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Abstract

We consider the optimal proportional reinsurance problem for an insurer with two
dependent classes of insurance business, where the two claim number processes are
correlated through a common shock component. Using the technique of stochastic
linear—quadratic control theory and the Hamilton—Jacobi—Bellman equation, we derive
the explicit expressions for the optimal reinsurance strategies and value function,
and present the verification theorem within the framework of the viscosity solution.
Furthermore, we extend the results in the linear—quadratic setting to the mean—variance
problem, and obtain an efficient strategy and frontier. Some numerical examples are
given to show the impact of model parameters on the efficient frontier.
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1. Introduction

Using reinsurance, insurers are able to transfer some of their risks to another party,
potentially at the expense of making less profit. Thus, finding the optimal reinsurance
strategy to balance their risk and profit is of great interest to them. In fact, optimal
reinsurance problems have attracted a lot of interest in the actuarial literature in the past
few years, and the technique of stochastic control theory and the Hamilton—Jacobi—
Bellman (HJB) equation are frequently used to cope with these problems (see, for
example, [7, 10, 12, 15, 16]).

The mean—variance framework proposed by Markowitz [13] has become one of
the milestones in mathematical finance. The author aimed to seek the best allocation
among a number of (risky) assets in order to achieve the optimal trade-off between the
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expected return and its risk (say, variance) over a fixed time horizon. Since then, the
mean—variance criterion has become popular in measuring the risk in finance theory.
There are now numerous papers on the mean—variance problem and its extension to
finance. For example, Li and Ng [9] developed an embedding technique to change
the original mean—variance problem into a stochastic linear—quadratic (LQ) control
problem in a discrete-time setting. This technique was extended by Zhou and Li [19],
along with an indefinite stochastic LQ control approach, to the continuous-time case.
Before 2005, all applications using the mean—variance criterion focused on classical
financial portfolio allocation problems. In his study of the optimal reinsurance strategy
problem for the classical compound Poisson insurance risk model, Biuerle [2] first
pointed out that the mean—variance criterion could also be of interest in insurance.
Under the mean—variance framework, by using the stochastic LQ control theory, the
explicit solutions of the efficient strategy and efficient frontier are derived. There have
been further extensions and improvements in insurance applications (see, for example,
[4] and the references therein).

The contribution of the present paper is to consider the optimal mean—variance
reinsurance for a compound Poisson risk model with two dependent classes of
insurance business, generalizing the results of Biuerle [2] from an independent risk
model to a dependent risk model, and increasing the number of control variables from
one to two. The analysis becomes more complicated as a result.

Although research on optimal reinsurance is increasing rapidly, only a few papers
deal with the problem in relation to dependent risks. Under the criteria of maximizing
the expected utility of terminal wealth and maximizing the adjustment coefficient,
Centeno [5] studied the optimal excess of loss retention limits for two dependent
classes of insurance risks. Bai et al. [1] also investigated the optimal excess of loss
reinsurance to minimize the ruin probability for the diffusion risk model. Liang and
Yuen [11] considered the optimal proportional reinsurance with dependent risks under
the variance premium principle. Using a nonstandard approach, they investigated the
conditions for the existence and uniqueness of the optimal reinsurance strategies, and
derived the closed-form expressions for the optimal reinsurance strategy and the value
function for the compound Poisson risk model as well as for the diffusion risk model.
In this paper, under the mean—variance criterion, we study the optimal proportional
reinsurance for the dependent compound Poisson risk model. Using stochastic LQ
control theory [19] and the HJB equation, we derive the explicit expressions of the
optimal reinsurance strategies and value function, and present the verification theorem
within the framework of the viscosity solution. Furthermore, we extend the results in
the LQ setting to the mean—variance problem, and obtain the explicit solutions for the
efficient strategy and efficient frontier.

The rest of the paper is organized as follows. In Section 2 the model and the mean—
variance problem are given. The main results and the explicit expressions for the
optimal values are derived in Sections 3 and 4. In Section 5, some numerical examples
are presented to illustrate the impact of some model parameters on the efficient frontier.
The paper concludes with a summary in Section 6.
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2. Model formulation

Suppose that an insurance company has two dependent classes of insurance
business such as motor and life insurance. Let X; be the claim size random variables
for the first class with common distribution Qx(x), and Y; be the claim size random
variables for the second class with common distribution Qy(y). Their moments are
denoted by uix = E(X;), iy = E(Y)), pox = E(Xiz) and (py = E(Yl.z). Assume that
Ox(x)=0forx<0, Qy(y) =0fory<0,0< Qx(x) <1forx>0,and 0 < Qy(y) < 1
for y > 0. Then, the aggregate claim processes for the two classes are given by

