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Abstract

We give derivative-free characterizations for bounded and compact generalized composition operators
between (little) Zygmund type spaces. To obtain these results, we extend Pavlovi¢’s corresponding result
for bounded composition operators between analytic Lipschitz spaces.
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1. Introduction and main results

Let H(D) be the space of all analytic functions on the open unit disc D. Then, for
0 <o < oo, we denote by BY the Bloch type space of all functions f € H(D)
satisfying

Sug(l — 1zD*1f'(@)] < oe.

The space 5% is a Banach space with the norm

Il = £ (O)] + Sug(l — 12D £ @)I.

The little Bloch type space, denoted by 5, consists of those functions f € 5% such
that

|z1\i£131(1 —1zD*1f' @] =0.

For each 0 <« < 1 the space B!™® can be identified with the analytic Lipschitz
space HAy := H(D) N Ay (D), where Ay (D) is the Lipschitz space of order « of
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all functions f € C(D) with

po(f) = sup |f(Z)—f((Xw)| - oo
m;eD |z — w]

The space Ay (D), 0 <o < 1, becomes a Banach space when equipped with the norm

Ifllae = LfIID + Pa(f),

and HA, C A(D) := H(D) N C(D) is a closed subspace of Aq(D). For 0 <a < 1
the little Lipschitz space of order a, denoted by A%(D), is the space of those functions
f € Ay (D) such that
1f @) — fw)|
emwl>0  Jz—wl®
z,weD
The space Ag(D) is a closed subspace of A, (D) and also HAg =H(D)N Ag (D)
is a closed subspace of H A.

Let ¥ € H(D) and ¢ be an analytic self-map of D. The weighted composition
operator ¥ C,, is the operator given by (¥ Cy ) (z) = ¥ (z) f (¢(2)). In the special case
of ¥ =1 we get the composition operator (Cy f)(z) = f(¢(z)). Boundedness and
compactness of composition operators on Bloch spaces were first studied by Roan [15]
and later by Madigan [8] and Madigan and Matheson [9]. Moreover, Ohno et al.
studied weighted composition operators between Bloch type spaces in [12].

Using a result of Madigan [8], Pavlovi¢ gave derivative-free characterizations of
bounded composition operators between analytic Lipschitz spaces H A, in [14]. His
proof is also based on a consequence of the Schwarz lemma which he had used earlier
in [13] to give a simple proof of Dyakonov’s characterization of analytic weighted
Lipschitz functions in terms of their moduli [5]. Indeed, he proved that for each f €
H (D) and each z € D, there exists w, € D such that |w, — z| < %(1 —1z]) <1 —|z|
and

0. (1.1)

|f/(z)|§4|f(wi)| If(z)l. (1.2)
— Iz

In this paper, by using the above-mentioned consequence of the Schwarz lemma, we
give derivative-free characterizations of boundedness and compactness for the recently
introduced concept of generalized composition operators on (little) Zygmund type
spaces.

For g € H(D) and ¢ an analytic self-map of D, Li and Stevi¢ in [6] introduced the
generalized composition operator Cj; given by

(CE1)@) = fo £/ (@E)s (&) dé.

4
If g = ¢’ then Cg is the composition operator Cy, up to a constant. Li and Stevi¢
investigated boundedness and compactness of generalized composition operators
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between (little) Bloch type spaces and (little) Zygmund spaces, where the Zygmund
space Z is the class of all functions f € H(D) N C(D) with

|f(ei(9+h)) + f(ei(gfh)) _ 2f(ei0)| e

sup h

e?edD
h>0

Boundedness of composition operators on Z was first studied by Choe et al. in [3].

By [4, Theorem 5.3], an analytic function f belongs to Z if and only if ' € B!,
or equivalently sup_.p (1 — [z])| f”(z)| < 0o. For 0 <& < oo we denote by Z¢ the
Zygmund type space of those functions f € H (D) satisfying

Sug(l — 12D 1" ()] < o0.

