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A set of complex numbers S is called invariant if it is closed under addition and
multiplication, namely, for any z,y € S we have x +y € S and zy € S. For each

s € C the smallest invariant set N[s] containing s consists of all possible sums

Zie[ a;s, where I runs over all finite nonempty subsets of the set of positive
integers N and a; € N for each ¢ € I. In this paper, we prove that for s € C the set
N[s] is everywhere dense in C if and only if s ¢ R and s is not a quadratic algebraic
integer. More precisely, we show that if s € C\ R is a transcendental number, then
there is a positive integer n such that the sumset Nt” + Nt2™ 4+ Nt3” is everywhere
dense in C for either t = s or t = s + s2. Similarly, if s € C \ R is an algebraic
number of degree d # 2,4, then there are positive integers n, m such that the sumset
Nt™ + Nt2™ 4+ Nt3" is everywhere dense in C for ¢t = ms + s2. For quadratic and
some special quartic algebraic numbers s it is shown that a similar sumset of three
sets cannot be dense. In each of these two cases the density of N[s] in C is
established by a different method: for those special quartic numbers, it is possible to
take a sumset of four sets.

Keywords: additive semigroup; multiplicative semigroup; invariant set;
transcendental number; algebraic number
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1. Introduction

As in [16], we say that a nonempty set of complex numbers S C C is invariant if it
is closed under addition and multiplication. Equivalently, an invariant set S is the
set which is both an additive semigroup and a multiplicative semigroup, namely,
for all z,y € S we have x + y € S and zy € S. Evidently, the set {0} is invariant.
Any other invariant set S # {0} is infinite and unbounded, since for any nonzero
s € S we have ns € S for each positive integer n.

For the purposes of this paper, we let N be the set of positive integers, and N
be the set of non-negative integers. That is N does not include 0, whereas Ny does
include 0.
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2 A. Dubickas

It is clear that for each s € C the smallest invariant set containing s is the set

N[s] = {Zais’}, (1.1)

i€l

where I runs over all finite nonempty subsets of N and a; € N for each ¢ € I. Indeed,
if s belongs to some invariant set S, then each element of N[s] must belong to the
set S as well, so N[s] C S. Furthermore, the set N[s] defined in (1.1) is closed under
addition and multiplication and so is invariant.

If in (1.1) the coefficients a; belong not to N but to the set of integers Z and I
runs over all nonempty subsets of the set Ng, then the corresponding set is simply
Z[s] = {P(s)}, where P run over all elements of the ring of polynomials Z[z]. A
very similar quantity No[s], where a; € N in (1.1) and I is a subset of Ny (so a free
positive coefficient is also allowed), has been recently investigated in [2], [6]. There,
it is called an evaluation polynomial semiring at s. Obviously, for each s € C, we
have

N[s] € Nols] € ZIs]. (1.2)

Various problems related to invariant subsets of the set of real numbers R
have been considered in [12], [16] and also recently in [10]. In particular, in [10,
Theorem 2] we showed that if an invariant set S contains a real negative element,
which is not in Z, then S is everywhere dense in R. Of course, these two conditions
are also necessary for the density of N[s] in R, since N[s] C [0,400) for s > 0 and
N[s] C Z for s € Z. Therefore, in the present notation (with N[s] as in (1.1)) we can
write [10, Theorem 2| as follows:

THEOREM 1.1. For s € R the set N[s] is everywhere dense in R if and only if s < 0
and s ¢ 7.

A similar density in R results for the set polynomials evaluated at a given point
s € R whose coefficients belong to some finite subsets of the set Z were obtained in
[8], [20], [21] and in several subsequent papers related to the problem earlier raised
by Erdés, Joo and Komornik. Its solution has been finally given by Feng [13].

In this paper, we investigate the set N[s] for s € C \ R. We will prove the following:

THEOREM 1.2. For s € C the set N[s] is everywhere dense in C if and only if s ¢ R
and s is not a complex quadratic algebraic integer.

Of course, if s € R then N[s] C R, while if s is a complex quadratic algebraic
integer then NJs] is a subset of the lattice Z + Zs, and so is not dense in C. Therefore,
avoiding both these situations for s is indeed necessary for the density of N[s] in C.
The nontrivial part in the proof of theorem 1.2 is to show that for any other s € C
the set N[s] is everywhere dense in C.

It is known that if s € C\ R is an algebraic number, which is not a quadratic
algebraic integer, then the set Z[s] is everywhere dense in C; see, e.g., [24]. An even
stronger result for algebraic s of degree at least 3 can be derived from [5, Theorem
0.1]. However, the set N[s| is the smallest of the three sets considered in (1.2), so
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the density of Z[s] does not imply the density of N[s]. In addition, we are interested
not only in algebraic but also in transcendental s.

In fact, for most s our result is much more precise. We will show that in order
to get a set dense in C it is sufficient to use just three powers of s or s + s? for
s transcendental or three powers of ms + s> with some m € N for s algebraic of
degree d # 2,4 with appropriate coefficients from N:

THEOREM 1.3. Let s € C\ R be a transcendental number. Then, there is a positive
integer n such that the sumset

Nt™ + Nt2" 4 N¢3n (1.3)

is everywhere dense in C for eithert =s ort = s + s2.
Similarly, if s € C\ R is an algebraic number of degree d ¢ {2,4} then there exist
n,m € N such that the sumset (1.3) is everywhere dense in C for t = ms + s2.

Theorem 1.3 implies the sufficiency part of theorem 1.2 for s € C\ R, except for
the case when s is an algebraic number of degree 2 or 4, because the sumset (1.3)
is a subset of N[s] (see (1.1)).

We stress that in the sumset (1.3) it should be at least three terms, because for
any two complex numbers sy, So the sumset

NSl + NSQ

is contained in a lattice or in a line. Therefore, it cannot be dense in C. In terms of
semigroups, this observation combined with theorem 1.3 implies that, for s € C\ R,
which is not an algebraic number of degree 2 or 4, the smallest finitely generated
additive semigroup A C N[s| that is everywhere dense in C is of rank 3.

