Canad. Math. Bull. Vol. 25 (3), 1982

A NOTE ON ASYMPTOTIC NORMAL STRUCTURE
AND CLOSE-TO-NORMAL STRUCTURE

BY
KOK-KEONG TAN

ABSTRACT. A closed convex subset X of a Banach space E is said
to have (i) asymptotic normal structure if for each bounded closed
convex subset C of X containing more than one point and for each
sequence (x,,)7_, in C satisfying ||x, — x,,, ;|| — 0 as n — o, there is a
point x€C such that lim inf Ix, — x|l <diamy |(C); (ii) close-to-
normal structure if for each bounded closed convex subset C of X
containing more than one point, there is a point x € C such that
llx — yll<diamy {(C) for all y € C. While asymptotic normal structure
and close-to-normal structure are both implied by normal structure,
they are not related. The example that a reflexive Banach space
which has asymptotic normal structure but not close-to normal
structure provides us a non-empty weakly compact convex set which
does not have close-to-normal structure. This answers an open
question posed by Wong in [9] and hence also provides us a
Kannan map defined on a weakly compact convex set which does
not have a fixed point.

1. Introduction. The notion of normal structure was first introduced by
Brodskii and Milman in [3]: A closed convex subset X of a Banach space (E,
| Il is said to have normal structure if for each bounded closed convex subset C
of X with more than one point, there is a point x€C such that
supfl|lx — y||: y € C} <diamy;(C). In [4], Kirk proved that every non-expansive
mapping defined on a weakly compact convex subset X of a Banach space with
normal structure has a fixed point. (A mapping f: X — X is non-expansive if
If @ - fWI=|lx—yl, for all x, yeX.) In [2], Baillon and Schéneberg intro-
duced the notion of asymptotic normal structure as follows: A closed convex
subset X of a Banach space (E, || ||) is said to have asymptotic normal structure
if for each bounded closed convex subset C of X with more than one point and
for each sequence (x,)i_; in C satisfying ||x, —X,.1]|— 0 as n — oo, there is a
point xeC such that liﬁri, inf |x,, — x||<diam; (C). They proved that

Kirk’s result remains true if ‘“‘normal structure”; is replaced by ‘“‘asymptotic
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normal structure” and at the same time showed that the class of spaces
which have normal structure is properly contained in the class of spaces which
have asymptotic normal structure.

In [8] and [9], Wong introduced the notion of close-to-normal structure: A
closed convex subset X of a Banach space (E,| ||) is said to have close-to-
normal structure if for each bounded closed convex subset C of X with more
than one point, there is a point x € C such that ||x — y||<diamy (C) for all ye C.
He showed that every Banach space (E, || ||) which is either strictly convex or
separable or which has the property A (i.e. for every sequence (x,),-; in E,
x € E, if x, — x (weakly) and ||x,|| — ||x|| as n — «, then x, — x as n — ) has
close-to-normal structure. He also proved that in a normed space (E,| |)),
every weakly compact convex subset of E has close-to-normal structure if and
only if every Kannan map on a non-empty weakly compact convex subset X of
E has a unique fixed point. (A mapping f:X — X is a Kannan map if
IFGo) = fll=2(llx = fCll +lly = f(¥)ID, for all x, y € X).

In this note, it is our purpose to show that while both asymptotic normal
structure and close-to-normal structure are implied by normal structure, they
are not related. Incidentally, the example that a reflexive Banach space which
has asymptotic normal structure but not close-to-normal structure provides us
a non-empty weakly compact convex set which does not have close-to-normal
structure. This answers an open question posed in [9] and hence also provides
us a Kannan map defined on a weakly compact convex set which does not have
a fixed point.

2. Main results. A fundamental open question in fixed point theory has
been whether or not every weakly compact convex subset of a Banach space
has a fixed point property for non-expansive mappings. Recently, Alspach [1]
(see also [5]) has answered this in the negative by providing the following
example:

ExampLE 1. Let E=L'[0, 1]and X={feE:f{ f=1and 0=f=2 a.e.}. Then
K is weakly compact convex. Define T: X — X by
min{2f(2t), 2}, 0=t

max{2f(2t—1)-2, 0}, 3

Then T is non-expansive (in fact, isometric) on K which has no fixed point.

IA

IA
—_ e

Tf(t) = {

<t

REMARK 2. By Baillon and Schoneberg’s result, the set K in Example 1 can
not possess asymptotic normal structure. Since L'[0, 1] is separable, Wong’s
result shows that K does possess close-to-normal structure. Incidentally, Als-
pach’s example shows that a weakly compact convex subset of a Banach space
with close-to-normal structure need not have fixed point property for non-
expansive mappings. This Example 1 also settles an open question posed
by Wong in [9].
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In [6], Routledge proved the following

THEOREM 3. Let A be a non-empty set, of finite diameter 8, in 1, (real or
complex). Then there is a unique sphere of minimum radius containing A, and
this radius does not exceed 8/N'2. Furthermore, this constant is the best possible.

