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Abstract. We investigate the weighted L, affine surface areas which appear in the recently established
L, Steiner formula of the L, Brunn-Minkowski theory. We show that they are valuations on the set
of convex bodies and prove isoperimetric inequalities for them. We show that they are related to
f divergences of the cone measures of the convex body and its polar, namely the Kullback-Leibler
divergence and the Rényi divergence.

1 Introduction

In [34], an L, Steiner formula was proved for the L, affine surface area, namely, if a
convex body K is Ci, then we have, for all suitable f and for all p € R, p # —n, that

oo k ,n(-p)
(11 asp,(K+tBy) =Y | 3 (k”“’ )W’,;,k(K)
k=0 | m=0 -m
where
w5 0= [ B e
(x, N(x)) =

is the L, affine surface area of a convex body K, N(x) is the outer normal to K in x €
0K, the boundary of K, H,,_; (x) is the Gauss curvature in x, H"! is the usual surface
area measure on 0K, and (Z) are binomial coefficients (see (2.3)). The Euclidean unit
ball centered at 0 is denoted by Bj.

Identity (1.1) is the analog of the classical Steiner formula (e.g., [13, 29]) of the
Brunn-Minkowski theory in the more recent L, Brunn-Minkowski theory. This
theory has as its starting point Lutwak’s seminal paper [23] and it has been developed
immensely (e.g., [3-6, 14, 17, 21, 24, 41-44]). In analogy to the classical theory, the
coeflicients Wp k(K ) are called L, Steiner coefficients and they are defined in [34]
for a (general) convex body K in R", for all k, m e Nu {0} as

m, k(K) =
a-p)

" r n-1 _1 ij .
[ NGy > c(n,p,mm(n j ) Hj' d3™,

i1yeeerino120 j=1
oK i1+2iz-l:~~-+(1n—11)in,1=m !

Received by the editors June 14, 2022; revised October 2, 2022; accepted December 1, 2022.

Published online on Cambridge Core December 9, 2022.

K.T. is partially supported by NSERC, and E.M.W. is partially supported by NSF (Grant No. DMS-
2103482).

AMS subject classification: 52A39, 28A75, 52A20, 53A07.

Keywords: Steiner formula, curvature measures, L, Brunn-Minkowski theory.

L)

Check f
https://doi.org/10.4153/50008439522000716 Published online by Cambridge University Press Updates.


http://dx.doi.org/10.4153/S0008439522000716
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0001-8638-134X
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.4153/S0008439522000716&domain=pdf
https://doi.org/10.4153/S0008439522000716

762 K. Tatarko and E. Werner

where the H; are the jth normalized elementary symmetric functions of the principal
curvatures. The c(n, p,m) are certain binomial coefficients (see [34, 35] for the
details). The L, Steiner coefficients were studied in [35], where it was proved, among
other results, that they are valuations on the set of convex bodies.

1.1  Main results

In this paper, we look at the L, Steiner formula with a different focus. Expressions also
appearing naturally in formula (1.1) are weighted L, affine surface areas, y; — as,(K),
which we define in Section 2.2.

We investigate in detail those weighted L, affine surface areas in Section 3. We
show that they are homogeneous of a certain degree and are invariant under rotations
and reflections. We show that they are valuations on the set of convex bodies.
Valuations have become a vitally import subject of study in convexity and affine
and differential geometry (e.g., [1, 10, 15, 16, 22, 30]). The weighted L, affine surface
areas satisfy isoperimetric inequalities which generalize the L, affine isoperimetric
inequalities of [23, 39]. This is shown in Theorem 3.2.

Theorem 3.2 Lets + —n,r + —n,t # —n be real numbers. Let K be a C2 convex body
in R" with centroid at the origin.

(z)IfEZ:gE: 3 > 1, then

(r=s)(n+t) (t=r)(n+s)
:—as,(K) < ( - as,(K)) (=) (1) (y; - uss(K)) (=) (ner)

(ii) If 00 5 1, then

(n+t)r

r(ntt)
L wtien) [ e — nen
u; — asy(K) . nt((ﬂﬂ;( p; — asi(K) )
py —vol, (K) i —vol, (K)

Equality holds in the above inequalities, if and only if K is an ellipsoid.

