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WEAKLY COMPACT OPERATORS AND THE
STRICT TOPOLOGIES

JosE AGUAYO AND JOSE SANCHEZ

Let X be a completely regular space. We denote by Cp(X) the Banach space of all
real-valued bounded continuous functions on X endowed with the supremum-norm.

In this paper we prove some characterisations of weakly compact operators defined
from Cy(X) into a Banach space F which are continuous with respect to 8¢, #: and S,
introduced by Sentilles.

We also prove that (Cy(X), 8:), i = ¢, 7, o, has the Dunford-Pettis property.

INTRODUCTION AND NOTATIONS

In this paper, E denotes a Banach space, X a completely regular Hausdorff space,
Cp(X) the set of all continuous bounded real-valued functions on X, F the algebra
generated by zero sets, that is, sets of the form f~1(0), f € Cy(X), and Ba(X) the
o-algebra generated by zero-sets.

On Cp(X) there are three important topologies, the so-called strict topologies,
which are denoted by S., G-, Bs; the dual of (Cy(X), 8;) is My(X), for i =¢, 7,0
(these topologies and duals are discussed in [5]). It is known that 8, < 8- < B < || ||,
and they have the same bounded sets [5].

Let A be an algebra of subsets of X and let m: . A — E a finite additive vector-
measure. We shall say that m is strongly additive if the series ¥m(A4,) converges for
every disjoint sequence (4,),cn of elements of A.

The set-functions of A into R defined by v(m)(4) = sup{Z ||m(4:)|| 4: € A, A;n
Ai=0,i#j,A=UA;,i=1...n,n € N} and by

Im|| (A) = sup{||Zaim(A:)|| Ai € A, A;NA; =0,i#j, A=UA;,i=1...n,

n € N, [e;] <1}
are called the variation and semi-variation of m, respectively. If v(m)(X) (||m|| (X))
is finite, we shall say that m is of bounded variation (semi-variation). It is known ([1])
that ||m|| (4) = sup{|z' o m|(4) | 2' € E', ||z'|| < 1}. We will denote by ba(A, E) the
space of all bounded semi-variation vector measures m of A into E. ba(A, E) is a
Banach space with the norm m — ||m|| (X).

If S(A) denotes the space of all simple functions with the supremum-norm, then for
each m € ba(A, E), we define T,,,(f) = Zaym(A;), where f = Za;x4; € S(A). Hence
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T is a continuous linear operator of S(.A) into E and ||T|| = ||m|| (X). Conversely,
each continuous linear operator T of 5(.A) into E defines a bounded vector measure
of semi-variation m, with m(A) = T'(xa4).

Let B(.A) denote the completion of S(.4) in the supremum-norm. It is proved in
[1] that the mapping m — T, is an isomorphism of the space ba(A, E) with the space
L(B(A), E). Tpm(f) is denoted by [ fdm.

We shall say that an operator T in L(B(.A), E) is weakly compactif T maps any
bounded subset of B(.A) to a relatively weakly compact subset of E. The following
theorem is proved in [1].

THEOREM 1.1. Let T: B(A) — E be a bounded linear operator. Then the fol-
lowing are equivalent:
(i) T is weakly compact
(ii) m is strongly additive

The space of all finite, finitely additive, zero set regular, real-valued measures is
denoted by M(X) (zero set regular means that for any ¢ > 0 and any F € F, there
exist a zero set Z and a cozero set U, with Z C F C U, such that |p|(U\ Z) < ¢€).

Alexandroff’s Theorem ([6]) establishes that M(X) is the dual of Cp(X) with the
supremum-norm.

As in the case when X is a compact Hausdorff space we can identify B(F) with
M(X)' by the isometry f — As where Af(u) = Jx fdu.

LEMMA 1.2. Each f € Cu(X) is the uniform limit of simple functions, that is
Cu(X) C B(A).

PROOF: First note that if f € Cy(X), {z € X : f(z) > a} is a zero set. Let
€ > 0; since f(X) is totally bounded, there is a finite subset {z1, z2,...2,} of X
such that f(X) C Uf(z:) + (—¢, €).

Write U; = f(z:) + (~¢, €) and A; = f~1(U;). If the family {4;:: =1, ..., n}
is not disjoint, then we define B; = 4, and B; = 4;\ B;, ¢ = 2, ..., n; thus, {B; |
i=1,...n} is a F-partition of X . If fo = Lf(z;)xp;, and if ¢ € X, then there exists
1€ {1,...,n} suchthat z € A;\ B; and f(z) = f(z:)+u, with |u| < €, which implies
that |f(z) — f(z:)| < €. Thus, |f(z) — fo(z)| < € and then ||f — fo|| < € since ¢ was
arbitrary. |

THEOREM 1.3. Let T: Cp(X) — E be a bounded linear operator. Then, there
exists a unique finitely additive vector measure m: F — E" of bounded semi-variation
such that:

(a) forany z' € E', ' om € M(X);
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(b) the mapping of E into M(X) defined by z' — z' om is o(F', E) -
o(M(X), Cs(X)) continuous;

() T(f)= [y fdm, Vf € Cy(X);

(d) Tl = lIm]l (X).

