euler classes. Consider the closed T-equivariant embedding
f{0)=V=Co---0C,,

where A; are characters of 7 and C, is the corresponding one-dimensional
representation of 7 (see the proof of Theorem 2.4). We assume that k is a field such
that 4; ®z k # 0 for any i. We get the following exact sequence:

Hy({0}, f'k,) — H}(V. k) — Hy(V\{0}, k). (6.3)

We want to look more closely at the right map. By [3, (2.15)], we have the following
commutative diagram with exact top row:

Hp(V,V\{0}, k) —— H7.(V,k) —— H7(V\ {0}, k)

T /l

H"Zd( 1, k) < H3.({0}

where @ is the Thom isomorphism, f. is the push-forward and the corresponding
Euler class is e = Hfl 1 i ® k. By our assumption, e # 0. Hence H7(V\{0}, k)
vanishes in odd degrees and H;(V, k) — H;(V\{0}, k) is epimorphic in any degree.
Coming back to (6.3), we obtaln the 1somorphlsms ]HI 2({0}, f'k,) = H724({0}, k) =~
S«[-2d] and H3(V, k) ~ S} under which the map H.( f k,) — H}(V, k) becomes
the multlphcatlon by e.

6.5. Defect of a homomorphism. Recall that §; has the maximal ideal m =
EB»O - We clearly have Sy/m ~ k. Let ¢ : U — V be a homomorphism of graded
Sr-modules. Then we can consider the quotient im ¢/mV, which is a graded S;/m-
module and thus also a graded k-vector space. If U is a finitely generated S ;-module,
then we can define the defect of ¢ as the graded dimension of this quotient:

d(p) = Zdlmk(lm p/mVyw™,
nez

This is an element of the ring of Laurent polynomials Z[v, v 1. Clearly d(¢; @ ¢2) =
d(¢1) + d(¢7) and d(p[n]) = v'd(p). If ¢ is an embedding and U and V are finitely
generated free S -modules, then d(¢) can be calculated as follows.

ProposiTioN 6.9 [17 Corollary 3.3.3]. Let ¢ : U — V be an embedding of graded S -
modules. Let { u; }nez,lg,gl” and { j)}ngz’lg i<k, be bases of U and V, respectively,

labelled in such a way that uf.") and v(].") have degree n. Let

(n) Z (m,n) _ (m)
plu;”) = MEZ,1< j<kp 4ji Yy

for corresponding homogeneous a&’;”") € Sy. For each n € Z, we denote by A™ the

k, X L,-matrix whose jith entry is a(]f'l.’”) € k. Then d(¢) = 3,c7 Tk Ay,
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Finally, we describe a homomorphism of graded modules ¢ : U — V that can be
divided by a homogeneous element e € S f that is no zero divisor for V. Suppose that
for any u € U there exists (¢/e)(u) € V such that (i) = e(¢/e)(u). Then we get a
uniquely defined homomorphism ¢/e : U — V of §;-modules such that (¢/e)(U;.4) C
V;. It is a homomorphism of graded modules ¢/e : U[d] — V.

6.6. Application to parity sheaves. Our calculations have not yet involved any
stratifications. In this section, we are going to apply our results to the stratification
G/B = | |,ew BxB/B. We write X = G/B and X, = BxB/B for brevity and assume that
k is a field. By [15] there exists the decomposition

n.key (1 = P P £ bl-a®,

xeW dez

where & (x, k) € D7(X, k) is the T-equivariant parity sheaf such that supp & (x, k) € X,
and &(x, k)x, = ky [dy], where d; = dim X,. Our aim is to calculate the multiplicities

m(x,d).
We rewrite the above decomposition as
rks = D P S0 pl-d - (6.4)
xeW deZ

and consider the natural embedding i, : {x} — X. We are going to take the following
steps:

e  apply to both sides of (6.4) the morphism of functors H.({x}, i;,) — Hy({x},770);
e divide it by the Euler class e; = []ycqr 5, x<x @ ® 113
e take the defect of the resulting map.

