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Abstract

This paper establishes some maximum and comparison principles relative to lower
and upper solutions of nonlinear parabolic partial differential equations with im-
pulsive effects. These principles are applied to obtain some sufficient conditions
for the global asymptotic stability of a unique positive equilibrium in a reaction-
diffusion equation modeling the growth of a single-species population subject to
abrupt changes of certain important system parameters.

1. Introduction

The growth of a population diffusing throughout its habitat is often modeled
by a reaction-diffusion equation. Much has been done under the assumption
that the system parameters, including those parameters related to the popu-
lation environment, either are constant or change continuously (see, e.g, [1],
[2], [8], [11], [12], [13], [14] and [24]). However, one may easily visualise
situations in nature where abrupt changes such as harvesting, disasters and
instantaneous stocking may occur. Consequently, we wish to consider such
a reaction-diffusion model with impulses.

The qualitative study of impulsive differential equations is rather diffi-
cult because of the special features possessed by these systems such as pulse
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phenomena, confluence and the loss of autonomy. Nevertheless, it should be
mentioned that the theory of impulsive ordinary differential equations has
been considerably developed (see, e.g., [3], [18], [19], [21], [22] and [26]).
However, to the best of our knowledge, the corresponding theory for partial
differential equations with impulses has not been investigated.

In this paper, we hope to make a start in the study of the dynamics of
second-order parabolic equations with impulses. Such equations seem to
provide a natural framework for the mathematical modeling of population
growth in the case where the population of a given species diffuses in its
habitat and is regulated by some impulse factors at certain moments.

One of the objectives of this paper is to establish several maximum and
comparison principles for scalar impulsive parabolic partial differential equa-
tions in which impulses occur at fixed moments. Our investigation indicates
that if the impulses are not too drastic, or if both the reaction rate and the
impulse satisfy a global Lipschitz condition, then the classical maximum and
comparison principles for parabolic equations without impulses (see, e.g. [15],
[16], [17], [23] and [25]) still hold for impulsive parabolic partial differential
equations.

The established comparison principle provides a spatially homogeneous es-
timate of the solution by a maximal and minimal ordinary differential equa-
tion subject to impulsive effects. We shall apply this spatially homogeneous
estimate and the Liapunov function method to obtain some sufficient condi-
tions for global asymptotic stability of the positive equilibrium of a single-
species population growth model, where the impulses describe instantaneous
harvesting, immigration or disasters. It is shown that increasing the length
of time between successive impulses tends to stabilise the system.

This paper is organised as follows. In Section 2, we prove several max-
imum and comparison principles for general second-order parabolic partial
differential equations. In Section 3, we use these results in a model of single-
species population growth to obtain some global asymptotic stability results
of the unique positive equilibrium state.

2. Maximum principles and comparison techniques

Let Q be a smooth bounded domain in RI, Q0;=0,T]xQ and T, =
(0, T) x 3Q2 where T > 0. Given a partition 0 <, <t,<--- < t,<T of
[0, T], we introduce the following notations

14
Pk{(tk,X);XGQ}, P=UPk,
k=1
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p
A ={t,x);xed), A=A
k=1

and define CI’Z(QT, P) as the set of all functions u: [0, T] x Q — R sat-
isfying the following conditions: _

(1) u(t, x) is continuously differentiable for (¢, x) € @\ (PUA);

(ii) u, (¢, x) exists and is continuous for (¢, x) € @, \ P;

(ii) for v = (u, u,, u,,u,.), lim(s,y)__’mk(,k,x)v(s, y) = v(t,, x) and

hm(s,y)_’w(,k,x)v(s, y) exists for k=1,...,p and x€Q
= (2 u oy = du
where u = (Bxl seees Bx (W’ 8x18x2’ cees ;I,) and u, = 5.

