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ON SOME GEOMETRIC INVARIANTS
ASSOCIATED TO THE SPACE OF FLAT
CONNECTIONS ON AN OPEN SPACE

I. BISWAS AND K. GURUPRASAD

ABSTRACT. A geometric invariant is associated to the parabolic moduli space on a
marked surface and is related to the symplectic structure of the moduli space.

0. Introduction. The space of equivalence classes of representations of the funda-
mental group of a compact oriented surface of genus at least two, in a Lie group G has a
natural symplectic structure. This representation space can be identified with the space
of flat connections modulo gauge-equivalence on the trivial G-bundle on M. In [Gu], a
new geometric invariant was associated to the space of flat connections and related to
the symplectic structure on the representation space. In this paper we prove an analogous
result for marked surfaces, i.e., compact oriented surface with finitely many punctures.

At the outset we briefly describe the compact case [Gu]. Let G = SU(2) and E — M
be the trivial G-bundle over a compact oriented surface M. Let C (resp. C'™) be the
space of all (resp. irreducible) connections and ¥ (resp. F'™) be subspace of all (resp.
irreducible) flat connections on this G-bundle. We equip C with the Fréchet topology
and the subspace topology on 7.

Given a loop o: S! — ¥, we can extend o to the closed unit disc 5: D* — C ,since C
is contractible. On the trivial G-bundle E x D? — M x D?, we define a “tautological”
connection ¥ as follows

0% |(en) = 6(2) Ve, 1) € E x D2,

Let K(9°) be the curvature form of 9°. Evaluation of the second Chern polynomial on
this curvature form K(9°) gives a closed 4-form on M x D?, which when integrated
along D? yields a 2-form on M. This 2-form is closed since dim M = 2 and thus defines
an element in H2(M, R) ~ R. In Lemma 1.3, we will show that this class is independent
of the extension of o.
We thus have a map
x:L(F) — H*(M,R) ~ R
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where L(F) is the loop space of F.
It is seen that x induces a map

X:L(F"/G)—R/Z

where G is the gauge-group of the G-bundle £ — M.

We identify F / G with the representation space Hom(m (M), G) / G. When the genus
> 3, Fir /G is simply connected and therefore for a loop o in F irr /G, we can find a
surface S in F'™/ G which bounds the loop . Since the symplectic form w has integral
periods, fsw € R/Zis independentof S. The main result proved in [Gu] is that x () = Tsw
(after suitable normalization).

After suitable modifications we prove an analogous result for marked surfaces. More
specially, we consider the marked surface X = M—{py, ..., p.}. The space of equivalent
classes of representations of 7 (X) also admits a symplectic structure when some bound-
ary conditions are imposed viz. fixing the conjugacy classes of the holonomies around
the punctures. This representation space P (also called the parabolic moduli space) can
be identified with the gauge-equivalent classes of flat connections F /G on the trivial
G-bundle on X whose holonomies around the punctures lie in preassigned conjugacy
classes of G. Imitating the constructions of the compact case for the marked case with
suitable modifications, it is seen that we get a map

x:L(F™/G)—R/Z.

Unlike the compact case, the symplectic form w in the marked case is not in general
integral. However, if we assume that the fixed conjugacy classes are of finite order, i.e.,
the eigenvalues of the elements of the classes are roots of unity, then in [BR] it was
shown that this w is rational. More specifically, if g is the l.c.m. of the order of the eigen-
values, then qw is integral. The main result of this paper analogous to the compact case
is Theorem: ¢ (o) = [,qw where 8S = o.

1. A function on L(f). Let X be a compact oriented 2-dimensional manifold of
genus g and I = {py,...,p,} C X be a finite set of points. Define X: = X — I to be
punctured surface. SU(2) is the Lie group of 2 x 2 unitary matrices, and su(2) is its Lie
algebra.

Let Do:= {z € C | 0 < |z| < 1} be the punctured disc. We fix disjoint punctured
discs Do, 1 <i < naround p;, i.e., Dy;Up; is a neighborhood of p; € X with Dy being
diffeomorphic to Dy. The bounding circle of Dy, is denoted by S;. Let

pE=XxSUQR)— X

be the trivial SU(2)-bundle on X. We fix n conjugacy classes in SU(2), i.e., orbits of the
conjugate action of SU(2) on itself, and denote them by C), ..., C,. Fix once and for all
a flat connection 6 on E such that the holonomy of § along S; lies in C;. The space of all
connections on E is denoted by C*, and F* C C* is the space of flat connections whose
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holonomy along S; lies in (;. Let C C C* be the subspace of all connections which
coincides with § on all Dy ;. In other words

