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Abstract  For a € (0, %] and r € (0,1), let pq(r) be the so-called generalized Grotzsch function which
appears in Ramanujan’s generalized modular equations. In this paper, several sharp inequalities for pq (1)
are obtained and a conjecture on pq(r), which was presented by Qiu and Vuorinen in 1999, is proved.
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1. Introduction
Throughout this paper, we let 7/ = /1 —r2 for r € (0,1). For = > 0, let

I'(z)= /000 t*le7tdt and ¥(z)= 1;((;:)) (1.1)

be the classical Euler gamma function and psi function, respectively. For real numbers
a, band ¢ with ¢ #£ 0, —1,-2,..., the Gaussian hypergeometric function is defined by [1]

F(a,b;c;x) = o Fy(a, by c;x) = Z (a’(z)g))’ n) %T

n=0

for |x| < 1. (1.2)

Here (a,0) =1 for a # 0, and (a, n) is the shifted factorial function

I'(n+a)

(a,n)=ala+1)(a+2)---(a+n—-1)= )

(1.3)

for n € N = {k : k is a positive integer}. For € (0,1) and a € (0, 1), the generalized
elliptic integrals(ct. [5, §5.5]) are defined as

Ko =Kq(r) = %wF(a, 1—a; 1;7’2),
K, = K (r) = Ka(r'), (1.4)
Ka(0) =37,  Ka(1) = oo,
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and

Eo=Eu(r) =
)

1

2
E=EL(r)=E(r), (1.5)
sin(ma)
2(1—a)
In the particular case a = %, the functions K, and &, reduce to K(r) and &(r), respec-
tively, which are the well-known complete elliptic integrals of the first and second kind,
respectively (cf. [6]). By symmetry of a and b in (1.2), it is obvious that K, = K1_4
for a € (0, §]. Hence, we may assume that a € (0, 3] in the following. For a € (0, 3] and
€ (0,1), define the generalized Grotzsch function

T KL(r)
2sin(ma) Ko(r)’

ta(r) pu(r) = paya(r). (1.6)
The function p.(r) plays a very important role in some fields of mathematics. For
instance, it is indispensable in geometric function theory, quasiconformal theory and the
theory of Ramanujan’s modular equations (see [2-4,7]). In the general case a € (0, 1),
however, the known properties of i, (r) are fewer than those of (), which is the modulus
of the Grotzsch ring domain in the plane. One of the tasks for the study of the properties
of e () is to extend the known results for p(r) to the function p,(r). On the other hand,
the comparison of j,(r) and p(r) will enable us to use the known bounds of u(r) to give
estimates for p,(r). In this paper we shall extend some well-known results for p(r) to
ta (1), and give bounds of i, (r) in terms of u(r) as well as in terms of elementary func-
tions. We shall also prove a conjecture concerning i, (r) [9], and show some properties
of ICy.

2. Main results

We now state our main results. Our first result answers the question of whether the
well-known identities [2, (5.2) and (5.4)]

(45 ) =ut) () =20 (2.1)

1+r
can be extended to i, (7).
Theorem 2.1.

(i) For each r € (0,1), the function

fa,r) = 2ua( 2V ) -~ ralr)

1+7r

is strictly decreasing in a from (0, 3] onto [0,00). In particular, for all r € (0,1)

2
and a € (0, 3],

2b0 (2L > palr) (22

with equality if and only if a = %
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(ii) For each r € (0,1), the function

gla,r) = pa <1+:> — 2uq (1)

is strictly increasing in a from (0, 5] onto (—o0,0]. In particular, for all 7 € (0, 1)
and a € (0, 3],

uaG ; :) < 2pa(r"), (2:3)

with equality if and only if a = %
The next theorem gives comparisons of . (r) and u(r).
Theorem 2.2.

(i) For each r € (0,1), the function h(a,r) = a®u4(r) is strictly increasing in a from
(0, 4] onto (0, u(r)]
}

(ii) For each a € (0, 3], the function H(r) = pq(r)/u(r) is strictly increasing from (0,1)
onto (1,1/sin?(rwa)). In particular,
1

p(r) < pa(r) < —5——p(r), (2.4)

sin®(wa)

with equality in each instance if and only if a = 3.
Applying Theorem 2.2, one can easily derive monotonicity properties of certain func-
tions defined in terms of u,(r) and some elementary functions. As an example, we give

the following theorem.
Theorem 2.3.

