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WEIGHTED NORM INEQUALITIES FOR FRACTIONAL
INTEGRAL OPERATORS WITH ROUGH KERNEL

YONG DING AND SHANZHEN LU

ABSTRACT. Given function Ω on Rn, we define the fractional maximal operator and
the fractional integral operator by

MΩÒã f (x) = sup
rÙ0

1
rn�ã

Z
j yjÚr

jΩ( y)j j f (x � y)j dy

and

TΩÒã f (x) =
Z
Rn

Ω( y)
jyjn�ã

f (x � y) dy

respectively, where 0 Ú ã Ú n. In this paper we study the weighted norm inequal-
ities of MΩÒã and TΩÒã for appropriate ãÒ s and A( pÒ q) weights in the case that
Ω 2 Ls(Sn�1)(s Ù 1), homogeneous of degree zero.

1. Introduction. Suppose that 0 � ã Ú n, Ω is homogeneous of degree zero, and
Ω 2 Ls(Sn�1),where Sn�1 denotes the sphere of Rn and s Ù 1. Then we will consider the
fractional maximal operator MΩÒã defined by

MΩÒã f (x) = sup
rÙ0

1
rn�ã

Z
jyjÚr

jΩ( y)f (x � y)j dy

and the fractional integral operator defined by

TΩÒã f (x) =
Z
Rn

Ω( y)
jyjn�ã

f (x � y) dy

When ã = 0, we denote MΩÒã and TΩÒã by MΩ and Tã respectively, where the integration
is taken by the Cauchy principal value.

It is well known that Kurtz and Wheeden [KW] had proven certain weighted norm in-
equalities for TΩ under the assumption that Ω 2 Ls(Sn�1) and Ω satisfies an Ls(Sn�1)-Dini
smoothness condition. Using Fourier transform methods, Watson [W] and Duoandikoe-
texea [Du] showed that the smoothness requirement in [KW] was in fact unnecessary.
However, the corresponding results for fractional maximal and singular integral oper-
ators have not been proven even for smooth Ω. This paper aims to establish weighted
norm inequalities for TΩÒã and MΩÒã with 0 Ú ã Ú n and Ω 2 Ls(Sn�1). To do this, we
require some techniques related to weights from a ( pÒ p) setting to a ( pÒ q) setting.
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30 YONG DING AND SHANZHEN LU

A locally integrable nonnegative function ° on Rn is said to belong to A( pÒ q)(1 Ú
pÒ q Ú 1) if there exists C such that

(11) sup
Q

 
1
jQj

Z
Q
°(x)q dx

!1Ûq  1
jQj

Z
Q
°(x)�p0 dx

!1Ûp0

� C Ú 1Ò

where p0 = pÛ( p�1)ÒQ denotes a cube in Rn with its sides parallel to the coordinate axes
and the supremum is taken over all cubes. In 1971, Muckenhoupt and Wheeden [MW1]
studied the weighted norm inequalities for TΩÒã with the weight °(x) = jxjå. Recently,
weak type inequalities with power weights for TΩÒã and MΩÒã have been obtained by one
of the authors of this paper [D]. Moreover, Muckenhoupt and Wheeden [MW2] gave the
following weighted results for M1Òã and T1Òã with Ω � 1.

THEOREM A. If 0 Ú ã Ú n, 1 Ú p Ú nÛã, 1Ûq = 1Ûp � ãÛn and °(x) 2 A( pÒ q),
then there is a constant C, independent of f , such that

�Z
Rn

h
M1Òã f (x)°(x)

iq
dx
�1Ûq

� C
�Z

Rn
j f (x)°(x)jp dx

�1Ûp

and �Z
Rn
jT1Òã f (x)°(x)jq dx

�1Ûq
� C

�Z
Rn
j f (x)°(x)jp dx

�1Ûp


On the other hand, Duoandikoetxea [Du] obtained the weighted norm inequalities for
MΩ and TΩ with the weight°(x) 2 Ap. Moreover, as usual, Ap denotes the Muckenhoupt’s
class.