First consider the left-hand side of (6.4). We have the following Cartesian diagram:

T, —» =
(x) —— X
As n is proper, the base change yields i\m.ky =~ (1,).i'ky and iim.ky = (m,).i%ks .
Hence the map HZ.({x}, i;ﬂ*l_cz) — Hi({x}, iym.kg) is isomorphic to H7.(X,, i!lgz) -
H3.(Xy, i*ks ), which in its turn is isomorphic to X*(k) < X, (k) by Corollary 6.5.
In order to tackle the right-hand side of (6.4), let us compute the map

Hy (1), 56 (v, k) = Hy ({2}, 1,6 (7, k). (6.5)
If x ¢ X, then i\&(y, k) = i*E(y, k) = 0 as &(y, B)lx\x; = 0. Therefore, we must only

consider the case x € )Ty that is x < y.
Let U = | |.», X;. This is an open subset of X that contains X, as a closed subset.
Moreover, the restriction .# = &(y, k)|y is an indecomposable parity sheaf on U.
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Leti: X, — U, f:{x} — X, and i, : {x} < U denote the natural embeddings:

Let ¢ : i'.# — i*.Z denote the natural morphism.

Suppose ﬁrst that x <y. Then ,/ has no direct summands supported on Xj.
Let us write i'"#% =@, _, 0" and i*.F = @, _, P", where Q" = H"(i'.%)[-m] and

= H"(i*.#)[-n]. We denote by ¢, : Q™ — P" the corresponding morphism of the
direct summands. By [15, Corollary 2.22], we get that ¢, ,, =0 form < n

We denote by A : f' — f* the natural morphism of functors. Then the composition
ffp o A(i'F) is the natural morphism it.7% — ©%.7:

f 0i' —M ffo oi'F —)f*‘p f*oi*ﬁzi';ﬁ.

Recalling our decompositions of i'.% and i*.%, we represent this morphism as the
direct sum of the following morphisms:

fom 25 pon £ (6.6)

for m > n. We have the decompositions Q" = k, [-m]®**“™ and P" = k, [-n]®"*"
for some nonnegative integers a(x, m) and b(x, n) Applylng H3.({x}, ) to (6 6), we get
maps from

H7 ({x} f o™ =H7({x} f k [ m])eaa(xm)
= H}—m ,f ]_(X )e)a(x 1)
= Hy "2 (), KPS [ — 2,120

to

H;‘( f Q) H x f*k [_m])eaa(x,m)

— o—m {)C} k)eéa(xm) =S [ m]e}}a(xm)
and finally to

Hy (), £*P") = Hy({x), £y [-n])® 0"
= H;—n({x}, k)@b(x ) — Sk[_n]GBb(x,n)‘

So we get the following sequence of maps (see Section 6.4):

Sk[_m_zdx]e)a(x,m) eX_U?> Sk[_m]eaa(x,m) - Sk[—l’l]@b(x’n).
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The division by e, yields a map S [-m]®*™ — S, [-n]®*® M. As m > n, the defect
of this map is zero. Thus we have proved that the defect of the map HJ.({x}, 7)) —

HY.({x},7;.%) divided by e, is zero. Recalling that % = &(y, )|y, we get that the defect
of (6.5) divided by e, is also zero.

It remains to calculate the defect of (6.5) divided by e, in the case x = y. Consider
the natural embedding j: U\X, < U. We have j*.% = &(x,k)lp\x, =0 as U\X, C
X\X,. The distinguished triangle

+1

0=jij % > F >iiF >
yields & = i,i* ¥ = isky [d,]. Forany ? € {!, =},
BE k) =TT = Tiky [d = f'iky [di] = £k, 1.
Hence (6.5) becomes the natural map
Hy  ((x), [y ) = (), £k ).

Under the identifications of Section 6.4, this map becomes

S[-d.] =25 S[d,] .

Division by e, leaves us with the identity map Si[d.] — Si[d.], whose defect is
obviously v*. Hence we get the following result.

THEOREM 6.10. The defect of the inclusion X*(k) — X,(k) divided by e, is

Z m(x, d)vd-‘_d_r.

deZ

Once we compute the above inclusion, for example by Proposition 6.8, we can
recover the coefficients m(x, d).

