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Capacity of attractors
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Abstract. Let f be a diffeomorphism of a manifold and A be an f-invariant set
supporting an ergodic Borel probability measure u with certain properties. A lower
bound on the capacity of A is given in terms of the p-Lyapunov exponents. This
applies in particular to Axiom A attractors and their Bowen—-Ruelle measure.

Let f: MO be a diffeomorphism of a manifold. Suppose U < M is an open set
with fU < U. This tells us that there is an attracting set A in U. A natural question
is: how big is A? Intuitively the size of A is related to the relative strengths of
expansion and contraction of f near this attracting set. We proceed to formulate
a theorem in this direction.

First, we must decide on a notion of ‘size’. Riemannian volume seems most
natural, but attractors in ‘dissipative’ systems often have Riemannian measure zero.
Hausdorff dimension is a classical tool for distinguishing between sets of measure
zero. Our results are in terms of capacity, a notion very similar to Hausdorfl
dimension. Precise definitions are given later.

THEOREM. Let f: M® be a C'** (a > 0) diffeomorphism of a compact Riemannian
manifold and let u be an ergodic Borel probability measure on M with Lyapunov
exponents 1=+ - = A,. Suppose also that A, >0>A,.1 and that u has absolutely
continuous conditional measures on unstable leaves. Then the lower capacity of the
support of u,

A,

Al

COROLLARY. If Q is an attractor of a C*> Axiom A diffeomorphism and u. is the
Bowen—Ruelle measure [1] on Q, then

A+
Clsupp p)=u+—

Ar+eo e+,
CO)=u+2—="4,
Aol
where Ay =+ - - = A, are the u-exponents and u = dim E*.
This work is motivated by a conjecture of Yorke’s [3], [4] and complements the
work of Douady, Oesterlé [2] and Ledrappier [6] who have given upper bounds
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for the Hausdorff dimension of attractors. Mallet-Paret [8), Manning [10], Mané
[9] and Takens [15] have also done work on the dimension of invariant sets.

The author thanks C. Robinson for the references in the proof of lemma 3 and
the referee for his comments.

Remark. After this note was written the author found out that F. Ledrappier had
independently arrived at a very similar result [7].

1. Definitions
Let X be a compact metric space. For £ >0, let N(¢) be the smallest number of
e-balls that cover X. Define the capacity or upper capacity of X, C(X) to be

lim su; —log N(e)
2= " log (1/¢)
and the lower capacity of X, C(X) to be

(See for instance [3], [9] and [15].)
It is easy to verify that

d< C(X):>1in(1) N(e)e? =00,

lim sup N(e)e? =00,
CX)<d<C(X)>
lim inf N(e)e?=0,

and
d> C‘(X):}ling N(g)e?=0.

Recall that if N(¢)e® is replaced by
a(e,d)= Inf Y (diam A)%,

covers Aem
diam A<e

then lim, o a (e, d) always exists and the unique number d, with
d <d0=>£i_r)1(1) a(e, d) =00,
and
d>d0$9_{% a(e,d)=0
is the Hausdorff dimension of X.
In general,
HD(X)=C(X)=C(X).

Examples of compact sets with strict inequalities can easily be constructed but I
do not know if these numbers coincide for nice invariant sets such as Axiom A
basic sets.
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Capacity can also be defined in terms of separated sets. Let S(¢) denote the
maximum number of e-separated points in X. Then S(2¢) < N(e)=<S(¢e). Hence

= ) log S(¢e)

C(X)=1 —_—

(X)=limsup s = /e)

and log §(z)
s . 0g I

C(X)=1 f—————.

CX)=lim Inf /e)

Next we turn to the definition of Lyapunov exponents and stable manifolds. Let
f: MO be a C'** diffeomorphism. Let x € M and v € T, M, the tangent space at
x. Define the Lyapunov exponent of f at x in the direction v to be the number

x(x,v) = lim (1/n)log | Df5v|

if this limit exists.

Let 1 be any f-invariant Borel probability measure. It is a fact that u-a.e. x is
‘regular’, which implies in particular that x (x, v) is well-defined for every v € T.M.
For a regular point x, let

x(x)=max {x(x, v): x(x, v)<0}.
Then

W’(x)={y e M :lim sup (1/n)log d(f"x, f"y) = x (x)}

is an immersed submanifold of M called the stable manifold of x. The unstable
manifold W*(x) is defined similarly with f~' playing the role of f. For a detailed
account of this theory, see [12] or [14].

2. Facts from Pesin theory
In this section we fix some notations and recall some relevant facts. We follow
mainly the approach in [11], a summary of which appears in [5].