In this paper we shall study the weighted norm inequalities for MΩÒã and TΩÒã with
more general weights, that is, we will look for some appropriate indices pÒ qÒ ãÒ s such
that for °(x) 2 A( pÒ q), Ω 2 Ls(Sn�1) ,

(12)
�Z

Rn

h
TΩÒã f (x)°(x)

iq
dx
�1Ûq

� C
�Z

Rn
j f (x)°(x)jp dx

�1Ûp

holds,where C is independent of f . The same conclusion is true for MΩÒã. Precisely, we
obtain the following

THEOREM 1. Let 0 Ú ã Ú n, s0 Ú p Ú nÛã, and 1Ûq = 1Ûp� ãÛn. If Ω 2 Ls(Sn�1)
and °(x)s0 2 A( pÛs0Ò qÛs0), then there is a constant C, independent of f , such that

�Z
Rn

h
TΩÒã f (x)°(x)

iq
dx
�1Ûq

� C
�Z

Rn
j f (x)°(x)jp dx

�1Ûp


THEOREM 2. Let 0 Ú ã Ú n, 1 Ú p Ú nÛã, 1Ûq = 1Ûp � ãÛn, and s Ù q. If
Ω 2 Ls(Sn�1) and °(x)�s0 2 A(q0Ûs0Ò p0Ûs0), then there is a constant C, independent of f ,
such that �Z

Rn

h
TΩÒã f (x)°(x)

iq
dx
�1Ûq

� C
�Z

Rn
j f (x)°(x)jp dx

�1Ûp

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THEOREM 3. Let 0 Ú ã Ú n, 1 Ú p Ú nÛã, and 1Ûq = 1Ûp � ãÛn. If Ω is
homogeneous of degree zero, Ω 2 Ls(Sn�1) for some s Ù 1 withãÛn+1Ûs Ú 1Ûp Ú 1Ûs0,
and there exists an r, 1 Ú r Ú sÛ( n

ã )0, such that ° r0 2 A( pÒ q), then there is a constant
C, independent of f , such that�Z

Rn

h
TΩÒã f (x)°(x)

iq
dx
�1Ûq

� C
�Z

Rn
j f (x)°(x)jp dx

�1Ûp


To prove Theorem 1, let us first set up the following Proposition 1.

PROPOSITION 1. Let 0 Ú ã Ú n, s0 Ú p Ú nÛã, and 1Ûq = 1Ûp � ãÛn. If Ω 2
Ls(Sn�1) and °(x)s0 2 A( pÛs0Ò qÛs0), then there is a constant C, independent of f , such
that �Z

Rn
jMΩÒã f (x)°(x)jq dx

�1Ûq
� C

�Z
Rn
j f (x)°(x)jp dx

�1Ûp


As a corollary of Theorem 2, we have the following

PROPOSITION 2. Let 0 Ú ã Ú n, 1 Ú p Ú nÛã, 1Ûq = 1Ûp � ãÛn, and s Ù q. If
Ω 2 Ls(Sn�1) and °(x)�s0 2 A(q0Ûs0Ò p0Ûs0), then there is a constant C, independent of f ,
such that �Z

Rn
jMΩÒã f (x)°(x)jq dx

�1Ûq
� C

�Z
Rn
j f (x)°(x)jp dx

�1Ûp


As a direct corollary of Theorem 3, we also have

PROPOSITION 3. Under the assumption of Theorem 3, MΩÒã is also a bounded oper-
ator from Lp(°p) to Lq(°q).

2. Some properties of A( pÒ q) weights and proof of Proposition 1. Some elemen-
tary properties of A( pÒ q) weights will be first given in this section. Then we shall give
the proof of Proposition 1. Let us recall the elementary properties of Ap weight. A locally
integrable nonnegative function ó on Rn is said to belong to Ap(1 Ú p Ú 1) if there
exists C such that

(21) sup
Q

 
1
jQj

Z
Q
ó(x) dx

! 
1
jQj

Z
Q
ó(x)�1Û( p�1) dx

! p�1

� C Ú 1Ò

where Q denotes a cube in Rn with the sides parallel to the coordinate axes and the
supremum is taken over all cubes. When p = 1, a nonnegative measurable function ó is
said to belong to A1, if there exists C such that for any cube Q,