A function f € C[Q, x R x R x R , R] is said to be elliptic at a point

. 2
(t, x) if, forany u€ R, v € R, Y= (Pu)> $=(84) € R", the quadratic
form Ef.,k=l(yik —S8;)A;A, <0 for an arbitrary vector A= (4,,...,4)) € R
implies f(¢, x,u,v,y) < f(t, x, u, v, s). The differential equation u, =
f(t,x,u,u,,u.) is called a parabolic equation, if f is elliptic at each

point (¢, x) € Q.
We consider the following parabolic equation

u,=f(t,x,u,u,,u.), (t, x)eQr\P (2.1)
subject to the initial condition
u(0, x) =uy(x) onQ, (2.2)

the boundary condition
Bu(t,x)=¢(t,x) onI \A (2.3)
and the impulse at fixed time ¢,, 1<k <p,
u(ty , x) —u(t,, x) = g (u(t,, x)), 1<k<p, xeQ (2.4)

where

(i) g:R— R, 1 <k <p, is continuous and the mapping x + g,(x) is
increasing for x € R;

(i) B: C' ’Z(QT, P)—-CIT \A,R) isa boundary operator defined by

Bu(t, x) =p(t, x)u(t, x)+q(t, x) u(t x) onI \A

for any u € CI’Z(QT, P) where n is an outnormal vector at (¢, x) € I';,
and p and g are nonnegative continuous functions with p(¢, x)+q(¢, x) > 0
on I'..

A function u € C' ’Z(QT , P) satisfying (2.1)-(2.4) is called a solution of
the initial-boundary-value problem (IBVP for short) (2.1)-(2.4). A function
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u € C"¥(Q,., P) is called an upper solution of IBVP (2.1) and (2.4) if it
satisfies

u > f(t,x,u,u,u,) onQr\P, (2.5)
Bu(t,x) > ¢(t,x) onT,\A, (2.6)
u(ty , x) —u(t, x) > g (u(t,, x)), 1<k<p, xeQ. (27

Lower solutions can be defined analogously by reversing the above inequali-
ties.
We start with a strong version of the classical maximum-value principle.

THEOREM 2.1. Assume that v, w € C' ’Z(QT, P) are given such that

su\p{v,—f(t,x, V,0,,0,,)} <0, (2.8)
A\P
o(tf, x) = v(t,, x) < (vt X)), 1<k<p,xeQ, (29
Qi?\f;,{w,—f(t,x,w,wx,wxx)}20, (2.10)
w(ty, x)—w(t, x) > gwt,x), 1<k<p, xeQ, (2.11)
v(0, x) <w(0, x), xeQ, (2.12)
sup {Bv(t, x) — Bw(t, x)} < 0. (2.13)
I \A

Then v(t, x) < w(t, x) on Qr, if one of the inequalities (2.8) and (2.10) is
strict.

Proor. Let m(t, x) = w(t, x) —v(t, x). If the conclusion is not true, then
there exists a 7 > 0 and y € Q, such that one of the following three cases
holds:
Casel: 1#¢,, 1 <k<p,m(,x)>0o0n (0, r)xﬁ and m(t,y)=0;
Case2: t=1, forsome k, 1 <k<p, m(t,x)>0 on [0, tk)x_ﬁ and

Case3: 1=1, forsome k, 1 <k<p, m(t,x)>0 on [0, ¢]xQ and
m(t; , ¥) < 0.

In the first case, m(t, x) > 0 on [0, 7] x Q by continuity. Therefore, if
(t,y) €Iy, then

7] .1
_ — — — <
5T, ¥) = lim pim(t, y) = m(x, y —hn)] <0,
which leads to the following contradiction

)
0< Bm(t,y)=4q(r, y)ﬁm(r, y)<O0.
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Hence (7, y) € Q. Evidently, m(z, x) attains its minimum at (z, y).
This implies m,_ (7, y) =0 for 1 <i </ and the quadratic form

!

D My (T, V)24, 20

i k=1
for arbitrary vector A € R'. This implies that v(t,y)=w(r,y), v (r,y) =
w (7,y) and Zf.’k=l(62/6xi8xk)[v(r, y) —w(t, y)]A4, £ 0. From the
ellipticity of f, it follows that

Sy, w(r,y),w(r,y), w, (1,y))
2 f(t,y,v(r,y), v, (1, ¥), v, (7, ¥))

Therefore if one of the inequalities (2.8) and (2.10) is strict, then

m,(t,y)> f(r,y,w(t,y), w(t,y), w,(t,¥))
= fr,y,v(1,¥), v,(7,9), v,(7,¥)20.  (2.14)
However, (t — h,y) € Q for sufficiently small 2 > 0. This implies
m(t-h,y)>m(t, y) =0, and thus m, (7, y) <0 which is a contradiction
of (2.14).
In Case 2, we have m,(f,,y) = lims_.,k m,(s,y) < 0, for otherwise there
exists 6 > 0 such that m,(t,, y) > and consequently m,(t, —h,y) > $
for sufficiently small # > 0. Thus for n > 0 small enough,

m(t, —h,y)—m(t, —h—-n,y)>dn/2.