C:= {ae o I alDOj_alDO.i =0,1 Sign}'

Define F:= F* N C. Note that C is an affine space for the vector subspace
AN(X, su(2)) C Al (X, su(2)), consisting of all su(2)-valued, 1-forms which vanish on
each Dy ;. Given a smooth map o: § ' — ¥, (i.e., the composition of o with the inclusion
F < ( being smooth), since  is affine, we can extend o to 6:D* — (, where D?
denotes the closed unit disc. Given such a 4, the trivial SU(2)-bundle E x D?> — X x D?
admits a canonical connection, denoted by 1, which is defined as follows

(1.1 W eez) = 6(2)|e, V(e,2) € E x D

In other words, the restriction of ¥ to E X {z} — X x {z} is the connection form 6(z)
itself. Let K(¢9) be the curvature of 9. Let K(9) be the curvature form of ¢ and C, be the
second Chern polynomial on su(2). The specific formula for C; is Co(4) = # trace(4?)
for A € su(2). Evaluation of C; on K(9) gives a closed 4-form C; (K(ﬁ)) on E x D?
which projects to the closed 4-form C, (K(ﬁ)) on X x D?. Integrating C, (K(i?)) along
D? yields a closed form on X.

LEMMA 1.2.  The 2-form i C; (K(ﬂ)) on X is compactly supported.

PROOF. The image of 4 lies in C, and the fixed connection ¢ is flat. Hence the con-
nection ¥ is flat on each Dy ; X D?. So the 2-form fj,. C; (K (19)) is supported on X —U; Dy ;
where 50,,» denotes the interior of Dy, thus proving the Lemma. ™

So the form [ €, (K (19)) defines an element of the compactly supported cohomology
H*(X, R). Note that since X is oriented, H>(X, R) = R.

LEMMA 1.3.  The element in H>(X, R) represented by [ C, (K(19)) depends only on
o and does not depend on the extension on G.

PROOF. Let & and & be two extensions of ¢. ¥ and ¥’ denote the corresponding
canonical connections on X x D?, and the respective curvature forms are denoted by
K(9) and K(9"). First we want to show that

/DZ C2(K()) — /D G (K@)

is an exterior derivative of a compactly supported 1-form on E. To prove that, recall that
there is a secondary Chern-Simons form T on E X D? such that dT = C, (Section 3 of
[CS)). Similarly, let 7" be the secondary Chern-Simons for the second Chern form of ¥’.
Therefore

! —
/D Cy(K(9)) — [D Cy(K() = /DZ d(T—T).
As in Lemma 2.3 of [GK], by Stokes’ Theorem for integration along fibers, we have

JLd@=1)= [ (Tlexsi = Tlexs) +d [ (T =T,

https://doi.org/10.4153/CMB-1996-021-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1996-021-3

172 1. BISWAS AND K. GURUPRASAD

But 9 = % on X x S'. So on E x S' we have T = T”, and hence the first integral on
the right-hand side vanishes. On the other hand, since the connection 6((z))|p,, does not
depend on z € D?, the construction of secondary Chern-Simons class (c¢f. [CS]) implies
that the form [,.(T — T") is supported on p~' (X — U,-Bo,,-). The form [ C; (K(ﬂ)) (sim-
ilarly fp Co (K(19’ )) is also supported on p~!(X — U;Bo,i))‘ In other words [ C; (K(ﬁ))
and [ C (K CA )) represent the same element in Hg(E, R). Since the bundle E is trivial,
Ip2 C2 (K(ﬂ)) and [ Gy (K(19’ )) represent the same element in H2(X, R). n
Let L(F) be the loop space of F. Lemma 1.3 gives a map

(1.4) x: L(F) — HA(E,R) = R.

It is easy to check that the function  is invariant under reparametrization of a loop. And
also for two loops o and ¢’ with same base point, x(co0’) = x(0)+x(c”). In other words
X is a homomorphism of groupoids.

2. A symplectic structure. We continue with the notations of the previous section.
The group of SU(2) equivariant automorphisms of E, also known as the gauge group, is
denoted by G*, and G C G” is the subgroup consisting of all automorphisms which are
identity on all Dy ;. Let P be the space of equivalence classes of parabolic representations
of m(X) in SU(2), i.e., all those representations of 7 (x) in SU(2) which map S; into C;.
Taking holonomy of a connection along a loop, we have an identification of 7*/ G* with
P. The inclusion F — F* induces a map

I¥1G6—-F/6"

It is easy to see that f is injective, and moreover, since any two connections on Dy ; are
gauge equivalent if and only if their holonomies around S; are conjugate to each other, f
is in fact onto.