1
jQj

Z
Q
ó( y) dy � Có(x)Ò a.e. x 2 Q

THE ELEMENTARY PROPERTIES OF Ap (SEE [GR]).
(2.2) Ap1 ² Ap2 if 1 Ú p1 � p2 Ú 1.
(2.3) ó(x) 2 Ap if and only if ó(x)1�p0 2 Ap0 .
(2.4) If ó(x) 2 Ap,then there exists an ¢ Ù 0 such that p � ¢ Ù 1 and ó(x) 2 Ap�¢.
(2.5) If ó(x) 2 Ap,then there exists an ¢ Ù 0 such that ó(x)1+¢ 2 Ap.
(2.6) ó 2 Ap(1 Ú p Ú 1) if and only if there exist u(x)Ò v(x) 2 A1 such that ó(x) =

u(x) Ð v(x)1�p.
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THE ELEMENTARY PROPERTIES OF A( pÒ q). Suppose that 0 Ú ã Ú n, 1 Ú p Ú nÛã,
and 1Ûq = 1Ûp� ãÛn. Then

°(x) 2 A( pÒ q) () °(x)q 2 Aq(n�ã)Ûn

() °(x)q 2 A1+qÛp0(2.7)

() °(x)�p0 2 A1+p0Ûq

(28) °(x) 2 A( pÒ q) =) °(x)q 2 Aq and °(x)p 2 Ap

PROOF. (2.7) can be deduced from the definitions of Ap and A( pÒ q). Let us now
prove (2.8) by (2.2), (2.3) and (2.7). Since q(n�ã)Ûn Ú q, we have°(x)q 2 Aq(n�ã)Ûn ²
Aq. From 1Ûq = 1Ûp�ãÛn, it follows that 1Ûq Ú 1Ûp = ( p0� 1)Ûp0, i.e. 1 + p0Ûq Ú p0.
Using (2.7) and (2.2), we have °(x)�p0 2 A1+p0Ûq ² Ap0 . However, this is equivalent to
°(x)p 2 Ap by (2.3).

We shall give the proof of Proposition 1 in the following. The proof is based on the
following observation.

LEMMA 1. If 0 Ú ã Ú n, s0 Ù 1, 1 Ú pÛs0 Ú nÛã, 1Û(qÛs0) = 1Û( pÛs0)� ãÛn, and
°(x)s0 2 A( pÛs0Ò qÛs0), then

(29)
�Z

Rn

h
NãÒs0f (x)°(x)

iq
dx
�1Ûq

� C
�Z

Rn
j f (x)°(x)jp dx

�1Ûp
Ò

where NãÒs0 is the fractional maximal operator of order s0 defined by

NãÒs0 f (x) = sup
rÙ0

 
1

rn�ã

Z
jyjÚr

j f (x � y)js
0

dy
!1Ûs0



PROOF. Since NãÒs0 f (x) =
�
M1Òã(j f js

0

)(x)
�1Ûs0

, we have

�Z
Rn

h
NãÒs0f (x)°(x)

iq
dx
�1Ûq

=
�Z

Rn

h
M1Òã(j f js

0

)(x)
iqÛs0

°(x)q dx
�1Ûq

=
(�Z

Rn

h
M1Òã(j f js

0

)(x)ó(x)
iqÛs0

dx
�s0Ûq

)1Ûs0

Ò

where ó(x) = °(x)s0 and ó(x) 2 A( pÛs0Ò qÛs0). By Theorem A, we have

�Z
Rn

h
M1Òã(j f js

0

)(x)ó(x)
iqÛs0

dx
�s0Ûq

� C
�Z

Rn

h
j f (x)js

0

ó(x)
ipÛs0

dx
�s0Ûp

= C
�Z

Rn
j f (x)jpó(x)pÛs0 dx

�s0Ûp


Thus, �Z
Rn

h
NãÒs0f (x)°(x)

iq
dx
�1Ûq

� C
�Z

Rn
j f (x)jpó(x)pÛs0 dx

�1Ûp

= C
�Z

Rn
j f (x)°(x)jp dx

�1Ûp

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This proves (2.9).
Let us now give the proof of Proposition 1. By s Ù 1, Ω(x0) 2 Ls(Sn�1), we have

