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1. In t roduc t ion . In [S], H> Sharp c h a r a c t e r i z e s each 
topology on a f ini te s e t S = {s , s , . . . s } with a n X n 

z e r o - o n e m a t r i x T = (t-• ) w h e r e t^j - 1 if and only if 
s je { s^} . In th is pape r we seek m a t r i x c h a r a c t e r i z a t ions of 
c e r t a i n topologica l p r o p e r t i e s of f inite s p a c e s . Such 
c h a r a c t e r i z a t i o n s wil l p rov ide pu re ly m e c h a n i c a l ways of 
d e t e r m i n i n g if a space has a c e r t a i n topologica l p r o p e r t y . 

We give m a t r i x c h a r a c t e r i z a t i o n s of the T s e p a r a t i o n 

ax iom of Youngs [Y] ; the R and R s e p a r a t i o n a x i o m s of 

Davis [D], the s t rong T s e p a r a t i o n ax iom of Robinson and 

Wu [RW], and the s ix s e p a r a t i o n ax ioms in t roduced by Aull and 
T h r o n [AT]. Also , we inc lude m a t r i x c h a r a c t e r i z a t i o n s of 
r e g u l a r , comple t e ly r e g u l a r , n o r m a l , comple t e ly n o r m a l , 
O-d imens iona l , and e x t r e m a l l y d i sconnec ted s p a c e s . 

2. P r e l i m i n a r i e s . If (S, T) is a finite topologica l space 
and if T is the m a t r i x c o r r e s p o n d i n g to T, we will denote the 
space (S ,T) by (S, T) . F o r each s. ç S, we let F^ = {s^ } 
and B- be the m i n i m a l open se t containing s- . F o r each A C S , 
let B A - U B (S € A); c l e a r l y , B A is the m i n i m a l open set 

A i i A r 

containing A. A useful fact p roven in [S] is that B C B if and 
i j 

only if F . C F . The ident i ty m a t r i x i s denoted by 1. 
J i y 

1 The r e s e a r c h of the second author was suppor ted in p a r t by 
NSF Gran t No. G Y - 2 1 8 1 . 

Canad. Ma th . Bul l . vol . 11, no. 1, 1968 

95 

https://doi.org/10.4153/CMB-1968-013-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-013-9


For each s. ç S we associate the 1 X n row vector 

e = (6 ,ô , . . . , 6 ) where 6 is the Kronecker delta, 
i li 2i ni ij 

For each A f S we associate the vector A - 2 € (s ç A). 
- v * i 

In particular, the ith row of T. T is ({s ) ) , and the it h 
i i v 

column of T, T1 , is (B ) . 
i v 

THEOREM 2 .1 . _Let A be a subset of a finite topological 
space (S, T), then (A) - A «T where matrix multiplication 

v v 
is with respect to Boolean algebra. 

Proof. Since A = U(s )(s e A), we need only show that 
iJ i 

( |s~)) = I s ) "T; that is, T ^e -T since {s ) =E L I J v_ I J v i i i J v i 
and ({ s ) ) = T . Let V denote the ith entry of e • T. 

i ; v i j i 
n 

Thus, V = 2 ô. t .= t and T = e • T. 
j k = 1

 k l kJ ij i i 

THEOREM 2.2. Let A be a subset of a finite topological 
space (S. T), then T*(A V = ((B ) )' wher e matrix multiplication 

v A v 
is with respect to Boolean algebra. 

Proof. The proof is similar to the proof of 2 .1 . 

COROLLARY 2. 3. Let A be a subset of a finite 
topological space (S, T). A is open if and only if T#(A )' = (A )' 

where matrix multiplication is with respect to Boolean algebra. 