The real algebraic variety structure on SU(2) combines with the fact that the group
m1(X) is finitely generated to give a real algebraic variety structure to P. The equivalence
classes of irreducible representations P in P form a smooth Zariski open subset. Let
Pre: = P — P be the equivalence classes of reducible representations.

For 4 € F, let su(2)4 be the local system on X given by the induced flat connection
on the vector bundle Ad(E). We have the obvious homomorphism.

At H (X, su(2)4) — H' (X, su(2)4).

The tangent space 74(P) can be identified with the image of A [BG]. The Killing form
a3 — trace(aB3) on su(2) induces the following pairing on the image of A

¢ RY+— /Xtrace(qﬁ A ).

It was proved in [BG] that this 2-form on 2 is closed and non-degenerate; in other words,
it gives a symplectic structure. This symplectic form will be denoted by wyp.
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It is easy to check that if the co-dimension of P™ in P is at least three, then P
is simply connected. This co-dimension condition is satisfied, for example, when the
genus g > 2 or when the set {C},...,C,} contains enough regular orbits (an orbit is
called regular if the eigenvalues of its elements are distinct; hence the only non-regular
orbits are +7). Henceforth, we will assume that the initial data is such that the variety P
is simply connected.

We call a symplectic structure integral if the cohomology class it represents is integral.
The symplectic form wy is in general not integral. But if the eigenvalues of the elements
of all C; are roots of unity (the eigenvalues being conjugate invariant depends only on the
class), and if g is the l.c.m. of the order of the eigenvalues, then the quy is integral [BR].
Henceforth, we will assume that the eigenvalues of C; are roots of unity. The integral
symplectic form gwp will be denoted by w.

Given a loop a:S! — P', using simply connectedness of P", the map o can be
extended to §: D> — P'. Integrating the pull-back of w on D?, we get a real number,
which of course depends on the extension &. But if §’ is another extension of o, then,
since w is integral, we have

/D2 5w = ( sz 5" wymod Z.

Let L(P™) be the loop space of P. So the above discussion gives a function which
we also call
W L(P") — R/Z

o —  (Jp F*w)mod Z.

2.1

3. A function on L(¥ / G). From now onwards we assume that the punctured sur-
face X is equipped with a complex structure. We also assume that 2g — 2 +n > 0. This
would imply that X is uniformized by the upper half plane; in other words, X inherits the
Poincaré metric.

Let A’ (X, su(Z)) be the space of su(2) valued i-forms on X, and A’ (X, su(2)) be the
subspace consisting of all those forms which vanish on every Dy;.

We will now briefly describe the Coulomb connection on the space of connections;
see [NR] for details. A connection on E is said to be irreducible if the only elements of
the gauge group which preserve the connection are +/. A connection V is irreducible if
and only if the 0-th cohomology of the complex

Co: A°(X, 5u(2)) A (X, 5u(2)) HA2 (X, su(2)

vanishes (Theorem 3.1 of [FU]). Let C'* C ( be the subspace consisting of all those
connections which are also irreducible. For V € (™, the tangent space Ty C™* can be
identified with the A} (X, su(2)). Let d5, be the adjoint (with respect to the Poincare
metric) of dy, and

Ay: = dydy: AY(X, su(2)) — A2(X, su(2))
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be the Laplacian.
Let g: C'" — (" / G be the principal G bundle. The Lie algebra of G is A? (X, su(Z)),
&
and the kernel of the operator A/ (X , su(2))—v>1\° (X , su(2)) gives an equivariant splitting

of the projections Ty C T v(C/ G). In other words, this defines a connection on the
principal G-bundle. It can be checked that the Lie-algebra valued 1-form on the total
space C'" which defines this connection if given by the operator

AY' o di: AL(X,su(2)) — A2(X, su(2)).

We will call this connection the Coulomb connection.

Let F:= F N C". For the rest of this section, using this Coulomb connection and
the function x constructed in Section 2, we will construct a function on L(F / G) with
valuesinR/Z.

Let 3:S! — @ be a loop. Of course, since E is trivial, G is the space of all smooth
maps from X to SU(2) which are the identity on all Dy ;. In other words, 3 can be identified
with a map 3: M x S' — SU(2) (recall that M is the compactification of X). If the induced
map Z = H*(SU(2), Z)f;H}(X x S', Z) = Z is multiplication by d, then d is called the
degree of 3. For V € F", using the action of G on F", the loop 3 gives a loop in F

based at V, which we denote by 3. Now x(3) € R, where Y is the function defined in
Section 2.

PROPOSITION 3.1.  Under the above notation, 4w>x(f) coincides with d, the degree

of 8.

