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Abstract. The purpose of this paper is to provide new constructions of Hom-
associative algebras using Hom-analogues of certain operators called twistors and
pseudotwistors, by deforming a given Hom-associative multiplication into a new Hom-
associative multiplication. As examples, we introduce Hom-analogues of the twisted
tensor product and smash product. Furthermore, we show that the construction by
the twisting principle introduced by Yau and the twisting of associative algebras using
pseudotwistors admit a common generalization.
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1. Introduction. The motivation to introduce Hom-type algebras comes for
examples related to g-deformations of Witt and Virasoro algebras, which play an
important role in Physics, mainly in conformal field theory. A g-deformation of an
algebra of vector fields is obtained when the derivation is replaced by a o -derivation. It
was observed in the pioneering works [3,8-11,15,20] that g-deformations of Witt and
Virasoro algebras are no longer Lie algebras, but satisfy a twisted Jacobi condition.
Motivated by these examples and their generalization, Hartwig, Larsson and Silvestrov
in [14,17-19] introduced the notion of Hom-Lie algebra as a deformation of Lie
algebras in which the Jacobi identity is twisted by a homomorphism. The associative-
type objects corresponding to Hom-Lie algebras, called Hom-associative algebras,
have been introduced in [23]. Usual functors between the categories of Lie algebras
and associative algebras have been extended to the Hom-setting. It was shown that
a commutator of a Hom-associative algebra gives rise to a Hom-Lie algebra; the
construction of the free Hom-associative algebra and the enveloping algebra of a
Hom-Lie algebra have been provided in [29]. Since then, Hom-analogues of various
classical structures and results have been introduced and discussed by many authors.
For instance, representation theory, cohomology and deformation theory for Hom-
associative algebras and Hom-Lie algebras have been developed in [4, 28]; see also
[13, 22] for other properties of Hom-associative algebras. All these generalizations
coincide with the usual definitions when the structure map equals the identity.
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The dual concept of Hom-associative algebras, called Hom-coassociative
coalgebras, as well as Hom-bialgebras and Hom—Hopf algebras, have been introduced
in [24,25] and also studied in [6,31]. As expected, the enveloping Hom-associative
algebra of a Hom-Lie algebra is naturally a Hom-bialgebra. A twisted version of
module algebras called module Hom-algebras has been studied in [30], where ¢-
deformations of the s[(2)-action on the affine plane were provided. Objects admitting
coactions by Hom-bialgebras have been studied first in [31]. In [36-38], various
generalizations of Yang—Baxter equations and related algebraic structures have been
studied. D. Yau provided solutions of HYBE, a twisted version of the Yang-
Baxter equation called the Hom—-Yang-Baxter equation, from Hom-Lie algebras,
quantum enveloping algebra of s[(2), the Jones—Conway polynomial, Drinfeld’s
(co)quasitriangular bialgebras and Yetter—Drinfeld modules (over bialgebras). Yetter—
Drinfeld modules over Hom-bialgebras and their category have been studied in [26].
For further results about generalizations of quantum groups and related structures,
see [5,33-35]. In [12], Hom-quasi-bialgebras have been introduced and concepts like
gauge transformation and Drinfeld twist generalized. Moreover, an example of a
twisted quantum double was provided.

One of the main tools to construct examples of Hom-type algebras is the twisting
principle (called sometimes composition method). It was introduced by D. Yau for Hom-
associative algebras and since then extended to various Hom-type algebras. It allows
to construct a Hom-type algebra starting from a classical-type algebra and an algebra
homomorphism.

The twisted tensor product 4 ® g B of two associative algebras 4 and B is a certain
algebra structure on the vector space 4 ® B, defined in terms of a so-called twisting map
R: B® A — A ® B,having the property that it coincides with the usual tensor product
algebra A ® Bif R is the usual flip map. This construction was introduced in [7,27] and
it may be regarded as a representative for the Cartesian product of noncommutative
spaces. An important example of a twisted tensor product of associative algebras is
a smash product A#H, where H is a bialgebra and 4 is a left H-module algebra.
Motivated by the desire to express the multiplication of 4 ®g B as a deformation
of the multiplication of 4 ® B, in [21] was introduced the concept of pseudotwistor
(with a particular case called twistor) for an associative algebra D, with multiplication
uw:D®D — D, as alinear map T : D ® D — D ® D satisfying some axioms that
imply that the new multiplication i o T on D is also associative. It turns out that many
other deformed multiplications that appear in the literature (such as twisted bialgebras
and Fedosov products) are afforded by such pseudotwistors.

The aim of this paper is to introduce Hom-analogues of twistors, pseudotwistors
and twisted tensor products and to use them to obtain new Hom-associative algebras
starting with one or more given Hom-associative algebras.

The paper is organized as follows. In Section 2, we review the main definitions and
results about twisting associative algebras by means of twistors and pseudotwistors
and the basics on Hom-associative algebras, Hom-bialgebras and related structures.
In Section 3, we introduce the concepts of Hom-twistor, Hom-pseudotwistor, Hom-
twisting map and Hom-twisted tensor product of Hom-associative algebras; we prove
that these concepts are compatible with the twisting principle and that the Hom-
twisted tensor product can be iterated. Section 4 deals with smash products in the
Hom-setting. Given a Hom-bialgebra H and a left (respectively right) H-module
Hom-algebra A4 (respectively C) such that all structure maps ay, a4 (respectively
ac¢) are bijective, we define in a natural way a Hom-twisting map R between 4 and
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H (respectively between H and C) and a Hom-associative algebra A#H := A Qg H
(respectively H#C := H @ C), called the left (respectively right) Hom-smash product.
Given both 4 and C as above, we define also the so-called two-sided Hom-smash
product A#H#C.

In the last section, we show that Yau’s procedure of obtaining a Hom-associative
algebra from an associative algebra via the twisting principle and the procedure of
obtaining a new associative algebra from a given associative algebra via a pseudotwistor
admit a common generalization, by means of a new concept called «-pseudotwistor,
where « is an algebra endomorphism of an associative algebra.

2. Preliminaries. We work over a base field k. All algebras, linear spaces etc. will
be over k; unadorned ® means ®y. For a comultiplication A : C — C ® C on a vector
space C, we use a Sweedler-type notation A(c) = ¢; ® ¢;, for ¢ € C. Unless otherwise
specified, the (co)algebras ((co)associative or not) that will appear in what follows are
not supposed to be (co)unital, and a multiplication u : ¥V ® V' — V on a linear space
V' is denoted by juxtaposition: (v ® v') = vv'.

We recall some concepts and results, fixing the terminology to be used throughout
the paper.

DEerINITION 2.1 ([7,27]). Let (A4, iy), (B, up) be two associative algebras. A
twisting map between A and B is a linear map R: B® A — A ® B satisfying the
conditions:

Ro(idg ® pa) = (g ®idp) o (idg ® R) o (R® idy), (2.1)
Ro(up®idy) = (idq ® pp) o (R® idp) o (idp ® R). (2.2)
If this is the case, the map ug = (U4 ® up) o (idy ® R ® idp) is an associative product

on 4 ® B; the associative algebra (4 ® B, g) is denoted by 4 @z B and called the
twisted tensor product of A and B afforded by R.

If we use a Sweedler-type notation R(b ® a) = ar ® bg = a, ® b,,fora € A,b € B,
then (2.1) and (2.2) may be rewritten as

(ad)r ® br = ara, ® (br):, (2.3)
ar ® (bb")r = (ar); ® b, by, (2.4)
and the multiplication of 4 ®x B may be written as (¢ ® b)(d' ® b') = ady & brb'.

EXAMPLE 2.2. We construct a twisted tensor product of k> ® k*. The multiplication
of k? with respect to {e, e;} is defined as ejej = 8;je; for i,j=1,2, where § is the
Kronecker symbol. We provide a one-parameter family of twisting maps (A is a
parameter in k):

Rley®e)=rey®ej+re1 @ex+Aea ®ep + (A — ey ® er,
Rlei®e)=(1—-21e;®e —rer®@er+ (1 —Nex®@e; + (1 —L)ex ® e,
Rea®e)=((1=-2ei®ei+(1—Ney®ey—rea e + (1 —A)ex ® eo,
Rz ®e)=(A—1)e; ®e; +re; Qex+ rex Qep + rex Q es.