Let M be a p-dimensional compact Riemannian manifold and f: MO bea C
(a >0) diffeomorphism. Consider an ergodic Borel probability measure p with
Lyapunov exponents A; = - - = A,. Assume that A, >0>A,.:. Let

A =min {A,, [A.1]}
and fix small ¢ >0. For [ =1, 2, - - - let A; be the Pesin sets, that is,

I+a

A= {x € M : Vm € Z there is a splitting of the tangent space
TmM = Efm @ Ejfm,
satisfying the following conditions for all n =0, me Z:
(1) v € Ejm >Dfimvll =1 exp {e|m|} exp {—(2 —e)n}jv],
IDf 0l = (I exp {e|m[D ™" exp {(A —&)n}lvll,
(2) veEf~>|Dfjmoll = exp {elm[h) " exp{(A —&)nlloll,
IDf vl =1 exp {e|ml} exp {—(A —e)n}ol,

and (3) %(Ene, Efme)=(l exp {elml})“.}
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It is well-known that
M(L’J A,) -1,

Some of our estimates are more transparent in ‘Lyapunov charts’. ‘Lyapunov
charts’ are non-autonomous changes in coordinates via which f becomes uniformly
hyperbolic. We collect a few facts that will be useful later.

Let B ={z eR":|lz]| <r}. For each fixed ! there are positive numbers K; and §,
such that for every x € A; there is a neighbourhood B(x) of x in M and a
diffeomorphism

Y : B xB{ “>B(x)
having the following properties:

(1) If (-, - ) denotes the Riemannian metric on M and (-, - ). denotes the metric
in B(x) induced by ¢, from the Euclidean metric on Bi X B{™", then

. ’
KS%SKI

for some universal constant K.
(2) Let W5 (x) be the component of W*(x) B(x) containing x. In the x-chart,
¥5 Wit (x) is the graph of some

g.:Bi->B™
with g(0) =0 and ||Dg|| = 1565. The analogous statement for W, (x) also holds.
(3) If x, ye A; and d(x, y)< 8, then
Ux Wiee (y) " BY x BT ™“

is the graph of some g: Bi' » B{ ™" with ||Dg|| < 105.

3. Lemmas
Let m denote Riemannian measure on M. If L « M is an embedded disk then L

inherits from M a Riemannian structure and hence a Riemannian measure. Let
m; denote this Riemannian measure on L. For x € A; and small p >0, let
Dy(x)={ye Wis(x):d(x, y)<p}
and
Dy (x)={y € Wiy (x):d(x, y)<p}.
LEMMA 1. For each |, 3A,;>0 s.t. for every x € Ay and p <1/K,, we have
mwe oDa(x)=A;p"

Proof. This follows from the fact that «p;lD; (x) is contained in the graph of g,|Bk,,
Vol (Bk,)~p"“ and that Riemannian metric is uniformly equivalent to x-chart
metrics for all x e A, O

LEMMA 2. Foreach |, 3B, >0 s.t. forp>0 and x,y € Ay with d(x, y) <8, if
Wiee )N D, (x)= &
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then

d(x, y)=Bup.
Proof. Again this is clear in the x-chart from the slopes of Wi, (x) and D:,(x) and
the result follows from the equivalence of metric. O

LEMMA 3. For every € >0 and u —a.e. x e M, 3C(x), 8(x)>0 s.t. for all y € D3,
d(f'x, f'y)=C(x) exp{(A, —&)n}d(x, y)
for all n =0. (A, = the smallest u-exponent.)
Proof. One way of seeing this is via theorem 4.1 (inequality (4.5) in particular) and
the proof of theorem 5.1 of [14]. a
For small € >0, let
I', C,8)={xeA;:C(x)=C, 6(x)=6 and
|Det (Df*|EY)|=1""exp{(A1+++ - +A,—£)n},Vn=0}.

Choose I, C and & so that I'o=T(/, C, §) has positive u-measure. Let To<T, be
compact and have positive measure. Assume also that, for every x €Iy,

(1/m) T xaif'x >

LemMA 4. Forn=1,2,---,3T, <[y s..
(1) VxeT,, In=m,(x)<n(1+e) with

f""‘(")x € Al;
(2) limp e uT, = ul.
Proof. This proof is borrowed from [5]. Let

o n-1
.= {x €lo: Y XA,(ka)<n,uA,(l +3€)
k=0

n(l+eg)
and ¥ xA.(f"x)>nuA,(1+%e)}. O
k=0

Next we consider a chart ¢ : B* x § - M, where B" is a closed u-dimensional disk,
S < B* is compact, ¢ is continuous, ¢|B* x{y} is C' for each y € S, this derivative
in the first variable is continuous on B* X S, and ¢ takes each fibre B x{y} into
W (x) for some xelo We require also that V = (Image ¢)nf‘0 has positive
p-measure.