The space Z¢ is a Banach space with the norm

I fllze = £ O]+ 1O + sug(1 —1zD*1f" @)l

The little Zygmund type space, denoted by Z¢, is the closed subspace of Z¢ consisting
of those functions f € Z* with

Tim (1 = )71 )] =0.

Our main results are the following derivative-free characterizations of boundedness
and compactness of C3 between (little) Zygmund type spaces. We will prove these
theorems after first extending Pavlovi¢’s results to compact weighted composition
operators between (little) analytic Lipschitz spaces. Indeed, we reduce the study of
generalized composition operators on Zygmund type spaces to weighted composition
operators on Bloch type spaces. This also leads to very simple proofs of Theorems 5
and 6 in [6].

THEOREM 1.1. LetO <a, B < 1and g, ¢ € H(D) where ¢ is a self-map of D.

() C5:2%— ZP is bounded if and only if geBP and |g|(1 —|p))!~% ¢
A1_p(D).

) Ifg,ec BE, then Cg : 2% — ZP is compact if and only if |g|(1 — |p|)! ™% €
AV (D).

THEOREM 1.2. Let0 <, B < 1and g, ¢ € H(D) where ¢ is a self-map of D. Then

Cf; (25— Zg is bounded if and only if the following hold:

(1) geBk;
2) lgl(l— gl e A1_g(D);
3) gpeBl.

THEOREM 1.3. Let0 <o, B < 1and g, ¢ € H(D) where ¢ is a self-map of D. Then
the following statements are equivalent:
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() C8:2% — 2P is compact;
(i) limpzo1 81 = 12D /(1 = o)D) (2)| =0 and g € By ;
(iif) 1g1(1 = lp)' =% € AY_,(D) and g € B}.

2. Derivative-free characterizations

By the definition of little Lipschitz spaces (1.1), one can see that H A is the closure
of polynomials in D and therefore by [17, Theorem 7.10] we have the following
lemma.

LEMMA 2.1. Let f € H(D) and 0 < a < 1. Then f € HAY if and only if

tim (1 12! @)| =0,

The next lemma extends this result to C!-functions.

LEMMA 2.2. Let u be a real valued C'-function on D and 0 < o < 1. If

|1|im](1 — 1zZ)¥ | Vu(z)| =0,
Vdbd

thenu € Ag(D).

PROOF. Let & > 0 and choose §; > 0 such that

IVu(z)| < 2.1)

3
(I —Jzhte’
for each z € D with 1 — 81 < |z| < 1. Since u is a C'-function, by using Lagrange’s
theorem one can see that u € Ag((l — %Sl)D) and therefore there exists d, >0

such that
@) zulwl (2.2)

lz — wl®
for every z, w € (1 — %81)D with 0 < |z — w| < §>. Choose 0 < §3 < 1 so that for
each z, w € D\(1 — %51)D with |z — w| < &3 the line segment between z and w lies
in D\(1 —481)D. Leté :min{%(S], 82,63} and z, w € D with |z — w| <§. If z or
w belongs to (1 — 38))D then z, w e (1 — 8))D and |u(z) —u(w)|/|z — w|* <e
by (2.2). If z, w € D\(1 — %81)D then by using (2.1) and the same lines of argument
as in [16, Lemma 6.4.8] one can find a constant C, independent of z and w, such that
lu(z) — u(w)| < Ce|z — w|*. This completes the proof. d

It is worth mentioning that by using (1.2) and Lemma 2.1 we have the following
corollary, extending the result of [14, Theorem B] for little analytic Lipschitz spaces
(see also [5, 13]).