MΩÒã f (x) = sup
rÙ0

1
rn�ã

Z
jyjÚr

jΩ( y) f (x � y)j dy

� sup
rÙ0

1
rn�ã

 Z
jyjÚr

jΩ( y)js dy
!1Ûs  Z

jyjÚr
j f (x � y)js

0

dy
!1Ûs0



Since
�R
jyjÚr jΩ( y)js dy

�1Ûs
� CrnÛskΩks, where kΩks =

�R
Sn�1 jΩ( y0)js dõ( y0)

�1Ûs
, then

we have

MΩÒã f (x) � C sup
rÙ0

1
rn�ã

Ð rnÛs
 Z

jyjÚr
j f (x � y)js

0

dy
!1Ûs0



= C sup
rÙ0

 
1

rn�ãs0

Z
jyjÚr

j f (x � y)js
0

dy
!1Ûs0

= C Ð Nãs0Òs0 f (x)

From 1 Ú s0 Ú p Ú nÛã and 1Ûq = 1Ûp � ãÛn, it follows that 0 Ú ãs0 Ú n,
1 Ú pÛs0 Ú nÛãs0 and 1Û(qÛs0) = 1Û( pÛs0)� ãs0Ûn. Therefore, by Lemma 1, we get

�Z
Rn

h
MΩÒã f (x)°(x)

iq
dx
�1Ûq

� C
�Z

Rn

h
Nãs0Òs0 f (x)°(x)

iq
dx
�1Ûq

� C
�Z

Rn
j f (x)°(x)jp dx

�1Ûp


This completes the proof of Proposition 1.

3. The proofs of Theorem 1 and Theorem 2. In this section we will prove Theo-
rems 1 and 2. At first we give some lemmas related to A( pÒ q) weights.

LEMMA 2. Let 0 Ú ã Ú n, 1 Ú p Ú nÛã, 1Ûq = 1Ûp � ãÛn and ° 2 A( pÒ q), then
there exists an ¢ Ù 0 such that

(i) ¢ Ú ã Ú ã + ¢ Ú n;
(ii) 1Ûp Ù (ã + ¢)ÛnÒ 1Ûq Ú (n � ¢)Ûn,

° 2 A( pÒ q¢) and ° 2 A( pÒ q̃¢), where 1Ûq¢ = 1Ûp � (ã + ¢)Ûn and 1Ûq̃¢ = 1Ûp �
(ã � ¢)Ûn.

PROOF. Since ã Ù 0, 1Ûq Ú 1, we can take ¢1 Ù 0 such that ¢1 Ú ã and 1Ûq +
¢1Ûn Ú 1. Denote 1Ûq¢1 = 1Ûp � (ã � ¢1)Ûn = 1Ûq + ¢1Ûn, then q Ù q¢1 Ù 1 and
1 + p0Ûq Ú 1 + p0Ûq¢1 . Thus, from (2.7) and (2.2), we have °�p0 2 A1+p0Ûq ² A1+p0Ûq

¢1
,

which is equivalent to

(31) ° 2 A( pÒ q¢1 )

by (2.7).
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On the other hand, there exists an ë, 0 Ú ë Ú 1Ûq, such that °�p0 2 A1+p0(1Ûq�ë)

by (2.4). Of course, we also choose ¢2 Ù 0 small enough such that ¢2 Ú minfãÒ n�ãg,
1Ûp Ù (ã+¢2)Ûn and ¢2Ûn Ú ë hold at same time. Denote 1Ûq¢2 = 1Ûp�(ã+¢2)Ûn, then
by 1Ûp Ù (ã + ¢2)Ûn and ¢2Ûn Ú ë we have 0 Ú 1Ûq¢2 Ú 1 and 1Ûq¢2 = 1Ûq� ¢2Ûn Ù
1Ûq� ë. Hence,we get °�p0 2 A1+p0(1Ûq�ë) ² A1+p0Ûq

¢2
, which is equivalent to

(32) ° 2 A( pÒ q¢2 )

Now let ¢ = minf¢1Ò ¢2g, then ¢ satisfies all conditions satisfied by ¢1 and ¢2. Therefore,
if we denote 1Ûq¢ = 1Ûp� (ã+¢)Ûn and 1Ûq̃¢ = 1Ûp� (ã�¢)Ûn, then by (3.1) and (3.2)
we have ° 2 A( pÒ q¢) and ° 2 A( pÒ q̃¢). This is the desired conclusion.