Conversely, if m: F — E" is a finitely additive vector measure of bounded semi-
variation satisfying (a) and (b), then (c) defines a bounded linear operator T': Cy(X) —
E such that ||T| = ||m||(X).

PROOF: Since T": Cy(X)" — E" is a bounded linear operator and B(F) C
Cp(X)", there is a vector measure associated with T = T|”B(F) . Since Cp(X) C B(F),
we have that, for each f € Cp(X),

T(f) =T(f) = /dem and (|T)| < |[T]| = fimll (X) < IT"| = IT -

Part (a) and (b) follow easily from the continuity of T and T'.
Conversely, since {z' om: ||z'|| < 1} is o(M(X), Cs(X)) relatively compact, we
have that
mll (X) = sup{|z’ o m[(X): l2|| <1} < o0

and then m is of bounded semi-variation. The result follows from this. ]
2. WEAKLY COMPACT OPERATORS AND STRICT TOPOLOGIES

In this section we shall study the weakly compact operators of Cp(X) into E which
are continuous in the strict topologies 3, , 8- and 8, , respectively, and their associated
vector measures.

We already know that if T' is weakly compact, then T” from E' into M(X) is also
weakly compact; thus, T'(Bgs) = {z' om : ||z'|| < 1} is relatively o (M(X), Cy(X)")-
compact and then {|z' om|: ||2']| "< 1} is relatively o (M(X), Cy(X)")-compact ([1])
which implies that {|z' om]|: ||lz'|| < 1} is relatively o(M(X), Cp(X))-compact.

The following theorems characterise the §;-continuous, weakly compact linear op-
erators, where i =, 7, 0.

From now on, we will assume that T: C3(X) — E is a weakly compact operator.

THEOREM 2.1. If m is the associated vector measure of T', then the following are
equivalent:

(i) m is o-additive vector measure;

(ii) if {fn}nen is any decreasing sequence in Cp(X), with
fa(z) — O for each z € X, then ||Tf.|| — 0;

(iii) T is B,-continuous.
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PROOF: (i) = (ii) Let {fn}nen be a sequence in Cy(X) such that f,, | 0 point-
wise and € > 0. By the Caratheodory-Hahn Extension Theorem ([1]), there exists a
nonnegative real-valued o-additive measure p on Ba(X) such that m << p. Thus, for
the given ¢, there exists 6§ > 0 such that pu(A4) < § implies |z’ o m|(A) < € uniformly
in ¢’ € Bg. ’

On the other hand, Egoroff’s Theorem gives us a subset F € Ba(X) such that
frn — 0 uniformly on X \ F' and u(F) < §. Therefore, there exists ng € N such that
n > no implies ||fn| < ¢/2M on X \ F, where M = ||m| (X).

Now, if n 2 ng, then

2’ o T(fa)] < /X \fuldle’ om]

=/ Ifnldlw'°m|+/ \fal d]a’ 0 m|
X\F F
< (e/2m)|z' om|(X \ F) + |z' o m|(F)

<ef2+€/2=c¢
uniformly in z' € Bg.

The conclusion follows from the fact that
T fll = sup{je’ o T(f)| : [|2'|| < 1}.

(ii) = (iii) If ||Tf.}| — O for any sequence {fn}nen in Cy(X), then |z' om| €
My(X) for all z' € Bgr. Since {|z' om|: ||z'|| < 1} is relatively o(M(X), Cp(X))-
compact, we have {|z' om|: ||z’|] < 1} is relativley compact and then B,-equi-
continuous [5, Theorem 5.2, p.322].

Let {fa}acs be a net in Cp(X) such that f, — 0 with respect to 8,. Hence
|z' o T|(fa) — O uniformly in z' € Bgr; since |z’ oT(fa)| < |z’ oT|(fa), we
get |z' o T(fo)] — O uniformly in z' € B and then ||Tfa| = sup{|z’' o T(fa)|:
|l'|l € 1} — 0. Consequently, T' is continuous with respect to 3, .

(iii) = (i) Since [z’ o T'(f)| < ||Tf| l|z'|| for all ' € Bg: and T is continuous with
respect to B, we have that z' o T is continuous with respect to 8, for any z' € B ;
hence |z' o m| is a real-valued o-additive measure for any =’ € Bg:. The conclusion
follows from {1, Theorem 2 p.27]. (]

The next theorem characterises the weakly compact operators which are continuous
with respect to 3;. By Sentilles [5], B; is the finest locally convex topology on Cj(X)
agreeing with the compact-open topology on the norm-bounded subsets of Cy(X).

THEOREM 2.2. If m is the associated vector measure of T, then the following are
equivalent:

(i) (Ye>0)(IK C X, K compact)(||m| (X \ K) <e¢);
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(ii) T is continuous with respect to B;
(ii) T is continuous on the unit ball with respect to the compact-open topol-

ogy- &

PROOF: (i) = (ii) If € > 0 is given, then there exists a compact subset K of X
such that |z' om|(X \ K) < € uniformly in z' € Bg:. Therefore {|z' om]|: ||z'|| < 1}
and then {z'om: ||z'|| < 1} is Bi-equicontinuous ([5}). Thus, T is continuous with
respect to .