We show in Section 3.3, that the weighted L, affine surface areas have natural
geometric interpretations in terms of certain convex bodies associated with the given
convex body K.

We prove a monotonicity behavior in the parameter p for the weighted L, affine
surface areas which allows to establish asymptotics for the weighted L, affine surface
areas. These asymptotics connects them to entropy powers, namely to the Kullbak-
Leibler divergence Dgp, of the cone measures of K and its polar K°, Qg, and Px. We
quote the relevant Theorem 3.8 and refer to Section 3.4 for the details. We put

of i) = [T NGyt }'I{(JI)H()} 430 (),

ok {6 N(x))

and then the following theorem holds.
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Theorem 3.8  Let K be a C2 convex body in R" with centroid at the origin. Then,

(@)
P n+p
I (“’m,k,?(K)) B ( nDKL(PKHQK))
Tle= (1)) %P\ ol (ko) )
P wm’kj(K) i — vol, (
(ii)
» n(n+p)
o P
y W, e (K°) B n Dy, (Pke||Qk-)
im [ "= =exp|-———7F—"77].
p—0 wmk;(KO) p; —vol, (K°)

This leads naturally to consider more general f-divergences than just the Kullbak-
Leibler divergence. We treat that in Section 4, where we also observe that the weighted
L, affine surface areas themselves are special f-divergences.

Throughout the paper, we assume that the convex bodies K are C2, i.e., K has
twice continuously differentiable boundary with strictly positive Gauss curvature
everywhere and such that 0 is the centroid of K, 0 = m Ji xdx.

2 Weighted L,-affine surface areas

2.1 Background from differential geometry

For more information and the details in this section, we refer to, e.g., [13, 29].

Let K be a convex body of class C2. For a point x on the boundary 9K of K, we
denote by N(x) the unique outward unit normal vector of K at x. The map Nk :
0K — S"!is called the spherical image map or Gauss map of K and is of class C'. Its
differential is called the Weingarten map. The eigenvalues of the Weingarten map are
the principal curvatures k;(x) of K at x.

The jth normalized elementary symmetric functions of the principal curvatures
are denoted by H;. They are defined as follows:

—-1n\!
e =" Y ke,
J 1<i) << j<n—1

forj=1,...,n—1and Hy = 1. Note that
H= Yok
1= —— i
n—=1ica 1

is the mean curvature, that is, the average of principal curvatures, and

is the Gauss curvature.

We say that K is of class C2 if K is of class C* and the Gauss map v is a diffeo-
morphism. This means in particular that N has a smooth inverse. This assumption is
stronger than just C?, and is equivalent to the assumption that all principal curvatures
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are strictly positive, or that the Gauss curvature H,_; # 0. It also means that the
differential of Nk, i.e., the Weingarten map, is of maximal rank everywhere.

Let K be of class C2. For u € R"\{0}, let x(u) be the unique point on the
boundary of K at which u is an outward normal vector. The map &k is defined
on R"\{0}. Its restriction to the sphere $"™', the map &k : $"™' — 9K, is called the
reverse spherical image map, or reverse Gauss map. The differential of & is called the
reverse Weingarten map. The eigenvalues of the reverse Weingarten map are called
the principal radii of curvature ry,...,7,_; of K at u € "',

The jth normalized elementary symmetric functions of the principal radii of cur-
vature are denoted by s;. In particular, sp = 1,and for 1 < j < n — 1, they are defined by

n—1\""
(22) Sj = ( . ) Z T"il"'f'ij.
J 1<i << j<n—-1

Note that the principal curvatures are functions on the boundary of K and the
principal radii of curvature are functions on the sphere.