Si=81(1) + $2(0)

with
M (1) My(t)

Sin= ) X and SHn= ) Y
i=1 i=1

where M;(t) is the claim number process for class i (i = 1,2). It is assumed that X; and
Y; are independent claim size random variables, and that they are independent of M(¢)
and M,(¢). The two claim number processes are correlated such that

M (®)=Ni()+ N() and M,(t) = No(t) + N(2),

with Ny (¢), N»(¢) and N(¢) being three independent Poisson processes with parameters
A1, Ay and A, respectively. It is obvious that the dependence of the two classes of
business is due to a common shock governed by the counting process N(¢). This model
has been studied extensively in the literature (see, for example, [17, 18]).

As usual, the risk reserve process is defined as R, = Ry + ct — S, where Ry is the
amount of initial risk reserve, and ¢ is the premium rate. Moreover, we allow the
insurance company to continuously reinsure a fraction of its claim with the retention
levels g1, > 0 and g,; > O for X; and Y;, respectively. Note that g;, € [0, 1] corresponds
to a reinsurance cover and g;; > 1 corresponds to acquiring new business (see, for
example, [2]). A strategy g; = (q1s, g2;) 1s said to be admissible if g, and ¢, are
F:-predictable processes and satisfy g, > 0 and g, > 0 for all > 0. We denote the
set of all admissible strategies by U. Let the (re)insurance premium rate at time ¢
be calculated by the expected value principle (see, for example, [8]), and {th, t >0}
denote the wealth of the insurer at time ¢ under the strategy g; = (g1, g2;). This process
then yields

dRY = ¢ di - q1,dS (1) - g dS (1), @.1)

with
= (A + Duax[(1 +n0)q1: — (1 = 00)] + (A2 + Dy [(1 + 72)q2: — (172 — 62)].

Here 6; >0 (i = 1,2) and 5; > 0 (i = 1, 2) are the corresponding safety loadings of the
insurer and reinsurer, respectively. Without loss of generality, we assume that n; > 6;,
i=1,2.
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The problem now is to find the reinsurance policy so that the expected terminal
wealth satisfies E [R‘;] = b, where b is a constant, while the risk, measured by the
variance of the terminal wealth

Var RY = E(R% - b)%,
is minimized. Then the variance-minimizing problem can be formulated as the
following optimization problem:
minimize VarR% = E(RY — b)%,
E[R}] = b,
such that {g e U,
(R,q) satisfy (2.1).

(2.2)

This is the so-called mean—variance problem, and can be dealt with by introducing
a Lagrange multiplier 8 € R, which means that problem (2.2) can be solved via the
following optimal problem:

minimize E[(R]. — b)* + 2B(ER]. - b)],
geU. 2.3)

such that )
(R,q) satisfy (2.1),

where the factor 2 in front of § is introduced for convenience. Clearly, problem (2.3)
is equivalent to

minimize E[RL — (b - )1,
qge U, 2.4)

such that )
(R,q) satisfy (2.1)

for a fixed .

To obtain the optimal value and optimal strategy of problem (2.2), we need to
maximize the optimal value in (2.3) over 8 € R according to the Lagrange duality
theorem [3]. Since problems (2.3) and (2.4) have the same optimal control for fixed S,
we maximize the optimal value in (2.4) over 8 € R. For further simplification, we set
X; = R, — (b — B); then our controlled stochastic differential equation (2.1) becomes

dx;’ =cldt - qltdSl(t) — g dSZ(l‘),
xo =Ro— (b -p),

and the optimal problem (2.4) is equivalent to

(2.5)

minimize E[§(x1)%],
qge U, (2.6)

such that .
(x,q) satisfy (2.5).

Now we define the objective function as

JUt,x) = E[3(x1)* | x! = x],
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and thus the corresponding value function is given by

= 1 q = 1 l 4 2 q =
V(t, x) Ll]gg;J (, x) 31211; E[5(x7)" | x; = x]

with the boundary condition V(7, x) = x*/2. In Sections 3 and 4 we will show how
to solve the mean—variance problem using the stochastic control theory and the HIB
equation.

Remark 2.1. In this paper, we assume that continuous trading is allowed and that all
assets are infinitely divisible. Also, we work on a complete probability space (Q, 7,
P) on which the process R? is well-defined. The information at time ¢ is given by the
complete filtration ¥, generated by RY.