LEMMA 3. Let 0 Ú ã Ú n, 1 � s0 Ú p Ú nÛã, 1Ûq = 1Ûp � ãÛn and °s0 2
A( pÛs0Ò qÛs0), then there exists an ¢ Ù 0 such that

(i) ¢ Ú ã Ú ã + ¢ Ú n,
(ii) 1Ûp Ù (ã + ¢)ÛnÒ 1Ûq Ú (n � ¢)Ûn,

° s0 2 A( pÛs0Ò q¢Ûs0) and ° s0 2 A( pÛs0Ò q̃¢Ûs0), where 1Ûq¢ = 1Ûp � (ã + ¢)Ûn and
1Ûq̃¢ = 1Ûp� (ã � ¢)Ûn.

PROOF. Since 1Û(qÛs0) = 1Û( pÛs0) � ãs0Ûn, by Lemma 2, there exists an ë Ù 0
such that ë Ú ãs0 Ú ãs0 + ë Ú n, 1Û( pÛs0) Ù (ãs0 + ë)Ûn, 1Û(qÛs0) Ú (n � ë)Ûn,
° s0 2 A( pÛs0Ò që) and ° s0 2 A( pÛs0Ò q̃ë), where 1Ûqë = 1Û( pÛs0) � (ãs0 + ë)Ûn,
1Ûq̃ë = 1Û( pÛs0) � (ãs0 � ë)Ûn. Now let ¢ = ëÛs0, q¢ = s0që and q̃¢ = s0q̃ë, then ¢
satisfies 0 Ú ¢ Ú ã Ú ã + ¢ Ú n, 1Ûp Ù (ã + ¢)Ûn and 1Ûq Ú (n� ¢)Ûn. Obviously, we
have ° s0 2 A( pÛs0Ò q¢Ûs0) and ° s0 2 A( pÛs0Ò q̃¢Ûs0), where 1Ûq¢ = 1Ûp� (ã + ¢)Ûn and
1Ûq̃¢ = 1Ûp� (ã � ¢)Ûn.

In order to finish the proof of Theorem 1, we also need the following lemma which
shows TΩÒã is controlled pointwise by MΩÒã.

LEMMA 4. For any ¢ Ù 0 with 0 Ú ã� ¢ Ú ã + ¢ Ú n, we have

jTΩÒã f (x)j � C
h
MΩÒã+¢ f (x)

i1Û2
Ð
h
MΩÒã�¢ f (x)

i1Û2
Ò x 2 RnÒ

where C depends only on ¢, ã, n.

PROOF. The proof will follow after [We]. Given x 2 Rn and ¢ Ù 0 with 0 Ú ã�¢ Ú
ã + ¢ Ú n, we choose a é Ù 0 such that

é2¢ = MΩÒã+¢ f (x)ÛMΩÒã�¢ f (x)

Now we put

TΩÒã�¢ f (x) =
Z
jx�yjÚé

Ω(x � y)
jx � yjn�ã

f ( y) dy +
Z
jx�yj½é

Ω(x � y)
jx � yjn�ã

f ( y) dy

:= I1 + I2
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Thus

jI1j �
1X
j=0

Z
2�j�1é�jx�yjÚ2�jé

jΩ(x � y)j
jx � yjn�ã

j f ( y)j dy

�
1X
j=0

(2�j�1é)�(n�ã)
Z
jx�yjÚ2�jé

jΩ(x � y)j j f ( y)j dy

= 2n�ã
1X
j=0

(2�jé)¢
1

(2�jé)n�ã+¢

Z
jx�yjÚ2�jé

jΩ(x � y)j j f ( y)j dy

� C Ð é¢ Ð MΩÒã�¢ f (x)

Similarly,

jI2j �
1X
j=1

Z
2 j�1é�jx�yjÚ2 jé

jΩ(x � y)j
jx � yjn�ã

j f ( y)j dy

� C
1X
j=1

(2 jé)�¢
1

(2 jé)n�ã�¢

Z
jx�yjÚ2 jé

jΩ(x � y)j j f ( y)j dy

� C Ð é�¢ Ð MΩÒã+¢ f (x)

Therefore, we get

jTΩÒã f (x)j � C
h
é¢MΩÒã�¢ f (x) + é�¢MΩÒã+¢ f (x)

i
and so with the above election of é the lemma is proved.