Now, we describe the connection between H; and s;. For a body K of class CZ, we
have for u € $"! that £k (u) = Ng'(u). In particular, the principal radii of curvature
are reciprocals of the principal curvatures, that is,

1
ri(u) = ———.
ki(Ex(u))
This implies that for x € 0K with Ng(x) = u,
n-1 -1 1 Hn,1,<
Y :( ' ) 2 (e f) s
J 1<iv<atzen-1 kiy (§x (1)) ki, (S (1)) n-1

(&(w)),
and

Hj = == (Ne()),

n-1

forj=1,...,n—-1

2.2 Definitions

For a € R and k € N, the generalized binomial coefficients are defined as

L if k=0,

(2.3) (‘Z) 10, ifk<0ora=0,
alazDlakrD) s
k! b .

For fixed keN, meNu{0} and fixed sequence i={i j}}:& such that
i +2ip+-+(n—-1)i,.; =mandall p € R, p # —n, we define
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(2.4)
of (k)= [T xN(x)”‘knl{ N'u ".f(x)}dgf"-l(x)
e 4 (. N (x)) 7 i, )

and

() i
(2.5) ui’k’;(K) = f iSO ey hx ()™ k ST dH" " (u).
sn-1 (U r S,j . (u)

Remark 2.1 Note that the above quantities are vanishing for polytopes. Therefore,
we will treat only C2 convex bodies throughout the text and then

(2.6) W (K)=ub  (K).

m,k,i m,k,i

Denote
n-1 n-1 ij
c(n)=]] ( , ) .
j=1\ ]
Let u,, , ; be the measure on 0K with density

it 5(x) = () (N ()Y [T HY () d30= (),

Jj=1

with respect to the surface measure "' on 9K, and let v, , - be the measure on §"~
with density

i)
@y, () = () h,"s*"(m%dﬂf" ()

Z ey

Sn 1 (u)

with respect to the surface measure 5" ! on $”*. To keep notations simple, we mostly
write y; and v; instead of y,, | rand v, | =
We then define the weighted L ,-affine surface areas by

Hy- l(x)

sy AHi (%)

27) ui—asp(K) =’ (K) = f £ NG

Definition (1.2) explains that those can be considered as L,-affine surface area
weighted by the measure y;. In particular,

Wl (K) = [ (6 NGO (x) = n(p; = vola (K))

oK
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is a weighted volume of K, weighted by the measure y; and
Wi (K) = ] dpi(x) = n(p; = vol, (K°))
k. N ( )

is a weighted volume of K°, weighted by the measure y;, where
K°={yeR":(y,x) <1, forallx e K}

is the polar body of K.
We can take another point of view for the measure " on $"~! via the density

fr(K,u) = (h];Kl(z))) . This density was introduced by Lutwak [23]. Then
J n 1- ](u)

000 [ ket
sn . (u)

A3 (u).

2.3 Special cases
Note that
wg0,0(K) = g 0,0(K) = asy(K),

where we denote the sequence i = {0,...,0} as 0.
1. When k = m, we get

2. m = 0 implies that i=0and (2.4) simplifies to

1(x) n—
Oko(K) f ]\; n(ppl)+k dH l(x) :a5p+§(n+p),—k(K)
x, x n+,

(see [34, equation (29)]).
3. For the Euclidean unit ball BY, we get

n—1

1\ i
(2.8) w? f(B;')zvoln_l(Bg)H(n' )}=C(n)voln_1(aB§),
m,k,i i1 ]
which does not depend on k. Note that if ig #0 and i =---=i,_; = 0, that is,

i={i0,0,...,0}, then @’  .(B}) = vol,_1(9B}).
4.1f p = 0, we have

1) = cn) [ (NG TTH) () 4901,
oK j=1
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When in addition k = m, we get
n—1 A
0 (K)=c(n) [(x,N(x)) [THY (x) d3" (x).
o 9K j=1
5.1f p = oo, we get that

w0 (K) = c(n)/ N() HH’(x)di]-C” 1(x).