PROOF. Let
0 — i0, 0, +i6;
T =0+ —i6,

be the Maurer-Cartan form on SU(2). It is easy to see that the unique invariant (normal-
ized) volume form on SU(2) is given by 6; A 6, A 65. So

st B0, N0, NO3) =d.
Now for any ¢ € S', the connection 3(¢) can be expressed in the form

Bloy: = ( i) w+ iu;3(z))

—wy(n) Fiws(r)  —iwi ()

where w;(¢) are 1-forms on X, and are smooth as function of z. Since 3(¢) is flat, we have

- | _ _
dp() = —E[B(t),ﬂ(t)] = B(0) A B(2).
Recall the definition of x; we need to extend B to the disc. For z = re’® € D?, define

Blo): = rBe )+ (1 — rp.
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Clearly 3 maps D? to C, and coincides with 3 on S'. Let 9 be the connection, given
by 3 on the bundle E x D> — X x D?, and K(9) be the curvature. After a straight-
forward calculation (such a calculation is done explicitly, for example, in [Gu]), we get
C2(K(9)) = 1/877 trace(K(#)) cohomologous to

1 d d d
) /S. ((thx)uh + (sz)wz +(d—tw3)w3) dt.
So from the definition of x, we have
1
42

It is easy to check that the two 2-forms

(3.3) XB) = o5 fo (G + Genran + (Gws) de.

d d d - - -
/Sl ((Ewl)wl (W ¥ (sz)u&) diand 301 A 3702 A 3703

differ by an exact form. In the light of (3.2) and (3.3), this proves the proposition. n

Givenaloopo: S! — F/GandabasepointV € T, using the Coulomb connection
on Fi* — Fir/G, the loop o can be lifted horizontally to a path &: [0, 1] — F with
3(0) = V. The group G is path connected, and hence there is a path ¥ in g (q(V))
connecting (1) and 6(0). So Yo is a loop in F', which we denote by . So depending
on the path 7, we have x(o+) € R. If y is any other path in g~! (q(V)) connecting (1)
and &(0), then the corresponding number X (o,,) of course need not coincide with x(ov).
But we noted earlier that the function x is a homomorphism of groupoids. In other words

X(07) = x(Y o ™) + x(0,)-
Now using (3.1) we have the following result.

THEOREM 34. The map o — 4nx(0,) givesa map 3 L(F"/G) — R/ Z.

4. Relation between y andw. The space F*/ G, by taking holonomy, can naturally
be identified with P’ (defined in Section 3). We want the two functions on L(F*"/ G) =
L(*P™) namely, gx and w (defined in (2.1)), to coincide.

Letf: Ff — F'/ G be the projection. The pull-back f*w of w (defined in Section 2)
on F'" has a natural extension to C, which is defined as follows: for o, 3 € Ai (X g su(2)),
the correspondence

a@pr—q /X aAf

defines a 2-form on C which we denote by @. Since ( is affine and @ is closed @ is also
exact. It is easy to see that the restriction of & to " coincides with f*w. The space C also
admits a natural 1-form 6 which is defined as follows. First note that since E is trivial,
a connection on E can be thought of as an element of A! (X, su(2)). Now for V € C
and @ € A! (X, su(2)), the correspondence a — [y trace(a A V) defines a 1-form on C,
which is denoted by 6. It is easy to check that gdf = ©.
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As in the previous section, let o be a loop in 7"/ G, and o, be a corresponding loop
in . And 6, be the extension of g, to D? (as in Section 2). Let & be an extension of &
to D? such that f o0 6, = . We have

w(o): = /DZ Fw= /Dz G o= q./D2 Gy di = qQ/Sl ay0.
Suppose for ¢ € S! the connection o(¢) is of the form

L iw; (f) wa () + iws (1)

where w; are su(2)-valued 1-forms on X. Now

d
@.1) /S o0 = /S ] trace(am(t)) A o () dt
= Ja ((%Wl)wl + (%wz)wz + (%w:«x)u&) dr.

Now using (3.3) which actually holds for any loop in ¥, we have w(c) = ¢x (). Thus
from (4.1) we have proved the following proposition.

THEOREM 4.2.  For any loop o in F'* | G the following equality holds

w(o) = gx(o).

REMARK. In[BR], the authors prove the existence of a natural hermitian line bundle
on the parabolic moduli space P. Restricted to P this line bundle carries a natural
connection whose curvature (up to a factor of i) is the standard symplectic form. It is easy
to check that w: L(PP) — S' is then (up to a constant) the holonomy of this connection.
Similar material is also treated in [DW].
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