Letting 27 — 0 in the above inequality, we get —m(z, —n,y) > dn/2 >
0, which is contrary to the assumption that m(¢, x) > 0 on [0, ¢,) x Q.
Therefore m,(t, , y) < 0. We can employ the same argument as for Case 1
to prove that

i) .0
_ —— < ().
—anm(tk V)= shm:‘ m(s,y)<0

on
k
From (2.13) and the left continuity of m(¢, x), we get
Bm(t, , x) = Bw(t,, x) — Bu(t,, x) > 0, xeqQ. (2.15)

Therefore by using the same argument as for Case 1, we can show y € Q.
Moreover, by (2.8) and (2.10), we get

vt(tk ’ y) S f(t, y, U(tks y)a Ux(tk’ y)’ vxx(tk, y))’ (2'16)
w;(tk’ y) 2 f(t’ y: w(tk’ y)s wx(tk’ y)’ wx.x(tk’ y))’ (217)
and one of the inequalities (2.16) and (2.17) is strict. We can now use the

same argument as for Case 1 to derive m,(t, , y) > 0 which is a contradiction
of our earlier conclusion that m,(z,,y) <0.
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In Case 3, we have 0 > m(t; , x) > w(t,, ¥) + g (w(t, ¥)) —v(t,, y) ~
g.(v(t,, y)) which implies w(¢,, y) < v(t,,y) since I + g, is increasing.
This is contrary to the assumption that m(¢, x) > 0 on [0, 7,] X Q. The
proof is then complete.

To dispense with the strict inequalities required in the above theorem, we
introduce the following assumption:

(H1) there exists a function z € C 1’2(QT, P) such that

. .o 0
Qlil\f;’z(t,x)>0, I_1711\11'\a—nz(t,x)>0
and for sufficiently small ¢ > 0 and any given u € C' ’Z(QT , P), we have

int;,{ezt—f(t,x, u+ez,u,+ez ,u, +ez, )+ flt,x,u,u.,u )}>0,
o\ (2.18)

g (u(t,, x)+ez(t,, x))— g (u(t;, x)) Sslz(t; » X) = z(t, x)],
1<k<p.
(2.19)

THEOREM 2.2. Suppose that (Hl) holds and v and w are lower and upper
solutions of IBVP (2.1), (2.2), (2.4), respectively. Then the relations

v(0, x) <w(0,x) forxeQ, (2.20)
By(t, x) <Bw(t,x) onT \A (2.21)

imply v(t, x) Sw(t, x) on Q.

PrOOF. We consider W0 = w+¢z. Clearly w € c! "Z(QT, P). By (2.18), we
have

Qi:l\f;{w,—f(t,x,w,wx,wxx)}
=Qi?\fP{wt+ez,—f(t,x,w+ez,wx+azx,wxx+ezxx)}
> dnf {w, = f(t, %, w, w, w,,))
+Qi;1\f;,{f(t,x,w,wx,wxx)
-flt,x,w+ez,w +ez, ,w,, +ez, )+ez}
2Qi:1\1;{ez,—f(t,x,w+ez,wx+ezx,wxx+szxx)
+f(t,x,w,w,,w )}

> 0. (2.22)
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Evidently, v(0, x) < w(0, x) < w(0, x) on Q, and
sup{Buv(t, x) - Bw(t, x)} = sup{Bv(t, x) — Bw(t, x) —eBz(t, x)}
TF\A \A
. (7]
< - =
< 8rlf\§\{p(t’ x)z(t, x) +q(t, x)z-2(t, x)}
<0. (2.23)
Moreover, by (2.19) we have
Wity , x) =w(t , x)+ez(ly, x)
> w(ty, x) + g (Wit , X)) +ez(f , x)
2 w(ty, x) + g (w(t, x) +ez(t,, x))
+ gk(w(tk , X) + ez(tk , X)) — gk(w(tk , X))
= W(Y, X) + g (W(1 , x)).
Therefore v and w satisfies all assumptions of Theorem 2.1. This implies
v(t,x)<w(t, x)=w(t, x)+ez(t, x). Hence v(¢, x) < w(t, x) follows by
taking the limit as ¢ — 0. A similar argument also leads to v(¢, x) < w(¢, x)
if (2.20) and (2.21) hold. The proof is then complete.