COROLLARY 2.3. Let ue€ H(D) and 0 <a < 1. Then u € Ag(D) if and only if
lul € AQ(D).
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PROOF. Clearly if u € A%(D), then |u| € A (D). Now let [u| € A(D). By (1.2) for
each z € D there exists w, € D such that lw, — z| < 1 — |z] and
lu(w;)| — |u(z)]

/

ux)| <4

lu' (2)] < 1— 2|
Therefore,

u(wo)| — lu@)| _ [uw)| — [u@)]|
A=z = |wy—z|®

1|u/<z)|<1 — |z <
J <

El

which implies that lim;— 1 |u’(z)|(1 — |zD'~% =0, since |w, — z| < 1 — |z| and

IIM(C)I—IM(U)II_)O as |z — 0 = 0.
1 —nl*
Therefore u € Ag(D) by Lemma 2.1. O

Let y > 0 and consider the following linear maps between Zygmund type spaces
and Bloch type spaces of order y:

S:2Z¥ > B, Sh=h; (2.3)
Z
T:BY— Z¥, (Th)(z) = / h(§) dé. 2.4)
0
The operators S and T are bounded, indeed ||Sk||gr < ||h|lzv and ||Th| zr = ||h|sr.
Let ¢ be an analytic self-map of D and g € H(D). For the positive numbers «,

consider the generalized composition operator C§ : Z% — ZP and the following
diagram:

C
Baﬂ)Bﬂ

1 b

20 g 25)
T ls
B LC% B
Applying (2.3) and (2.4) gives
TogCyoS= C(‘g,
SoC§oT =gC,,
which yield the following result.

PROPOSITION 2.4, Let o, B >0 and g, ¢ € H(D) where ¢ is a self-map of D.
Then Ci : 2% — ZP is bounded (compact) if and only ifgCy: B* — B is bounded
(compact).
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Note that [6, Theorems 5 and 6] follow from Proposition 2.4 in the special case of
o = B =1 along with [12, Theorems 2.1(ii) and 3.1(ii)].

Since S(Zg ) C Bg and T (Bg ) € 2!, one can also consider the commutativity of
diagram (2.5) for little Zygmund type spaces and little Bloch type spaces. Hence,
we get the following proposition.

PROPOSITION 2.5. Let o, 8 >0 and g, ¢ € H(D) where ¢ is a self-map of D.
Then Cé (20— Zg is bounded (compact) if and only if gCy, : By — Bg is bounded
(compact).

Therefore in order to prove Theorems 1.1, 1.2, and 1.3 we need to solve the
derivative-free problem for weighted composition operators between (little) Bloch type
spaces or (little) analytic Lipschitz spaces.

Pavlovi¢ used [8, Theorem 4] to give a derivative-free characterization for the
boundedness of a composition operator Cy, : HAy, — HAg in [14, Theorem A]. By
the same method of proof as in [14, Theorem A] and using [12, Theorem 2.1(i)]
one also has the following version of [14, Theorem A] for the weighted composition
operators.

THEOREM 2.6. Let0 <o, B <1 and ¥, p € H(D) where ¢ is a self-map of D. Then
YCy: HAy — HApg is bounded if and only if the following hold:
(1) v e€HAg;
) ¥Id —leh® € Ap(D).

In the next theorem we obtain a result corresponding to Theorem 2.6 for little
analytic Lipschitz spaces.

THEOREM 2.7. Let0 <o, B < 1 and , ¢ € H(D) where ¢ is a self-map of D. Then
YCy HAg — HA% is bounded if and only if the following hold:

() e HAY;

) Yl —leh® € Apg(D);

3) Ve HAp.

PROOF. By [12, Theorem 4.1], ¥ C,, : HAg — HA% is bounded if and only if the
following hold:
()% ¥ € HAY;
2)* ¥vCy: HAy — HAg is bounded;
3y Timp i (1= 12D Py 2)lle' ()] =0.

Let ¥C, be bounded; then by Theorem 2.6 it is enough to show that (3) holds.
Clearly,

(W) @11 — 12D < ¥/ @lle@) I — 12D + [y @)l¢' @)1 — [z 7F.
(2.6)
Since ¢ is bounded and ¥ € HAY, lim i [¢'(@)|le@)|(1 —[zD'# =0 by

Lemma 2.1. Also lim;—1 [¥(2)|l¢'(2)|(1 — lzD'# =0 by (3)*. Therefore (2.6)
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implies that |(Y¢) (z)|(1 —|z)'™# — 0 as |z] = 1, and hence Yo e HA% by
Lemma 2.1.