(i) The function
_ fa(r)
ry= "o\
hilr) V' log(4/7)
is strictly increasing from (0, 1) onto (1, 00).
(ii) The function
_ Ha(r)
T = ———"H=—=
f2(r) arth v/r/

is strictly increasing from (0, 1) onto (1, c0).

(iii) The function f3(r) = pe(r) arth /r is strictly increasing from (0, 1) onto

Remark 2.4. In [11, Theorem 1.14], the monotonicity properties of f(a,r) and g(a,r)
as functions of r € (0,1), have been obtained, and [11, Theorem 1.22] says that the
function 4 (r) is strictly decreasing from (0, 3] onto [u(r),oc0) with respect to a for
given r.

In [9], it was conjectured that the function fo(r) = jua(r)/ arth v/7/ is increasing from
(0,1) onto (1,00). Theorem 2.3 (ii) gives the proof of this conjecture.
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3. Preliminaries

In this section, we establish the following technical lemma, which shows some properties
of I, and is needed in the proofs of the main theorems.

Lemma 3.1.

(i) Forz > 0anda € (0,1), let b = 1—a. Then the function fi(z) = ¥(z+a)—¥(z+Db)
is strictly increasing and concave from [0, 00) onto [¥(a) — ¥(b),0).

(ii) For each n, the function fy(a) = (a,n)(1—a,n) is strictly increasing on (0, 3], while

the function g(a) = f2(a)/a is strictly decreasing on (0, 3].

(iii) For a € (0, 1], the function

0
5 log (1)

fs(r) =
is strictly increasing on (0,1).
(iv) The function fy(a) = Ko/a is strictly decreasing from (0, 3] onto [2K(r), 00).

(v) The function

is strictly increasing from (0, 1) onto (1,1/sin(wa)).

Proof. (i) It is well-known that ¥’ and ¥” are strictly decreasing and increasing,
respectively, on (0,00). Since a < b, fi(z) = ¥'(z +a) —¥'(z+b) > 0, and f]'(z) =
U"(x +a) — ¥’ (x+b) <0. Thus, the result for f; follows.

(ii) It follows from (1.3) that

I'ln4+a)'(n+1-—a)
I'(a) rlt—a) °

f2(a) = (a7n)(1 - a, n) =
By logarithmic differentiation, we have

fo(a) = f2(a)[f1(n) — f1(0)],

which is a product of two positive functions by part (i). Hence, the monotonicity of fo
follows.
By the reflection property of the gamma function [12],

L)1 — =) = sin(mzx)’
we get '
g(a) = smﬂ(-za) [M(n+a)(n+1-a). (3.1)
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Since

%log[F(n—Fa)F(n-F 1—a)] = fi(n) <0

I'(n+a)I'(n+1—a) is strictly decreasing in a. Clearly, sin(wa)/(7a) is strictly decreasing

in a on (0, 1]. Hence, the right-hand side of (3.1) is a product of two positive and strictly
decreasing functions, so that g is strictly decreasing in a.

(iii) By (1.2), we have
ZZO:O Anr2n
P S B

n=0

where A,, = fa(a)[fi(n) — f1(0)]/(n!)? and B,, = fa(a)/(n!)?. Since A, /B, = fi(n) —
f1(0) is strictly increasing in n by part (i), f3 is strictly increasing in r by [8, Lemma
2.1].

(iv) By (1.2),

[ o)

and hence the monotonicity of fs follows from part (ii). The limiting values are clear.

(v) Write
(3
Cn = (a,n)(1 —a,n)’
Then
) G G+n?
Cni1 = Cn (a,n)(l ,n) [ (a+n)(1—a+n)
_ (%,n) j—a(l-a)
~ (a,n)(1—a,n) (a+n)(1—a+n)

>0

and hence C), is strictly increasing in n. By (1.2),

n=0

which is strictly increasing by [8, Lemma 2.1]. f5(07) = 1 is clear. By 'Hopital’s rule,

_ . E—r"K 1
f17) = rl—lglf 2(1 —a)(E, —r2K,)  sin(ma)’

This completes the proof of the lemma. |
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4. Proofs of main theorems

Proof of Theorem 2.1. (i) Let z = 2y/r/(1+7). Then 2’ = (1—-r)/(1+7), dz/dr =
x'z/2r.

