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1. Introduction 

It is considered the problem of two natural satellites around a spheric planet. On-

ly gravitational forces act on the system. The satellites move in a central field 

disturbed by the mutual atraction between them. The disturbing function is devel-

oped in power series of the small parameter (ratio of mass of satellites and planet), 

of the eccentricities and inclinations (assumed small) of the satellites' orbits. The 

mean motions are supposed to be commesurable in the ratio 2:1. It is, also, assumed 

that the critical angles are of inclination type. The critical angles of eccentricity 

type circulates and may be eliminate as fast variables like the short-periodic terms. 

The hamiltonian is truncated up to the second order in the inclinations. 

The average hamiltonian has secular, long-periodic and resonant terms, which 

involve the inclinations, the critical angle and the ascending nodes of the satellites' 

orbits . The system of ordinary differential equations generated by this hamiltoni-

an is called Hori Auxiliary System. Greenberg (1973) shows that with a suitable 

choice of the reference system the Hori Auxiliary System is solvable. Therefore, it 

is possible to construct a formal theory of motion for this type of resonance. This 

is the case of Mimas-Tethys system when the oblateness of Saturn is neglected. 

Here, we present the solutions of the Hori Auxiliary System for inclination type 

resonance using an arbitrary reference system. This study is based on the theory 

for the eccentricity type resonance developed by Sessin and Ferraz-Mello (1984) 

and same notations are used. 

2. Hori Auxiliary System 

From Sessin and Ferraz-Mello (1984) we obtain for inclination type resonance the 

following equations of motion 

The Hamiltonian is 

F = ^Ax2 - iQio(c 2 o*i 2 + \s'2

2) + Q i 0 ^ ± 8 [ 8 ' 2 cos (Ωχ - Ω 2 ) 

+ IQSOC2OS[ 2 cos 2 (Θ + Ωχ) + j < ? 3 0 * 2 2 c o s 2 (0 + Ω 2 ) 

-Q^^fs'1s
t

2cos(20-rnl+n2) , (2) 
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with 

2 

2 

0 j = 0 + ilj, Oj = Αχ - 2A 2 , Zj = pj, 

* = p0 + Pl+/C>2, (4) 

where po is a first integral, the new equations of motion are 

~ P i = - F o 2 * Q i , jtQi = FoaePi, 

~ P 2 = -F02xQ2 + (c20 + 0 (Qso - Qio) Q 2 , 

= *02*Ρ 2 + ( c 2 0 + ^ (<?30 4- Qio) Pa, 

i$ = -Foa«, ^ * = - 4 Q 3 0 P 2 Q 2 . (5) 

There are four constants of integration (Ε,Ο,θχο,Ωιο) defined by the equations 

1 Λ , ^ 0 ( 0 , 0 + 1 ) ^ , ^ ^ p . + g > = . ( e i e + l ) ( . + G ) | 

2 V30 V30 \ * / 

Pi = «ίο sin (θ + Ω 1 0 ) , Qi = *io cos (0 + Ω χ 0 ) , (6) 

and the system is solvable. The solutions are functions of x(t) which is the solution 
of the differential equation 

^ » = ± V / = i ? Ö Ö , (7) 

where 

Ρ (χ) = A2x* + {<L4 ( c 2 0 +0 Q i o } * 3 

+ | 4 ( c » + 5 ) ( « 1 0 - Qio) - AQsoE^ x2 

where QiOyQso a n < l c 2 0 = l c 2 | are physical constants(time scale has been 

changed by the factor |2«2ο|)· 
Introducing the non-canonical variables 

Pi = 2 P l V Ύ Ρ 2 ' = 2qi V Ύ*2 ' 

P 2 = \ f i f P l - \ P 2 > ^Vt* 1"^ 2' ( 3 ) 
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Fig. 1. Regions of the plane {E*,G*) 

- 8 ( c 2 0 + i ) Q i o Q a o { ( c 2 0 + I ) g + * } . 

- 4 Q i o | ( ^ o + 0 2 G 2 - ^ J . (8) 

Therefore, the Hori auxiliary system with inclination type resonance is completely 

integrable. The solutions in the plane (Q2, P2) are similar to those for the eccentric-

ity type resonance of the second order (Jefferys, 1966; Lemaitre, 1984). Similarly 

to what was done by Sessin and Ferraz-Mello(1984) the families of periodic orbits 

in the plane (E*,G*) may be obtained,where 

E G 

E = (C20 + \ ) Qlo ' G = (C20 + i ) QlO ' ( 9 ) 

The roots of the polynomial P(x) may be calculated and the solutions of the auxil-

iary system determined. The plane (Ε*, G*) is presented in Figure 1. In Figure 2 the 

fixed points are the trivial periodic solutions belonging to the families represented 

in Figure 1. As it is well known, the types of motion that appear in Figure 2 are: 

libration, circulation (external and internal) and asymptotic motion (separatrix). 
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Fig. 2. Types of Motion in the Flaue (Q21P2) 

The different types of motion are separated by the séparatrices (it must be noted 

that for χ = Ε — G — 0 the unstable periodic solution becomes an equilibrium 

point). Finally, these solutions of the Hori auxiliary system for inclination type res-

onance give the first approximation for the construction of formal theory for this 

type of problem. 
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