Evidently, no algebraic number s € C\ R can be of degree d = 1. For s € C\ R
of degree d = 2 and any $1, ..., s, € N[s] there is positive integer ¢ (depending on
8,81, ..., only) such that

qS1,--.,QSk € Z + 7t.
Therefore, the sumset
Nsi + -+ Nsy C ¢ HZ + Zt) (1.4)

is not dense in C. So, for algebraic s € C\ R of degree d = 2, we cannot expect a
result of the same type as that in theorem 1.3 (not only with sumset of three sets
as in (1.3) but also with sumset of k sets). However, for those numbers the density
problem as claimed in theorem 1.2 can be settled by the following result which
completes the case of algebraic s of degree d = 2:

THEOREM 1.4. If s € C\ R is a quadratic algebraic number then the set Nls| is
everywhere dense in C if and only if s is not an algebraic integer.

The case of algebraic s of degree d =4 is not considered in theorem 1.3 for a
similar reason. It turns out that theorem 1.3 does not hold for some very special
quartic algebraic numbers s.
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We say that s € C\ R is an exceptional number if it is an algebraic number of
degree d = 4 over Q and there is a real quadratic number field E such that

Yp=s5+5€F and A=ssecFE. (1.5)

Of course, at least one of the numbers ¥, \ in (1.5) must be irrational, since
otherwise s, as a nonreal root of the polynomial

(x —s)(z —3) = 2% — Yz + A

with rational coefficients, will be a quadratic number.

For algebraic numbers s of degree d =4 we will show that the sumset of at
most four sets is everywhere dense in C and that three sets are not sufficient for
exceptional numbers s.

THEOREM 1.5. If s € C\ R is a quartic algebraic number, which is not exceptional,
then there exist n,m € N such that the sumset (1.3) is everywhere dense in C for
t =ms + s>

On the other hand, if a quartic algebraic number s € C\ R is exceptional, then
for any s1, s2, s3 € N[s] the sumset

Ns; + Nsy 4+ Nsj (1.6)
is not dense in C, but there are ty,ta,t3,ts € N[s] for which the sumset
Nt; 4 Nty + Nt3 + Nty (1.7)
is everywhere dense in C.

Recall that no sumset of the form (1.4) is dense in C for a quadratic algebraic
number s and sq,...,s; € N[s]. Therefore, for such s the set N[s] does not contain
a finitely generated semigroup A that is dense in C (although, by theorem 1.4,
N[s] itself is dense in C if s is not a quadratic algebraic integer). The situation is
different for other s € C\ R. For each of those s, by theorems 1.3 and 1.5, such a
semigroup A C NJs| exists. Moreover, these theorems also determine the smallest
possible rank of a semigroup A in NJs] that is everywhere dense in C:

COROLLARY 1.6. For s € C\ R the set N[s| contains a finitely generated additive
semigroup A that is everywhere dense in C if and only if s is a transcendental
number or an algebraic number of degree d > 2. The smallest possible rank of such
a semigroup A C N[s] equals 3, unless s is an exceptional number in which case the
smallest possible rank of such A equals 4.

Note that t in theorem 1.3 is either s or a quadratic polynomial in s. Also, the
power n will be chosen in lemma 4.3: it depends on ¢, s, and so on s only. The same
numbers ¢, n also appear in the first part of theorem 1.5. Furthermore, ¢1,ts, 3,14
in the last part of theorem 1.5 are polynomials in s whose degrees depend on s only
(see (7.6) and the proof later on). Therefore, theorems 1.3 and 1.5 also imply the
following approximation result for polynomials with nonnegative coefficients:
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COROLLARY 1.7. Let s € C\ R be a transcendental number or an algebraic number
of degree d > 2. Then, there is a positive integer n = n(s), which depends only on

s, such that for any z € C and any € > 0 there exist a1, ..., a, € Ny, not all zeros,
for which

|a1s + azs® + -+ +a,s" — 2| < e. (1.8)

For most s corollary 1.7 is stronger than theorem 1.2, because in (1.8) the degree
of approximating polynomial is bounded by a constant depending on s only. For the
algebraic number s of degree d = 2, which is not an algebraic integer, the inequality
(1.8) also holds by theorem 1.4. However, in that case, as the sumset (1.4) is not
dense in C for any fixed sq,...,s; € N[s], the integer n in (1.8) depends not only
on s. (In principle, it depends on s, z and ¢.)

In corollary 1.7, the degree n is fixed, while the coefficients a; € Ny are allowed
to grow. In [13] and similar papers, the coefficients a; all belong to a finite set,
while the degree n is allowed to grow. Specifically, for s > 1 the density in R of the
polynomials Y ! a;s’ with coefficients a; € Z N [—m, m] has been established for
every s € (1,m + 1) which is not a Pisot number. In our earlier paper [10], where
the density in R has been investigated, the coefficients were allowed to take values
in N and there was no restriction on the degree, so no condition related to Pisot
numbers appears in theorem 1.1.

Our approach to the proof of theorem 1.3 rests on the following recent result [11]
(whose motivation came from [17]).

THEOREM 1.8. For «, 3,~v € C the set
Zo+ 15 + Zry
1s everywhere dense in C if and only if the imaginary parts
S(aB), 3(57), S(va)
are linearly independent over Q.

Unfortunately, we cannot use theorem 1.8 as stated, because we are working not
with the sumset Za + Z + Zy, which is an additive group, but with the additive
semigroup Na + NG + Nv, which can be smaller. For this purpose, we will establish
the following analogue of theorem 1.8:

THEOREM 1.9. For a, 3,7 € C the set
Na + N + Ny
1s everywhere dense in C if and only if the imaginary parts
S(af), 3(57), S(va)

are linearly independent over Q and the point z =0 belongs to the interior of a
triangle with vertices at o, 3,7.
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In the next section we will prove theorem 1.4. Section 3 is devoted to the proof
of theorem 1.9. Then, in § 4 we will prove five auxiliary lemmas of different types.
In § 5, using theorem 1.9 and one of the lemmas, we will prove a proposition
describing the conditions on ¢ under which the sumset (1.3) is everywhere dense in
C. Finally, in § 6 and 7, combining this proposition with some previous lemmas, we
will complete the proofs of theorems 1.3 and 1.5. It is clear that theorems 1.3, 1.4,
1.5 combined with the explanation of the necessity of the conditions s ¢ R and s is
not a quadratic algebraic integer imply theorem 1.2.

