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Linear Equations with Small Prime and
Almost Prime Solutions

Xianmeng Meng

Abstract. Let by, by be any integers such that ged(b1, b2) = 1 and ¢1|b1] < |b2| < 2|b1], where ¢i, ¢
are any given positive constants. Let n be any integer satisfying ged(n, b;) = 1,1 = 1, 2. Let Py denote
any integer with no more than k prime factors, counted according to multiplicity. In this paper, for
almost all by, we prove (i) a sharp lower bound for n such that the equation by p + bym = n is solvable
in prime p and almost prime m = Pi, k > 3 whenever both b; are positive, and (ii) a sharp upper
bound for the least solutions p, m of the above equation whenever b; are not of the same sign, where
pisaprimeand m = Py, k > 3.

1 Introduction

Let b be an integer and by, by, b; be non-zero integers. Many mathematicians consid-
ered the solvability and small prime solutions p;, p,, p3 of the linear equation

(1.1) bipy +bypy +bsps =b.

The problem on bounds for prime solutions of equation (1.1) was first raised by
Baker in connection with his well-known work [1] on the solvability of certain Dio-
phantine inequalities involving primes. Later, this problem was studied by many
authors (see [3,6,8,9]).

In 1973, Chen [2] proved that every sufficiently large even integer n can be repre-
sented as a sum of a prime and a P,. As usual, here and later, Py denotes any integer
with no more than k prime factors, counted according to multiplicity. In this paper,
we consider the solvability and small solutions of the linear equation

(1.2) blpl +bym= n,

where p is a prime and m is an almost prime.
In order to avoid degenerate cases, we need to impose certain local conditions to
equation (1.2). Let by, b, be any integers such that

(1.3) ng(bl,bz) =1 and C]‘b]‘ < |b2‘ < Cz|l71‘7
where ¢y, ¢, are any given positive constants. Let # be any integer satisfying
(1.4) ged(n, b)) =1,i=1,2.

Let M be a sufficiently large number, which will be specified later. We obtain the
following.
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Theorem 1 If both by and b, are positive and satisfy (1.3), and n satisfies (1.4), then
for almost all by with M /4 < by < M, except for O(M log™* M) values, equation (1.2)
is solvable for prime p and almost prime m = P3, provided that n > |b;||b,|”~.

If by, by are not of the same sign and satisfy (1.3) and n satisfies (1.4), then for almost
all by with M /4 < b, < M, except for O(M log_A M) values, equation (1.2) is solvable
for prime p and almost prime m = P; satisfying max{m, p} < |b,|"".

We can generalize Theorem 1 to the following.

Theorem 2 If both by and b, are positive and satisfy (1.3), and n satisfies (1.4) then
for almost all b, with M /4 < by < M, except for O(M log™* M) values, equation (1.2)
is solvable for prime p and almost prime m = Py, provided that

2 —
(k+1 10g4/10g3)7 k>3
k—1—1log4/log3

n>|b||bo|X, where K >

If by, by are not of the same sign and satisfy (1.3) and n satisfies (1.4), then for almost
all by with M /4 < by, < M, except for O(M long M) values, equation (1.2) is solvable
for prime p and almost prime m = Py satisfying max{m, p} < |b,|X.

The first result on this problem was due to Liu [7, Theorem 1.1], who proved the
following.

Theorem If by, b, are co-prime positive integers, and m is either 1 or 2 satisfying
by + b, =m (mod 2),

then for any § > 0, there exists a positive constant C depending only on § such that

(1.5) bip—bPs=m

. N\
has a solution in p, Ps, each less than C(maxb;)",

Later, Coleman [4] improved the above result and obtained that for three pairwise
co-prime by, by, m and 2|b;b,m, taking P; instead of P5 in (1.5), the equation still has
a solution with p and P, each less than max{Ny, b¥, b5, c|m|}, where Ny and B are
effectively computable constants.

To prove Theorem 1, we shall apply the sieve method, which has been used by
many authors (see [5], for details). Since the proof of Theorem 2 is similar to that of
Theorem 1, we shall omit it and only prove Theorem 1 in the next sections.

Notation Throughout this paper, N is a sufficiently large number, ¢ is a sufficiently
small positive constant, and ¢, ¢; and ¢, are positive constants. The letter A with or
without subscripts always denotes sufficiently large positive constants, and p with or
without subscripts always denotes prime numbers. Let (n) be the number of distinct
prime factors of n, and let Py denote any integer with no more than k prime factors,
counted according to multiplicity. Let (a,b) = gcd(a,b), a/b = ¢, and p = n(d)
means p = n (mod d).

As usual, p(q) and p(q) stand for the functions of Euler and Mébius respectively,
and 7(d) stands for the divisor function.
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2 Some Preliminary Lemmas

Let A denote a finite set of integers, which will be specified later, and P an infinite set
of prime numbers. Let z > 2, and put

P2)=[]p SAD= Y 1,

p<z acA
peP (a,P(z))=1
Ag={a:a€ A, d|a}.

