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A NOTE ON LIE NILPOTENT GROUP RINGS

R.K. SHARMA AND VIKAS BIST

Let KG be the group algebra of a group G over a field K of characteristic p > 0.
It is proved that the following statements are equivalent: K G is Lie nilpotent of
class < p, KG is strongly Lie nilpotent of class < p and G’ is a central subgroup
of order p. Also, if G is nilpotent and G’ is of order p" then KG is strongly Lie
nilpotent of class < p" and both U(KG)/¢{(U(KG)) and U(KG)' are of exponent
p". Here U(KG) is the group of units of KG. As an application it is shown that
forall n<p+1, y(L(KG)) = 0 if and only if 7. (KG) = 0.

Let KG be the group algebra of a group G over a field K of characteristic p > 0
and L£(KG) be its associated Lie ring with Lie product defined by [z, y] = zy — yz for
all z,y € KG.

The Lie lower central chain of KG is defined by 7(L(KG)) = L(KG);
Tn+1(L(KG)) = [yn(L(KG)), L(KG)] for n > 1. The strong Lie lower central chain is
defined by 71(KG) = KG; Ynt1(KG) = [v2(KG), KG]KG for n > 1.

K@ is said to be Lie nilpotent (strongly Lie nilpotent) of class n if n is the least
positive integer such that yn41(L(KG)) =0 (yn4+1(KG) =0).

The main results in this note are the following two theorems.

THEOREM A. Let K be a field of characteristic p > 0 and let G be a non-abelian
group. Then the following statements are equivalent:

(1) 7p42(KG) =0;
(2) 7+1(L(KG))=0;
(3) @' is a central subgroup of order p.

THEOREM B. Let K be a field of characteristic p > 0 and let G be a nilpotent
group such that |G'| =p™, n > 1. Then
(1) Yra1(KG)=0 .
(2) U(KQ) is a nilpotent group of class at most p™, U(KG)? C ((U(KG)),
(the centre of U(KG)), and U(KG)' is of exponent p™.
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Theorem A and [4] together answer Problem 33 [3, p.231] for n < p + 1 (see
Corollary 3).
We start with the following:
LEMMA 1. Let g € {(G) be such that v,(KG) C (9 —1)KG. Then
(1) Ym+r(KG) C (g — 1)7r4+1(KG) for r > 0.
(2) Yntmn-1)(KG) C (9 — 1) KG for m > 0.

PROOF: (1) is by induction on r.
Suppose yn+1(KG) C (9 — 1)7i4+1(KG), forall 0 <i < r —1. Then

Yn+r(KG) = [Yn+r-1(KG), KGIKG
C [(¢ — 1)7~(KG), KG)KG, by the induction hypothesis
€ (9 - 1) (KG), KG]KG since g € ((G)
= (9 — 1vr+1(KG).

(2) is by induction on m.
Suppose Yn4j(n-1)(KG) C (9 — 1Y KG,forall 0 < j <m—1. Now

Tntm(n-1)(KG) = Yni(m-1)(n-1)+n-1(KG)
C (9 — 1Yt (m-1)(a-1)(KG), by (1)
C (g —1)(g —1)"KG, by the induction hypothesis
=(g— 1) KG, as desired.

0
ProoF OF THEOREM A: (1) implies (2) is always true, since yn(L(KG)) C
n(KG) forall n > 1.
(2) implies (3). Suppose that v,41(£(KG)) = 0. Then by [3, Theorem V.4.4], G
is nilpotent and G' is a finite p-group. Also, by [1],

541(6) =1 € 141 (L(KG)KG = 0

and hence v,41(G) = 1.

Let m; be the number of generators for v;(G)/7i+1(G). Then m; < p/(p —1) if
p = 3 [2, Theorem 3] and m; < 2 if p =2 {2, Theorem 2].

Clearly mz = 0 or 1. If m; = 0, then ¥3(G) = v3(G) and so G is abelian, a
contradiction. Hence m; =1, for all p, and v2(G)/v3(G) is a non-trivial cyclic group.

Further for any z, y € G, by [2, Lemma 4(a)),

(2, 9)" =1 =((z, ¥) ~ 1)’ € 141(L(KG))KG = 0.
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Thus, (z,y)’ =1 for all z, y € G, so 72(G)/vs(G) is a cyclic group of order p.

Now, if p = 2, then 7, 1(L(KG)) = v3(L(KG)) = 0 and thus 5(G) — 1 C
13(L(KG))KG = 0 implies that v3(G) = 1. And if p > 3, then by [2, Theorem 3],
ma(p—1) +3ms(p—1)/2+2ma(p—1) + ... + (¢ — 2)m(p— 1) < p, where ¢ is the
nilpotency class of G. Since ¢ > 2 and my = 1, the above inequality is possible only if
c = 2. But then v43(G) = 1. Hence v43(G) =1 and G’ is a cyclic central subgroup of
order p.

(3) implies (1). Let G' = (g), o(g) = p and g € {(G). Then v (KG) =
(G'-1)KG = (¢g—1)KG. Now by Lemma 1, with n = 2 and m = p — 1,
Tr+1(KG) = 'yz+(p_1)(2_1)(KG’) C (9—1)’KG = 0. Thus, 7,4+1(KG) = 0. This
proves the result. 0

Let G be a group and K a field of char K = p > 0 such that v,(L(KG))=0. If
p 2 n, then by [4, Theorem 3.8(i)] G must be abelian. Thus if G is non-abelian and
p > n, then 7,(L(KG)) # 0.

The following corollary answers Problem 33, [3, p.231] for n < p+ 1.

COROLLARY 3. For all groups G and for all n < p+ 1, va(L(KG)) = 0 if and
only if v.(KG) =0.

LEMMA 4. Let K be afield of characteristic p > 0 and let G be a nilpotent group
such that |G'| = p*. Then Ix(G, G’)p" = 0, where Ix(G, G') is the augmentation
ideal of G' in KG.

The proof is by induction on n and the observation that Ix(G, G') = 12(KG).

PRrOOF OF THEOREM B: We prove (1) by induction on n. If n =1 then |G'|=p
and, since G is nilpotent, G' C {(G). Hence, G’ is a central subgroup of order p. By
Theorem A, vp+1(KG) =0.

If c is the nilpotency class of G, then v.(G) is central. Choose g in ~.(G) C
¢(G)N G’ such that g has order p. Let N = (g). Then N is a central subgroup of G
and I(G/N)'I =p" L,

Now by the induction hypothesis, v,n-1,,(K(G/N)) = 0.

So Ypn-111(KG) € (N-1)KG = (9—1)KG. By Lemma 1, 7pnyy(KG) C
(9 —1)’KG =0 as desired.

For (2), observe that

Y +1(U(KG)) =1 C vpn 1 (L(KG))KG C ypn41(KG) = 0.

Thus, U(KG) is nilpotent of class at most p™. Hence for any a, 8 € U(KG), by 3,
Lemma V.4.3], [3,0” ] = [8, ¢, @, ..., a] = 0. Thus U(KG)”ﬂ C ((U(KG)). But
U(K(G/G")) 2 U(KG)/1+ Ix(G, G"). So, U(KQR)' C 1+ Ix(G, G'). The result now
follows by Lemma 4. 0
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