(i1) = (iii) Follows from the definition of S,.

(i) = (i) From the fact that T is continuous with respect to f;, we have that
{|z' om|: ||&'|| < 1} is Bi-equicontinuous. The result follows from [5, Theorem 5.1]. I

THEOREM 2.3. If m is the associated vector measure of T, then the following are
equivalent:
(i) T is continuous with respect to f;;
(it) for any decreasing net {fa}aer in Cy(X) with
fa(z) = 0 for each z € X, ||Tfall — 0;
(iii) for any net of zero sets Z, decreasing to the null set, ||m| (Zo) — 0.

PRroOF: (i) = (ii) If {fa}acr is a decreasing net in Cy(X) such that f(z), — 0,
for each = € X, then f, — 0 in the topology 8, ([8]). Thus, |[Tf.] — 0.

(i1) = (i) Since |z' o T(f)| < |ITf]l l|'||, for any «' € E', we have that ' o T
is 7-additive and then {|z' om|: ||z'|| < 1} is relatively o(M,(X), Cp(X))-compact.
Therefore, {|z' om|: ||z'|| < 1} is Br-equicontinuous ([5]). The statement follows
easily from this.

(i) = (iii) Let {Z4}aer be a net of zero sets decreasing to the null set. Consider
D={feC(X):0< f(z)<1& (Ja)(f =1in Z,). We index the elements of D as
follows: D = {fa}rca sothat A > p if and only if fa < fu. Thus {fa}rca isa netin
Cp(X); further fa | 0. Hence ||Tfu| — 0.

Since [z' o T(f)| < ||ITf|| |='ll, we have that z'om € M,(X) and {|z' o m|: ||| €
1} is B,-equicontinuous. From this we get that |z' o T'|(f1) — 0 uniformly in z' € Bpg.

Thus, if € > 0 is given, then there exists Ay € A such that A > Xy implies
lz' o T|(fr) = [ fadiz' om| < € uniformly in z' € Bgsr. For this )¢ there exists a
ag €I sothat f=1 on Z,, and

|z’ om|(Z4) =/szod|:c'om| < /f,\od|:c'om| <e€
uniformly in z' € Bg/. Therefore, if a > a, |t/ om|(Z,) < |2' om|(Zy,) < €

uniformly in ' € Bg/. The statement follows from the fact that |m|(4) =
sup{|z' om|(4): ||l='|| < 1}.
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(iii) = (i1) Let {fr}rca be a decreasing net in Cy(X) such that ||fo] <1 and
fa(x) > 0 for each ¢ € X, and € > 0. Define Z, = {x € X : fo(z) 2> ¢/2M & M =
lm||(X)}. {Za}aer is a decreasing net of zero sets such that Z, | . Then there
exists ag € I so that a > ap implies ||m||(Za) < /2.

Take z' € E', ||z'|| <1, and a > ag. Then

|:c'oT(f°,)|</ fadl:z:'om|=/ fadlz'om|+/ fad|z' om
X Zo X\

Za

< |z’ om|(Za) + (e/2M) |z’ om|(X \ Z4) < €

uniformly in z’' € Bgs. Thus Tf, — 0. ]
We shall say that a topological vector space E has the strict Dunford-Pettis prop-

erty if for any Banach space F and every linear continuous weakly compact operator
T from E into F' transforms weakly Cauchy sequences into convergent sequences [1].

The following theorem applies the previous result to prove that (Ch(X), 8;),1 =
t, 7, o, possess the strict Dunford—Pettis property. This result was proved by Khurana

(4]
THEOREM 2.4. (Cp(X), Bi), ¢ = t, T, 0, possess the strict Dunford—Pettis prop-
erty.

PROOF: Since 8; £ B, < Bo, it is enough to show the statement for the case
(Cb(X), ﬂa) .

Let T be alinear 3,-continuous operator of Cy(X) to E which is weakly compact.
Thus, its associated vector measure m is o-additive and it admits a control measure
u. Soif € > 0 is given, there exists § > 0 such that u(F) < § implies ||m| (F) <.

Let {fn}nen be a weakly Cauchy sequencein Cy(X). Then {fn(x)}nen is Cauchy
in R for each z € X. By Egoroff’s Theorem, there exists F5 € Ba(X) such that
{fn}nen is Cauchy on X \ Fs and p(Fs) < 6.

Let ny € N such that for n, m > ny we have sup{||fn(z) — fm(z)|| : ¢ € X\ Fs} <
e/2M , where M = ||m||(X). Thus

[ Gnm ||+ | [ (= frim
X\Fg Fy
< sup{lfn(2) ~ Fm(@)] : 2 € X} fmll (X) + L m] (Fs) < &

where ||fn|| S L for all n € N. |

ITfa —Tfmll < +
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