3 Properties of the weighted L,-affine surface areas
3.1 Valuation, invariance, and homogeneity

Proposition3.1  Let K be a C* convex body in R" with centroid at the origin. Let p € R,

p # —n. Then w o (K) is an (nH - k)-homogeneous valuation that is invariant
n+p

under rotations and reﬂectzons

Proof  The proof follows immediately from results in [35]. We present an outline of
the proof for completeness.

1. Valuation. As was shown in [35, Theorem 5.9], for all 1< iy,...,i,_1 <n—1,
I<j<n-l,anday,...,a; 20,

Hy(x)™7
n(p-1)

j
(x, N(x)) ™ TTki7 d3" " (x)
k(6 N(x)) = =1
is a valuation. It immediately follows that a)‘Z1 . l,.(K ) are valuations as the linear
combination of valuations is again a valuation.
2. Homogeneity. Similarly to [35, Theorem 5.1] we can show that wi . ;(K ) are

— k. Applying [35, Proposition 5.4] with T = a Id, we
getthatwf;k;(K) =a*” "+Pa) (aK)

3. Invariance. If Tisa rotatlon ora reflection, then |det T| =1, | T (N (T ()))|
= [Nk(T7'(y))| =1and foralll1< j<n-1,

{Hj(y):yeoT(K)} ={H;(x): x € 0K}
Thus, using these observations and [35, Proposition 5.4], we get

w?’  (K)=

m,k,i

[ N ) H"*"()l‘[( ) 1 0) a5 ) =t (100
AT (K)
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3.2 Inequalities

Theorem 3.2 Lets + —n,r # —n, t #+ —n be real numbers. Let K be a Ci convex body
in R™ with centroid at the origin.

() If B > 1, then
(r=s)(n+t) (t=r)(n+s)

i =5, (K) < (45 = as:(K)) 0 (= s, (K)) 60

(i) If Egjgj > 1, then

r(n+t)

Ui — as,(K) n=n) [ pz — ast(K) f(n+r)
— < pt | —M =
7 — vol, (K) u; —vol, (K)

Equality holds in the above inequalities, if and only if K is an ellipsoid.

Proof

(i) By Holder’s inequality—which enforces the condition % > 1, we then
get
(3.1

pi—asy(K) = @) «(K)

- [ ot g () ww) e

X, N(x)) e j=1
. E::S;Erwr; . Ei:r;E'HSg
-/, G o2 dp;(x)
e N ()= (0 N()) 5= |
) (n+t) t=r) (n+s)
<( mkr(K))(r s)(n-H)( mkz(K))(r S)(n+r)

) (n+t (t=r)(n+s)
— (H{— ast(K)) (t—s)(n+r) (/4{_ asS(K)) (t=s)(n+r) .

(ii) Similarly, again using Holder’s inequality—which now enforces the condition
(n+r)t
(n+t)r

yr— as;(K) = w;)k);(K)

>1,

r(n+t)

n—1{(X) n+r n—1(X "+' 1) d 7(x
[l - /(H e ) ( )

ok (6 N(x)) (x) = x, N(x)) Genxe

< (‘”in,k,?(K))t("“)( m.k, 1(K))(”+ z
r(n+t) n(t-r)

_ (Wast(K))'("' ( n (4 = vol, (K)))MH).

The equality characterizations follow from the equality characterization of Holder’s
inequality.
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Equality holds in (i) and (ii) if and only if equality holds in Hélder’s inequality
which happens if and only if

Hn—l

{x, N ()t

p7-almost everywhere on 0K. As 0K is CZ, {x € 0K : puz(x) = 0} = @ and therefore
Hn—l

{x, N(x))mt

holds for all x € oK. Thus, we can use the following theorem by Petty [27], which then
finishes the proof. ]

= constant

= constant

Theorem 3.3 [27]  Let K be a convex body in R" that is C2. K is an ellipsoid if and
only if, for all x in 0K,

Hn—l
{x, N (x))!

=c,
where ¢ > 0 is a constant.

Theorem 3.4  Let K be a C% convex body in R" with centroid at the origin. If r < s < k,
then

k=s s—r
o ()< (@ (KN (! (K)E
Equality holds if and only if K is a ball.