Conversely, let (1), (2) and (3) hold. To prove that ¥ C, is bounded, we only need
to show that (3)* holds. Now,

1 = 1z2D'" Py (@)¢' @] < 10 = 12D Py ()¢ (2) + (1 — 12D Py ()9 (2)]
+1(1 = 1zD' Py (D))l 2.7)
=1 —1zD"P W) @+ (1 — 1Dy @)lle)].

Using the boundedness of ¢ and (1), we have lim;— (1 — |z|)1_/3|1//(z)||gp(z)| =0
by Lemma 2.1. Also (3) implies that lim;—1(1 — |z])!7#|(¥¢)(z)| = 0. Therefore
(2.7) implies (3)*, which completes the proof. O

Now Theorem 1.2 is an immediate consequence of Proposition 2.5 and Theo-
rem 2.7. Also Theorem 1.3 follows from Proposition 2.5 and the next result.

THEOREM 2.8. Let0 <, B < 1and ¥, ¢ € H(D) where ¢ is a self-map of D. Then
the following statements are equivalent:

i vCy: HAg — HA% is compact;

(i) limpzo W @I = 2D/ = @D ™)' ()| =0 and ¢ € HAY;

(i) |¥](1 — e e Ag(D) and € HAg.

PROOF. (i) < (ii). This holds by [12, Theorem 5.1], where little Bloch type spaces
are considered instead of little analytic Lipschitz spaces.
(iii)) = (ii). By (1.2), for each z € D there exists w; € D such that |w, — z| <
1 —|z| and
lp(w2)| — le(2)]

|§0/(Z)| =< 41——|Z|' (2.8)

On the other hand, using (2.8) and the inequality ax®(x —y) <x¥— y* for 0 <

y<x,
LA D'F L. lp(2))*!
4 (I —lp@NI—* ~ 4 |w, — 2|
a( — lp@D* ) —lp@D (50
B |w; _Z|ﬂ
(1= le@D* = (1 = lp(w))"|
N lw, — Zlﬂ .

Let h(z) := [¥(2)|(1 — |@(2)]); then (2.9) gives

a (1—lzpt=F
V@I TEPETIE ¢/ (2)]
1_ o 1_ o
s|w(z>|'( lo(2))* — ( - lo(w2))*|
|wz_Z|
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_|WOHA = le@D* = A = lew) D} — (1 — lew)D* (¥ (w)| — [¥ ()]

|w, _Z|ﬁ
(1= Jp(unpe Pl = W;(Z)” (2.10)
|lw, — z|
_ |h(z) — h(w;)] 41— @) [ (w;) — W(Z)I'
|Z_wz|ﬂ |wz_Z|ﬁ

Since h, ¥ € A%(D) and |w, — z| < 1 — |z|, then

|h(z) — h(wy)]
— =0
|z — wz|ﬁ
and
[V (w;) — ¥ (2)]
= >0 as|z|—> 1.
|w, _Z|‘B
Therefore (2.11) implies that
(1—zp=F
V()| ——————1¢'(z)] > 0 as|z] —> 1.
(I = gDt

(if) = (iii). First note that since ¥ and ¢ are analytic, |V|y || =|¢¥'| and
IV — oD% = a|¢’|(1 — |¢|)*~ . Therefore with the previous notation for A (z) we
get

IVR(2)|(1 — |z])'7F
= ((1 = lp@DYIVIY @I + [¥ @IV = o)D) (1 —|z)'F

= (1= lp@) DY @)1 — [z])' # 2.11)
@ LT )
(1 —|p(z)hi-@ ‘

Since ¢ € HA%, by Lemma 2.1 we have lim;—1 [¢/(2)|(1 — |z)!=# = 0. Thus, the
hypothesis of part (ii), the boundedness of ¢, and (2.11) imply that

lim [V(y @I = @D = D' =0,

and thus by Lemma 2.2, [|(1 — |¢|)® eAg(D). ]