Let T ' = (UC S I S-U e T ]• ; it is straightforward to prove 
that T ' is a topology. Sharp [S] has proved that the matrix 
associated with T ' is the transpose of T, T'. The conclusion of 
2.2 may be restated as A • T ' = (B . ) . 

v A v 

3. Separation Axioms. Let (X,T) be a topological space 
(not necessarily finite). (X T) is T if and only if for 

x, y in X, x i y, {x} Q {y} is degenerate ({xj f) {y} is either 
empty or a singleton). The next six separation axioms were 
introduced in [AT]. (X T ) is T if and only if for each 

x in X, {x} ' is a closed set. (X,T ) is T if and only if 

for each x € X, {x) ' is the union of disjoint closed sets. 
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(X, T) i s T if and o n l y if (X, T ) i s T and fo r e v e r y 

x , y i n X, x i y, {x} ' f| {y} ' = <f>. (X, T ) i s T if and o n l y if 
F 

fo r e a c h x i n X and d i s j o i n t f i n i t e s e t F , e i t h e r x jf F o r 
F O { X } - cj). (X, T ) i s T if and o n l y if g i v e n a n y two 

F F 
d i s j o i n t f i n i t e s e t s F and F i n X, e i t h e r F O F = cf> o r 

F H F = <|>. (X, T ) i s s a i d to b e T if and o n l y if fo r a l l 

x , y e X, x j£ y, { x } 0 {y} ^S e i t h e r ()>, {x} , o r {y} . To 
t h i s l i s t w e add t h r e e a d d i t i o n a l s e p a r a t i o n a x i o m s . F o r e a c h 
x i n X, l e t {x} d e n o t e t h e i n t e r s e c t i o n of a l l o p e n s e t s i n 
(X, T ) c o n t a i n i n g x . (X, T ) i s T if and o n l y if x , y i n X, 

x i y, {x} f| {y} i s e i t h e r cj), { x } , o r {y} . (X r T ) i s T if 

and o n l y if {x} - {x} i s e m p t y fo r a l l b u t a t m o s t o n e x i n X . 
(X, T) i s T if and o n l y if { x } ' i s e m p t y f o r a l l b u t a t m o s t 

o n e x i n X . ( X , T ) i s T if and o n l y if i t i s b o t h T and T . 
o f y a (3 

T h e s t r o n g T ( d e n o t e d b y T ) and t h e s t r o n g T ( d e n o t e d 

b y T ) w e r e i n t r o d u c e d i n [ W R ] . (X, T ) i s T if and o n l y 

if f o r _ e a c h x e X, { x } ' = U { y ) ( y e {x} • ) , * = 0 { y } (y e { x } ' ) , 
and {y} i s c o m p a c t for s o m e y « {x} ' . (X, T ) i s T if and 

o n l y if f o r e a c h x ç Xy {x} ' i s t h e u n i o n of a f i n i t e f a m i l y of 
c l o s e d s e t s , s u c h t h a t t h e i n t e r s e c t i o n of t h e n o n - e m p t y m e m b e r s 
of t h i s f a m i l y i s e m p t y . (X, T ) i s R if and o n l y if e v e r y o p e n 

s e t c o n t a i n s t h e c l o s u r e of e a c h of i t s p o i n t s . (X, T ) i s R 

if and o n l y if f o r e v e r y p a i r of p o i n t s x, y i n X, { x } ^ {y} 
i m p l i e s t h a t {x} and {y} h a v e d i s j o i n t n e i g h b o r h o o d s . 

A u l l and T h r o n [ A T ] p r o v e d t h a t a s p a c e i s T if and o n l y 
F F 

if i t i s e i t h e r T o r T . 
a (3 

In f i n i t e t o p o l o g i c a l s p a c e s , s o m e of t h e a b o v e a x i o m s 
b e c o m e e q u i v a l e n t . In [ A T ] , T w a s s h o w n to b e e q u i v a l e n t 

to T and T . F r o m t h e d e f i n i t i o n s w e o b s e r v e t h a t T 

and T _ a r e e q u i v a l e n t . In t h e o r e m ? . 6 w e s h o w t h a t R 
SD H 0 

i s e q u i v a l e n t to R . In [ A T ] , a s p a c e s a t i s f y i n g T w a s 

p r o v e n to s a t i s f y T , and s i n c e T i s e q u i v a l e n t to T 

i n f i n i t e s p a c e s , i t f o l l o w s i m m e d i a t e l y t h a t T and T 
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a r e equ iva len t . F i g u r e 1 shows the o r d e r r e l a t i o n s h i p b e t w e e n 
the s e p a r a t i o n a x i o m s for f ini te s p a c e s . 

