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THE TAYLOR SERIES FOR BANDLIMITED SIGNALS
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Abstract

We study a special type of infinite product, called an infinite product of Cardano type, and
we obtain its Taylor series. We prove that Hadamard'’s factorization of bandlimited signals
is given by an infinite product of Cardano type, and apply our results to obtain the Taylor
series for bandlimited signals.

1. Introduction

Let Q be a polynomial of degree g, normalized by Q(0) = 1 and with roots [w,].=1,...4
Cardano’s formulae allow us to represent Q in the form

q
0@ =] (1 - —) Z( 1D, 2",
n=1
where Do = land De = 3", . ioco Wir' -+ - w;'forl <k <gq.
The main purpose of this paper is to extend this result to bandlimited signals. Let
f be a bandlimited signal which has been normalized by f(0) = 1. We investigate
when we can write

f@=1] (1 - —) Y (=D'Det, ()
n>1 k>0
where A = {w, : n > 1} is the set of zeros of the function f, and where Dy = 1 and
fork > 1:
. -1 -1
D, =11:n Z w; LW
I<iy<...<iy<n
Notice that A is a countable set because in our conditions f is analytic in the entire
plane [3].
Several questions arise when we consider this problem :
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(i)  The convergence in C of the infinite product [, (1 — z/w,).
(ii) The existence of D, and convergence of the series Zkzo(_ 1)*D,z*.
(iii) Conditions on a bandlimited signal f so that (1) can be satisfied.

The paper is organized as follows. In Section 1, (i) and (ii) are studied. We show
that the second equality in (1) is valid if rank A = m and By, ..., B, exist, where
B, =Y_,., w;’. In Section 2 we discuss the question (iii). Then, applying a result of
Tichmarsh [4], we prove that a bandlimited signal f, normalized by f(0) = 1, which
has a symmetric spectrum with respect to the origin, can be written as

£(2) =]‘[(1 - wi) where |wy| < fwa| < ... < [w,]... .
n>1 n

Then, using the results obtained in Section 1, we prove that f satisfies (1).

2. Infinite products of Cardano type

In what follows, A = [w,].» is an unbounded set of nonzero complex numbers,
with no limit points and rank m; that is, m is the smallest integer such that

Z fw, "™+ < +o0.

n>1

DEFINITION. [],.,(1 — z/w,) is said to be an infinite product of Cardano type if it
coincides with ), _(—1)* D,z* and defines an entire function, where

Dy=1mD{, and DP= >  w'... w] 2

I<i|<.<ig<n
We shall write A € CT when the associated product is of Cardano type.

This definition leads us firstly to study the existence of the D,. We introduce the
following notation: if n > k

n
E® . = Z wLwt, 1<y <n peN; B,f")=zwfk~
=1

treens e
L, i)

When the limits exist, we write:

Ei = li’{n E,(,n):, 3

and
By =lim B{". )

To simplify, we shall denote E{"} | |, = E ff'_)(s_”,, for example.
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THEOREM 1. Dy exists for every k if and only if B, exists for every k. Moreover

(— 1) a
Dyt = 7— | Bisi + (=1 DiBiyi | - 5)
k+1 L
PROOE. First we prove that if n > k we have
Efn)(k 13@ = kE(")l L=t Tt E;(nl) «.1> forj ke N. ©)
ER w1 = (=Dkk! [Z( 1)'D<">Bk"2j_,] , forj,keN. Q)

i-1
E(") D mjn = ( 1)] l(k ) |:kD’£n) + Z(_I)ID’EH)IB‘(n):I
=1
for2<j<k-1landk > 3. 8)
Indeed, when n > & we obtain

k
(n) )y __ -1 —(j+1) -1 -1 -1, —j
Ey waB’ = E [ E w, ... w, Cee Wy ] + E w, .o w o w,

i=1 [ 5, p#q to#ty, PFq

k

_ (n) (n)

- Z El,.(i—l.‘,l.j+l.l,.(k—i..,l + El,.(k‘..l.j
i=1

_ (n) (n)

- kEj+1,1,.(k—|.,,1 + Ej.l,.(k—l..,l

and it proves (6).
On the other hand, for k = 1, (7) is deduced from (6) and from the equalities:
E” =B = D™ and E” = B{. Now, from (6) we have
E},"l),.(k..l = Ef")(k IB@ - kE}:-)l.l..(k 1.1
= E:")(k 1B(") k[E:’.l.)(k—l. 131(:-)1 (k — I)E;’-:—)Ll,.(k—z..,l]'

.....