2. The set N[s] for algebraic s without positive conjugates

In this section we assume that s € C\ R is an algebraic number which is not a
quadratic algebraic integer and has no conjugates in (0,00). We will show how
the desired result about the density of N[s] in C can be easily derived from the
above-mentioned result [24] about the density of Z[s] in C.

Assume that an algebraic number s # 0 has no conjugates in (0,00) (including
s itself). Then, s is a root of some nonzero polynomial with nonnegative integer
coefficients. (This result is essentially due to Meissner [19]. It was also proved in
3], [4], [6], [7], [9], [15].) Hence,

Zaisi =0
i=0
for some m,ag,a,, € N and aq,...,a,—1 € Ng. This, by the definition of N[s] in

(1.1), yields

m
—ay = Zaisi € NJs].
i=1
Consequently,

—ag = ag - (—ao) = (—ag) + -+ + (—ag) € N[s]

ap—times

by the additivity of N[s] and a3 = (—ag)? € N[s] by its multiplicativity. This implies
+a?s? € N[s] for every j € Ny. Thus, selecting a = a3 € N we get the following:

LEMMA 2.1. If s # 0 is an algebraic number whose conjugates over Q (including s
itself) do not belong to the interval (0,00), then there is a positive integer a which
depends on s only such that

aZls] C N[s] C Z[s].

By [24], we know that, if s € C\R is an algebraic number that is not a
quadratic algebraic integer, then Z[s] is everywhere dense in C. This, combined
with lemma 2.1, implies the following:

COROLLARY 2.2. Ifs € C\ R is an algebraic number which is not a quadratic alge-

braic integer and has no conjugates in (0,00), then the set N[s] is everywhere dense
in C.
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In particular, if s € C\ R is quadratic then it has no real conjugates, since its
only conjugate over Q, which is not equal to s, must be its complex conjugate 5 ¢ R.
Hence, corollary 2.2 implies theorem 1.4.

3. Proof of theorem 1.9

In the proof of theorem 1.9 we shall use Kronecker’s approximation theorem; see,
for instance, [1, Theorem 9], [14, p. 507], [18].

LEMMA 3.1. Let A1,...,An be real numbers such that 1,\1,...,An are linearly
independent over Q, and let wy,ws,...,wyn be arbitrary real numbers. Then, for
any € > 0, there exist T € N and 11, ..., Ty € Z such that

AT —w, — T, <€ (3.1)
form=1,2,...,N.

If the point z = 0 does not belong to the interior of a triangle with vertices at
a, 3,7 € C, then there is a line L through the point z = 0 such that the points
a, 3,7 all belong to the same side of the line L (possibly including the line L
itself). Then, all the points of the sumset Na+ NS + N+ are also on the same
side of L (including L itself). Consequently, this sumset is not dense in C. Also, if
the imaginary parts S(af), 3(57), S(ya) are linearly dependent over Q, then the
sumset Za + Z3 + Zry is not dense in C by theorem 1.8. Therefore, Nao + NG + Ny,
as a subset of Z«a + Z5 + Zry, cannot be dense in C either.

From now on we assume that the point z =0 belongs to the interior of the
triangle with vertices at «, 3,7 and that the three numbers (a3), 3(37), S(y@)
are linearly independent over Q. In order to complete the proof of theorem 1.9 it
remains to show that the sumset Naw + N3 + N+ is everywhere dense in C.

Of course, the linear independence of the above imaginary parts implies that
«, 3,7 # 0. Note that by multiplying all three numbers «, 3, by the same number
~~1 we do not change any of the two conditions. The point z = 0 still belongs to
the interior of a triangle with vertices at a, 3,1 (where we use the notation « for
ay~! and B for fy~1) and the three numbers I(af3), 3(3), I(@) are still linearly
independent over Q. We will show that the sumset N+ Na + NS is everywhere
dense in C.

Set

a=u+iw and [=-—w—il,

where u,v,w,l € R. Since the point z = 0 lies in the interior of the triangle with
vertices at a, (3,1, the numbers v,[ must be either both positive or both negative.
Without the restriction of generality (by swapping « and § if necessary) we can
assume that v,l > 0. Furthermore, at least one of the numbers u, —w must be
negative, since otherwise z = 0 does not lie in the interior of the triangle «, 3, 1.
Again, by swapping «a, 3 by 3, @ if necessary, we can assume that the number —w
is negative, i.e. w > 0. Therefore, without loss of generality, we can assume that
v,w,l > 0. The sign of u can be arbitrary (it is also possible that v = 0), but the
argument of the complex number « plus m must be greater than the argument of
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B. (The argument arg z of a complex number z # 0 is a unique real number in the
interval [0, 27) for which z = |z]e?#82))

Let 61,05 € (0,27) be the arguments of a and 3, respectively. Then, 6y € (0,7)
and 02 € (m,37/2). The condition 6; + m > #5 automatically holds if v < 0. In
the case when w > 0 the condition ¢ + 7 > 6 is equivalent to tan(f;) > tan(6z),
namely, v/u > [/w. Hence,

vw

- —u>0. (3.2)

Of course, by v, w,l > 0, the inequality (3.2) trivially holds for v < 0. So, from now
on we will assume that v, w,l > 0 and u € R satisfy (3.2).