Therefore, we obtain the following new multiplication on k> ® k2:
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‘ e1 e e Qe e Qe e Qe
e Qe rer ® e rel ® e I-=Ner®er —re1®er
e1®er | (1=Mey®er (I-1e1®ex (A—1e1 ®e el ® e
e Qe rey ® e A=De®e (I1-MNa®e (I1-MNea®e
e®e —rea®e  (I-Mea®e  rer®e rex @ e

The following two concepts are versions for nonunital algebras of the ones
introduced in [21]:

DEFINITION 2.3. Let (D, 1) be an associative algebraand T: D® D - D® D a
linear map. Assume that there exist two linearmaps 77, 7> : D DQ® D - D D® D
such that the following conditions are satisfied:

T o (idp @ ) = (idp @ ) o Th o (T Q idp), (2.5)
To(u® idp) = (u® idp)o Ty o (idp @ T), (2.6)
T\ o(T®idp)o(idp ® T)=Tro(idp @ T) o (T Q idp). (2.7)

Then, DT :=(D,uoT) is also an associative algebra. The map T is called a
pseudotwistor and the two maps T4, T5 are called the companions of T.

DEFINITION 2.4. Let (D, 1) be an associative algebraand T: D® D — D® D a
linear map, with Sweedler-type notation 7(d ® d') = d” ® d/y, ford, d' € D, satisfying
the following conditions:

T o (idp @ n) = (idp @ n) o T13 0 Tha, (2.8)
To(n®idp) = (u®idp)o Tz o T, (2.9)
Tip0 Ty =Tro T, (2.10)

where we used a standard notation for the operators T, namely 71, = T ® idp,
Ty =idp®@Tand T3(d®d ®d")=d" ®d ® dy. Then, DT := (D, o T) is also
an associative algebra, and the map 7 is called a twistor for D.

Obviously, any twistor 7T is a pseudotwistor with companions T =T, = Tis.

If A ®R B is a twisted tensor product of associative algebras, the map 7 : (4 ®
B®(A®B) > (AQB)®A®B),T(a®b) (b)) =(aQbr)®(dz®Db),isa
twistor for the ordinary tensor product algebra 4 ® B and 4 ®z B = (4 ® B)! as
associative algebras, cf. [21].

We recall now several things about Hom-structures. Since various authors use
different terminology, some caution is necessary. In what follows, we use terminology
as in our previous paper [26].

DEFINITION 2.5.

(1) A Hom-associative algebra is a triple (A, u, o), in which A is a linear space,
a:A—> Aand u: A® A — A are linear maps, with notation u(a ® @) = ad,
satisfying the following conditions, for all a, @', a’ € A4:

a(ad) = a(@)a(d), (multiplicativity)
a(a)(dd”") = (ad)a(d"). (Hom — associativity)

We call « the structure map of A.
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A morphism f : (4, w4, @y) — (B, up, ap) of Hom-associative algebras is a
linearmap f : 4 — Bsuchthatagof =foayandfouy = pugo(f Qf).

(i) A Hom-coassociative coalgebra is a triple (C, A, «), in which C is a linear
space, : C — Cand A : C — C ® C are linear maps, satisfying the following
conditions:

(e®@a)oA=Aoa, (comultiplicativity)
(ARa)ocA=(a®A)oA. (Hom-coassociativity)

A morphism g : (C, A¢, a¢c) = (D, Ap, ap) of Hom-coassociative coalgebras
isalinearmapg : C — Dsuchthatapog=goacand(g®g) oAc=Apog.

REMARK 2.6. Assume that (4, u4, ay) and (B, up, ap) are two Hom-associative
algebras; then (4 ® B, 408, ¥4 ® ap) is a Hom-associative algebra (called the tensor
product of 4 and B), where u4gp is the usual multiplication: (¢ ® b)(d ® V') = ad' ®
bb'.

DEFINITION 2.7 ([30, 35]).

(1) Let (A4, p4, @4) be a Hom-associative algebra, M a linear space and oy : M —
M alinear map. A left A-module structure on (M, «),) consists of a linear map
AR M — M,a® m > a-m, satisfying the conditions:

ap(a-m) = ay(a) - ay(m), (2.11)
aa(a) - (a -m) = (ad) - ar(m), (2.12)

foralla,d € Aand m e M. If (M, aps) and (N, ay) are left 4-modules (both
A-actions denoted by -), a morphism of left 4-modules f : M — N is a linear
map satisfying the conditions ay o f = f o ay and f(a - m) = a - f(m), for all
aeAandme M.

(i1) Let (C, A¢, a¢) be a Hom-coassociative coalgebra, M a linear space and oy :
M — M a linear map. A left C-comodule structure on (M, o) consists of a
linear map A : M — C ® M satisfying the following conditions:

((XC®O[M)O)L=)LOO[M, (213)
(Ac®ay)or=(xc®Ar)oA. (2.14)

If (M, apr)and (N, o) areleft C-comodules, with structures iy, : M — CQ M
and Ay : N - C ® N, a morphism of left C-comodules g : M — N is a linear
map satisfying the conditions ay o g = goay and (idc ® g) odyy = Ay og.

DEFINITION 2.8. ([24,25]) A Hom-bialgebra is a quadruple (H, i, A, ), in which
(H, u, @) is a Hom-associative algebra, (H, A, «) is a Hom-coassociative coalgebra
and moreover A is a morphism of Hom-associative algebras.

In other words, a Hom-bialgebra is a Hom-associative algebra (H, u, o) endowed
with a linear map A : H - H ® H, with notation A(h) = h; ® hy, such that the
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following conditions are satisfied, for all 4, ' € H:

A(hy) @ a(hy) = a(h) @ A(hy), (2.15)
AGhH) = i, @ hal, (2.16)
Aa(h) = a(hr) ® a(h). (2.17)

PrOPOSITION 2.9 ([25,32]).

(i) Let (A, n) be an associative algebra and o : A — A an algebra endomorphism.
Define a new multiplication g, =aou:AQA— A. Then, (A, g, ) is a
Hom-associative algebra, denoted by A,.

(ii) Let (C,A) be a coassociative coalgebra and o :C — C a coalgebra
endomorphism. Define a new comultiplication Ay, == Aoa : C — CQ C. Then,
(C, Ay, ) is a Hom-coassociative coalgebra, denoted by C,.

(iii) Let (H, u, A) be a bialgebra and o : H — H a bialgebra endomorphism. If we
define i, and Ay asin (i) and (i), then Hy, = (H, g, Ay, @) is a Hom-bialgebra.

PropPosITION 2.10 ([35]). Let (H, uy, Ay, ay) be a Hom-bialgebra and (M, o)
and (N, ay) two left H-modules. Then, (M @ N, ap ® ay) is also a left H-module, with
H-action defined by HQ (M QN) > M QN, h@(m@n)+>h-(m®n) :=h; -mQ
]’lz - n.

DerINITION 2.11 ([31]). Let (H, ny, Ay, ay) be a Hom-bialgebra. A left H-
comodule Hom-algebrais a Hom-associative algebra (D, up, ap)endowed with a left H-
comodule structure Ap : D — H ® D such that Ap is a morphism of Hom-associative
algebras.

DEerINITION 2.12 ([30]). Let (H, uy, Ay, ay) be a Hom-bialgebra. A Hom-
associative algebra (A4, py4, ay) is called a left H-module Hom-algebra if (A, o) is
a left H-module, with action denoted by H® 4 — A, h® a+> h-a, such that the
following condition is satisfied:

o (h) - (ad) = (hy - a)hy-d), YheH, a,d € A. (2.18)

One may wonder why it was chosen &7, in the above formula (and not, for instance,
ag). The answer is provided by the following result:

PropPoSITION 2.13 ([30]). Let (H, iy, Ay) be a bialgebra and (A, uy) a left H-
module algebra in the usual sense, with action denotedby H @ A — A, h @ a — h - a. Let
a1 H — H be a bialgebra endomorphism and a4 : A — A an algebra endomorphism,
such that ay(h-a) = ag(h) - a4(a), for all h € H and a € A. If we consider the Hom-
bialgebra H,,, = (H,am o i, Ag o ap, ap) and the Hom-associative algebra A,, =
(A, 04 0 poa, a0y), then A, is a left Hy,-module Hom-algebra in the above sense, with
action Hy,, ® Ay, = A, h®ar> h>a:=ay(h-a) = ag(h) - aya).