Even though Routledge proved the above theorem for the separable Hilbert
space I,, his proof can be modified to hold for any Hilbert space. Thus we have:

THEOREM 3'. Let H be any Hilbert space (real or complex), and A be a
non-empty closed convex subset of H with finite diameter 8. Then there is a unique
point a € A and a minimum radius y <8/v2 such that the sphere with center a
and radius vy contains A.

For a simple, direct and unified proof of the above general Theorem 3', see
[7].
ExampLE 4. Let T’ be uncountable and A = 1. Let X, be the space

LT = {x =(Xa)aer: 2 lxa|2<oo}

ael

with norm || || defined by
llxll = max{xlo, A flxll},

where ||x|..=sup{|x,|:a €T} and |x|l,= Coer |x.[>)*?. Let C be a non-empty
bounded closed convex subset of X, with

0<d= diamu “(C) < o,

Since ||x|l, =|lx||=A |x|,, for all xe X,, || |, and || || are equivalent norms on
X,, so that C is also bounded under || ||; thus by Theorem 3', 3x € C, such that

(=) sup{lx — yll: y € C} =diam, u2(C)/\/2,
~osup{lx—yl:ye Ci=A sup{lx—ylL:ye C}
= 7)\2‘ diam" “2(C)

A
= E dlam“ "(C)
<diamy (C), if 1=A<V2,

so that X, has normal structure and hence also close-to-normal structure for
1=<A<v2.

Suppose 1 =X <2. Let (x,)7_, be any sequence in C such that ||x, — x,.1]| =
0 as n— . By (*), we have for all n=1,2,...,

Hx - xnllz Sdiam“ HZ(C)/\/Q, = diamu “(C)/~/2 = d/\/z
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If liminf|x—x,||<d, we are done. Suppose liminf|x—x,||=d, then

lim ||x — x,|| = d so that
lim |[x — x,[L. = d/A.

Since I,(T"), being a Hilbert space, is reflexive and || || and || |, are equivalent, C
is weakly compact in X,. Let (x, );~, be any subsequence of (x,),-; and xe€ C
such that x,, — X weakly as i — . Then the proof in [2] (with j, replaced by
a, el foreach n=1,2,...) can be used to show ||x — x|, =d/A > d/2. It follows

that
lim sup ||x,, — X3 =< (d/vV/2)* — ||z — x[5 < d*/4,
so that o
lim sup llx, —xll=A lim sup lx,,, — %ll,=A d/2<d since A <2,
so that

lim inf ||x,, — %|| <lim sup ||x,, — X||<d.

Therefore X, has asymptotic normal structure for all 1=A <2. Finally we shall
now show that X, does not have close-to-normal structure for v2 =<\ <2. Let
D={xe X, :|x|,=1 and x,=0 for all @ €T}, then clearly D is non-empty
bounded closed and convex, and hence weakly compact convex (as X, is
reflexive). If x, ye D,

1/2
=yl = =P
aecl’
1/2
S(Z (|xalz+lyal2)> . " %=0 and y,=0,
ael’
=2,
/\”x_YHDO:ASllp|xa_>Ya|S)\’ ".OSxa’ YQsla

It follows that diam; (D) =<max{v/2, A} =\, as A =+/2. On the other hand, for
a el’, define

o {0, it y#a
Y 1, if y=a,

then e e D, Va eT'. Take any «, B el with a# B, we have
lle(a}_e(m”2 — \/2, and A ”e(a)__ e«s)nm =\

so that diam; (D) =max{~2, A} =A. Hence diam, (D) = A. Now let x € D, then
I', ={a eT'| x,# 0} is countable. Choose any a(x)eT such that a(x)¢T,, then
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e(a(x)) e D and
= e = maxflx — e, A eI

= max {(1 +) xﬁ) 1/2, A max{1, Hleo}}

=A= diam” “(D).

Therefore X, (and D) does not possess close-to-normal structure.

ReMARK 5. In the above example, the set D is non-empty weakly compact
convex which does not have close-to-normal structure. This answers an open
question posed by Wong in [9] in the negative. If we define f: D — D by
f(x)=e“™ for all x e D, then

2(lx = FEN+y = F) =3(x — e
+Hly =) =3 +1) = A =[le“® = e =[|f (x) - f(y),

for all x, ye D, so that f is a Kannan map on D which fails to have a fixed
point.

Added in proof. Since every non-separable Hilbert space H is isometrically
isomorphic to some [,(I") (where I' is the Hilbert dimension of H), together
with Wong’s results in [8], we have

THEOREM 6. A Hilbert space is isomorphic to a Banach space which does not
have close-to-normal structure if and only if it is not separable.

Wong announced the above result in [10] without proof; however, in that
paper, ‘“not separable” was misprinted as ‘“‘separable”.
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