Employing a similar argument, we obtain the following comparison prin-
ciple.

THEOREM 2.3. Assume that u, v € Cl’z(QT, P) satisfy (2.8)-(2.13). More-
over, suppose that there exist functions G: @Tx[o, 00) %[0, c0)x[0, c0) — R,
and z e C' ’Z(QT , P) such that
(i) infy \p 2(2, X) >0, infp |, £2(t,x)>0,
(ii) whenever @, ue C"*Qr,P) and T < u;
f(t’ x’i‘_’ —ax>gxx)_f(t’xs E’ EX’EXX)
S G(t’ x’ ﬁ_ﬂ’ |ax —Exl b Iﬁxx - Exxl)
(iii) ianT\P{ez,—G(t, x,¢ez,ez,, ez, )} >0 forsufficiently small ¢ > 0.
Then for any solution u(t, x) of (2.1)-(2.4) with
v(0, x) S up(x) <w(0,x) onQ
and
Bv<Bu<Bw onT \A,

we have .
v(t, x) <u(t,x)<w(t,x) onQ.

REMARK 2.1. If g, 1 <k <p, satisfies the one-sided Lipschitz condition
& (u) - g(v)<ao(u-v) foru>v, 1<k<p, (2.24)
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where a € [0, 1) is a constant, and B is the Riemann boundary operator
(that is, ¢(¢, x) = 0), then the assumption (H1) in Theorem 2.2 can be
replaced by a weaker hypothesis, namely, a one-sided Lipschitz condition of
the form

f@,x,u,r,s)—f(t,x,v,r,s)<Lu—-v) (2.25)

— 2
forall (¢,x)€Qy, u,v€ER, reR’, seR and u>v.
ProoF. Define w € C"Z(QT, P) by

w(t, x) = w(t, x) + eG(k)e*™

for (t,x)€[0,T]xQ and 1, <t<t,1<k<p+1 where t, =0,
tp+1=T and

forl1<k<p+1.

GO)=1, G(k)= T

Then by (2.10) and (2.21), in the interval (¢,_,, ¢,) we have
W, = flt,x, D, 0, d,,
=w, +2LeG(k)e™ — f(t, x, W, W, , W,
> f(t,x, w, b, W, )+2LeGk)e™™ - f(t, x, W, w,, B
> LsG(k)ew
2 Le,

xx)

that is,
g\fp{w, -fit,x,w,w,,w,,)}>0.
Moreover, for 1 < k < p, we have
Wty , x) =Wt , X)
= w(t; » X) —w(t,, x) +e[G(k + 1) — G(k)]e
= g (WY, , X)) + e[G(k + 1) — G(k)]e*™
= 8 (W(t , X)) + g (W(ty , X)) - g (WY, X)) +e[G(k + 1) — G(k))e™
> g, (W(t, , X)) — af(t, , x) —w(t,, X)] +e[G(k + 1) — G(k)]e***
> g, (Wt , X)) — aeG(k + 1)e’™ + e[G(k + 1) — G(k)]e*""
2 g (w(t, x)),

since

2L,

-aGk+ 1)+ Gk +1)~-Gk)=0
by definition of G(k). Therefore our conclusion follows from Theorem 2.1.
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REMARK 2.2. Suppose that f and g,, 1 < k < p, satisfy the Lipschitz
condition
(H2): there exist positive constants L;, 1 <i <4, such that

I

8 (u) — g (u) < L (u -1, 1<k<p,
fle, x,u,r,s)—f(t, x,u4,7,5) < Ly(u—0)+ Ly|r —=F| + L,|s — 5|