3. Hom-pseudotwistors and Hom-twisted tensor products. We begin by
introducing the Hom-analogues of twistors and pseudotwistors.

PrOPOSITION 3.1. Let (D, u, @) be a Hom-associative algebra and T : D @ D —
D ® D a linear map. Assume that there exist two linear maps Ty, T : D@ DQ® D —
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D ® D ® D such that the following relations hold:

(®@a)oT=To(ax®a), 3.1
Tol@®u)=(@®u)oT)o(TQ idp), (3.2)
Ton®a)=(uwa)oThol(idy®T), (3.3)
T o(TQidp)o(idp @ T) =T 0 (idp @ T) o (T ® idp). (3.4

Then, DT := (D, o T, ) is also a Hom-associative algebra. The map T is called a
Hom-pseudotwistor and the two maps Ty, T, are called the companions of T.

Proof. We record first the obvious relations
o) ®a=(p®a)o (T Q idp), 3.5)
a®®uoT)=(x®u)o(idp®T). (3.6)

The fact that « is multiplicative with respect to i o T follows immediately from (3.1) and
the fact that « is multiplicative with respect to u. Now, we prove the Hom-associativity

of uoT:
(woT)o(noT)®a) = woTo(u®a)o(T @ idp)
@ po(u@a)oTo(idy® T)o (T ® idp)
(3.4)

po(u®a)oTo(T®idp)o (idp® T)
po(a®u)oTo(T®idp)o (idp® T)
poTo(x®mu)o(idp®T)
(woT)o(a®(uoT)),

finishing the proof. ]

Hom—associativity of |1
(3.2

(3:6)

DEFINITION 3.2. Let (D, u, @) be a Hom-associative algebra and 7: D ® D —
D ® D be a linear map, satisfying the following conditions:

(@Q@a)oT =To(x®a), 3.7
To(@®@mu)=(a®u)oTizo T, (3.8)
To(u®a)=(u®a)oTzo I, (3.9)
Tiro0Tr3 = Trz0 T (3.10)

Such a map T is called a Hom-twistor. Obviously, a Hom-twistor 7" is a Hom-
pseudotwistor, with companions 77 = 75 = T13, so we can consider the Hom-
associative algebra DT := (D, wo T, a).

EXAMPLE 3.3. We consider the two-dimensional Hom-associative algebra (D, u, o)
defined with respect to a basis {ey, e>} by

uler, er) = aey, pler, e2) = u(ea, e1) = Ajaey + raey,

A1 = 2x)a 2h1hoa
I—xp T

ale)) = e1, aler) = Arer + Azea,

wies, e2) = e,
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where a, A1, A» are parameters in k, with A, # 1 and a # 0. It is easy to see that D is an
associative algebra if and only if A, = 0.

We provide an example of a Hom-twistor 7 for D; it is defined with respect to the
basis by

Ter®e)=e1Qe, T(e1®e)= e1 ® ey,

|
1—x
Tex®e)=e2Qe, T(Qe)=

A &
e R ey.
l—kzz 1

By Proposition 3.1, we have the new Hom-associative algebra D = (D, ur = o T, )
whose multiplication is defined on the basis by

)\161
urer,e)) =ae;, pr(er,e)= el,
1 -2
ra
ur(es, e1) = Arae; + Araey,  pr(ez, e2) = T (Arer + Azen).
— A2

Notice that the new multiplication is no longer commutative.

PrOPOSITION 3.4. Let (D, ) be an associative algebra, o : D — D an algebra
endomorphism and T :D® D — D® D a pseudotwistor with companions T, T».
Consider the associative algebra DT = (D, wo T) and the Hom-associative algebra
Dy, = (D, a0 p,a). Assume that moreover we have (¢ ® a)o T = T o (e @ ). Then,
T is a Hom-pseudotwistor for Dy with companions Ty, T», the map « is an algebra
endomorphism of the associative algebra DT and the Hom-associative algebras (Dy)T
and (D7), coincide. In particular, if T is a twistor for D, then T is a Hom-twistor
for D,.

Proof. The only nontrivial things to prove are the relations (3.2) and (3.3) with
there replaced by the multiplication of D,, that is & o . We compute:

(@ @a)o(idp @ p)o Ty o(T Q idp)

(@ ®a)o T o(idp ® )
To(e®a)o (idp @ )
To(x® (xop)),

(@®(@op))oTio(T®idp) =
2.5

—~

s0 (3.2) holds; similarly one can prove (3.3). O
We introduce now the Hom-analogue of twisted tensor products of algebras.

DEFINITION 3.5. Let (4, w4, ay) and (B, up, ap) be two Hom-associative algebras.
Alinearmap R: B® A — A ® Biscalled a Hom-twisting map between 4 and B if the
following conditions are satisfied:

(04 ®ap)oR=Ro(ap®ay), (3.11)
Ro(ap® pa) = (na ®@ap)o(idg ® R) o (R® idys), (3.12)
Ro(ip® ) = (@4 ® jug) o (R® idg) o (idy @ R). (3.13)
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If we use the standard Sweedler-type notation R(b ® a) = agr ® bg = a, ® b,, for
a € A, b € B, then the above conditions may be rewritten as

ay(ar) ® ap(br) = ay(a)r ® ap(b)r, (3.14)
(ad")r ® ap(b)r = ara, ® ap((br),), (3.15)
aq(@)r @ (b)) = a4((ar)r) @ b.bl, (3.16)

foralla,a € Aand b, b’ € B.

PROPOSITION 3.6. Let (A, ny4, ay) and (B, g, ag) be two Hom-associative algebras
and R: B A - A® B a Hom-twisting map. Define the linear map T : (A Q B) ®
(A®B) > (A®B)R(A®B), T(a®b)® (@ ®V))=(a®br) ® (ag ®D'). Then, T
is a Hom-twistor for the Hom-associative algebra (A ® B, 498, ¥4 ® op), the tensor
product of A and B. The Hom-associative algebra (A @ B)T is denoted by A @ B and
is called the Hom-twisted tensor product of A and B, its multiplication is defined by
(a®b)(d @)= ady @ brl', and the structure map is ay ® op.

Proof. We need to prove that T satisfies the conditions (3.7)—(3.10) for 4 ® B.
The condition (3.10) is trivially satisfied, (3.7) follows immediately from (3.14), while
(3.8) and (3.9) follow after some easy computations by using (3.15) and respectively
(3.16). g

REMARK 3.7. Let (A4, 4, @4) and (B, up, ap) be two Hom-associative algebras.
Then obviously the linear map R: B® 4 > AQ B, Rb®a)=a®b, is a Hom-
twisting map and the Hom-twisted tensor product 4 ® g B coincides with the ordinary
tensor product 4 ® B.