3. The HJB equation and verification theorem

Let C2([0, T] x R) denote the space of ¢(t, x) so that ¢ and its partial derivatives
&1, @y, dxx are continuous on [0, 7] X R. We use the dynamic programming approach
described by Fleming and Soner [6] to solve problems (2.5)—(2.6). From the standard
arguments, for V € C'2, we obtain the HIB equation for problems (2.5)—(2.6) as
follows:

;glf]{V, + 1V, + LE[V(t,x — ¢1X) — V(t, x)]

+ LE[V(t,x—qY) - V(t, x)]

(3.1
+AEV(E, x — 1 X — q2Y) -V, )]} =0,
V(T,x) = %xz.
Suppose that the solution of the HIB equation (3.1) has the form
V(t, x) = %P(t))c2 + Q(H)x + L(v); (3.2)
then we have
V= %P,XZ +Ox+L;, V,=Pt)x+Q), V.=PQ), (3.3)
where P;, O, and L, are the derivatives of P(f), Q(t) and L(t), respectively.
For convenience, we denote
ap = (A + Durx,  ax = (A + Dy,
br= (A + Dpax, b} = (A + Doy,
B =ai(n — 6) + ax(nz2 — 6).
Substituting (3.3) into (3.1) yields
inf (3P0C + Qx+ L+ (@imgy + axmgs = BYP(Ox + 0(0)
+ 3P((biq] + b305 + 2pbib1412)) = 0, (3.4)

where p = Apxpiy/bibs, (0 < p < 1).

https://doi.org/10.1017/5144618111600016X Published online by Cambridge University Press


https://doi.org/10.1017/S144618111600016X

[6] Optimal mean—variance reinsurance with common shock dependence

Let

£(@) = (aimq + axmpg2)(P(0)x + Q) + LP(1)(biqt + b3q3 + 2pb1bi1q1 ).

We have of
30 = P(1biqi + (P()x + Q()ain + g2 P(t)pb1 by,
of
P = P()biq> + (P()x + Q(1)axna + q1 P(t)pb1 by,
&
8q1
2
6—{ = P(t)b2,
oq;
o f of
= = P(t)pb,b,.
0q10q,  0q»0q, (O)pbrb
Since
vy Py
dq7  0q10q>
o f & f = P2(t)b%b%(l -p» >0,

0q20q, 5_615

167

(3.5)

fis aconvex function with respect to g; (or ¢,); therefore, without the restriction g € U,

the minimizer of f(q) in (3.5) satisfies the equations
P(Dbiqi + (P(1)x + Q()aim + q2P(Dpbby =
P(t)b3q2 + (P(1)x + Q(1))ams + g1 P(Dpb1b; = 0.
Solving equations (3.6) yields

N ( Q(l))
q1 1 P0)
N (x+ Q(t))
q2 2 _P(t) >
where
aymb3 — axnopbi by axmbt — ainipb b,
m=- 2.2 2 and  my =~ 2.2 2
bib5(1 — p?) bib5(1 - p?)

Because of the constraints of (g7, ¢3) € U and the result

(azb1/a1pba)n _1 o1
(axpbi/arbr)yy  p>

we need to discuss the following five cases:
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1. 1 < (axpbi/aiby)n, (thatis, m; > 0, my < 0);
2. my = (azpby1/arby)ny (thatis, my = 0, my < 0);
3. 1 > (apb1/a1pby)n, (that is, my < 0, my > 0);
4. 1 = (az2b1/a1pba)n, (that is, m; <0, my = 0);
5. (azpby/aiby)my < my < (axbi/apby)mn, (thatis, my <0, my <0).

Case I. Letn; < (azpbl/albz)nz.

In this case, m; > 0 and my < 0. If x + Q(¢)/P(¢) > 0, then g; > 0 and g <0, and
because of the restriction of ¢* € U, we have to choose ¢; = 0. Inserting ¢; into
(3.5) with df(q)/0q, = 0, we obtain g; = —(alm/bf){x + Q(@®)/P(1)} < 0; then we get
q; = 0. Thus, the optimal strategy to minimize the left-hand side of equation (3.4)
is ¢" = (q},q;) = (0,0). Substituting ¢g* = (0, 0) back into (3.4) and grouping terms
according to the powers of x leads to

iP,=0, Q,—BP()=0 and L,-BQ(t) =0,
with the boundary conditions P(T) = 1, Q(T) = 0 and L(T') = 0. It is not difficult to get
P=1, Q®O)=-B(T'-1) and L(t)=3iB*(T -1
Substituting the expressions for P(), Q(f), L(¢) into (3.2) and rearranging, we obtain
V(t,x) =[x — B(T - p)]°.