Proof

W’ (K) = WxNmenl{nflinlijx}dﬂ{”_lx
i) = [ NG ] (") He | areo

(3.2)

:f(“(x)nwu N ()™ kc(n)HH;f
gk \(x,N(x)) 7

k—

.(( Hut )™ NG e(n) _IH".f) d3e" ! (x)

=
o

w(p-1)
x,N(x)) " 1

IR
—

k—s

< (0! (K))F (wf (K))*

Equality holds if and only if equality holds in Holder’s inequality which happens if
and only if (x, N(x)) = constant if and only if K is a ball. ]

Remark 3.5 When i = 0 and k = 0, we recover L » affine isoperimetric inequalities
of [39].

We also obtain monotonicity behaviors.
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Corollary 3.6 Let K be a C2 convex body in R" with centroid at the origin. Let p + —n
be a real number.

(i) The function p — (

n+p
P
m,

e (K;) " s increasingin p € (—n, 00) and p € (—co, —n).
m,k,i

w? n+p
(ii) The function p—>( o ‘Eg) is decreasing in pe(—n,oc0) and pe
(o0, —n).

(iii) The inequalities are strict unless K is an ellipsoid.

Proof  The statement (i) follows immediately from Theorem 3.2(ii). The statement
(ii) follows from Theorem 3.2(i), by letting s — oo. The statement (iii) follows from
the equality characterizations. ]

3.3 Geometric interpretations

We recall several constructions of convex bodies associated with a given convex
body K. Namely:

1. Weighted floating bodies [36]

Let K be a convex body in R" and denote by A the Lebesgue measure on R”. Let
s> 0,andlet f : K — R be an integrable function such that f > 0 A-a.e. The weighted
floating body F(K, f,s) was defined in [36] (see also [3-4]) as the intersection of all
closed half-spaces H* whose defining hyperplanes H cut off a set of (f A)-measure
less than or equal to s from K,

F(K,f,s)= () H'.

Jxn- fdAss

It was shown in [36] that

2(Voly,_l(Bg‘l))”+1 lim vol, (K) —vol,(F(K, f,s)) /‘ H;:“l et
n+1l s—0+ oK fn+1

S n+1

2. Surface bodies [33]

Let K be a convex body, and let f : 0K — R be a nonnegative, integrable function with
J>x f "' = 1. The probability measure Py is the measure on 9K with density f. Let
s > 0. The surface body S(K, f,s) was defined in [33] as the intersection of all the
closed half-spaces H" whose defining hyperplanes H cut off a set of P -measure less
than or equal to s from 0K,

S(K, f,s) = (1 H'.
Ps(0KNH™)<s
It was shown in [33] that

2 1
1

" — H™1
2(Voln_1(Bgl)) llm VOln(K) VOlzn(S(K,f,S)) — \/; n—1 dg_{:n—l.
K

s—=0* Sn-1
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3. Random polytopes [32]

A random polytope is the convex hull of finitely many points that are chosen with
respect to a probability measure. In [32], random polytopes are considered where the
points are chosen from dK with respect to Pr, where f : 0K — R is an integrable,
nonnegative function with [, fdH"' =1and dPP; = f dH""". Then the expected
volume of such a random polytope is

E(f,N) = E(P;,N) = faK faKvoln([xl, o an])dPs(x) .. dPs(xy),

where [x1,...,xx] is the convex hull of the points x;, ..., xy. It was shown in [32]
that under mild smoothness assumptions on K,

i Hi

m vol,(K) ~E(f,N) _ /a —nl ggen,

S Y=} A
(%) !

(n—l)% l‘(n+l+ﬁ)

where ¢, = —.
2(n+1)!(vol,—, (3BI1)) w1

4. Ulam floating bodies [19]
Given a Borel measure ¢ on R”, the metronoid associated with y was introduced
by Huang and Slombka [18] and is the convex set defined by

= U [y oaum}

0<f<l1,
Jpn fdu=1

where the union is taken over all functions 0 < f <1 for which [p, fdu =1 and
Jgn vf () dp () exists. The metronoid M (K) is generated by the uniform measure
on K with total mass ' |K|. Namely, let 1x be the characteristic function of K,
and let y be the measure whose density with respect to Lebesgue measure is 6 1.
Then M4 (K) := M(p). In [19] weighted variations of M s(K) were defined where the
weight is given by a positive continuous function f : K - R,

f(x)
8

Ms (K, f) ::M( ILK(x)dx).