6.7. Example of torsion. We use here the notation of Proposition 6.8. Let G =
SLg(C), I1 = {ay,...,a7} and

s = (83, 52, 81, S5, 54, 53, 52, §6, 55, $4, 83, §7, §6, 55), X = §2853852855655,

where s; = s5,,. We arrange elements of I', in ascending order with respect to <. The
matrix H, = {h;, 1}1‘23:1 computed by (4.20) has the following nonzero entries: sy ; = 1
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for1 < <29,

313 = hiz1a = hiz s = hisie = iz = hisas = hiz o = as + as,
hy727 = asas(az + @3), hsia = he 19 = —zas, hsg = hiap7 = —azas,
h3z=h3e=h3g=h315s=h317 =h3p = h327 = as + a3,
h17 =h18 = h716 = h717 = a3 + @4 + @s, hag 27 = —@sar0s,
h2020 = h2021 = h2o22 = h2023 = h2024 = h2025

= h30.26 = hoo27 = h20,28 = h2029 = @,
haa =hss=hse=ha11 =hs12=hizps = hize

= h1327 = hi3p8 = hi3 20 = as,
hoo = ho 10 = ho,11 = ho,12 = ho 18 = h9 19 = h9 23

= hop4 = hopg = ho 29 = a2,
hap =hys = ha14 = hap1 = hap6 = h310

=h312 = h319 = h324 = h329 = a3,
hate = ha7 =—a3 —as —as — ag, hay7 = ho 16 = —a4 — as,
hyg = hy17 = —a2 — a3 — a4 — s, hygog = hag o9 = asaras,
haepe = ha729 = aszas, hiz12 = higp9 = arasas,
he,17 = —(a3 + a4 + as + ag)(az + @3), hoaps = haao = ara3as,
hio,10 = h10,12 = h10,19 = h1024 = h1020 = @203,
hss = he 12 = hape = hisp9 = azas, hopos = o7 = as(az + as),
hi118 = hii,19 = o122 = ho1 07 = —aoas, he 15 = —as(as + @3),

hiaga = his19 = (a5 + ag)as, hoz = hag = hy 15 = hy 2o = hy 27 = —a,

hio,19 = (a5 + ag)anas, hisis = his17 = (s + ae)(ar + @3),
hiag6 = —(as + ae)(as + as), hs7 = (a3 + as)(as + as),
hiag7 = —(as + ag)(ar + a3 + a4 + as), hia s = —(as + ag)as,

hig18 = hig,19 = (a5 + ag)as, hsg = (a3 + ag)(@z + a3 + a4 + as),
hitan = b = higog = higpo = aras, hig9 = —ara3as,

hie,16 = h16,17 = (a5 + @)@z + a4 + @s), hy929 = 2030506,

ha7 =hag = —a3z — a4, ha13 = haga = ha1s = hy 18 = haj9 = —as,
hs15 = hy323 = hoz 4 = hp3 28 = o3 09 = a2,

hes = his27 = as(ay + @3), hgg = hg 17 = (a3 + as + as)(az + a3),
hi717 = (@5 + ag)(@3 + @y + as)(a + @3),

heg = —(a3 + ag)(@z + @3), hs 16 = (@3 + a4 + as + ag)(ay + @s),
hsy7 = (@3 + a4 + as + ag)(ay + a3 + a4 + as),

ha121 = ha126 = 224 = ho2 29 = @30,

hosps = hospe = hoso7 = hasag = hosag = asas.
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The 29th row of the matrix (H;')” has minimal degree. Its precise value is

1 1 1 1
9 = s s s s
asrasasy (a2 + @3)asasas  arasas(ar +a3) (a5 + as)arasas

1 1 1
(a5 + ap)(@2 + @3)asas” as(as + ag)as(ar +a3)” " @earasas’
1 1 1 1
Q53 (@5 + ap)rasas’  (as + ae)asas’  ae(@s + ag)aras’
1 1 1
9 b O’ b b
as(ar + a3)(as + ag)az aras(as + ag)(az + a3) as(as + ag)anas
1 1 1 1
as(@s + @e)anrs’  aearases’ (@ + @3)esas’ amreas(as + a3)’
1 1 1 1 1

s s s s s
Aera5q3 Qo533 Aeaasa3  (an + @3)asasas arasas(ar + as)

1 1 )
Qer53 Qerss )