LEMMA 5. 3D >0 with the property that, for large enough neZ", 3x, elo st if
L, = Wi (x,) then

my (UnnLy,)=D.

Proof. Let i = ¢*(u|V). Decompose 4 into a transverse measure gr on S and leaf
measures &, on B* x{y}. Since u has absolutely continuous conditional measures
on W'-leaves,

A< fir XA,
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where A is Lebesgue measure on B". It follows from this and u(I', n V) > uV that
(i xA) (¢~ (V AT,)
is bounded away from zero. Hence the desired result. O
LEMMA 6. AN s.t. Vn=N,An=m,<n(l+¢), D>0, L, = Wi, (x,), some x, € I
and B,< L, nT, s.t.
(1) VxeB,, f"xeAy;
(2) my B,=(1/ne)D.
Proof. Choose D and L, as in lemma S. Partition L, ~nI",, by return time, i.e. for
n=j<n(l+e¢)let
R,={xeL,nT,: fxeA}.
Then for some j,
mp R, =(1/ne)my (L, AT,)
=(1/ne)D.
Let this j = m,, and R,; = B.. O

4. Proof of the theorem
Recall that

S(a) = maximum number of a-separated points in supp (u).

We fix some arbitrarily small € > 0; choose I'o =I'(/, C, §) and then fo and{l'.}az10.-
as in lemma 4. Let D >0, L, and B, be as in lemmas 5 and 6. Choose o= 6 small
enough that Vx € B,

Di, ()0 U Wiae (y) ={x}.
YEB,
This is possible because T’ is compact and uniformly hyperbolic and Wis. (o) and
W ioc (f‘o) are continuous families of disks.
For large n, we construct a set S, as follows. Start with an arbitrary point
z1€f™B,. Let p = exp {A,m,} and pick
z;€f™B.—(Dy(z1) v - ~uDg(zi-1) fori=2,3,---

until the process cannot be continued. Let S, consist of these z’s. We know that

exp{(A1+--+A,—e)m,}D
A, exp {A,m, u}ne

card S, =

because
mgmnp Do(z))<Aip*
by lemma 1, and
memap [T "By = I exp{(A1+- -+ +A,—e)m, }(D/ne),
since B, T, <T,.
Claim. For large n,
x, y€8,>d(x, y)=min {exp {A,m,}, BiCS¢ exp {(A, —)m,.}}.
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Let x, y € S,. Since
[ D5, (f7"%) D DC exp{(r,—e)mn}so (X)
we have
Wioe (¥) N D€ expiir,—eyma1so(X) ={x} or .
Thus if y is very near x, then either y € Wi (x) in which case
d(x, y)=exp {A,m,}
by construction of S, or the intersection above is empty and lemma 2 applies to give
d(x, y)=BiC8¢exp {(A, —)m,}.
To sum up, if
E =min {1, B/CS,}

and
en=Eexp{A,—e)n(1+e)}
then ‘
exp{(A1+::-+A,—e)m,}D
Slen)= . {EAII exp {Apm,,u}n)e }
where E, D, | and A, are independent of n. Thus
lim inf log S(en) lim (A1t -+ A, —e—Au)+(1/m,) log {D/(IAkgn)}
naw log(1/e,) n-w —(1/m,)log E—(A, —¢)
At A e —Au
- ~(Ap—¢)
Now
log ¢,

->1 asn->0
log €n+1

and for e,,.1 <€ <eg,,
log S(€) o log S(e,) . log (1/¢€,)
log(1/¢) log(1/e,) log(1/€n+1)’
Letting £ » 0 we complete the proof. O

5. Final remarks

(1) The assumption that x has absolutely continuous conditional measures on
W¥-leaves implies that the u-exponents are (theoretically) observable, that is, there
is a set A<M with mA >0 such that for all x in A, forward iterates of f along
the trajectory of x give the u-exponents. This follows from the fact that

m( U Wi )) >0
x u-regular

which in turn follows from the absolute continuity of the W°-foliation [12], [13].

(2) Even in the case of attractors, Lyapunov exponents do not reflect the
dimension of the attractor if the underlying measure is too singular. An extreme
example in the direction is the well-known figure 8 (see for instance [5]).
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(3) For a general lower bound such as we have here one cannot hope to include
the other negative exponents. For example, consider A= T? in a 3-manifold with
fIA =a linear Anosov diffeomorphism with exponents A and —A. Suppose that
normal to A we have a contraction with exponent y where |y| <A. Clearly

A
CA)=1+"-,
|=Al

and y plays no role in the dimension of A. We do not know whether generically
sharper estimates involving the other negative exponents can be given.

This research was partially supported by NSF Grant MCS-8002781.
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