It was shown in [19] that

2 o
lim vol, (K) - vol,21 (Ms(K, f)) Nt 1 (vol, (B3 1)\™ [ H;l'zj‘l 2901
0—0+ Ol n+3 n+l K fun

This leads to geometric interpretations of the weighted L,-affine surface areas in

terms of these associated bodies. That is, if we let
H,_1(x) ;<( lip; (p-1)

q(x n+p n(p-1 _ n+l

£x) = I N )

[c(n)H;'.f(x)] ’
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in the case of weighted floating bodies and Ulam floating bodies, and

2p+n(1-p)
f(x) _ Hn—l(x) 2(n+p)n_1 (x,N(x))(nill;l)+k_m)nT_l

[c(myH (x)] 7

in the case of surface bodies and random polytopes, respectively, and denote by K
the corresponding associated body, i.e.,

Ky =F(K, f,s), or Kyc=S(K, f,s), or Ky =M(K,f), or vol,(Ky,) =E(f,N),

then, with the properly adjusted constant c,,, we get the following proposition.

Proposition 3.7  Let K be a C3 convex body in R" with centroid at the origin. Let
p # —n be a real number.

1,(K) - vol, (K,
cnlimvon( ) :,0 ( f’):wp A(K).

s—0 s m,k,i

3.4 Asymptotics for the weighted L ,-affine surface areas

Let (X, u) be a measure space, and let dP = pdu and Q = gdy be measures in X
that are absolutely continuous with respect to the measure y. The Kullback-Leibler
divergence or relative entropy from P to Q is defined as in [11]

(33) D (PlQ) = [ plogZdp
v q
The information inequality (also called Gibb’s inequality) [11] holds for the Kullback-

Leibler divergence. Let P and Q be as above, then

(3.4) Dkr(Pl|Q) >0

with equality if and only if P = Q.
We will apply this when (X, ) = (9K, u;), where K is C2 and densities p and g
with respect to y; given by

Hit =(x,N(x
(3.5) pr(x) = NG gr(x) = (x, N(x)).
We let
(3.6) Py = (x,ll—\lfﬁ#;’ Qk = (x,N(x))[l;.

Recall that classical cone measure cmg on 0K is defined as follows: for every
measurable set A ¢ 0K,

cmg(A) =vol,({ta: acA, te[0,1]}).
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It is wellknown (see, e.g., [26] for a proof) that the measures (x)ffn(;l))nj{n—l and
(%, N(x))H"! are the cone measures of K and K°,

eme(4) = [N, eme(a)= - [ (vaﬁ% ().

The interpretation of cmgo as the “cone measure of K°” is via the Gauss map on K°,
Ngo : 0K® = §"7!, x — Ngo(x) and the inverse of the Gauss map on KN : 0K —
e — Nk (x),

-1
NK NKocho,

where we use Nk (x) to emphasize that it is the normal vector of a body K at x € dK.
We now define the weighted cone measures y; — cmg of K and py; — cmgo of K° by

(3.7) y;—ch=%f<x,N(x)>u;(x),
68) - eme(4) = [ o).

We show that the limits of the weighted L, affine surface areas are entropy powers.

Theorem 3.8  Let K be a C? convex body in R" with centroid at the origin.