Lemma 1 Suppose

|.Ad‘ %X-f— 14,

and assume the following conditions hold:

2.1 1< ! <A
- ST A
p
w(p) w
(2.2)  —A;loglog3X < Z logp —log— <A, for2<v<w
v<p<w v
XlogX
(2.3) Z |Ap| < A3( 08 +y) for2<z<y;
z<p<y g
(2.4) > @3 D] < As { , X>2,0<a<l.
= log” X
d<10gA4X

Let 6 be a real number satisfying 0 < 6 < 2, and let r > 2 be so large that |a|] <
XA=9) foralla € A, where

_log4/(1+377)

A =r+1
log3

Then we have

Srpl-wp)/p X
: > ST —EE 2
P PrEA}‘_al;[ 1—-1/p logX

This is [5, Theorem 9.3].

Lemma 2 Let

ted )= > 1, (Ld=1
p<x
p=I (mod d)

Then for any given constant A > 0, there exists a constant B = B(A) > 0 such that
Lix

> r@|msd b - =)

’ <
d<D

logA X
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where
*odt x!/2

Lix = — = —,

2 lOgt long
This follows from [10, Theorem 8.2].

Lemma 3 With the notations in Lemma 2, let

Lix
@(dg) 1"

R(D, ) = >~ p(d)3"®| wlxsdg. D —

d<D

Then for any A > 0and 0 < 0 < 1/2, there exists a constant B = B(A) > 0 such that
for q < %%, except for O(x” log™* x) values, we have

X X2
R(D,q) < +—, WhereD = ——.
qlog” x log” x
Proof Let L
ix
tag = m(x;dg,l) — .
e VT o)

By Lemma 2, we have

> St =3 S |atsdan - ]

q<x? a<? o g<x? d<t D
Lix
<Y r@|rtsd,D -
d<D w(d)
< xlog™

Then we have

ZR(D,q):Z Z +Z Z pz(d)3”(d)rd7q

q<«’ q<x’ d<D/q q<x? d<D/q
34 >log3A x 3"(']I)<log3A x

2 2w(d 34

< 1 3A E E u(d)3 v )rd7q+log x E E Tdg

08 X j<w d<D/q q<x? d<D/q
321/ >10g3Ax
3A+1 M —24
< xlog™ x + xlog

q<x’ q d<D/q

< xlog™ 3A+1xz Z T (n) +xlog™ x < xlog * x,
5 4
g<x n<x/q
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where we have used the fact (see [10]) that p2(1)3?*" < 74(n) and

Z Trin) < (logx)zr.

n<x

Thus by the above, we have

log" x x’log" x P
1 R(D R(D I .
Z <= Zq (D, q) < . Z (D, q) < x"log™ " x

qu" QSX” QSX”

x
R(D’q)>m

So Lemma 3 is proved. ]

3 Proof of Theorem 1

Let N be a sufficiently large number with N > max{|b;|7>|b,|, |b1||b2|"°} that also
satisfies the following hypotheses:

(i)  If by, b, are positive, then n > 4 max{b;, b, }, and

. gelbn o(b)n
N—mm{b—l,b—z}.

(ii)  If by, by are not of the same sign, then N > 4 max{|n|, |b;], |b2|}.
Let N; = - i = 1,2, and define
©(bi)

A={a:bip+ba=nN/4<p<N,N /4 <a<N,},
As={a:dla,a e A}.

We have

\Aal = [{p: bip = n(byd), (d,nby) = 1, Ny /4 < p < N }|

)

=|{p:p=bin(bd), (d,nb) =1,N;/4 < p <N}

where b is an integer satisfying bib, = 1 (byd).
By Lemma 2, we have |A,] = #X — rg, where X = m(LiNl — Li(Ny/4)),

©(by)d
p(brd)’

(3.1) w(d) = p(d) # 0, (d, nby) = 1,

and

ra = (N /4, Nis bad, Bin) — @(Lim LNy /4)), u(d) # 0, (d, nby) = 1,
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where

m(yxd )= Y 1,0,d)=1
y<p<x
p=I1(d)

By Lemma 3, for almost all b, < Nlﬁ , except for O(NF log_A N, ) values, we have

N;
> )3 | < ”

A ?
d<g log
—b

12
where D = 101\;1—31\1'
Thus condition (2.4) in Lemma 1 holds.

By (3.1), we have

w(p) = eb)p o if(pb) =1,
e(bp) |1 if (p, by) # 1.

Then it is easy to check that conditions (2.1) and (2.2) hold. We have

2 Mpls 3 )

z<p<y z<p<y  m<N

peEP PEP bym=n (byp?)
N, N, X
< (—+1)§—+y§ +y.
Z;y b, p? b,z zlogX
peP

By the above, condition (2.3) also holds. So far, we can prove Theorem 1 by Lemma 1.
LetA; =3+1— % then A; >3+ 1°g4 .ForD = Nl/Zlog_BNand
b, < N11/7'5, we have

D
d< — <« x'1/26 log_BX
b,
Fora € A, we have a < N, < X73/65_Since

E(S log4) - 7.5

l—— )
26 log3 6.5

we can find a small 6 > 0, such that (A3 —0) > % Thus by Lemma 1, we have

—wp)/p X
—1/p logX’

Py P e Ay > 2 H

where v = 11/26.
Theorem 1 follows. [ |
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