We have the Euler class e, = az(as + a3)agas(as + ag)as. Hence the matrix P, /e, has
the diagonal

p = (@asmasaiag(as + ay + as)az,

—az(ay + a3)ayas(@; + ag)ag(as + ag + as)as,

—(a2 + a3)(@1 + @2 + a3)as(as + ag)aras(as + ay + as)as,

—wmayas(ag + as)(as + ag)(as + ag + as)as,

as(ar + @3)aras(as + as + as)*(as + ag)ay,

(@2 + a3)(a1 + @ + a3)as(as + @ + as) aa(as + e,

—(a2 + @) (@3 + as + @s) (@ + as)(@s + ag)(as + asa,

(@2 + a3)(a) + @ + @3)(@3 + as + @s) (@ + @3 + @y + @s)(@s + ag)(as + @),
—azan(a) + e)asasas(@r + az + ay + as)az,

a3(a) + a2 + @3)as(as + ag)arae(@r + @3 + a4 + @s)ay,

a3p(a) + @p)as(ay + as)(as + ap)(a + a3 + aq + as)ay,

—a3(a) + @y + @3)as(@; + ay + as)aa(as + ag)(ar + az + ay + as)ag,
—3aa(ay + as)(as + ag)ag(as + ag + as)(as + ag + az),

as(ar + @3)ai(as + s + as)*(as + ae)as(as + a6 + a7),

(@2 + a3)(a) + @2 + a3)(@3 + @y + @s) an(as + ag)ag(as + @ + a7),

(@2 + a3)ai(@s + @y + @s) (s + as)(as + @6)(@s + au + as + ag)(as + ap + @7),
—(@ + @) (@) + @2 + @3)(@3 + s + @5) (@ + a3 + @4 + @5)

X (Cl5 + CZ(,)(G’}, + a4 +as + 06)(61’5 + ag + Cl7),
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@@y + ar)(ay + as)(as + ag)as(@r + as + @y + as)(as + ag + a7),

—as3(@) + az + @3)(@3 + @y + as)az(as + ag)ag(@r + az + ag + as)(as + g + a7),
—3a as54a6(@s + @y + @5 + @) (a6 + @7),

az(az + az)ayas(as + ag)ag(as + ag + as + ag)(as + @7),

(a2 + @3)(@) + az + az)as(as + ag)ras(as + ag + as + ag)(as + a7),

@3an(a) + a)asaaas(@r + a3 + ag + as + as)(as + a7),

—as3(a) + @z + @3)as(a; + ayaras(ar + a3 + @y + as + ag)(as + @7),
azmaias(ay + as)as(as + aq + as + ag)(as + ag + a7),

—a3(@y + a3)aas(as + ayq + as)as(as + g + as + ag)(as + as + a7),

—(a2 + @3)(@) + a2 + a3)as(@s + @4 + as)ae(as + ag + @5 + ag)(as + ag + @7),
—wzm(a) + a)as(ay + as)ag(ar + @z + g + as + ag)(as + ag + a7),

asz(a) + ap + a3)as(as + ag + as)arag(ay + a3 + a4 + as + ag)(as + ag + @7))

and zeros elsewhere.

Consider the triple scalar product of rows: (a,b,c) = ?:91 a;b;c;. A (computer)
calculation shows that (ry9, 129, p) = 2. Thus we have proved that the defect of the
inclusion X*(k) < X,(k) divided by e,(k) is O if chark = 2 and v=® otherwise. By

Theorem 6.10,
0 if chark =2
—d-8 _ 5
gzl m(x, d)v - {v‘g otherwise.

Hence, we get the following result.

TueorREM 6.11. Let G = SLg(C) and 11 = {ay, ..., a7} be the set of simple roots.
Consider the Bott—Samelson variety X for the sequence s = (3, $2, S1, 55, S4, 53, 52, 56,
S5, 84, 53, 87, S¢, S5) and take x = $,535,555¢55. Let X — G/B be the canonical
resolution and k be a field. If chark =2, then n.k.[14] has no direct summand of
the form & (x,k)[d]. If chark # 2, then & (x, k) is its only direct summand of this form.
Moreover, it occurs with multiplicity 1.
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