0]
lim M - ex (_”DKL(PK”QK))
pree\ @i (K) U = volu(k?) )
(i)
P oy 52
oo\ @) i (K°) U volu(ke) )

Proof (i) We use L'Hospital’s rule

1 w:,,k,i‘(K) d P
( m,k, t( )) = 1i " ( w::,k,x’(K)) T )2 dp (wm,k,?(K))

mkl( ) _ango (7’l+p)_1 p=oe wp *(K)

. (n+p>2 Hoa (x) 77
= - lim — | exp|In du;(x
0 o o)) oo

= - lim " Hya(x) ™ ln( Hyi () )d#{(x)

) e e NGy B Nk

m,k,i

lim In

p—oo
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- Hy-1(x) n( Hp(x) ) (x
w?” *(K)f(X,NK(x))"l (x, Ng(x))m1 du;(x)

m,k,i oK
n
= —————— D1 (Px||Qxk)-
w> (K)
m,k,i

(ii) We use L'Hospital’s rule
n(ntp) o’ (K°)

P °oyV\ 7 ln( okt ) 4 P °

wm,k,f(K ) = lim n w?n,k,T(K ) _ 5 wm,k,f(K )

w®  (K°) p=0 0

m,k,i

= 7(K°)fdp( p(l ((x,NKo(x))"(L;))))d”’()

m,k,i oK°

n Hy(x)™7 ln( Hy(x)
(%, Ngo (x) )71

lim In
p—0

= })1_{1}] wp (KO) n(p-1)
mki s Jake (% Nk (x)) "

Hn_l(x) ~
(x)NKo(x»n-rl)dHi(x)

)duz(x)

- o”f<x,NKo<x)>1n(

w (Ko)axo

- _%.(KO)DKL(QKOHPKO).

m,k,i

m,k,i

4 f-divergence

The results in the previous section lead naturally to consider more general
f-divergences than just the Kullback-Leibler divergence.

4.1 Background on f-divergence.

In information theory, probability theory and statistics, an f -divergence is a functional
that measures the difference between two (probability) distributions. This notion was
introduced by Csiszar [12], and independently Morimoto [25] and Ali and Silvery [2].

Let (X, u) be a measure space, and let P = py and Q = qu be (probability)
measures on X that are absolutely continuous with respect to the measure p. Let f :
(0, 00) - R be a convex or a concave function. The *-adjoint function f* : (0, c0) —
R of f is defined by

(4.1) () =tf(1/t), te(0,00).

It is obvious that (f*)* = f and that f* is again convex, if f is convex, respectively,
concave, if f is concave. Then the f-divergence D¢ (P, Q) of the measures P and Q is
defined by

D(r.Q)= [ (2 )adu50) @t e X p5) =)

(42) +f1(0) P({x e X: q(x) = 0}),
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provided the expressions exist. Here,
(4.3) £(0) :lii’(x]lf(t) and f*(0) :li?oqf*(t).

t t

We make the convention that 0- co = 0.
Please note that

(4.4) Ds(P,Q) = Ds+(Q, P).

With (4.3) and as

SO P(xexiqm=0n= [ f (Z)pdu - /{qo}f(‘g)qdﬂ,

we can write in short
- 4
(45) Df(P,Q)—fo(q)qdu-

Examples of f-divergences are as follows:
L. For f(t) =tlnt (with *-adjoint function f*(¢) = —Int), the f-divergence is
Kullback-Leibler divergence or relative entropy from P to Q (see [11])

(4.6) P (PlQ) = [ pinPap.
X q
2. For the convex or concave functions f(t) = t*, we obtain the Hellinger integrals
(e.g., [20])
(4.7) Ho(P.Q) = [ p*qdp

Those are related to the Rényi divergence of order «, « # 1, introduced by Rényi [28]
(for a > 0) as

1 1
48)  Du(P|Q)- E1n(pr°‘ql-%zﬂ) - I (Ho(P,Q)).

The case a = 1is the relative entropy Dy (P| Q).
More on f-divergence can be found in, e.g., [7-9, 20, 37, 38, 40].

4.2 f-divergence for the y; -measure

In [38], f-divergence with respect to the surface area measure g was introduced for
a convex body K in R" with 0 in its interior. We now introduce similarly f-divergence
with respect to the measure y;.