T =T 
SO SD 

T . T 
a r y 

FIGURE 1 

It i s c l e a r that (S, T) i s T if and only if T i s the 

iden t i ty m a t r i x . Sharp [S] p roved that (S, T) i s T if and 

only if T is a n t i - s y m m e t r i c . 

T H E O R E M 3 . 1 . In a f ini te topo log ica l space (S, T), the 
following a r e e q u i v a l e n t : 

(a) (S, T) i s T s o , 

(b) (S, T) i s T and the de r i ved se t of any s ing le ton is 

n e v e r a s ingle ton , and 

(c) T i s a n t i - s y m m e t r i c and no ith row of T -1 i s a 
unit v e c t o r . 

P roof . C l e a r l y , (b) i s equ iva len t to (c) and (a) i m p l i e s (b) 
We need only show that (b) i m p l i e s (a) . Suppose that (S, T) is 
T and the d e r i v e d s e t of any s ing le ton i s neve r a s ing le ton . 

Le t N = { a e S | { a > ' = { a , . . . , a } w h e r e m > 2 and 
J 1 m — 

m 
r\ {a •} i- <\>] . We wi l l show N = § by an induc t ion proof on 

j =i J 

the c a r d i n a l i t y of the de r ived se t of any e l e m e n t of N. F i r s t , 
a s s u m e that t h e r e is an e l e m e n t in N, say a, such that the 

2 _ 
c a r d i n a l i t y of {a} ' ~ 2; so {a} ' = {a , a } and H { a . } f- à. 

1 1 i = i ' 
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W i t h o u t l o s s of g e n e r a l i t y w e m a y a s s u m e a e { a
9 } • S i n c e 

(S, T) i s T , { a } ' i s c l o s e d ; s o , { a } = { a , a } i m p l y i n g 

t h a t ( a ^ ) ' = { a } w h i c h i s a c o n t r a d i c t i o n to t h e f a c t t h a t no 
2 J 1 J 

d e r i v e d s e t of a n y s i n g l e t o n of S i s a s i n g l e t o n . We c o n c l u d e 

t h a t no e l e m e n t of N h a s a two e l e m e n t d e r i v e d s e t . Now 
s u p p o s e t h a t t h e r e i s no a e N s u c h t h a t 2 <_ c a r d i n a l i t y of 
{ a } ' < m . If a ç N w i t h t h e c a r d i n a l i t y of { a } ' = m , w e 

m m 

w o u id h a v e { a } ' = 1 ^ { a . } and . 0 ^ {a • } £ cj). S i n c e 

m 
f) { a . } i- cj), t h e r e i s a n a i n { a . } f o r e a c h i . L e t 

J = 1 J 

j € { 1, 2 , . . . , m } - { k } . a € { a • } f, s o { a • } ' ^ <|). S i n e e no 
k J J 

d e r i v e d s e t of a n y s i n g l e t o n i s a s i n g l e t o n , w e k n o w t h a t t h e 
c a r d i n a l i t y of { a . } ' > 2 . S i n c e { a } ' i s c l o s e d , t h e n 

{ a . } ' C { a } ' - { a . } . T h e r e f o r e , 2 £ c a r d i n a l i t y of 

{ a . ) , < m - l . A l s o , a, e , J ' , ( b ) . T h u s , a, e N w h i c h L J J - k b € { a j } ' L J k 
i s a c o n t r a d i c t i o n to t h e i n d u c t i o n h y p o t h e s i s . H e n c e , N = <\> 

and (S, T ) i s T ^ . 