Differentiation gives

%{ = % [m(fﬁ) _Ma(T)]

1 zz’ N 1
xx?F(a,1 —a;1;22)2 2r  rr2F(a,1 — a;1;1r2)2

1 1 (142 1
= — — r :
rr’2 | F(a,1 —a;1;12)? F(a,1—a;1;22)2

By the Landen inequalities [10, Theorem 1.2] and Lemma 3.1 (iii), we have

+2(1+47)

af/or) 1 {_QFé(a,la;l;TQ)

- F(a,1—a;1;72)3

o Fola, 1 —a; 1;302)}
Oa rr'2

F(a,1—a;1;22)3

S 2 F'(a,1—a;1;2?%) B F'(a,1—a;1;7?%)

“rr2 | F(a,1 —a;1;22)F(a,1 —a;1;72)2 F(a,1—a;1;72)3
2

= 5[f3(z) — f3(r)]

rr’2F(a,1 — a;1;72)

>0,

where

F/

(a,1—a;1;7%) = agF(a, 1—a;1;7r%).
a

It follows that Jf/0r is strictly increasing in a € (0, %) Hence, for 0 < a < b < %, we

have
0f(ar) _ 0f(r)
Oor or
By integration,
Y 0f(a,r) LOf(b,r)
/T 5 dr </r o dr;

hence,
fa,r) > f(b,r).
This yields the monotonicity of f(a,r) in a.
Forr € (0,1), f(1,7) = 0 by (2.1). Write A(a,n) = (a,n)(1—a,n)/(n!)? and B(a,n) =
I'(n+a)l'(n+1—a)/(n!)? By (1.2) and (1.6),
T > Ala,n)a? T > Ala,n)r?n

f(a,?") = 22sin(7ra) Zii) A(a7n)x2" B QSin(ﬂ'a) ZZOZO A<a7n)T2n

o Yomepsin(ma)r~ B(a,n)z"?" 1377 sin(ra)r ! B(a,n)r’*"
sin(ma) | Yoo, sin(ra)m 1 B(a,n)z2 2 3> sin(ra)r—1B(a,n)r2"
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71' 1 +sin(ra)n—' 3°57° | B(a,n)a 11+ sin(ma)r~' 35 | B(a,n)r""
sin(ra) | 1+ sin(ra)m=1>°°° | B(a,n)z?* 2 1+sin(ra)m—t> >, B(a,n)r?"

- 2sin(ma) (a=0),

and hence f(0%,r) = oo. The inequality (2.2) and its equality case are clear.

(i) Let t = (1 —7)/(1 + 7). Then r' = 2v/t/(1 + ), and g(a,r) = —f(a,t). Hence, the
assertion about g follows from part (i). O

Proof of Theorem 2.2. (i) By [3, Theorem 4.1(5)], we have
dh 2 a?
he(ar) = G = =T,
(a,) dr 4 rri2K2

which is strictly decreasing in a by Lemma 3.1 (iv). Therefore, for 0 < a < b < %,

1 1
/ hy(a,r)dr >/ hy(b,r) dr.
This gives
a’a(r) < *up(r),
and hence h(a,r) is strictly increasing in a. Clearly, h(3,r) = $u(r). Let A(a,n) and
B(a,n) be as in the proof of Theorem 2.1 (i). Then

oo A 2n
R(0T,7r) = lim a? ,7T ZI’;O (a,n)r
a—0t  2sin(ma) >, A(a,n)r?n
) ra Yo gsin(ra)r !t B(a,n)r’*"
= lim a— =
a—0+  sin(mwa) -7 sin(ma)r~1B(a, n)r2"
. ma 1+sin(ra)m=1 37 B(a,n)r’?"
= lim a— - =
a—0+ sin(ma) 1 +sin(ra)7=1 %" | B(a,n)r?"
=0.
(i1) Write Hi(r) = pq(r) and Ha(r) = p(r). Then H1(17) = Hy(17) = 0 and, by [3,
Theorem 4.1(5)],

Hi(r)  —irx(rr2k2)t (’C >2. (4.1)

Hy(r) —%WQ(’I“TIQICQ)_l K.

Hence, the monotonicity of H follows from Lemma 3.1 (v) and [3, Lemma 5.1].
The limiting values follow from I"'Hépital’s rule, (4.1) and Lemma 3.1 (v). The second

inequality in (2.4) is clear, while the first inequality in (2.4) holds by [11, Theorem

1.22]. 0

Proof of Theorem 2.3. Parts (i) and (ii) follow from Theorem 2.2 (ii) and the corre-
sponding results for u(r) (see [2, Theorem 5.13 (5), (6)]). Part (iii) follows from part (ii)

and the identity

2

tra(r)pa(r') = M.
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