THE PROOF OF THEOREM 1. Under the conditions of Theorem 1, by Lemma 3, there
exists an ¢ Ù 0 such that 0 Ú ¢ Ú ã Ú ã+¢ Ú n, 1Ûp Ù (ã+¢)Ûn, °s0 2 A( pÛs0Ò q¢Ûs0)
and ° s0 2 A( pÛs0Ò q̃¢Ûs0), where 1Ûq¢ = 1Ûp� (ã + ¢)Ûn and 1Ûq̃¢ = 1Ûp� (ã � ¢)Ûn.
Now let l1 = 2q¢Ûq, l2 = 2q̃¢Ûq, then 1Ûl1 + 1Ûl2 = 1. For above given ¢ Ù 0, using
Lemma 4 and Hölder’s inequality, we have

kTΩÒã fkqÒ°q � C
�Z

Rn

h
MΩÒã+¢ f (x)°(x)

iqÛ2
Ð
h
MΩÒã�¢ f (x)°(x)

iqÛ2
dx
�1Ûq

� C
�Z

Rn

h
MΩÒã+¢ f (x)°(x)

iql1Û2
dx
�1Ûql1 �Z

Rn

h
MΩÒã�¢ f (x)°(x)

iql2Û2
dx
�1Ûql2

= C
�Z

Rn

h
MΩÒã+¢ f (x)°(x)

iq
¢ dx

�1Û2q
¢

�Z
Rn

h
MΩÒã�¢ f (x)°(x)

iq̃
¢ dx

�1Û2q̃
¢



Therefore, from Lemma 3 and Proposition 1, it follows that�Z
Rn

h
MΩÒã+¢ f (x)°(x)

iq
¢ dx

�1Û2q
¢

� C k fk1Û2
pÒ° p

and �Z
Rn

h
MΩÒã�¢ f (x)°(x)

iq̃
¢ dx

�1Û2q̃
¢

� C k fk1Û2
pÒ° p 

Hence, we obtain
kTΩÒã fkqÒ°q � C k fkpÒ° p 
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Let us now turn to the proof of Theorem 2. In fact, Theorem 2 is a consequence of
Theorem 1 by duality. To see this, let T̃ := gTΩÒã be the adjoint operator of TΩÒã, that
means gTΩÒã = TΩ̃Òã with Ω̃(x) = Ω(x). Obviously, Ω̃ is also homogeneous of degree zero
and satisfies the same essential inequalities as Ω. Thus, we have

kTΩÒã fkqÒ°q = sup
g

þþþþZ
Rn

TΩÒã f (x)g(x) dx
þþþþ Ò

where the supremum is taken over all g(x) with kgkq0Ò°�q0 � 1. Since T̃ is the adjoint
operator of TΩÒã, then Z

Rn
TΩÒã f (x)g(x) =

Z
Rn

f (x) Ð T̃g(x) dx

Hence,

kTΩÒã fkqÒ°q = sup
q

þþþþZ
Rn

f (x) Ð T̃g(x) dx
þþþþ

� k fkpÒ° p Ð sup
g
kT̃gkp0Ò°�p0 

By the condition of Theorem 2, we see that 1Ûq = 1Ûp�ãÛn and 1 Ú p Ú q Ú s. Thus,
1Ûp0 = 1Ûq0 � ãÛn and s0 Ú q0 Ú nÛã. From (°�1)s0 2 A(q0Ûs0Ò p0Ûs0) and Theorem 1,
it follows that

kT̃gkp0Ò°�p0 � Ckgkq0Ò°�q0 

Therefore,
kTΩÒã fkqÒ°q � k fkpÒ° p Ð sup

g
kT̃gkp0Ò°�p0 � Ck fkpÒ° p 

This finishes the proof of Theorem 2.
Finally, let us point out that Proposition 2 is a direct consequence of Theorem 2

and the following lemma, which shows that MΩÒã( f )(x) can be controlled pointwise by
TjΩjÒã(j f j)(x) for any f (x).