We know that the numbers $(a3) = ul — vw, $(8) = —1, S(@) = —v are linearly
independent over Q. Dividing by —I we deduce that the numbers

v ovw
) l ) l
are linearly independent over Q too.
Now, the conclusion of the proof is essentially the same as that in [11]. Fix two

arbitrary real numbers X and Y. We need to show that, for any positive number
g, there exist a, b, c € N for which the sum a + ba + ¢/ is close to X 4 7Y, namely,

la+bu—cw—X|<e and |[bv—c—-Y|<e. (3.3)
Set
Yw

Y
wp = T and wy = —X + - (3.4)

By lemma 3.1 applied to Ay = v/l, Ay = vw/l — u and w1y, ws as defined in (3.4), for
any € > 0, there exist b € N and a, ¢ € Z such that

|bv/l —wy —c| <e and |b(vw/l —u) —ws —al <e.

Since the numbers v/l and vw/l — u are irrational (as they both and 1 are linearly
independent over Q), the above inequalities have infinitely many solutions in b € N.
For b sufficiently large we must have ¢ € N and a € N due to v/l > 0 and (3.2).
Hence, we can assume that a, b, c € N.

Next, in view of (3.4), by multiplying the first inequality by I > 0, we get

|bv —cl = Y| < el. (3.5)
Similarly, by (3.4), multiplying the second inequality by I > 0 we deduce
[b(vw —ul) + X1 —Yw — al| < €l.
This inequality can be written in the equivalent form
| —la+bu—cw—X)+wlbv—c-Y)| <el.
Now, by the triangle inequality, w > 0 and (3.5), it follows that

[lla+bu—cw—X)| <wlbv—cl —=Y|+el <ewl+ el =el(l+w),

https://doi.org/10.1017/prm.2024.22 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.22

Invariant set generated by a nonreal number 9

and hence
la +bu — cw — X| < e(1 4 w). (3.6)

It is clear that (3.5) and (3.6) imply (3.3) provided that € is satisfies

0<e< ————
= max(l, 1+ w)’

This completes the proof of the theorem.

4. Auxiliary lemmas

We begin with the following lemma, which will be used in the proof of proposi-
tion 5.1 later on.

LEMMA 4.1. Assume that s is a transcendental nonreal number. Then, for at least
one number t € {s,s+ s*} all three numbers t,|t|,t/|t| are transcendental.

Proof. Write s = pe'®, with ¢ > 0 and argument « € (0,7) U (7, 27). If the num-
bers s, |s| = 0 and s/|s| = ¢® are all three transcendental, then the assertion of
the lemma holds with ¢ = s. If not, then either e!® or g is algebraic. (They can-
not be both algebraic by the assumption of the lemma on s.) We will show that
then the assertion of the lemma holds for number ¢ = s + s2. Set t = [t|e?®, where
0< B < 2.

From

t=s+s° = pcos(a) + 0° cos(2a) + i(psin(a) + o sin(2w))
we find that
[t|* = 0 + o* + 20° cos(a) (4.1)
and
(cos(@) + ocos(2a)) tan(B) = sin(a) + osin(2). (4.2)

Assume first that e!® = cos(a) + isin(a) is algebraic and p is transcendental.
Then, cos(a) = e + e~ /2 and sin(a) = '™ — e7?*/2i are both algebraic. If |t|
were algebraic, then, as [t|> and cos(a) are both algebraic, o were algebraic by (4.1),
a contradiction. Hence, [t| is transcendental. Assume that t/|t| = e’ is algebraic. If
3 € {n/2,3n/2}, then R(t) = 0. Hence, gcos(a) + 0° cos(2a) = 0, and so cos(a) +
ocos(2a) = 0. This is not the case, because o ¢ Q (where Q stands for the set of
algebraic numbers) and cos(a), cos(2a) = 2cos?(a) — 1 € Q cannot be both zeros.
It follows that tan(() in (4.2) is well defined, namely, § ¢ {r/2,37/2}.

Since tan(f), cos(a), cos(2a),sin(a),sin(2a) € Q and p ¢ Q, equality in (4.2)
holds only if

cos(a) tan(ff) = sin(a) and  cos(2a) tan(f) = sin(2«). (4.3)
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We know that sin(a) # 0, so cos(a) #0 by the first equality in (4.3). Thus,
sin(2a) # 0. Hence, by (4.3), we obtain tan(8) # 0 and

cos(a)  cos(2a)

sin(a)  sin(2a)’

which implies

~—

cos(a

cos(2a) = sin(2a) = 2cos?(a) = cos(2a) + 1,

sin(«)

which is absurd. This proves that ¢’ = t/|t| is transcendental.

Now, assume that g is algebraic and e’® is transcendental. Then, cos(a) must be
transcendental too. From (4.1) we see that that |t|? is transcendental, and hence
so is [t|. It remains to prove that e?? is transcendental. Assume that e’ € Q. It is
clear that then tan(8) € Q or 8 € {r/2,3n/2}. However, if 3 € {n/2,37/2}, then
R(t) = 0, which means that cos(a) + pcos(2a) = 0. Then, x = cos(«) is a root of
the nonzero polynomial with algebraic coefficients 202% + 2 — 0. Hence, cos(a) € Q,
a contradiction. Therefore, tan(3) in (4.2) is well defined. Squaring both sides of
(4.2) we obtain

taunz(ﬁ)(Qg:E2 +x— g)2 =(1- xz)(l + 29:E)2,

where 2 = cos(a). Since z is transcendental and g, tan(3) € Q, equality holds only
if the resulting quartic polynomials on both sides are identical. However, their
coefficients for z# are 402 tan?(3) and —4p%. Since o > 0, they are equal only in
the case when tan?(3) = —1, which is impossible. This completes the proof of the
lemma. 0

The next lemma is similar to lemma 4.1, but deals with algebraic s rather than
transcendental.

LEMMA 4.2. For each algebraic nonreal number s there is mo € N such that for each
integer m > mq the argument B, of the number ms + s% satisfies By /7 ¢ Q.