2
forany u, ue€ R, with u>1u, r, TGRI and s, §€R’ .
Moreover, assume that the boundary I'; is regular, that is, there exists a
function 4 € C*(Q) such that h(x) > 0, £h(x) > 1 on I'.. Then (HI1)

holds.
In fact, defining H(x) = ehh®) , we can then choose a constant N > 0 so
that
N>2L,(1+ L)’ +L,|H |+L,H,| ong,
and

z(t, x)=e"THx)+(1+ L)  +[(1+ L) - 11e""H"

forf,_, <t<t,1<k<p+1, xeQ, where t, =0, =T and

H(x). Then forany u e Cl’z(QT, P), we have

tP+1

*x
h™ = Sup, .5

8 u(t» X) +22(t , X)) - g(ulty , X))
<eLz(t,, x)
<eL{e"™H" +(1+L) +((1+L)" -11e""H"}
=eL(1+e"TH)(1+L)",
z(t; , x) — z(t, , x)
=1 +L)"" 410 +L)" - 1" H
{0+ L) +11+L) - 1" H}
=L (t+L)Y++L) LR

=L (1+L)(1+e"TH").

Therefore

gk(u(tk 3 x) + CZ(tk s x)) - gk(u(tk ’ X) < E[Z(tz ’ x) - Z(lk ’ X)].
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Moreover, for f,_, <t<t,, we have
flt,x,u+ez,u +ez, ,u, +ez, )—ft,x, u,u.,u.)
<I[L,lz, |+ Ls|z | + L,z]e
<AL\ H, |+ Lye"T|H,| + Lye"" |H]|
+ L1+ L) + L1+ L) - 11" H'}e
<{LJH_ |+ Ly|H | + L,|H|+ L,(1+ LY
+ L1+ L) - 11H"}e"e
<L H, |+ LyH |+ 2L,(1+ LY)e"e.
Hence, by the choice of N, we get

inf {ez, - f(t,x, u+ez,u +ez ,u  +ez )+ f(t,x,u,u,u,)}
Q- \P

> inf{N — [2L,(1 + L,)’ + L,|H | + L,\H_[}¢" "¢ > 0.
o

Therefore (2.18) holds. This verifies (H1).
As an immediate consequence of Theorem 2.2, we get the following in-
variance result.

THEOREM 2.4. Assume (H1) holds. Moreover, assume that f(t, x,a, 0, 0) >
0 (or f(t,x,b,0,0)<0) and g (a) 20, k=1,2,...,p. Then the
closed set U = {u € R;u > a} (or U = {u € R;u < b}, is positively
invariant relative to IBVP (2.1)-(2.4). That is, uy(x) > a (uy(x) < b) on
Q and Bu(t,x) > p(t, x)a (or Bu(t,x) < p(t, x)b) on L\ A imply
u(t, x) > a (or u(t, x) < b) on Qr, where u(t, x) is a solution of IBVP
(2.1)-(2.4).

An important application of invariance results is the following result about
upper bounds and lower bounds obtained by using dominating ordinary dif-
ferential equations.

THEOREM 2.5. Assume that
(1) (H1) holds,
(ii) f,, f, € C([0, T] x R, R) such that
LHt, W< f(t,x,u,0,0)< fi(¢t,u) forall(t,x,u)€ @ xR,

(iii) y(¢) and p(t) are solutions of
y=.fl(t5y)s t¢0:tkaT’ ISkSP,
Y(IZ) = y(t) = &.(r(t)), 1<k<p,
V(O) =%
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and
[.7=_f2(t,p), t¢ostk’T: ISkSP,
p(tg) — p(t) = glp(t)), 1<k<p
p(O) = p() ’
(iv) Py < ug(x) < 7y on Q
p(t, x)p(t) < Bu(t, x) < p(t, x)y(t) onT, \A.

Then p(t) < u(t,x) < y(t) on Q_r where u(t, x) is the solution of IBVP
(2.1)-(2.4).