LEMMA 5. Let 0 Ú ã Ú n, Ω 2 L1(Sn�1). Then we have

MΩÒã( f )(x) � TjΩjÒã(j f j)(x)

In fact, fix r Ù 0, we have

TjΩjÒã(j f j)(x) ½
Z
jx�yjÚr

jΩ(x � y)j
jx � yjn�ã

j f ( y)j dy

½
1

rn�ã

Z
jx�yjÚr

jΩ(x � y)j j f ( y)j dy

Taking the supremum for r Ù 0 on two sides of the inequality above, we get

TjΩjÒã(j f j)(x) ½ sup
rÙ0

1
rn�ã

Z
jx�yjÚr

jΩ(x � y)j j f ( y)j dy

This is just our desired conclusion.
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4. The proof of Theorem 3. Let us first state a lemma which is easily deduced from
the Stein-Weiss interpolation theorem with change of measures (see [BL], p. 120).

LEMMA 6. Let 0 Ú ã Ú n, 1 Ú p0 Ú p1 Ú nÛã, 1Ûq0 = 1Ûp0 � ãÛn, and
1Ûq1 = 1Ûp1 � ãÛn. If linear operator T is a bounded operator from Lp0 (°p0

0 ) to
Lq0 (°q0

0 ) and from Lp1 (°p1
1 ) to Lq1 (°q1

1 ) with norms C0 and C1 respectively, then T is also
bounded operator from Lp(°p) to Lq(°q) with norm C, where 0 Ú í Ú 1, C � C1�í

0 Cí
1,

1Ûp = (1 � í)Ûp0 + íÛp1, 1Ûq = 1Ûp� ãÛn, and ° = °1�í
0 °í1.

Let us now turn to prove Theorem 3. If we can prove that there exist í(0 Ú í Ú 1),
p0, p1, q0, and q1 satisfying

(41) 1 � s0 Ú p0 Ú p Ú p1 Ú nÛãÒ

(42) nÛ(n � ã) Ú q0 Ú q Ú q1 Ú sÒ

(43) 1Ûq0 = 1Ûp0 � ãÛnÒ 1Ûq1 = 1Ûp1 � ãÛnÒ 1Ûp = (1 � í)Ûp0 � ãÛnÒ

(44) ° = °1�í
0 Ð °í1Ò

and

(45) ° s0
0 2 A( p0Ûs0Ò q0Ûs0)Ò °�s0

1 2 A(q01Ûs0Ò p01Ûs0)Ò

then the conclusion of Theorem 3 will be deduced from Theorem 1, Theorem 2 and
Lemma 6. Therefore, it suffices to seek above í, p0, p1, q0, q1, °0 and °1 such that
(4.1)–(4.5) hold.

Since there is an r, 1 Ú r Ú sÛ( n
ã )0, such that ° r0 2 A( pÒ q), it follows from (2.7) that

° r0q 2 Aq(n�ã)Ûn. However, it follows from (2.6) that there exist u(x), v(x) 2 A1 such that

°(x)r0q = u(x) Ð v(x)1�q(n�ã)ÛnÒ

or

(46) °(x) = u(x)1Ûr0q Ð v(x)1Ûr0q�(n�ã)Ûr0n

By (4.6), we can write °(x) as

(47) ° = (uúvå)1�í(uçvé)íÒ

where

(48) ú(1 � í) + çí = 1Ûr0qÒ å(1 � í) + éí = 1Ûr0q � (n � ã)Ûr0n
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Now we denote °0(x) = u(x)úv(x)å and °1(x) = u(x)çv(x)é. We shall see that if 1 � s0 Ú
p0 Ú p Ú nÛã and 1Ûq0 = 1Ûp0 � ãÛn, then when ú = 1Ûq0 and å = �1Ûs0( p0