T H E O R E M 3 . 2 . L e t (S, T) b e a f i n i t e t o p o l o g i c a l s p a c e . 
T h e f o l l o w i n g a r e e q u i v a l e n t : 

(a) (S, T ) i s T F , 

and 
(b) f o r e a c h s i n S, e i t h e r F = { s . ) o r B. = { s . ) 

i l L i J i L i J 

(c) f o r e a c h i , e i t h e r t h e i t h r o w o r t h e i t h c o l u m n of 

T - 1 i s z e r o . 

P r o o f , (b) i s c l e a r l y e q u i v a l e n t to ( c ) . It r e m a i n s to s h o w 
a) i s e q u i v a l e n t to ( b ) . S u p p o s e (S, T) i s 

s ç S. S i n c e s . i S - { s ) , w e h a v e t h a t e i t h e r 
i i ' L i J 

t h a t (a) i s e q u i v a l e n t to ( b ) . S u p p o s e (S, T) i s T , and l e t 

{ s . } f i ( S - { s . ) ) = ĉ  o r { s j j n s - f ^ } =4>. T h u s , 

{s^ } = F . o r { s . } = B. . C l e a r l y (b) i m p l i e s ( a ) . 
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DEFINITION. Let v = (v , . . . , v ) and w = (w . . . . , w ) 
I n I n 

be v e c t o r s with n r e a l - v a l u e d c o m p o n e n t s . The i n t e r s e c t i o n of 
v and w i s w r\ v = (min(v . w j ), min(v , v> ) , . . . , m in (v . w )). 

1 1 2 2 n n 

T H E O R E M 3 . 3 . Let (S, T) be a finite topo log ica l s p a c e . 
The following a r e equivalent*. 

(a) (S, T) i s T y , 

(b) the i n t e r s e c t i o n of Tj and T. h a s at m o s t one 
n o n - z e r o en t ry for a l l i / j , and 

(c) the m a t r i x T ' T ' , with r e s p e c t to o r d i n a r y m u l t i p l i c a t i o n , 
i s z e r o or one e v e r y w h e r e excep t p o s s i b l y on the d i agona l . 

P roof . Since the i n t e r s e c t i o n of T. and T. i s the 

i n t e r s e c t i o n of ({ s . } ) and ( I s . ) ) which is ({ s. ) f] { s . }\ , 
iJ v J v i J v 

then (a) is equ iva len t to (b). C lea r ly , (b) is equ iva len t to (c). 

THEOREM 3 . 4 . Let (S, T) be a f ini te topo log ica l s p a c e . 

(a) (S, T) i s T if and only if T is a n t i - s y m m e t r i c 

and ( T - 1 ) ( T - 1 ) ' i s a d i agona l m a t r i x . 

(b) (S, T) i s T if and only if T is a n t i - s y m m e t r i c and 

( T - l ) ' ( T - l ) is a d i agona l m a t r i x . 

P roof of (a) . Suppose T is a n t i - s y m m e t r i c and 
( T - 1 ) ( T - 1 ) ' = [v . . ] = T* is a d i agona l m a t r i x ; that i s , 

n 
v = Z t., * t . = 0 for .i 4- j ; t h e r e f o r e , for each k. 

ij k = l lk j k 
t . *t. , = 0 , imply ing that t.n = 0 o r t . , - 0. So, for each k, ik j k P > B l k J k 

s
k H si } ' a r s

k i { s j ) ' > t h u s g ivin§ { si ) ' 0 { s j ) ' = * • 

Since T is a n t i - s y m m e t r i c s. ^ {s . ]• ' o r s . j { s. } ' . 

Thus , (S, T) i s T . C o n v e r s e l y , suppose (S, T) i s T . 

F o r i ^ j j I s . j - ' Q l s . j ' ^ c ) ) . F o r e a c h k, s i { s . } ' o r 

s | { s . } ' imply ing that t = 0 or t = 0 . So, 
k j ik jk 

t . - t = 0 and v. . = 0 for i ?É j . T h u s . T* = ( T - 1 ) ( T - 1 ) ' 
ik jk ij 
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i s a d iagona l m a t r i x , and T i s a n t i - s y m m e t r i c s ince T 

i m p l i e s T . 