ExAMPLE 3.8. We assume that the characteristic of k is zero and consider the
algebra D defined in Example 3.3 with A; £ 0 and A, = 0. Recall that this D is
associative, but we regard it as a Hom-associative algebra with the same multiplication
but with structure map as defined in Example 3.3, that is a(e) = ey, a(ez) = A1e1. One
can see that this Hom-associative algebra D is a twisting, in the sense of Proposition
2.9, of the associative algebra D, via the map «. We introduce two families of examples
of Hom-twisting maps, denoted by R; and R;, between this Hom-associative algebra
and itself. They are defined with respect to the given basis by

Ri(e; ® ¢1) =0,

Ri(e1 ® e2) = aje; ® e1 + me; ® e — (az + ;f—i) e ® ey,

Ri(ex ®e)) = aze; ® e — 2%1(611 +a3 —as+as +2ahr)e; ® e
+2LM(6!1 —az —as+ as + 2ax1)ex @ ey,

Ri(e2 ® e2) = %1(611 +az —as —as)e; ® e; +ase; @ ex + asex e

1
——(a+as+ a4+ as)er @ ex
201
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and
Ry(e1 ® e)) = e ® ey,
a
Ro(eg ® ex) = aje; @ e) + arey ® e + <1 —a — )L—l> e ®er,
1
1
Ry(ez ® e)) = aze; Q ey — X(m +az—as+ as+ 2ah —201)e; ® ez
1
1
+K(al —az — asy + as + 2axh)ex ® ey,
1
A
Ry(er ® ey) = ?l(al +as—as —as)e; @ e) + ase; @ ex + asex ® e
1
—— (@ +a+a+as—21)er R e,
2X1
where ay, . .., as are parameters in k. It is worth mentioning that in general R; and R,

are not twisting maps for the associative algebra D.

EXAMPLE 3.9. We present now a family of examples of Hom-twisting maps between
the Hom-associative algebra D defined in Example 3.3, for which we choose again
A1 # 0, A, = 0, and the associative algebra k? (with a basis {fi, f>} with multiplication
fi-f; = 8fi, for i, j € {1, 2}, where §; is the Kronecker symbol), considered as a Hom-
associative algebra with structure map equal to the identity. Namely, the twisting maps
are defined with respect to the bases by the following formulae:

R(fi®e) =0,

aj a
R(fi ® e2) = aje; ® f1 + aze; ®f2_)»_1€2®f1_)»_162®f2’
R(f, ®e) =0,

R(fr ® e2) = a1rie1 @ fi + mriel @ fr —a1e2  fi — arer R fo,

where a;, a, are parameters in k. Note also that in general R is not a twisting map
between the associative algebras D and k?, therefore the obtained algebra is no longer
associative.

PROPOSITION 3.10. Let (A4, 4) and (B, ) be two associative algebras, a g : A — A
and ag : B— B algebra maps and R: BQ A — A ® B a twisting map satisfying the
condition (g @ ag)o R = Ro (g ® ay). Then, R is a Hom-twisting map between the
Hom-associative algebras A,, and By, and the Hom-associative algebras Ay, @r By,
and (A g B)w,0a, coincide.

Proof. Note first that o4 ® ap is an algebra endomorphism of 4 ® g B because of
the relation (¢y ® ag) o R = Ro (ap ® ay). We need to prove (3.12) and (3.13) with
those u 4 and wp replaced by @y o 4 and respectively ag o up. We prove only (3.12),
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while (3.13) is similar and left to the reader:

((@goug)Qap)o(idg@ R)o(R®idy) = (vq ® ap)o (g ® idp)
o(idg ® R) o (R® idy)

% (@4 ® ap) o Ro (ids ® prs)

= Ro(ap®ay)o (idp® y)
= Ro(up® (g0 1y)), gq.ed.

The fact that the multiplications of A,, ®r By, and (4 ®r B)a,ga, coincide is an
immediate consequence of the relation (¢y ® ag) o R = Ro (ap ® ay). ]

Let (A4, 1 4) be a (not necessarily associative) algebra over &, let ¢ € k be a nonzero
fixed element and o : A — A an involutive (i.e. o> = id,) algebra automorphism. We
denote by C(k, ¢) the two-dimensional associative algebra k[v]/(v> = ¢). Define the
linear map

R:Clk,)®@A—> A®C(k,q), RI®a)=a®1, Rv®a)=c(@®v, (3.17)

forall a € A. The Clifford process, as introduced in [1], [39], associates to the pair (4, o)
a (not necessarily associative) algebra structure on 4 ® C(k, ¢), with multiplication

@®1+b8v)(c®1+d®v)=(ac+ qbo(d)) ® 1+ (ad + bo(c)) ® v, (3.18)

for all a, b, ¢, d € A. This algebra structure is denoted by 4. As noted in [1], if 4 is
associative then so is 4, and in this case R is a twisting map and A is the twisted tensor
product of associative algebras 4 = 4 ® C(k, q). If A is a quasialgebra, i.e. 4 is a left
H-module algebra over a quasi-bialgebra H and moreover o is H-linear, then 4 is also
a quasialgebra, cf. [2].

Assume now that (A4, uy4, ay) is Hom-associative and we have a4 o0 = 0 o ay.
We can regard B = C(k, ¢) as a Hom-associative algebra with ap = id.

PROPOSITION 3.11. The map R defined by (3.17 ) is a Hom-twisting map and the Hom-
twisted tensor product A g C(k, q) and A are isomorphic as algebras. Consequently, A
is a Hom-associative algebra.

Proof. We begin with (3.11), which is enough to be checked on elements of the
type l ® aand v ® a, with a € A4:

(g ®id)o R(1®@a)=(4 Q@id)(a® 1) =ay(a) ® 1
= R(1®ay(a)) = (Ro(id® ay))(l ® a),

(ag ® id) o R)(v ® a) = (a4 ® id)(0(a) ® v) = a4(0(a)) ® v = o(aa(a)) @ v
= R(v @ ay(a)) = (Ro (id ® ay))(v ® a).

Similarly, one has to check (3.12) on elements of the type 1 ® ¢« ® ¢ and v Q@ a ® d’
and (3.13) on elements of the type 1 @ 1 ® ¢, | @ v® ¢, v ® 1 ® a and v ® v ® a, with
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a,da € A. Let us only check (3.13) onv ® v ® a:

(Ro(u®ax)(v®v®a)= RO’ ®as(a) = R(gl ® as(a) = qas(@) ® 1,

(@4 @p)o(RQid)o(id®R)(v®v®a) = ((as @ u)o (RQ id))(v®o(a) ®v)
= (a4 ® WO (@) @V O V)
=a @)@ v =as(a) @ ql, gq.ed.

The fact that 4 is exactly the Hom-twisted tensor product 4 ® C(k, ¢) is obvious. []

REMARK 3.12. In particular, if (4, @ 4, 4) is 2 Hom-associative algebra such that
afi = id4, we can perform the Clifford process with o := a4 to obtain the new Hom-
associative algebra A.

We prove that, under certain circumstances, Hom-twisted tensor products can be
iterated, generalizing thus the corresponding result obtained for associative algebras
in [16].

THEOREM 3.13. Let (A, pa,0y), (B, upg,ap) and (C, uc,ac) be three Hom-
associative algebras and R| : BQ A — AQB, R, :C®B—->BRC, R :CR®A4A—
A ® C three Hom-twisting maps, satisfying the braid condition

(idgy ® Ry) o (R3 ® idp) o (idc ® R1) = (R ® id¢) o (idg ® R3) o (R, ® idy). 3.19)
Define the maps

P :CR®(A®r B)—> (AQr B)®C, Py =(id4® Ry)o(R;® idp),
P> (B®R2 C)®A — A®(B®R2 C), P, = (R1 ®idc)0(id3®R3).

Then, P, is a Hom-twisting map between A ®g, B and C, P, is a Hom-twisting map
between A and B ®g, C, and the Hom-associative algebras (A @, B) ®p, C and A ®p,
(B ®r, C) coincide; this Hom-associative algebra will be denoted by A @g, B Qr, C and
will be called the iterated Hom-twisted tensor product of 4, B, C.

Proof. We prove that P is a Hom-twisting map (the proof for P, is similar and
left to the reader). We will use the Sweedler-type notation introduced before. With
this notation, P; is defined by Pi(c ® a ® b) = ag, ® br, ® (cr,)r,, and (3.19) may be
written as

(aR])RS ® (le)Rz ® (cRs)Rz = (aR3)Rl Y (bRZ)R] Y (CRz)Rz’ (320)
forallae A,b € B, c € C. We prove (3.11) for Py:

(g @ap@ac)o P)(c®a®b) = aylar,) ® ap(br,) ® ac((cr;)r,)

(3.14)
=" ay(ag,) ® ap(b)r, ® ac(cr;)r,

G o a)r, ® ap(b)r, ® (@c(C)r,)r,

= (Pio(ac®@as@ap))(c®@a®b), q.ed.