Proof. Assume that s = ge'®. Set t,, = ms + s = |t,,]e'. Then, as in (4.2), we
find that

(mcos(a) + pcos(2a)) tan(By,) = msin(a) + gsin(2a). (4.4)
Since sin(«) # 0 and m + 2pcos(a) # 0 for m sufficiently large, the right hand
side of (4.4) is nonzero. Also, in case cos(a) = 0 we have m cos(a) + gcos(2a) =

—o # 0. Furthermore, for cos(a) # 0 we have m cos(a) 4 g cos(2a) # 0 for m large
enough. Consequently, tan(3,,) is (4.4) is well defined, i.e. 5, ¢ {m/2,37/2}. Since
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tan(fB,,) # 0, we must have

T 3w
Bm € (0»277—) \ {277Ta2}-

Also, from (4.4) it follows that

tan(fp,) € F = Q(p, cos(a), sin(a)) (4.5)

for each sufficiently large m € N.
Now, from (4.4) we deduce

m(cos(a) tan(B,,) — sin(a)) = —o(cos(2a) tan(B,,) — sin(2a)). (4.6)

In case cos(a)tan(B,,) —sin(a) =0 we have cos(a) # 0, and hence tan(3,,) =
tan(a). By (4.6), this implies

cos(2a) tan(«) — sin(2a)) = — tan(a) = 0,
which is not the case in view of a ¢ {0, 7}. Therefore,
cos(a) tan(fy,) — sin(a) # 0. (4.7

Assume that 3, = r,,m with rational number

e 02 {3} )

By (4.5), all values of tan(rp,m) belong to the field F. Thus, the degree of the
algebraic number tan(r,,7) is bounded from above by a constant, say ¢; = ¢1(F) =
[F: Q] = c1(s). The exact degree of tan(r,,m) with rational r,, in terms of the
denominator v of 7, has been calculated, for instance, in [23, Proposition 4.1]. For
v > 8 it is at least ¢(2v)/4, where ¢ is Euler’s totient function. From ¢(2v)/4 < ¢;
we find that v < ¢y for some ¢y depending in s only.

Note that, by (4.8), the numerator of r,, is less than 2v. Thus, there are only
finitely many of such rational numbers 7, satisfying (4.8). Hence, as s = ge'® is
fixed, there a constant ¢ = c3(F) = c3(s) > 0 such that the quotient of

—o(cos(2a) tan(fB,) —sin(2a)) and  cos(a) tan(G,,) — sin(«),

which is nonzero by (4.7), takes at most ¢z distinct values. However, by (4.6), this
quotient equals m. This is clearly impossible for m large enough. O

In the next lemma we show the existence of infinitely many triplets of useful
complex points such that the point z = 0 belongs to the interior of a triangle with
vertices at each of these triplets.

LEMMA 4.3. Let t = |t|e’® € C, where the argument 3 € [0,27) of t satisfies B/m ¢
Q. Then, there are infinitely many prime numbers k such that the point z =0
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belongs to the interior of a triangle with vertices at tF t2F 3k

interior of a triangle with vertices at t2* t** ¢0k.

, and also to the

Proof. For § € R\ Q the sequence of the fractional parts {0k}, where k runs over
the primes, is everywhere dense in the interval [0, 1]. See, e.g., [22, Section 2-70].
(In fact, by an old result of Vinogradov, this sequence is uniformly distributed in
0,1])

In particular, as 3/2r ¢ Q, for each § > 0, there are infinitely many prime

numbers k such that
1 kG
0. 4.
3 < { %} <= 3 + (4.9)

Consequently, for each of those k there is £ = ¢(k) € Z such that 1/3 < k3/2r —{ <
1/3 4 6, which is equivalent to

2 2T
?” < kB —2ml < =+ 20, (4.10)

This means that the arguments of the complex numbers t* = [t[Fei*8 12k 43k Jie

in the intervals
2r 2w 47 4w
+2 +4
(3 5 7T(5> (3 5 71'6) (0,671'5)

respectively. It is clear that for § > 0 small enough the point z = 0 belongs to the
interior of a triangle with vertices at t*, t2#, 3%,

Likewise, by (4.10), we see that the arguments of the complex numbers
t2k = |t|2k ek ¢4k 46k lie in the intervals

4w 4w 2 27
(3 5 45) (3 Ex + 8w 5) (0,127r6)

respectively. Again, for § > 0 small enough, the point z = 0 belongs to the interior
of a triangle with vertices at 2% 4% 6k, O

The following lemma will be useful in treating exceptional numbers in
theorem 1.5.

LEMMA 4.4. Let A # 0 and ¢ be two real algebraic numbers. Assume that for each
sufficiently large m € N the number A\(\ + ma + m?) is rational or quadratic. Then,
there is a real quadratic field E such that X\, € E.

Proof. Set F'= Q(\, ). By the assumption of the lemma, the numbers
Tm = A+ my +m?),

where m € N is large enough, are all at most quadratic, and all belong to F. Since
F has only finitely many real quadratic subfields (possibly none), there is a real
quadratic field E and an infinite set M C N such that 7, € E for each m € M.
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Invariant set generated by a nonreal number 13
(In the case when all the numbers 7,,, are rational, we can take any real quadratic
field E.) Select m # m’ in M. Then,

M T — MTpr = (M —m)(A\2 —mm/\) € E,

and hence A2 — mm'\ € E. Taking m’ € M \ {m,m’}, by the same argument, we
obtain A —mm/\ € E. The difference m(m’” —m’)\ of these two numbers is also
in E, which forces A € E. Since A # 0 and 7,,, € E, we also obtain

Tm — A2 —m?ZA\

mA

= €l

which completes the proof of the lemma. O

The next lemma gives one more approach to establishing the density of a sumset
in C. This time we will use four sets instead of three. This lemma will be used in
the final part of the proof of theorem 1.5.

LEMMA 4.5. Let s € C\ R. Assume that the set N[s] contains two elements s, so #
0 whose quotient w = s1/s5 is a negative real irrational number. Then, the sumset

Ns; + Nsg + Nsys + Nsos
is everywhere dense in C.

Proof. Since the points 0, s2, Sos are not collinear, every complex number can be
written in the form Xss 4+ Ysos with X, Y € R. The idea is to approximate X so
by the sumset Ns; + Nss and Y'sgs by the sumset Ns;s 4 Nssos.