s0 )0, we
have ° s0

0 2 A( p0Ûs0Ò q0Ûs0). In fact, since u(x)Ò v(x) 2 A1, we have

 
1
jQj

Z
Q

h
°0(x)s0

iq0Ûs0
dx
!s0Ûq0

 
1
jQj

Z
Q

h
°0(x)s0

i�( p0Ûs0)0
dx
!1Û( p0Ûs0)0

=
 

1
jQj

Z
Q

u(x)q0úv(x)q0å dx
!s0Ûq0

 
1
jQj

Z
Q

u(x)�ús
0( p0Ûs0)0v(x)�ås0( p0Ûs0)0 dx

!1Û( p0Ûs0)0

� C
 

1
jQj

Z
Q

v(x) dx
!s0å  1

jQj

Z
Q

u(x)q0ú dx
!s0Ûq0

 
1
jQj

Z
Q

u(x) dx
!�s0ú

Ð
 

1
jQj

Z
Q

v(x)�ås0( p0Ûs0)0 dx
!1Û( p0Ûs0)0

� CÒ

where C is independent of Q. By the same method, we can prove that if nÛ(n � ã) Ú
q Ú q1 Ú s and 1Ûq1 = 1Ûp1 � ãÛn, then when ç = �1Ûp0, é = 1Ûs0( q01

s0 )0, we have
°�s0

1 2 A(q01Ûs0Ò p01Ûs0).
Let us now figure í out by (4.8). Note that

å = �
(

s0
�p0

s0

�0)�1

= 1Ûp0 � 1Ûs0

and

é =

8<:s0
 

q01
s0

!09=;
�1



Thus, it follows from (4.8) that

í =
ú � å � (n � ã)Ûr0n

é � ç � å + ú
(4.9)

=
1Ûs0 � ãÛn � (n � ã)Ûr0n

2(1Ûs0 � ãÛn)


Since 1 Ú r Ú sÛ( n
ã )0, we may write 1

r = n
n�ã ( 1

s + ¢), where ¢ Ù 0. Thus,

1Ûs0 � ãÛn � (n � ã)Ûr0n =
1
s0
�
ã
n
�

n � ã
n

"
1 �

n
n � ã

 
1
s

+ ¢
!#

= ¢Ò

and then í = ¢Û2( 1
s0 �

ã
n ). Since s0 Ú nÛã, we have í Ù 0. On the other hand, we

easily see that í Ú 1 by (4.9). Therefore, 0 Ú í Ú 1 and (4.4), (4.5) hold by the above
estimates. It remains to prove that we can choose proper p0, p1, q0 and q1 such that
(4.1)–(4.3) hold. Since 1Ûp Ù ãÛn + 1Ûs and í Ù 0, we have

(410)
1

p(1 � í)
�

ãí
n(1 � í)

�
í

s(1 � í)
Ù

1
p

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By (4.10) and 1Ûp Ú 1Ûs0, we can choose p0 such that

(411)
1
p
Ú

1
p0

Ú min
(

1
s0
Ò

1
p(1 � í)

�
ãí

n(1 � í)
�

í
s(1 � í)

)


Thus, we have s0 Ú p0 Ú p and 1Ûp Ù (1 � í)Ûp0 + ãíÛn. Therefore, there exists a
õ Ù 0 such that

(412)
1
p

=
1 � í

p0
+
�ã

n
+ õ

�
í

Let us denote 1
p1

= ã
n + õ. Then it follows from 1Ûp1 Ù ãÛn and 1Ûp Ú 1Ûp0 that

s0 Ú p0 Ú p Ú p1 Ú nÛã. This proves (4.1). Also (4.3) holds by (4.12). Now let us
denote 1Ûq0 = 1Ûp0 � ãÛn and 1Ûq1 = 1Ûp1 � ãÛn. Obviously, by (4.11), we have

1
pí

�
1 � í
p0í

�
ã
n
Ù

1
s


However, the above is equivalent to 1Ûp1 � ãÛn Ù 1Ûs. Thus, q1 Ú s, and therefore
(4.2) holds. Hence, we finish the proof of Theorem 3.
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