P roof of (b). (b) follows f rom an a r g u m e n t s i m i l a r to 
that of (a) . 

THEOREM 3 . 5 . Let (S, T) be a f inite topologica l s p a c e . 

(a) (S, T) i s T if and only if ( T - l ) has at m o s t one 
P 

n o n - z e r o row . 

(b) (S, T) i s T if and o n l y if ( T - l ) ' has at m o s t 
a 

one n o n - z e r o row. 

(c) (S, T) i s T if and only if both ( T - l ) and ( T - l ) ' 
aft 

have at m o s t one n o n - z e r o row . 

(d) (S, T) i s T? if and only if ( T - l ) or ( T - l ) ' has 
F F 

at m o s t one n o n - z e r o row. 

Proof . To p r o v e (a), note that s ince the i th row of T - l 
i s ({ s • } ' ) , then T - l has at m o s t one non- z e r o row if and 

1 v 
only if { s . } ' ^ (j) for at m o s t one s . in S which is equ iva len t 

to (S, T) being T . (b) and (c) follow s i m i l a r l y , (d) follows 

s ince (S, T) is T if and only if it is T or T . 
FF a p 

We now show that R i s equiva len t to R in f ini te s p a c e s 

and give a m a t r i x c h a r a c t e r i z a t i o n . Also , we p r o v e that R^ i s 

equ iva len t to O-d imens iona l , r e g u l a r , and comple t e ly r e g u l a r . 

THEOREM 3 . 6 . Let (S, T) be a f ini te topo log ica l s p a c e . 
The following a r e equ iva l en t ; 

(a) T i s a s y m m e t r i c m a t r i x , 

(b) (S, T) i s O-d imens iona l , 

(c) (S, T) is comple t e ly r e g u l a r , 
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(d) (S, T) i s r e g u l a r , 

(e) (S, T) i s R , and 

(f) (S, T) i s RQ . 

P roof . It is we l l known that (b) i m p l i e s (c), (c) i m p l i e s (d), 
and (e) i m p l i e s (f). 

(f) i m p l i e s (e): Let (S, T) be R Let s. € S, then 

s € { s " } = F C B . I f s € B - F , then F C B. - F . , so 
i i i i j i J 1 1 

B - F i s an open se t conta in ing s and p r o p e r l y conta ined in 
i i i 

B which is a c o n t r a d i c t i o n . So, F = B . If F f\ F ^ cj), 
i i i i j 

then s e F f) F . By a s i m i l a r a r g u m e n t B = F and 
k i j k j 

B = F , so, F = F . Thus , if F i F , then F H F = §. 
k i i j i j i j 

Since B = F , B = F . and B 0 B - <±>, we have p r o v e n 
i i j J i J 

tha t (S, T) i s R . 

(f) i m p l i e s (a): Suppose (S, T) i s R and s, e S. By the 

a r g u m e n t p r e s e n t e d in the proof that (f) i m p l i e s (e), we have 
p r o v e n that F = B . Hence , B = S - ( S - F ) e T ' and T C T ' . 

i i i i 
If A C T ' , then S-A € T . S- A = (J B. for s o m e 

i ç j \ _ 
subse t _A- of {1, 2 , 3 , . . . , n} . T h e r e f o r e , 

A = 0 S-B. = f] S-F. . which is in T. So, T]CT which 
ie-A. i eA-

p r o v e s that T - T ' and, hence , T i s s y m m e t r i c . 

(a) i m p l i e s (b): If T i s s y m m e t r i c , then B ç T ' for a l l 
i 

s . e S. So, S-B. eT and B. is c l o s e d . Since B. i s s m a l l e s t 
i l l i 

open se t conta in ing s. , (S, T) i s z e r o d i m e n s i o n a l . 