We will show that for each € > 0 there exist ay, as, az,aqs € N such that

|a1s1 + agse — Xso| < e and |azsis + agses — YVsas| < e. (4.11)

Since s; = wso, setting

€ €
LT 2T T {=X} and w;={-Y}
and using the identities X = —[-X]| — {-X}, Y = —[-Y] — {-Y}, we can rewrite

the inequalities in (4.11) as
[(—w)ay — (az + [-X]) —w1]| <e1 and |(—w)az — (ag + [-Y]) — wa| < 2.

By lemma 3.1 with N =1 and A\; = —w, we see that for each £ > 0 thereis a; € N
and by € Z such that

[(—w)ar —wy — b1| < e1.

Here, for each sufficiently small £, the integer a; € N must be large. Since —w > 0,
the integer by is positive and large. So the first displayed inequality indeed holds
with ag = by — [-X] € N. This proves the first inequality in (4.11). The proof of
the second displayed inequality is exactly the same, with some a3, a4 € N, which
implies the second inequality in (4.11). O
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5. Final preparation

In this section we will prove the following proposition:

PROPOSITION 5.1. Let t = [t|le?? € C be such that /7 ¢ Q and |t|? is not an alge-
braic number of degree at most 2. Then, there is a positive integer n such that the
sumset

Nt™ + Nt 4 N¢*"
is everywhere dense in C.

Proof. Set & = |t|?. We claim that &* is not an algebraic number of degree at most
2 for all sufficiently large prime numbers k. This is trivial if £ is transcendental.
Assume that ¢ is an algebraic number of degree d. By the condition of the propo-
sition, we have d > 3. Evidently, the degree of ¢* is d, unless there is a conjugate
¢ # & of € over Q such that £&¥ = ¢’*. But then ¢ = £/¢' is a kth root of unity, so its
degree is (k) = k — 1. However, the number ¢ cannot belong to the field Q(¢,¢’)
of degree at most d(d — 1) when k > d(d — 1), a contradiction. Thus, &¥ is of degree
d (d > 3) for each sufficiently large prime number k.

Since the argument 3 of a given number ¢ satisfies the condition of lemma 4.3,
there are infinitely many primes k for which z = 0 belongs to the interior of the
triangles with vertices at t*,t2% ¢3F and at 2% 4% 5k,

Take any n € {k,2k}. By theorem 1.9, the set

Nt"™ + Nt + N¢*"
is everywhere dense in C if the imaginary parts
S() = [t sin(nB)
(2 13n) = —|t[>" sin(ng),
J(t3E7) = [t|*" sin(2n3)

are linearly independent over Q. We will show that this is the case for either n = k
or n = 2k.

Since the number /7 is irrational, we have sin(nf3) # 0 and cos(nf3) # 0. Divid-
ing by —[t|>" sin(nf3), we see that the above three numbers are linearly dependent
over Q if and only if so are 1, [t|*", —2[t|" cos(nB3). This is the case if and only if
the numbers

[t~ [¢]", 2 cos(nB) (5.1)

are linearly dependent over Q.

We claim that the numbers [¢|™" and [¢|™ are linearly independent over Q. This
is trivial if £ = [¢|? is transcendental. Assume that ¢ is algebraic of degree d > 3.
Consider the cases n = k and n = 2k separately. If n = k then the numbers [t|™"
and |t|" are linearly dependent if and only if [¢t|?" = |¢t|?* = ¢* € Q. However, we
proved that the degree of ¢¥ is d > 3. So, the numbers [t|~™ and [t|* are linearly
independent for n = k. Similarly, for n = 2k, the numbers [¢|~" and |¢|" are linearly
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dependent if and only if [¢|>" = |t|** = ¢2F € Q. This is only possible if the degree
of ¢ over Q is 1 or 2, while we know that it is d > 3. Thus, the numbers [t|~" and
[t|™ are linearly independent for n = 2k as well.

Now, by the linear dependence of the three numbers (5.1), it follows that in both
cases n = k and n = 2k for some u,, v, € Q, we must have

[\

)

In order to complete the proof of the proposition it suffices to show that (5.2)
cannot hold for both n =k and for n = 2k. Assume that (5.2) is true for n =k
and for n = 2k. Then, by (5.2), applying the trigonometric identity cos(2k3) =
2cos?(kB) — 1 and using the notation z = [t|¥, u/ = pop, V' = vor, p = px, v = vg,

2cos(nf) = pn|t|™ + valt| ™" (5.

we find that
pa?+ v (pe et .
2 - 2 '
This is equivalent to
(W — p?)xt = 2(ur — D2 + v/ — 2 =0. (5.3)

Now, since 22 = [t|?* = ¢* is either transcendental or an algebraic number of
degree d > 3 and p' — p,v' — v, uv — 1 € Q, equality (5.3) must be the identity in
x. Hence, p/ = p?, v' = v? and pv = 1. In particular, from pv = 1 we see that both
1= pg and v = v have the same sign.

If they are both positive then, by (5.2) with n = k and piv, = 1, we derive that

2cos(kB) = prlt]® + vilt| ™% = 24/ peltlFvelt| =% = 2/ rve = 2.

Therefore, cos(kf3) = 1, which implies that 3/7 € Q, a contradiction. Similarly, if
i and v are both negative, then from —pug > 0, —v, > 0 and gy = 1 we deduce

~2cos(k) = —parlil* il > 2/l (-u) i =2

and hence cos(kf) = —1. Hence, §/7 € Q, which is again a contradiction. This
completes the proof of the proposition. O

6. Proof of theorem 1.3

Let s € C\ R be a transcendental number. By lemma 4.1, for some t € {s, s + s?}
the three numbers ¢ = |t|e??, |t| and t/|t| = €’ are all transcendental. In par-
ticular, this implies that the quotient 3/m is irrational and that |t|? is not an
algebraic number of degree at most 2. Thus, proposition 5.1 yields theorem 1.3 for
transcendental s.