If x+ Q()/P(t) <0, then g; <0 and g, > 0. For the restriction g* € U, we have
to choose gj = 0; then in the same manner as above, we get g» = —(aznz/bg){x +
Q(@)/P(1)} = 0. Therefore, the optimal strategy is ¢* = (¢}, g5) with g7 =0 and g =
—(aym /b%){x + Q(1)/P(¢)}. Substituting ¢* back into (3.4) and grouping terms with
like powers of x yields

P, — AyP(t) = 0,
0: — AQ0(1) — BP(1) = 0,

1. 007 ~
L - EAZ 2o BQO(1) =0,

with the boundary conditions P(T) = 1, Q(T) = 0, L(T) = 0, where A, = (ayn2/b>)*.
Solving the above differential equations, we derive

P(r) = e,
0(1) = =B(T — e,
L(t) = 1BX(T - t)y?e~10.

Substituting the expressions for P(¢), Q(¢), L(t) into (3.2) and rearranging yields
V(t,x) = 2e T [x - B(T - n]*.

Along the same lines, we can get the optimal results for the other four cases as
follows.
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Case 2. Letny = (axpby/a\by)n;.
The minimum of the left-hand side of the equation (3.1) is attained at

©0.0). x> B(T 1),
%=\ (0. 2" _ per - _
(0, : [x— B(T t)]), x< B(T -1,

and the solution of equation (3.1) is

ilx = B(T - nI%, x> B(T - 1),
Vit x) = 1 —A)(T-1) 2
se T — B(T —n)*, x<B(T -1).

Case 3. Letn; > (azbl/alpbz)ﬂz.
The minimum of the left-hand side of the equation (3.1) is attained at

(0,0), x> B(T -1),
9 = (_"%[x _B(T - t)],O), X< B(T - 1),
and the solution of equation (3.11) is
V(t, x) = {%[x - B(T - 0P, x> B(T -1,
leMID[x—B(T -n>, x<B(T -1,

where A; = (a1n1/b1)>.

Case 4. Let m= (axbq /alpbz)ﬂz.
The minimum of the left-hand side of the equation (3.1) is attained at

0.0), x> B(T 1),
U = (—a]‘%[x _B(T - t)],O), x < B(T —¥),

1
and the solution of equation (3.1) is

V(t,x) Hx =BT - 1%, x> B(T -,
[’ =
* LeMT=D[x — B(T =), x<B(T - 1.

Case 5. Let (arpbi/aiby)m < m < (axbi/aipby)n,.
The minimum of the left-hand side of the equation (3.1) is attained at

. 00,0, x> B(T - 1),
oy [x = B(T = 0], ma[x = BT = 1)), x<B(T —1),
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and the solution of equation (3.1) is
Hx =BT - 0P, x> B(T - 1),
Vit x) = 1 ,A(T- 2
3T [x - B(T —n)*, x<B(T -1,

where A = 2(aymn; + aymon,) + m%b% + m%b% + 2mymppb 1 b;.
We summarize all the above results in the following theorem.

THeEOREM 3.1. Let my, my be given as in (3.7). Then for any t € [0, T], the minimizer of
the left-hand side of the equation (3.1) is

0,0 B(T - ),
*:{(, )s x> B(T —1) 38)

q;
(g7, x), g5, x)), x<B(T -1),
where
b
(0.-2L1x - BT - 1), m < 2200,
b3 aiby
. . 20b1 2b1
(Q1(t» x), q2(t’ x)) = (ml[x - B(T - Z’)]a m2[x - B(T - t)])» 1b2 Uy m 1pb2 m,
b
(——“"2" [x = BT - 1)],0), mz -2y,
b? aipby
Moreover, the solution of the HJB equation (3.1) is given by
1 2
s[x=B(T -0]-, x>B(T-1),
Vi, x)=1" (3.9)
Vi@, x), x < B(T - 1),
where
b
%e_AZ(T_t)[X - B(T - t)]Z’ m < aaZpbzl ,
1
apb a»b
Vilt,x) = { 1A= BT - 0P, 2y, <y < 200y,
arby apb;
a2b1

1M I Dx - BT - 0%, m >
apby

2,

with Ay = (Cllﬂl/bl)z, Ay = (azﬂz/bz)z and A = 2(611111177] + aznhflz) + m%b% + m%b% +
2m1m2pb1b2.