Now, we prove (3.12) for Py:
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(Pro(ac® pag, B)c®a®@b®d QD)
= P (Olc(c) ® aa/Rl ® leb/)

= (adp,)r, ® (br,b')r, ® (tc(C)r:)r,

3.15 , ,
( = ) aR} (aR] )1‘3 ® (leb )Rz ® aC((CR3)I‘3)R3

C2) gy e ® (b)) Rl ® Ac(((CR)rs)R)rs),

(Hagr, B ®ac) o (idy ® idg ® P) o (P ®idy ® idp))(c®a®@b®d @)

= ((Hagy B ®ac) o (ids ® idp ® P1))ar, ® br, ® (cr,)r, ® d ® D)
= (Uagy B ®ac)(ar, ® br, ® a,, ® b, & ((cR,)R,)ry)r,)

= ap,(a,,)r, ® (br,)r,b), ® ac(((cry)R)rs)r,)

3.20 , ,
C2 apy(dy ) ® (br)rob, ® ac((Cr)r)r)rn)s goed.

Finally, we prove (3.13) for Py:

(Pro(nc®@a s ®@ap))c®d®a®b) = Pi(cc’ @ ay(a)® ap(h))

= ay(@)r, @ apb)r, ® ((CC,)Rz)Rz

3.16 /
C2 04 ((are)ry) ® ap(b)r, ® (crsCr ),

C2 4 (@R )rs) ® @s((BRy)rs) @ (€r)rs(Ch s

(04 ®ap®puc)o (P ®idc)o(idc® P))c® ®a®b)

= (04 ®ap ® puc) o (P ® ide))(c ® ag, ® br, ® (cg,)r,)
= (o4 ® ap ® uc)(@ry)ry ® (br,)r, ® (¢r)r, ® (Ci)R)
= aA((aR3)r3) ® aB((sz)rz) ® (Crg)rg(clle3)Rz)» qed

The fact that (4 ®r, B) ®p, C and 4 ®p, (B ®r, C) coincide is obvious, because
the multiplications in these algebras are both defined by (¢ ® bR ¢)(d @ b’ ® ¢') =
[

a(dp,)r, ® br, b, ® (Cr;)R,C-

4. Hom-smash products. We introduce now a Hom-analogue of the smash
product.

THEOREM 4.1. Let (H, iy, Ay, ag) be a Hom-bialgebra, (A, u4,ay) a left H-
module Hom-algebra, with action denoted by HQ® A — A, h® a +— h - a, and assume
that the structure maps oy and o4 are both bijective. Define the linear map

R:H®A— AQH, Rh®a)=a;(h)- a;'(@)®ay (). 4.1

Then, R is a Hom-twisting map between A and H. Consequently, we can consider the
Hom-associative algebra A @ g H, which is denoted by A#H (we denote a @ h := a#h,
forae A, h € H) and called the Hom-smash product of 4 and H. The structure map
of A#H is ay @ ay and its multiplication is

(atth)(d'#H) = a(og’(hy) - o (d )y ()l .

https://doi.org/10.1017/50017089515000294 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089515000294

526 ABDENACER MAKHLOUF AND FLORIN PANAITE

Proof. We need to prove that R satisfies the conditions (3.11)—(3.13).
Proof of (3.11):
(s ®ap)o R)(h®a) = OtA(OlEZ(hl) ~o; (@) ® ooy ()
Oy () - a ® .

(Ro(apg @ ay))(h® a) R(ap(h) @ aq(a))
= af(an(h)) - o (@i(@) ® ag' (an(h))
CL 2 an(h) - a @ ag (on(h))

= a,}l(hl)-a@)hz, q.ed.

Proof of (3.12):

(Ro(ay @ p))h®a®d) = Rlay(h)® ad)
= ap(an(h)) - o' (ad) ® ey (au(h),)

CD o () - a7 (ad) @ o,
(s @ ap)o(ids @ R) o (R® id)h®a® )

= (4 ®@an)o (ids ® R) o (h) -y (@) ® ap' (h) @ d)

= (4 ®@ag)ag (h) -y (@) ® ay(ay' (h)) - o' (d) ® ay' (@) (h2)2)
)

L () - o @l (o)) - o (@)] @ e ((2)2)
O o () - o @l ((n)2) - o (@)] ®
C2 gt (b - o @l ()2 - ' (@) @ o

e aHl (1) - (e (@' (@) ® b

= ay (hl)-ocA (ad)® hy, q.ed.

Proof of (3.13):
(Ro(up®@a))h®h ®a) = R ® a(a))
= a2 () - aq (@a(@) ® agf (hH)s)
L9 o 2 h) - a @ ey (o),

(g ® up) o (R idy) o (idy @ R)(h @ N ® a)

= (04 ® pm) o (R® idp))(h ® ey’ (Hy) - oy ' (@) ® ey (H2)
= (o ® e () - oy (a () - 0 (@) @ ay () ® ey ()

2 (e () - o () - a2 (@) ® gy (hahty)
= s e ()] - o5 (@) @ ! (o)

211)  _ , _
CLY 02 (k) - a ® oy (halh)),

finishing the proof.
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EXAMPLE 4.2. We consider the class of examples of U,(sl,),-module Hom-algebra
structures on &3‘% given in [35, Example 5.7] (here, we take the base field k = C). The
quantum group U,(sl,) is generated as a unital associative algebra by four generators
{E, F, K, K~'} with relations

KK '=1=K"K,
KE = ¢*EK, KF = ¢ *FK,
K—-K!
q-q"
where g € C with ¢ # 0, ¢ # +1. The comultiplication is defined by

EF — FE =

AEY=1®9E+EQK,

AF)=K'®F+F®l,

AK)=K®K, A KH)=K'oK™.
We fix & € C, A # 0. The Hom-bialgebra U,(sl2), = (Uy(sl2), o, Aq. @) is defined by
e =aou and A, = A o, where u and A are respectively the multiplication and

comultiplication of U,(slr) and o : U,(slh) — U,(sl») is a bialgebra morphism such
that

a(E) = AE, a(F) = 17"'F, a(K) =K, a(K~ ) =K.

Let Ajlo = k(x, y)/(yx — gxy) be the quantum plane. We fix also some & € C, & #£ 0.
The Hom-quantum plane A;!% = (Aﬁ'o, wp, B) is defined by pg = B o pa, where pa

is the multiplication in A;‘O and 8 : Aé'o — Aé'o is an algebra morphism such that
B(x) = £x, B(y) = £A~'y. Then, for any integer / > 0 thereis a U,(sl5)-module Hom-
algebra structure on A;!% defined by

PUE. X"y") = [ 6y
pi(F, xX"y") = [m]qé:m-f'ﬂ)\—/—n—lxm—]yn.g.]
pKH!, P) = P(g™éx, g7 E17"y),

—n

where P = P(x, y) € Afl‘o and [n], = %-
Notice that both @ and  are bijective for A # 0 and & # 0. According to Theorem

4.1, the map R : Uy(sh)y ® Ai% — Ai% ® U,(sly), defined in (4.1) leads to a smash

product Ai%# U,(sl»), whose multiplication is defined by
(atth)(d #h) = a(a™*(h) - B~ (d))#a~ (ha)l .
In particular, if we choose / = 0, then for any G € U, (sl) and m, n, r, s € N we have

("4 Kt YNV HG) = qirqm+nr gmres ) —n—s ymor yn+x# Ko (G),
("YHE)X Y HG) = g sttty o (G)
_}_[S]qqn(r-kl)é_-m+n+r+sk—n—s+ 1 xm+r+1yn+s—1 #K(X(G),
("YHE) XY HG) = ¢ T gm it ) mnmsm Lty it g Fo (G)
+[r]qqn(r— l)%-m-‘rn-‘rl‘-‘rs)h—n—x— 1 xl11+l‘— lyn+x+l #a(G),

where Ka(G), Ea(G)and Fa(G) are multiplications in Uy(sl,).
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PROPOSITION 4.3. In the hypotheses of and with notation as in Proposition 2.13, and
assuming moreover that the maps oy and a4 are both bijective, if we denote by A#H
the usual smash product between A and H, then o4 ® ay is an algebra endomorphism of
A#H and the Hom-associative algebras (A#H )y ,9a, and Ay, #H,,, coincide.