PROOF. Letting
m(t, x) =u(t, x) — ()

we have
m=F(t,x,m,m,m._.) (2.26)
m(0, x) = uy(x) — y(0) =uy(x) =7, <0 onQ
Bm(t, x) = Bu(t, x) —p(t, x)y(t) <0 onI, \A
m(t, , x) —m(t,, x) = G (m(t,, x)), 1<k<p
where

Fit,x, mm_,m_ )= f(t,x,m+y,m ,m_)— fi(t,7)

and
G.(m)=g. (m+ Y(t)) — & (7(1,)).
According to (ii), we have
F(t’x’ 0’0’0)=f(t1x’ Y 01 0)_.f1(ta ?) So

and by (2.10) we obtain

inf {ez, + F(t,x,m—¢z,m —ez ,m  —¢&z )

Qr\P

-Fit,x,m,m_,m_)}
= Qin\fp{ez,+f(t, x,m—ez+y,m —ez ,m_ —¢ez )- f(t,?)
T

_f(t’x’m+y’mx’ mxx)+fi(t’ y)}
= inf{ezt_f(t’x’m+Y’mx+yx’mxX+yXX)
or\P

+f(t,x,m+y—ez,m +y —ez,,m_ +7y —¢&z )}

> 0.
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Moreover, we have
Gk(u(tk y X)) — Gk(u(tk , X) — 8Z(tk » X))
= g (Ut , x)+y(t,)) — 8. (v(t))
- gk(u(tk ), X) — ez(tk , X) + Y(Ik)) + gk(Y(tk))

< e[z(t,f, x) - z(t,, x)}.
Therefore F and G, satisfy (H1). By Theorem 2.4, we have m(t, x) <0
on Q, that is, u(t,x) < y(f) on Q,. Similarly, we can prove that
u(t, x) > p(t) on Q. The proof is completed.

3. Applications to single-species models

We consider the following reaction-diffusion equation

u,=alu+uf(u)+c, t#t, k=1,2,..., xeQ (3.1)
subject to the initial condition
u(0, x) =u,(x) onQ, (3.2)
the no-flux boundary condition
%u(t,x)=0, t#¢t,, k=1,2,..., x€dQ, (3.3)
and the impulses at fixed moments ¢, ,, k=1, 2,....
u(ty, x) —u(t,, x) = g ut,,x), k=1,2,...,xeQ, (34

where u(t, x) is the population density at the point x € Q and time ¢ >0,
f(u) is the specific growth rate of u and satisfies standard assumptions [9],
[10], a > O is the diffusion coefficient, g, : [0, co) — R is continuous, ¢ > 0
is a constant, Q is a suitable open and bounded domain, and {¢,} is an
increasing unbounded sequence.

We consider two cases, I: ¢ =0, II: ¢ > 0. Each of these cases can be in-
terpreted biologically. For example, the case where ¢ = 0, but g, (u(z; , x)) <
0 models the growth dynamics in a closed environment with instantaneous
harvesting at times ¢, , k =1,2,..., (see [4], [5], [6], [9] for continuous
harvesting). On the other hand, the case ¢ > 0 could be thought of as a
model of urban growth of human populations with a constant influx rate
of population into the urban environment and occasional rapid changes in
population due to heavy immigration (g, > 0) or a disaster (disease, war,
etc.), (g, < 0). In this last case, the diffusion is particularly significant in
the scenario of a city with expanding boundaries (see [6] for a model with
constant stocking).
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We first obtain some results in Case /: ¢ = 0. The following theorem gives
criteria for the global asymptotic stability of the steady state solution, which
is an equilibrium representing the carrying capacity of the environment.

THEOREM 3.1. Assume that
(1) f(u) is continuously differentiable, é’;[u f(u)] is uniformly bounded for
u > 0 and there exists a constant K > 0 such that

(u-K)uf(u) < -r(u- K)2 foru>K,
(u-Kuf(uy<0 forO0<u<K,
where r > 0 is a constant,
(ii) g:[0, 00) = (—o00, +00) is a globally Lipschitz continuous function
such that x + g,(x) is increasing and
x<x+g(x)<K ifO0O<x<K, k=1,2,...,

(iii) for any z > 0,
r(t, —t,_,) - 2In (1 +gk(Lz'K—)> >¢, >0, k22,

where &, is a constant, k > 2,

(iv) the series 302, &, is divergent.
Then the solution x = K is globally asymptotically stable, that is, for any u, €
C(R, (0, 00)) and any solution of (3.1)-(3.4) with ¢ =0, lim u(t, x) =
K for xeQ.