Let 0<a<1,0<B<1and ¢: D— D belong to HA%. Then by a similar
argument as in [10, Proposition 2.2], one can prove that

~ (1=l
1 U=k _0
|Z|1§1 V@ (1- |§0(Z)|)1_a lo"(2)]
if and only if
- (I
| A=z o,
Jim @l sl @)
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where Y is an arbitrary bounded map on D. Using this fact, along with [12,
Theorem 3.1], leads to the following result for analytic Lipschitz spaces and therefore,
by Proposition 2.4, for Zygmund type spaces.

COROLLARY 2.9. Let O<a <1, O0<B <1 and ¥, ¢ € HA% where ¢ is a self-
map of D. Then yCy,: HANy — HApg is compact if and only if |{[(1 — [@))* €
A%(D).

B

Note that if g = ¢’, then
(€Y @) = (Co/)E) — (Cy £)(0).

Therefore, C,, is bounded (compact) if and only if Cg is bounded (compact). So one
can apply Theorems 1.1, 1.2, and 1.3 to obtain necessary and sufficient conditions
for boundedness and compactness of composition operators on Zygmund type spaces.
In particular, we have the following derivative-free conditions for boundedness and
compactness of composition operators on little Zygmund type spaces.

COROLLARY 2.10. Let 0 < o, B < 1 and ¢ be an analytic self-map of D. Then:
i) Cyp:Z2§— Zg is bounded if and only if ¢ € Zg N Bg/z and (1 — |p)'=%/2 ¢
A1_gp2(D);
(i) Cy:25— Zg is compact if and only if ¢ € Z(’)B and (1 —|p)'=*/2 ¢
0
Aj_ 8 /z(D)'
PROOF. To prove (ii), it is enough to use the equivalence of (i) and (ii) in Theorem 1.3
for g = ¢’ and then the equivalence of (ii) and (iii) for g = 1. The proof of part (i)
follows from a similar argument using Theorem 1.2, the equivalence of (B) and (C)
in [14, Theorem A], Theorem 2.6, and

(1= 1zDP(¢'p) () = (1 — 12)Po" (D)9 (2) + (1 — [2DP/?¢/ (2))*. m

As a final remark, let us for & > 0 consider the standard weighted Banach spaces of
analytic functions defined as follows:

H® ={f € HD): | fllnge = sup(1 — |z)*| f (2)| < o0},

zeD

Hy = {f € HZY : lim (1 = 12D/ )] = 0}.

For more details about spaces of this type we refer to [1, 2, 7, 11] and the references
therein. Let y > 0 and consider the bounded operators

S:BV—>H;,’°, Sh="n":

T:H)f°—>BV, (Th)(z)=/ h(&) d&.
0
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Then by the same arguments as in Propositions 2.4 and 2.5, one can reduce the study
of generalized composition operators C{j : B* — BF and C;g 1By — Bg to weighted
composition operators gCy, : H° — Hl‘g>O and gCy, : HO — Hg . Indeed, the following
diagram commutes:

8Cy
HE® = HF
ST lT
Cg
B $’Bﬁ
1)
gC
HZ® —> Hg°

Therefore, the following proposition holds.

PROPOSITION 2.11. Let o, 8 >0 and g, ¢ € H(D) where ¢ is a self-map of D.

Then:

(i) C§:B*— BP is bounded (compact) if and only ifgCy: HYX — Hgo is bounded
(compact);

(i1) Cg 1By — Bg is bounded (compact) if and only if gC, : Ho(l) — Hg is bounded
(compact).

As a result of Proposition 2.11, one can easily obtain several of the results in [0,
Section 5] by applying [11, Theorems 2.1 and 2.2].
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