Proof. We recall that the multiplication of A#H is defined by (a#th)(d'#h') =
a(hy - a)#hyl, and the smash product A#H is the twisted tensor product 4 ®p H,
where P is the twisting map P: H® A - AQ H, P(h® a) = h; - a® hy. By using
the condition a 4(/ - a) = ay(h) - @ 4(a), one can prove immediately that we have (o4 ®
apg)o P =Po(ayg ® ay). We are thus in the hypotheses of Proposition 3.10, so the
Hom-associative algebras (A#H )y 04, and Ay, ®p H,,, coincide. So, the proof will be
finished if we show that the Hom-twisting map R affording the Hom-smash product
Ay #H,, and the map P actually coincide. We compute this map R (using the structures
of Ay, and H,,,):

R(h ® a) = a*(ap(h)) > a;' (@) @ ag' (@ (h),)
= ay' () > oy (@) ® I
=h-a®h =PhQ a),

so indeed we have R = P. O

We will need in what follows the right-handed and two-sided analogues of left
comodules and comodule algebras over Hom-coassociative coalgebras and Hom-
bialgebras.

DEeFINITION 4.4. Let (C, A¢, a¢) be a Hom-coassociative coalgebra, M a linear
space and ay; : M — M a linear map.
(1) A right C-comodule structure on (M, ays) consists of a linear map p : M —
M ® C satisfying the following conditions:

(am ®ac)op=poay, 4.2)
(o ® Ac)op=(p®ac)op. (4.3)

(i1) If (M, apr)is both a left C-comodule with structure A : M — C ® M and aright
C-comodule with structure p : M — M ® C, then M is called a C-bicomodule
f(A®ac)op =(xc®p)oA.

Obviously, (C, a¢) itself is a C-bicomodule, with p = A = Ac¢.

DEFINITION 4.5. Let (H, gy, Ay, ag) be a Hom-bialgebra.

(1) A right H-comodule Hom-algebra is a Hom-associative algebra (D, up, ap)
endowed with a right H-comodule structure pp : D — D ® H such that pp is
a morphism of Hom-associative algebras.

(i) An H-bicomodule Hom-algebra is a Hom-associative algebra (D, up, ap) that
is both a left and a right H-comodule Hom-algebra and such that the left and
right H-comodule structures form an H-bicomodule.

PROPOSITION 4.6. Let (H, g, Ay, ay) be a Hom-bialgebra and (A, py4, ay) a left
H-module Hom-algebra, with action denoted by H @ A — A, h® a+> h - a, such that
the structure maps oy and a4 are both bijective. Then, the Hom-smash product A#H
is a right H-comodule Hom-algebra, via the linear map pauy : A#H — (A#H) ® H,
pagr(atth) = (aa(a)tth) ® ho.
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Proof. First, we prove (4.3) for the map pup:

(a4 ® ay ® Ap) o pagm)atth) = af(ayton(h) ® ()i ® (ha)s

@15 (@) ® (h)2 ® ap(hy)

= ((papn ® o) o pagn)(atth), q.ed.

The relation (04 @ oy @ ay) 0 Py = Papn © (a4 @ ay) follows immediately from
(2.17), so the only thing left to prove is the multiplicativity of p4g; We compute:

pagr(a(ey’(hy) - o (@ )ty (o))

= aglalag () - ag (@) () ) @ (ag (h)K )
CHLID o @) () - d)ttag; ()i ® gy (ha)alhy
as(@)og (hy) - d Yy () ® ey (h)2)h)
aa(@) (a2 ((h)) - d oy ()2} ® halty,

pagn((a#th)(d #h'))

@.17)

2.15)

pant(a#h)pun(d #h') = (aq(@)#h) @ ho)(aq(a)#h)) @ )
= (aq(a)#th ) aa(d)#h)) @ hol,
= as(@) oy ((h)h) - dYttay (h)2)h) & o),

and obviously the two terms are equal. O

DEeFINITION 4.7 ([26]). Let (H, uy, Ay, o) be a Hom-bialgebra, M a linear space
and oy : M — M a linear map such that (M, ay,) is a left H-module with action
HOM — M, h@m h-m and a left H-comodule with coaction M — H® M,
m > m1y @ my. Then, (M, ay) is called a (left-left) Yetter-Drinfeld module over H
if the following relation holds, forallh € H, m € M:

(hy - m)_1yogy(ha) ® (hy - m)oy = ag(h)o(m—1)) ® e (ha) - M. 4.4

LEMMA 4.8. Let (A, u, o) be a Hom-associative algebra such that « is bijective and
let a, b, c,d € A. Then, the following relation holds:

(ab)(cd) = a(a) (@~ (be)d). 4.5)

Proof. A straightforward computation, using the definition of a Hom-associative
algebra. 0

PROPOSITION 4.9. In the hypotheses of and with notation as in Proposition 4.6, assume
that moreover (4, ay) is a left H-comodule with structure A — H ® A, a — a1, ® a),
such that (A, pg4, ay) is a left H-comodule Hom-algebra and (A, ay) is a (left-left)
Yetter—Drinfeld module over H. Then, A#H is an H-bicomodule Hom-algebra, via the
map paupg defined in Proposition 4.6 and the linear map hqugy - AHH — H @ (A#H),
Aagn(a#th) = acnh @ (ao#h).

Proof. The fact that A4y is a left H-comodule structure follows from [35],
Proposition 5.3 (A 44 is just the tensor product of the left H-comodules 4 and H). We
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check the bicomodule condition:

((Aagm ® ap) o pagm)atth) = Qapn @ ap)(cs(@)ith) @ ha)
aq(@)—1(m) ® (ag(a)o#(h)2) @ ap(hy)
ap(acr)en(h) ® (as(aw)#h)1) ® ()2
= (au ® pagn)a-nh & (ao#h))

= ((ag ® pagn) o ragn)atth), q.ed.

(2.15), (2.13)

The only thing left to prove is that A 445 is multiplicative. We compute:
Aann((atth)(a #h'))

Malay () - ag' @)ty (ha)h')

[acny (o () - ey (@) -pllag ()i k)] @ agy (e () - ey (@)oo, (h2)a)
= lacnlag () - e (@)l ()R] @ apeay’(h) - o' (@))o)

#ay (h)2)hh

D) facn (o () - e @) nlleg (1)), ® a)e (i) - a7 (d)oytthal

=" aplaciylog ey ((h)) - a;' (@)-neg' ()2}
®a (o (h)h) - ey (@) oy #halt)y

= aglacylog' [y (h)) - o (@) -nag (e’ ()}
®a) (g (h)h) - ey (@)ool

= aglaciylog [z (h)r - oy (@) neg (o ()M}

®ay @z () - o' (@))oytthahy

L aplac g e (m)Dentes @) i)

®aq)(an(ag (h)2) - o (@)o)#halth

2.13 _ _ , ’ — — — ’ ’
CLY a(aciloy (g (h)1a_ ) ® aoag @ (n)2) - o @) #holty

E Loy ()DNa_1) ] ® aoyes () - oy @) hai)

@15 . ~ o _ )
= [anmlai_ 1] @ apy (e () - o (alo ey (h2))H)

= [acnlla_ 1] ® (ao#ha)(ag)tth)
Aagr(atth)h ay(a #1),

finishing the proof. O

In order to define two-sided Hom-smash products, we need first the right-handed
versions of some concepts and results presented so far; the proofs of these analogues
are left to the reader.

DEFINITION 4.10. Let (A, p 4, @4) be a Hom-associative algebra, M a linear space
and ay : M — M a linear map. A right A-module structure on (M, a)s) consists of a
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linearmap M @ A — M, m ® a — m - a, satisfying the conditions:

ay(m-a) = ay(m) - ay(a), (4.6)
(m-a)-ay(d) = ay(m)- (ad), 4.7)

for all a,d € A and m e M. If (M, aps) and (N, ay) are right 4-modules (both A-
actions denoted by -), a morphism of right 4-modules /' : M — N is a linear map
satisfying the conditions ay of = foay and f(m-a) = f(m) - a, for all a € 4 and
meM.