—00

PROOF. Let u = min, _guy(x) and @ = max_ _gu,(x). By Theorem 2.5
and Remark 2.2 one gets p(t) < u(t, x) < y(t), where p(t) and y(t) are

solutions of the following impulsive ordinary differential equation

t=zf(z), t#0,¢,
+ (3.5)
2(5) - 2(t,) = g(z(t,)), k=1,2,...,
subject to the initial conditions
z(0)=u (3.6a)
z(0) =13, (3.6b)

respectively. Therefore to prove the theorem it suffices to prove that for any
given z(0) > O the solution of (3.5) tends to K as ¢ — co. Hence, let z(¢)
be a solution of (3.5) subject to z(0) > 0. Define m(t) = (z(t) — K)*. We
distinguish three cases:
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Casel: 0<z(0) <K,
Case2: z(0)> K,
Case 3: z(0)=K.
If 0 < z(0) <K, it follows from (i) and (ii) that

(z(t) = K)(2(0) - K) 20 fort>0, (3.7)

m'(t) = —(K — z(1))z(t) f(2(t)) <O fort>0,t#¢,, (3.8)

and m(t{) <m(t,),k=1,2,.... Clearly, for any given ¢ >0, if ‘
O<K—z(0)<-1—j_—8, (3.9)

then (3.8) and (3.9) imply that
€
0<K-z()< T+e

We claim that for any z(0) with 0 < z(0) < K, lim,_, _ z(#) = K. Other-
wise, we can find a constant ¢ > 0 such that z(t) < K —o for ¢t > 0. Thus
from (3.8) we derive

m(t) < m(0) ~0z(0)  min f(u) <0

as ¢t — oo which is a contradiction to m(z) > 0.
If z(0) > K, from conditions (i), (ii) and (3.8) we get

<e fort>0.

m(t)< —rm(t) fort>0andt#¢,, 1 <k < oo, (3.10)
and
m(ty) < mt,) + 2/m(t,)g (\/m(tk) + K) + 8 (\ [m(t,) + k) . (3.11)
Define

w(u) = u+2Vug, (Vi+K)+ g (Vi+K).
Clearly w(u) is continuous and y(0) = 0. For any k > 2, it follows from
(3.10) and (3.11) that

In(m(t,)) = In(m(t;_,)) < —r(t, — t,_,) (3.12)

and
In(m(t;)) — In(m(z,)) < In(y(m(2,))) - In(m(z,)) (3.13)
which imply that

In(m(t;)) ~ In(m(t;_,))

t
=-r(ty —4,_;)+In (1 + 2ym(t)g, (Vmi) +K) + g/f (vm(1,) + K)
B m(t,)

<& (3.14)
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because of assumption (iii). Thus we have
m(t)<m(t,_,) fork=2,3,.. (3.15)
since £, > 0. Let ¢ > 0 be given. Since y(u) is continuous and w(0) =0,
we can find a positive number 0 < a < e’ such that
w(s) < e forse [0, a). (3.16)

Choose 6 = min{\/a, €} and let z(¢) be a solution of (3.5) with 0 < z(0) —
K < 6. Then by (3.10), m(¢) = (z(t) - K )2 is nonincreasing in the interval
(te—y> ], k=1,2,.... Thus we have

m(t)<a fortel0,¢] (3.17)
and consequently
m(th) < y(m(1,)) < &*. (3.18)

This, together with (3.15), implies that m(¢) < g2 fort > 0. Thus the
solution z = K of (3.5) is stable. By (3.14) it is easy to derive

k
In(m(t;)) —In(m(s))) < = 3 ¢&;. (3.19)
j=2

Thus

fim In(m(t})) < In(m(e})) = 3¢, = —oo
Jj=2

which implies that lim, _ m(t,’:) = 0. Thus we have lim, ,__ m(t) =0.

In the case of z(0) = K, we have z(t) =K for all ¢t > 0, completing the
proof.

We illustrate Theorem 3.1 by the so-called logistic equation

u,= alu + au(K — u) (3.20)

(see [10]) where K > O is the carrying capacity of the environment and
a > 0 is the natural growth rate of the population. For this case, in condition
(ii1) r is replaced by aK . Therefore, increasing the growth rate, carrying
capacity or the length of time between successive impulses tends to stabilise
the system.