Assume now that s € C\ R is algebraic and has degree d over Q. Clearly, d # 1.
Also, d # 2 by the condition of the theorem. By lemma 4.2, we can take a sufficiently
large m € N such that the argument £3,, of t = ms + s? satisfies 3,,/7 ¢ Q. Now,
proposition 5.1 implies theorem 1.3 in case for at least one sufficiently large m € N
the algebraic number |ms + s?|? has degree greater than 2.
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For a contradiction, assume that all numbers
|ms + s> = (ms + %) (m3 +3°) = s5(s5 + (s + 5)m +m?),

m = my, are of degree at most 2. Setting A = s5 and ¢ = s + 5, by lemma 4.4, we
see that there is a real quadratic field E such that A, € E. Since s is the root of

22 —pr+ A= (v —s)(z —3) € E[]

and s is of degree d > 2, at least one of the numbers X 1) must be quadratic
(otherwise 2 — ¢z + X € Q[z] and d < 2).

Now, we will show that such s must be exceptional. For this, by (1.5), it suffices
to show that s is quartic. Assume that the conjugates of A and v over Q are A\’ and
" respectively. Here, ' = X if A € Q and ¢’ = ¢ if ¢ € Q. By the above, we must
have either X £ X or ¢’ # 1 (or both). With this notation, it follows that s is a
root of the polynomial

Qz) = (z* =Yz + N (22 =z + \) € Qlz]. (6.1)

If the polynomial @ were reducible over Q then its irreducible factor with the root
s must be cubic. So ) must have a rational root. However, if » € Q is a root of @,
then, by (6.1),

r2—yYr4+X=0 or r2—¢r+X\N=0.

Taking an automorphism of the Galois group Gal(E/Q) that maps A to A" and so ¢
to ¢ (or vice versa) we see that both displayed equalities must hold. Hence, r is at
least a double root of (), so s cannot be cubic. This proves that @ is irreducible over
Q, and hence s is a quartic number (d = 4), which is not allowed by the condition
of the theorem. This completes the proof of theorem 1.3.

7. Proof of theorem 1.5

Note that in the previous section we have proved the required result for the first
part of the theorem for all quartic numbers s as well except for those with minimal
polynomial @ defined in (6.1). By (1.5) and the irreducibility of @, these are exactly
exceptional numbers.

To prove the second part of the theorem we assume that for some exceptional
s and some 1, S2, s3 € N[s] the sumset (1.6) is everywhere dense in C. Then, by
theorem 1.9, the imaginary parts

S(815); %(SQE% %(335)7

must be linearly independent over Q. Since s = ge’® € C\ R, we have gsin(a) # 0,
so that the three numbers

S(s152)  S(s253)  S(s351) (7.1)

osin(a)”  psin(a)’  psin(a)’
must be linearly independent over Q. As s is exceptional, by (1.5), there is a real
quadratic number field E such that
s+s
2

0®’=s5€E and ocos(a)= €E. (7.2)
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Below, we will show that the numbers in (7.1) all belong to E. Since E is
quadratic, any three (not necessarily distinct) numbers in F must be linearly
dependent. This contradicts the linear independence of the three numbers (7.1).

Indeed, write s1 = >,y a;s’ and sy =Y, ;bjs’, where I,.J are some finite
subsets of N and a;,b; € N for ¢ € I, j € J. Note that

S(s152) = Y aibjo'sin((i - j)a).
icl, jeJ

The terms with ¢ = j are all equal to zero. So the first number on the list (7.1) is
the sum of several terms of the form

Ci’jgi-&-j—l Sm((.@ —Jj)a) ’
sin(a)

where ¢ > j and ¢; ; € Z. It is well known that the quotient sin((i — j)a)/sin(«) is

Ui—j—1(cos(a)), where Uy(z) = 1 and

[n/2] -
Un((E) _ Z _ (_1)k <n . k) (2x)n—2k

k=0

is the Chebyshev polynomial of the second kind for n € N. Therefore,
3(s182)/0sin() is the sum of integral multiples of several terms of the form

itj—1 i—j—2k+1
)

0 cos(a)

where i, j, k are positive integers satisfying ¢ — j — 2k + 1 > 0. Note that

itj—1 i—j—2k+1 _  2j42k—2 ( i—j—2k+1
- b

0 cos(w) 0 ocos(a))

where the factors 0272*=2 and (pcos(a))*=7~2**1 are both in E by (7.2). Conse-
quently, the first number in (7.1) belongs to E. By exactly the same argument, the
second and the third numbers in (7.1) are also in E. This completes the proof of
the second part of theorem 1.5.

In all that follows we will prove that for a quartic exceptional number s € C\ R,
whose minimal polynomial (6.1) has two nonreal roots s, 3, and two other roots
s', 8", there exist t1,to, t3,t4 € N[s] such that the sumset (1.7) is everywhere dense
in C. We remark that the density of N[s] in C for some quartic numbers s with
minimal polynomial (6.1) can be established by corollary 2.2. Indeed, for a quartic
s with minimal polynomial (6.1), corollary 2.2 implies the density of N[s] in C in
the case when s has no real positive conjugates over Q. However, the result that
we are going to prove is stronger, since in (1.7) we only use the sumset of four sets.

Firstly, by lemma 4.2, we can replace s by ms + s with appropriate sufficiently
large m € N such that the argument 3 of ms + s? satisfies 3/7 ¢ Q. Then, ms +
52 #m3s + 3%, so ms + s? is a quartic exceptional number by (1.5). Since N[ms +
s?] € N[s], we can further argue with the number ms + s, which we denote by
s. Its conjugates are 3,s’, s, its minimal polynomial is (6.1), and its argument (3

satisfies /7 ¢ Q.
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Assume first A = s3 is a rational number. Since the argument 5 of s satisfies
B/m ¢ Q, as in lemma 4.3 (see (4.9)), we can select | € N such that

1 g 2
2<{27T}<3. (7.3)

Then, for some k € Z we get 1/2 < 15/27 — k < 2/3. Hence, 7 < I — 27k < 47/3,
which implies
1

cos(lf) < —5 (7.4)

Note that s! # 3’ by the above-mentioned property of 3, so s' is exceptional.