Definition 4.1 Let f : (0,00) — R be a convex or concave function. Let px and gk
be as in (3.5). Then the f-divergence Dy (Pk, Qk) of a convex body K in R" with
respect to the y;-measure is
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_ Pk
Dy (Px,Qk) = [Kf()‘JKd#?

- Jo (i ) NG

In particular, for f(t) = tlogt, we recover the above Kullback-Leibler divergences
of Section 3.4 and for f(t) = £77 , we obtain the weighted L,-affine surface areas.

Remarks (i) By (4.4),
Ds(Qx, Px) = [f( )PKd.“,_Df*(PK’QK)

_ « [ Px .
(4.9) - [ s (qK)qu“"

:/‘ (Voln(KO)(x,NK(x))"“) H, (x)d3H"!
9K vol, (K)H,_1(x) nvol, (K°){x, Nx(x))*"

(ii) f-divergences can also be expressed as integrals over S,

vol, (K) )hK(u)fK(u) ”
vol, (K°) fx (u)hg(u)"*' ) nvol,(K)

(4.10) D¢(Px,Qxk) = - f (

and

@) Dp(QPe)= | f (VOIn(K°)fK(M)hK(M)ﬂ+1) dox

vol, (K) nvol, (K°)hg(u)"
(iii) Similar to (4.10) and (4.11), one can define mixed f-divergences for n convex
bodies in R”. We will not treat those here but will concentrate on f-divergence for one

convex body. We also refer to [41], where they have been investigated for functions in
Conv(0, 00).

Proposition 4.1  Let f : (0, 00) — R be a concave function. Then

-vol,(K°)
)

If fis convex, the inequality is reversed. If f is linear, equality holds in Proposition 4.1. If
[is not linear, equality holds iff K is an ellipsoid.

Dy (Px, Qx) < f(

Proof Let f:(0,00) - R be a concave function. By Jensen’s inequality,

Dy (Pk, Q) = (/ f( o N( ) nﬂ)(x’N(x))ﬂ;_i)%) p; = vol, (K)
Hp du;
Sf(f (xl\l(x))"+1<x’N(x)>y;—ml,,(K)) p; = vol,, (K)

-—vol, (K°
:f(ﬂ, (K

u; = vol, (K)) Bty
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Equality holds in Jensen’s inequality iff either f is linear or ££ is constant. Indeed, if

qK
f(t) = at + b, then

Df(PK,QK)=faK (a?;+b) QKdM{:afaKPKdHi+bfaK‘1Kd#?
=ap;—vol,(K°) + b u; - vol,(K).

If f is not linear, equality holds iff £ = ¢, where c is a constant. By the above quoted
K

Theorem 3.3 of Petty, this holds iff K is an ellipsoid. Note that the constant c is different
from 0, as we assume that K is C2. [ ]

Now we show that D(Px, Q) are valuations, i.e., for convex bodies K and L such
that K U L is convex,

(4.12) D¢ (Pxur> Qkur) + Df(Pkar> Qrnr) = Df(Px, Q) + Df(Pr, Qr).

Proposition 4.2 Let K be a convex body in R" with the origin in its interior, and let
£+ (0,00) = R be a convex function. Then Dy(Px, Q) are valuations.

Proof To prove (4.12), we proceed as in Schiitt [31]. For completeness, we include
the argument. We decompose
O(KUL)=(0KndL)u(dKNnL)u (K nadL),
d(KnL)=(0KnodL)u (oK nintL) u (intK N dL),
0K = (0KndL)u(dKnL)u (0K nintL),
oL = (0KndL)u (0K noL) u (intK n L),
where all unions on the right-hand side are disjoint. Note that for x such that the
curvatures kg (x), k1 (x), Kxor (%), and Kxnr (x) exist,

(4.13) (2, Ng(x)) = (x, Np.(x)) = {x, Nxar(x)) = {x, Nxor(x))
and
(4.14) kxor(x) = min{kg(x), kL (x)}, Krnr(x) = max{rg(x), kr(x)}.

To prove (4.12), we split the involved integral using the above decompositions (4.13)

and (4.14). [
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