(d) i m p l i e s (f): Suppose (S, T) i s r e g u l a r and U ç T with 
s. e U. T h e r e is a V in T such that s. e V C V C U, so 

i i 

I s " ) C U and (S, T) i s R . 

T H E O R E M 3 . 7 . Let (S, T) be a f ini te topo log ica l s p a c e . 
The following a r e equ iva l en t : 
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(a) (S, T) is normal, 

(b) for each F. , B„ is closed, and 
i F. 

i 

(c) ((F. ) -T')-T = (F. ) -T' . 

Proof. By 2. 1 and the comment following 2. 3, (b) is 
equivalent to (c). Clearly, (b) implies (a). To prove (a) implies 
suppose (S, T) is normal. Let s. ç S; there is an open set 

V such that F. C V r V r B „ . Since B_ is the smallest 
i F F 

i i 

open set containing F , then V - V = B and B is closed. 
i F F 

i i 

THEOREM 3.8. Let (S, T) be a finite topological space. 
Let T'*T = (t* . ) where multiplication is with respect to Boolean 

algebra. The following are equivalent: 

(a) (S, T) is completely normal, 

(b) s. k F., s \ F. imply B.ft B =6, and 
1 * J j ^ ! 1 J 

(c) t* . = 1 implies t.. = 1 or t.. = 1. 
i j iJ J1 

Proof. 

(a) implies (b): Suppose (S, T) is completely normal, and 
suppose s. ^ F. and s. ^ F. . So, {s.}(n |{s.} = c|> and 

{s.} C\ {s.} = c|). By complete normality, B.O B. = <|) since 

B. and B. are the smallest open sets containing s. and s., 
1 J i J 

respectively. 

(b) implies (c): Suppose (b) is true and t*. = 1; there 

is a k such that t . = 1 and t . = 1. So, B. 0 B. ^ cb; hence, 
k i k j i j 

either s. e F. or s. e F implying t.. =1 or t . = 1, 
i J J i Ji ij 

respectively. 

(c) implies (a): Suppose (c) is true and C, D e S such 
that CHD = COD =d>. Let s c C and s. € D; s VF and 

i J i * i 
s .à F . . So, t . = t.. = 0. By (c), t*. =0. Hence, t .= t, = 0 

J i ij ji IJ kj ki 
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for a l l k imply ing B. f | B . = cj>. Since this is t r u e for any 

s. € C and any s.ç D, then B ^ H B ^ = <b. This p r o v e s that 
l j C D 

(S, T) i s comp le t e ly n o r m a l . 

4 . C o n n e c t e d n e s s . In [S], Sharp g ives a m a t r i x 
c h a r a c t e r i z a t i o n of c o n n e c t e d n e s s . C lea r ly , i n f i n i t e s p a c e s , 
to ta l ly d i sconnec ted i s equ iva len t to T . T h e o r e m 3 .6 g ives 

a m a t r i x c h a r a c t e r i z a t i o n of 0 - d i m e n s i o n a l . We conc lude the 
a r t i c l e by giving a m a t r i x c h a r a c t e r i z a t i o n of e x t r e m a l l y 
d i s c o n n e c t e d . 

T H E O R E M 4 . 1 . Le t (S, T) be a f ini te topo log ica l s p a c e . 
(S, T) is e x t r e m a l l y d i s connec t ed if and only if for each B. in 

s, T - ( ( B T ) V ) ' = ( ( B T ) V ) \ 

Proof . Le t (S, T) be e x t r e m a l l y d i s c o n n e c t e d ; that i s 
the c l o s u r e of each open se t i s a l so open. By 2 . 3, we have 
that T # ((B. ) )' = ((BT ) ) ' . C o n v e r s e l y , suppose that f o r each 

B in S, T-((B") )» = ((B~) ) ' . By 2 . 3 , B i s open. Let U 
i i v i v _ i 

be an open s u b s e t of S> U = (J B • U = (J B . 
S. € U X S. € U X 

1 1 

Since each B is open, U is open; thus , (S, T) is e x t r e m a l l y 
i 

d i s c o n n e c t e d . 
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