DEFINITION 4.11. Assume that (H, uy, Ay, ay) is a Hom-bialgebra. A Hom-
associative algebra (C, ¢, a¢) is called a right H-module Hom-algebra if (C, ac) is
a right H-module, with action denoted by C® H — C, ¢ ® h+> c¢ - h, such that the
following condition is satisfied:

(c)-az(h)y=(c-h)( -h), YheH, ¢, €C. (4.8)

PROPOSITION 4.12. Let (H, ny, Ay) be a bialgebra and (C, wc) a right H-module
algebra in the usual sense, with action denoted by CQ H — C, cQ h+> ¢-h. Let
ay : H — H be a bialgebra endomorphism and a¢c : C — C an algebra endomorphism,
such that ac(c-h) = ac(c) - ay(h), for all h € H and ¢ € C. Then, the Hom-associative
algebra C,. = (C, ac o pc, ac) becomes a right module Hom-algebra over the Hom-
bialgebra H,,, = (H, oy o g, A o gy, apr), with action defined by Cy. ® Hy,, — Cy,,
cQh> cah:=ac(c-h) =ac(c) - ag(h).

THEOREM 4.13. Let (H, ny, Ay, ay) be a Hom-bialgebra, (C, ¢, ac) a right H-
module Hom-algebra, with action denoted by C® H — C, ¢ @ h+ ¢ - h, and assume
that the structure maps ay and oc are both bijective. Define the linear map

R:C®H—->H®C, R(c®h) =ay (h)®ag'(c)- ag(h). (4.9)

Then, R is a Hom-twisting map between H and C. Consequently, we can consider the
Hom-associative algebra H @ C, which is denoted by H#C (we denote h @ ¢ := h#tc,
for c € C, h € H) and called the Hom-smash product of H and C. The structure map
of H#C is ag ® ac and its multiplication is

(htc) (W #¢) = hay (W)#(ac' (c) - af(By))C .

PROPOSITION 4.14. In the hypotheses of and with notation as in Proposition 4.12, and
assuming moreover that the maps ay and ac are both bijective, if we denote by H#C the
usual smash product between H and C (whose multiplication is (h#c)(W#c') = hhi#(c -
'), then ay ® ac is an algebra endomorphism of H#C and the Hom-associative
algebras (H#C)oy ga. and Hy, #C,,. coincide.

PROPOSITION 4.15. Let (H, iy, Ay, ay) be a Hom-bialgebra and (C, ¢, ac) a
right H-module Hom-algebra, with action denoted by CQ@ H — C, c Q@ h+> ¢ - h, such
that the structure maps ay and ac are both bijective. Then, the Hom-smash product
H#C is a left H-comodule Hom-algebra, via the map igyc : H#C — H @ (H#C),
ruagc(htte) = h @ (hattac(c)).
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We are now in the position to define the two-sided Hom-smash product, as a
particular case of an iterated Hom-twisted tensor product.

PROPOSITION 4.16. Let (H, uy, Ay, ag) be a Hom-bialgebra, (A, 14, oq) a left
H-module Hom-algebra and (C, ¢, ac) a right H-module Hom-algebra, with actions
denotedby H® A — A, h®@avr> h-aandCQ H — C, ¢ ® h+— ¢ - h, and assume that
the structure maps oy, oy, ac are bijective. Consider the Hom-twisting maps defined by
(4.1) and (4.9), namely

R:H®A—>A®H, Ri(h®a)=ay’(h)- o;'(a)®ay(h).
Ry:C®H— H®C, Ryc®h) =ay (h)®az'(c) ay(h),
as well as the trivial Hom-twistingmap R3 : C® A — AQ® C, R3(c® a) = a ® c. Then,
R\, Ry, Rj satisfy the braid relation, so, by Theorem 3.13, we can consider the iterated

Hom-twisted tensor product A @, H ®g, C, which will be denoted by A#H#C and will
be called the two-sided Hom-smash product. Its multiplication is defined by

(atthtte)(d #H #c) = ala(h) - o (@ )ay (hh)#ac (©) - ap’ (),
and its structure map is o4 @ oy Q ac.
Proof. We only need to prove the braid relation. We compute:
((id4 ® R2) o (R3 ®@ idy) o (idc ® Ri))(c @ h ® a)

= ((ids ® Ry) o (R3 ® idp))(c ® oy’ (1) - o' (@) ® oy ()
= (ids ® R)ag () - o' (@) ® c ® ay' ()

o7 (hl) ay (a) & OZHI(O‘Hl(hZ)l) &® acl(C) oy (O‘H (h2)2)
@17 O‘I_{ (hy) - a;l(a) Q ay ((hz)l) ®ac (C) a;13((h2)2)

(R ®idc)o(idyg ® R3) o (R ®idg))(c®@h® a)

= ((Ri ®idc) o (idy ® R3))ay' (h) ® ag'(c) - ap(h) ® a)
(R ® idc)(ay (h) ® a® ag'(c) - ayf(ha))
= ap(ay (h)) o' (@) @ ey (g (h)2) @ e (0) - ap(h)

CL a2 () - 0 (@) ® g (h)2) ® g (€) - g (o)
CD a2 (h) - a7 (@) @ a2 (o)1) ® ad () - g (h)a),
finishing the proof. O

5. Hom-associative algebras obtained from associative algebras. Our aim now
is to show that two procedures recalled in the Preliminaries, the one of twisting an
associative algebra by a pseudotwistor to obtain another associative algebra and Yau’s
procedure of twisting an associative algebra by an endomorphism to obtain a Hom-
associative algebra admit a common generalization.

THEOREM 5.1. Let (A, ) be an associative algebra, o : A — A an algebra
endomorphism, T:AQA—> AQA and T\, T):AQARA—> AR AR A linear
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maps, satisfying the following conditions:

(®a)oT=To(x®a), 5.1
To(ids®p) = (ids @ u)o T1 o (T @ id,), (5.2)
To(n®ids)=(uids)o Tro(ids® T), (5.3)
Ty o(TQidy)o(@®@T)=Tr0(idsy®T)o (T ® ). (5.4)

Then, (A, wo T, «) is a Hom-associative algebra, which is denoted by AL. The map T is
called an a-pseudotwistor and the two maps T}, T> are called the companions of T.

Proof. We record first the obvious relations

(moT)®@a=(n®ids) o(T @), (5.5)
Q@ uoT)=(>G(ds@u)o(a®T). (5.6)

The fact that « is multiplicative with respect to i o T follows immediately from (5.1)
and the fact that « is multiplicative with respect to w, so we only have to prove the
Hom-associativity of i o T. We compute:

(oTyo(noT®a) = poTo(ueid)o(T®a)
Y pou®idyoTho(ids® T)o (T ®a)
(5.4)

= po(u®idg)oTio(TQidg)o(x®T)
awodatity 1 (idy @ ) o Ty o (T @ idy) o (@ ® T)
noTo(idy@u)o(@a®T)
(moT)o(a®(noT)),

5.2)

5.6)

finishing the proof. U]

Obviously, if (4, ) is an associative algebra and we take o =idy, an «-
pseudotwistor is the same thing as a pseudotwistor and the Hom-associative algebra
AT is actually associative.

We show now that Yau’s procedure is a particular case of Theorem 5.1.

PROPOSITION 5.2. Let (A, 1) be an associative algebra and o : A — A an algebra
endomorphism. Define the maps

T:-AQA—> AQA, T=u0Qa,

TW:AQA®A—> ARARA, Ti=idi®id; ®«,
Th:AQARA—> ARARA, Th=a®id;®id,.

Then, T is an a-pseudotwistor with companions Ty, T and the Hom-associative algebras
AT and A, coincide.
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Proof. The condition (5.1) is obviously satisfied. We check (5.2), for a, b, ¢ € A4:

(ids ® p)o T o (T @ id))a®b® ¢) = ((ids ® 1) o Th)((a) ® a(h) ® ¢)
= (id4 ® p)(e(a) ® a(b) ® a(c))

ala) ® a(b)a(c)

a(a) ® a(bc)

=T(a® bc)

=(To(idg@u)a®b®c), gq.ed.