Since N[s!] C N[s|, it suffices to prove the density of (1.7) in C for s replaced by s'.
We will write s for s'. For this s, we have A € Q, A > 0 and ¢ = 2|s| cos(I3) < 0
by (7.4). From s? — s + A = 0 we thus obtain ¢ = s> + \/s. Choosing L € N for
which LA € N we deduce that the negative irrational number v is a quotient of
s = Ls® + LAs € N[s] and sy = Ls? € N[s|. By lemma 4.5, this proves (1.7) with
the choice t; = s1, to = 83, t3 = s15 and t4 = s3s.

Assume now that A = §5 > 0 is irrational. Then, A # X\ = §'s”. We now reduce
the problem to the case when the minimal polynomial @ of s (as in (6.1)) has two
nonreal roots s,5 and two other roots s, s” satisfying

p=s5+35<0, p<iy=5+s and A=s5>\N =55 >0. (7.5)

Consider the number s2, which we denote by s. It is exceptional, with conjugates
5,5',s"”. Note that for this number we have X' = s’s” > 0 (which was possibly neg-
ative in case the original s had a positive and a negative conjugate). Since A # X/,
the third inequality in (7.5) is either true, or we have A < . But in that case we
can replace s by s~! (which is also exceptional). Then, the third inequality in (7.5)
becomes true. Furthermore, if a real negative number w is expressible by a quotient
of two polynomials in the variable s~ with coefficients in N, then, by multiplying
these two polynomials by an appropriate power of s, we see that the same number
w is also a quotient of two polynomials in s with coefficients in N. So, we can always
assume that the third inequality in (7.5) is true.

Now, we will show that without the restriction of generality we may also assume
the first two inequalities in (7.5). Indeed, if the conjugates s’, s” of s are both real,
then we can choose an even integer [ for which (7.3) holds. Then, (7.4) is also true,
and we can replace s by s'. Thus, replacing s by s', which is exceptional, we find
that the new ¢ and ¢’ satisfy

Y =s"+3 =2|s|' cos(If) <0 < () + (") =.

The new ), namely A, is still a positive rational number, satisfying \! > (\')!. So
all three inequalities in (7.5) hold.

Alternatively, if s’ and s’ are both nonreal, then they are complex conjugate
numbers. Thus, they have the same modulus, say ¢’, satisfying ¢’ < |s| in view of
the third inequality in (7.5). In that case we choose | € N satisfying (7.3) (and so
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(7.4)) and in addition so large that

l
(4) >

Now, replacing s by s', we find that
=5 +35 =2|s]' cos(IB) < 2(¢') cos(largs’) = (s') + (s") =/,

where the (only) inequality above holds due to

! !
sl L[]l 3
<Q' cos(1B) < 3\ <5< —1 < cos(larg s”).

This proves the second inequality in (7.5). The first inequality there, i.e. ¥ <0, is
also true, since cos(l3) < 0. This, replacing s by s', reduces the problem to the case
of exceptional numbers satisfying (7.5).

In order to apply lemma 4.5 we will show that there is a negative real irrational
number expressible by two nonzero elements sy, s3 of N[s] for s with its conjugates
5 and ¢, " satisfying (7.5). Of course, then lemma 4.5 implies the density of the
sumset (1.7) in C with

tl = 851, tg = S92, t3 = 518 and t4 — S28S. (76)

By (1.5), we have ¢, A € E and so their conjugates ¢', \’ are also in the same real
quadratic field E. Take a square-free integer D > 1 for which F = (@(\/ﬁ) Then,
there are some rational numbers 1, 92, A1, Ao such that

V=11 —1heVD and A=A\ + \VD. (7.7)
This implies
Y =1 +ovVD and N =)\ — \VD.

From the second inequality in (7.5), namely 1 < ¢)’, we obtain 19 > 0. Likewise,
from the third inequality in (7.5), A > X, it follows that A2 > 0. Now, from A" > 0
we obtain A\; > AoV D > 0. Consequently,

A >0, A2>0, 1o >0. (7.8)
Let L be the least positive integer for which
Lapy, Lipg, LAy, LAy € Z. (7.9)
Consider two cases, 11 < 0 and 91 > 0. In the first case, 11 < 0, from
s?— s+ A=5"— (Y1 —2VD)s+ A\ + 2VD =0
it follows that

/D= 2 — s+ A\ B Ls® + L(—1)s? + LA;s
T est+ A Libgs® + Los
Hence, by (7.8), (7.9) and —t¢; >0, the negative irrational number —+/D
is a quotient of two elements of N[s|, i.e. s; = Ls3+ L(—1)s®> + LA;s and
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so = L1)ys? 4+ L)ys. Now, lemma 4.5 implies that the corresponding sumset of four
sets (1.7) with the choice (7.6) is everywhere dense in C.
In the second case, 11 > 0, a key observation is the following identity:

2 Y1
52—|—/\:5 + A1+ 122.

Y= 5y
S SJUTE

Here, the second equality can be verified directly using s + A = s and (7.7):

A A AA A
SN[ s+ 2 ) =P+ 2 b As+ 2 =P As+ 2 (57 + A
( ) V2 V2 (> 1/)2< )
A A2t)
=P As+ Zhs =52+ [ A+ 28
1/)21/} ()
A — D
_ 4 (A 4 rvD 4 22 —¥2VD)
(>
:SS+ )\1+w1)\2 s=3Ss S2+)\1+¢1)\2
(0> (5

Now, multiplying numerator and denominator by the factor L?ss, we derive that

_ LPipos® 4 (LP4ho i + L1 M0)s
’(/) o L21/J282 + L2>\28 '

By (7.8), (7.9) and ; > 0, we conclude that ¢ is a quotient of two nonzero elements
of N[s]. Note that, by the first inequality in (7.5), v is negative, whereas, by 12 > 0,
it is irrational. Therefore, lemma 4.5 again implies that the sumset of four sets (1.7)
with the choice (7.6) is everywhere dense in C. This completes the proof of the last
part of theorem 1.5.
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