To illustrate how sharp the sufficient condition

oo
Zinf{aK(tk —t_,)—2In (1 + M)} = +00
k=]z>0 z

is, we consider a special case where ¢, = k7, 7> 0 is a constant, g,(z) =
6(z-K)if z>K and g (z)=0if0<z<0, 6 €(0, 1) isaconstant. The
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above sufficient condition becomes aK7—-21n(1+4) > 0 i.e., ek > (l+<5)2.
We will show that if the above inequality is not satisfied, for example, if
e®®" < 1+ 6, then the positive equilibrium point x = K of the following
impulsive system
{)’C(l)=ax(K—x), t#kt,
x(kth) = x(kt) + g(x(k1)), t=kt, k=0,1,...

is not globally asymptotically stable.

In fact, let h(z) = z + g(z) for z > 0, then for kt <t < (k+ 1)t, we
have

+
0 x() In x(kt™)
K —-x(1) K — x(kt*)
from which we obtain

1 = Ka(t - k1),

3 Kx(kt™)
X(t) - [K _ X(kT+)]e-aK(t—kr) + X(k‘l'+)
and hence
x((k + 1)1) = Kh(x(k1))

[K — h(x(kT))le k" + h(x (k7))
Let y, = x(k7), then we get

yk+1=f(yk)’ k=0’132""’

where
Kh(y)

IO = K hoe " o)
In the case where y > K, we have
) -y = KL+ 8)y — 6K] -151 —e (1 4+ 6)y - aKLy - Ke %%y
(1 — e~ *K%)[(1 + 8)y — 6K] + Ke K"
_=(1+8)(1—e ™)’ +[K(1+8) - 5K(1 — ™) - Ke™ 'y - 6K
- (1 — e °k9[(1 + 8)y - 6K] + Ke™°K*
(14 8)(1 —e N2+ (1+6)(1 — e ™)Ky + 6Ky — 6K*
a (1-e~%9[(1 +8)y — 6K] + Ke K"
_ == K)[a(1+8)(1 - e”**")y - 6K]
T (1-e (1 +6)y - 6K] + Ke oK*
Since ¢®** < 1+ 8, we have 6K/((1 + &)(1 — e *X")) > K. Therefore,
y =adK/((1 +6)(1 — e **")) is a fixed point of f which means
Kx(0)
[K — x(0))e K=K | x(0)

x(t) = fort € (kt, (k + 1)1]
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if x(0) = adK/((1 +d)(1 - e_"K’)) . That is, the impulse creates a positive
nonconstant periodic solution. Therefore, the equilibrium x = K is not
globally asymptotically stable.

Case II: ¢ > 0. To motivate assumption (3.22) below, we consider the lo-
gistic equation

u,=alu+u(K —u)+c. (3.21)

It is easy to verify that ou(K — u) + ¢ = —a(u — L)(u + M) where L =

%(\/Kz +4c/a+K)>0 and M = %(\/Kz +4c/a — K) > 0. Therefore for
u>0

(u— L)[au(K — u) +c] = —a(u+M)(u - L)* < ~aM(u - L)%

Motivated by this observation, we make the following assumption for the
general equation (3.1) with ¢ > 0:

there exist constants L > 0 and r > 0 such that
(u—K)uf(u)+cl< —r(u- L)2 foru > 0. (3.22)

Under this assumption, we can employ a similar argument to that for the
case where z(0) > K in Theorem 3.1 to prove the following result.

THEOREM 3.2. Assume that

(1) (3.22) holds, f is continuously differentiable, and ;;’;[u f(u)] is uni-
formly bounded for u> 0.

(i) g,:[0,00) = (=00, +00) is globally Lipschitz continuous and the
mapping x + g,(x) is increasing,

(iii) g(L)=0,k=1,2,...,

(iv) forany z >0,

_ B &(z+L) >
rt, = t_,)—2In [l + -
(v) the series Y ;o &, is divergent.
Then the solution u = L is globally asymptotically stable. That is, for
any u, € C(Q, (0, o)) and for any solution of (3.1)-(3.4) with ¢ > 0,
lim,_  u(t, x)=L for xeQ.
Therefore, increasing the stocking rate not only enlarges the effective carry-
ing capacity, L, of the environment but also stabilises the system. Moreover,
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increasing the length between two successive moments at which impulses oc-
cur tends to stabilise the system.
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