The condition (5.3) is similar, so we check (5.4):

(T o(T®idg)o(@®@ T a®b®c) = (T1 o (T ® idy))e(a) ® a(b) ® a(c))
= Ti(e* (@) ® &*(h) ® a(c))
= a’(a) ® &*(b) ® a*(¢)
= Dr(a(a) ® a*(b) ® a*(¢))
= (T 0 (idy ® T))(e(a) ® a(h) ® a(c))
=(Tho(ids@To(TRa))(a®bRc), q.ed.
The fact that AT and 4, coincide is obvious. g

DEFINITION 5.3. Let (A4, u4) and (B, ug) be two associative algebrasand oy : 4 —
A and ap : B — B two bijective algebra endomorphisms. A linear map R: B A —
A ® B is called (a4, ap)-twisting map if the following conditions are satisfied:

(04 ®ap)o R= Ro(ap®ay), (5.7)
Ro(idp ® ny) = (na ® idp) o (idy ® R) o (idg @ ap' @ idy)o (R® idy), (5.8)
Ro(up®idy) = (ids ® jup) o (R® idp) o (idg ® a' ® idg) o (idg ® R). (5.9)

PROPOSITION 5.4. If R is an (a4, ag)-twisting map as above, then the linear map

T:(A®B)®(A® B) — (A® B)® (4 ® B),
T((a®b)® (d ®@b)) = (as(a) ® br) ® (ak ® ap(b)),

is an o4 @ ag-pseudotwistor for the associative algebra A ® B, with companions
Ti=Tio(a) ®ay ®idq® idp ® idy ® idp),
Ty=Ti0(ids ®idp ® idy ® idg ® ay' @ az).

The Hom-associative algebra (A ® B)! . called the (a4, ap)-twisted tensor product of

a4 4Qup
A and B, is denoted by A(a4) ®r Blap), its multiplicationis (a ® b)(d ® V') = a4 (a)dy ®
bRO[B(b/).

Proof. Note first that (5.8) and (5.9) may be written is Sweedler-type notation as

(ad)r ® br = ard, ® ap'(bp)r, (5.10)
ar ® (bb')g = o' (ag)r @ bby. (5.11)

We need to check the conditions (5.1)—(5.4) for T’; (5.1) follows immediately from (5.7).

https://doi.org/10.1017/50017089515000294 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089515000294

TWISTING OPERATORS, TWISTED TENSOR PRODUCTS 535
Proof of (5.2): We compute:
((idg ®idg ® ppagg) o T1 o (T ® idy Q@ idp))a@bRd Qb ®d’ Qb")

= ((ids ® idg ® pags) o Tiz o (' ® o' ® idy ® idp

®idy ® idg))es(a) @ br @ dy @ ap(b) @ d’ @ b”)
= ((id4 ®idp ® Lagp) o Ti3)a®@ ap'(br) @ dy ® ap(h) @ d' ®b")
= (id4 Qidp @ [Lagp)s(a) ® Oégl(bR)r ®dr @ ap(l) ® d ® ap(d”))
(@4(a) ® ap'(bR), ® dpal ® ag(b'h")

"= 04(a) @ br ® (da")r @ ap(b'h)

= Ta®bdd @bb")
= (To(idi®idg @ naep)@@bRd b ®a" ®@Db"), q.ed.

Proof of (5.3): We compute:
(Maep ®idy ®idg)o Tro(idy®idg TN a®bRd @b @a’ @b")

= (Hupp ®idy ® idg) o T13 o (idy @ id ® idy @ idp
Qo' @azNa®b®ayd)® by ®dy @ ap(h’))
= (usep®ids ®idg)o T3)a®@ b ay(d) @by ®a; (dy) ®D")
= (hags ® idy ® idp)(s(a) ® b, ® ay(d) ® by ® o' (dp), ® ap(b”))
= ay(ad) @ bby @ ;' (dy) ® ap(h”)

CLY o i(ad) ® (bb)r ® dy ® ap(b”)

= T(ad @ bb' @ad" @ b")
= (To(uaep®idyRidp))a@bRd @b @d' ®Db"), gq.ed.

Proof of (5.4): Because of how 77 and 75 are defined, it is enough to prove the following
relation:

(' ®@ajz' ®ids ® idg ® idy ® idp) o (T ® idy @ idg) o (s @ap ® T)
=(ids ® idp ® ids ® idp @ aj' ® ') 0 (idy ® id ® T) o (T ® oty ® aup).

We compute:
(0;' ®ap' ®idy @ ids ® idy ® idg) o (T ® idy ® idp) o (s @z @ T))a®b®
Cl/ ® b/ ® a// ® b//)

= (o' ® o' ®@idy ®idy ® idy ® idg) o (T ® idy ® idp))(4(a) ® ag(h)
®a4(d) ® by ® ap ® ap(b"))
(' ®ap' ®ids ® idp ® idy ® idp)(a’y(a) ® ap(b),

Qaa(d)r ® ap(by) @ df ® ap(h”))

D (0] ®az' ®idy @ idp ® idy ® ids) (@) ® as(by)

Qua4(a,) @ ap(by) ® di @ ap(h”))
= a4(a) @b, @ ay(d) ® ap(by) ® dy @ ap(b”),
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(id4 ® idp ® idy ® idp ® Ol/g1 & O[El) 0(ldg®idg @ T)o (T Qg Qup))(a®b®
AV Rd ® b//)
= ((ids ®idp ® ids @ idp @ ;' @ ap') o (ids ® idg ® T))ea(a) @ b,

®d, ® ap(b) ® as(d") @ ap(h"))
(ids ® idp ® idy ® idg ® ' ® aj")aa(a) ® b,
Ra4(d) @ ap(b)r ® as(d)r @ ap(b"))
D (idy ® ids ® idy @ idy @ 7' ® a5 aa(@) @ by

®a4(d)) ® ap(by) ® a(dy) ® ap(b”))
= a4(a) ® b, @ ay(d,) ® ap(by) ® dy @ ap(b”),

and the two terms are obviously equal. 0

EXAMPLE 5.5. Let (4, 1 4) and (B, ) be two associative algebrasand oy : 4 — 4
and apg : B — B two bijective algebra endomorphisms. Define the map R: BQ A —
AQ® B, R(b® a) = ay(a) ® ag(b). Then, one can easily check that R is an (a4, ap)-
twisting map, and A(a4) ®r B(ap) coincides with (4 ® B)y,ga, as Hom-associative
algebras. More generally, assume that P: BQ A — A ® B is a twisting map such
that (egy @ @agp)o P = Po(ap ® ay). Definethemap R: BRA —> AR B, R=(04 ®
ap) o P. Then, one can check that R is an (o4, ap)-twisting map, and A(«4) @ B(ap)
coincides with (4 ® p B),,sq, as Hom-associative algebras.

ExXAMPLE 5.6. This is a particular case of the previous example, but can also be
checked directly. Let (A4, 1 4) be an associative algebra, o : 4 — A4 aninvolutive algebra
automorphism of 4 and ¢ € k*. Take B = C(k, g) = k[v]/(v* = q), take a4 = o and
ap = id and define R: B® A - A ® B a linear map with R(1 ® a) =o(a) ® 1 and
Rv®a)=a®v, for all @ € A. Then, R is an (a4, ap)-twisting map. By using the
formula of R, one can easily see that the multiplication of the Hom-associative algebra
A(o4) @ B(ap) is given by

@1+b@v)(c®1+4+d®v)=(c(ac)+ qo(b)d) ® 1 + (o (ad) + o(b)c) ® v,

for all a, b, ¢, d € A. If we consider again the associative algebra A obtained from A
by the Clifford process and the algebra automorphisms : 4 - 4,5(a® 1 +b @ v) =
0(a) ® 1 + o(b) ® v, then one can see that A(a4) ®r B(ag) = (4)s as Hom-associative
algebras.
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