Then by using induction, (7) is proved by noting that E\"y, | = k!D{".
From (6), considering k — 1 instead of k, we obtain

Efn)(k 1. lB(n) (k - l)Eénl).A(k—Z..,l + El(’,l.)(k...l'
Then it follows that
EP) sy = (=D(k — ! [kD{ — D, B"].
Therefore (8) is verified for j = 2. Now, (8) turns out to be immediate using induction

on j.
As a consequence of this we have:
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(i) IfD,,...,Diand B;,..., By existforany j > 1,then E; ; ., exists for any
iz

(i) If D,,...,D; and By, ..., B, exist with k > 3, then E;; ;.1 exists for
2<j<k-1.

Next we are going to prove the Theorem. Assume that D,, exists for every m and
that B,, ..., By exist. Then from (6) D{” B = B, + E{"). Since D, ..., D4 and
By, ..., By exist, it follows from (ii) that E;; 41—, 1 exists for 2 < j <k, and so
E,, must exist. Now, taking limits in the last equality we obtain B, ;.

Conversely, the existence of B, for any k¥ € N implies that D, exists. Using
induction, (i) and the equality

(k+ DIDY, = k'DP B — kE;tl]),.(k—l..,l

obtained from (6), the existence of D, is proved by taking limits in this last expres-
sion. Finally, (5) is easily obtained by putting j = 1 and taking limits in (7).

THEOREM 2. A € CT if and only if B, exists for | <k < m.

PROOF. Since rank A = m, it is known [2], that the canonical product associated with
A converges uniformly on compact subsets (c.u.c.) of the plane, that is

P,.(z) = l_I (1 - wi) exp [i z ] c.u.c..

.
n>1 j=1 JWn

If By, B,, ..., B, exist, it is not difficult to prove that
EXp| — — | =exp| — — |,
n>1 ‘= jwa =1 T

and therefore

P =[] (1 - 5-) cuc..

n>1 n

Then P(2) )
z .
o ; T cuc in DO, R)={z:|z] <1},
where R < |w,|, for all n. If we let g(z) = 3_,,, = then g € H(D(0, R)) and

g®(0) = (—1Dk!By fork=0,1,2,.... As

k

PED(©0) =) (f) POO)g*(0),

=0
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it follows using induction that

k
P(k'H)(O) = (—l)k' [BIH-I + Z(_l)’Der+l—t] .

t=0

Taking into account (5), we have that

I1 (1 _ I—UZ—) =Y (1Dt

n>1 n k>0

The converse is immediate.

Notice that in the case m = 0, [],.,(1 — z/w,) converges absolutely and c.u.c..
Moreover ), ., |w,|™ exists for every k and consequently the last result is trivial.

3. Hadamard’s factorization and the Taylor series for bandlimited signals

A function f on R is a bandlimited signal if its Fourier transform is zero outside a
finite interval, i.e.

+00
f@ = f@@e™dz =0 forlt| > o,

—00
and its energy,

+00
E= [ i@z,
-0
is finite.
It is easy to prove [3] that if f is a bandlimited signal then f is analytic in the entire
plane and of exponential type. We obtain the Taylor series for a bandlimited signal f.

THEOREM 3. Let f be a bandlimited signal, normalized by f(0) = 1 and which has
a symmetric spectrum with respect to the origin. Then

f@)=) (1Dt inC.

k>0

PROOF. Let F = f,p, where ¢(z) = —iz,and let z, = ri €', ..., z, = r,e’®, ... be
the zeros of F, arranged so that r, is a nondecreasing function of n. Then we can
write

F@) = _1_/0 fe* dr,
2 J_,
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where there is no number ¢ > —o such that ffg | f (¢)|dt = 0 and no number 8 < o
such that f; If(t)ldt = 0. It is known [4] that F(z) = nnzl(l — z/z,) where the
product is conditionally convergent. Besides,

cosb, _ F'(0) sinf, _ F'(0)
Z P Re(—F(O)) and Z P Im(—F(O)).

n>1 n>1

From the above results, we have that f(z) = ]—["21( 1 —z/w,), where w, = —iz,.
Then, [w,].>, is a rearrangement of the set Z; = {z € C | f(z) = 0}.
To finish, we prove that Z; € CT. As

Bl=zwi=zsirrln0,, _Hzcorsne,,,

nx1 R nx1 nx1

necessarily B, exists. On the other hand, as f is an entire function of exponential
type, B, exists for all m > 2 [1]. Therefore Z; € CT.
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