At the end of this section, we verify that the solution of the HIB equation (3.1)
given in (3.9) is, indeed, the value function of our stochastic control problem (2.5)—
(2.6). Since V,,(t, x) does not exist at the point x = B(T — ¢), this means that V (¢, x)
does not possess the necessary smoothness properties to qualify as a classical solution
of the HIB equation (3.1). By the definition of viscosity solution and the same method
as given by Bi and Guo [4], we can also show that V(z, x) given in (3.9) is a viscosity
solution of the HIB equation (3.1). Then the verification theorem within the framework
of the viscosity solution is given as follows.
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TueorEM 3.2 (Verification theorem). Let g* and V(t, x) be given as in (3.8) and (3.9).
Then the value function of stochastic control problem (2.5)—(2.6) is V(t, x) for all
(t,x) € [0,T] X R, and for t < s < T, the optimal strategy is given by

* (Oa 0)9 X > B(T — t),
! (QT(S, )C;), q;(& X:)), X< B(T - t)a

where X, is the risk reserve with optimal strategy g,

(q1(s, x7), g5(s, x7))

a arpb
(0.~ - 5r - 1), s S,
2
b b
= {omlx; = BT = )l molx; = BT = ), 2220 <y <~
1bs ajpb,
b
(—“1—’271 Xt - B(T - s)],o), mz L0,
by apby

fort<s<T A1y and
(4108, x0), ¢5(5,x)) =(0,0) forT ANt <s<T,
in which

7, =inf{s > 1, x; — B(T — 5) > 0}.

Proor. The proof comprises the following three cases:
Case (1) m < (axpbi/aib))n, ,
Case (2) (axpbi/a1br)m <m < (axbi/aipba)ns ,

Case (3) my = (azby/apbr)n,.

Since the proofs of cases (1) and (3) are similar to case (2), we present only the
proof of case (2) in detail.

When x > B(T — 1) at the initial time ¢, we define g = (¢](s, x,), ¢5(s, x5)) = (0,0)
for any s € (¢, T], and the corresponding dynamical reserve process is given as

dx? = -Bds, t<s<T.
We prove that g* is the optimal strategy. Note that if x? = x = B(s - 1), then

q° _
Xy =x=B(T -1)>0.
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Also, note that
' —B(T-s)=x—B(T -1>0.
For any admissible strategy g € U,
Mi(s) My(s)

dxl=clds - (Cllsd Z Xi + qasd Z Yi)
p =1

=[(A + ADuix(1 +71)g1s + (A + )uiy(1 + n2)gas — Blds
M, (s) M;(s)

—(fhsd Z Xi + qoid Z Yi)-
i=1 i=1
It is not difficult to find that
Exl>Exl =x1 >0
and, thus,
2 2 N2 "\2
E()? > (Ex8)? > (Ex Y2 = E[(x2 Y],
which implies that g* is optimal. The optimal value is
JO(,x) = E[E)? | xf = x]
=307
=500 =BT -0
=V(t, x).

When x < B(T — t) at the initial time ¢, let ¢ be any admissible strategy. We define

q, 1<s<T A7y,

q:(QI’QZ):{(O,O), TAT,<s<T,

in which
7, =inf{s > | x! — B(T - 5) > 0},

and
T4 T <T,

T AT, =
K {T, 7, > T.

By the definition of ¢ and the same analysis as in the former part of this proof, we get

E[()? | x? = x] 2 E[(x1)? | ! = x].
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Thus, the optimal problem can be restricted to the class of the strategy ¢ such that
when T A1, < s <T, we have g, = (0, 0), where

1, =inf{s > 1] x! = B(T - 5) > 0).

All such strategies can be denoted by the set U’ C U. For arbitrary § € U’, applying
It6’s lemma (see, for example, [14]) to V(¢, x) yields

T/\Tq R
V(T A7y, x(;m@) =V(t,x)+ f V;+c1V,)ds
t
TATy oo N .
+ f f V(s, x1 = §15x) — V(s, XL)N (dss, dx)
t 0
TATy oo N N
v f f V(s, 2 = Gayy) = V(s X N(ds, dy)
t 0

TATy oo oo N .
+ f f f V(s,x! = qiyx = goyy) — V(s, x1)N(ds, dx, dy),
t 0 0
where N(dt,dx), N(dt,dy) and N(dt, dx, dy) are Poisson random measures. Let

M (dt,dx) = Ni(dt,dx) — A, dth(dX),
M>(dt, dy) = Na(dt, dy) — A, dtQy(dy),
M(dt, dx,dy) = N(dt,dx, dy) — 1dtQx(dx)Qy(dy).

Then M,(dt,dx), M,(dt,dy) and M(dt,dx,dy) are the compensated Poisson random
measures.
Note that

T/\T,7 N
V(T A7y, x;mq) =V(t,x)+ f Vi +ctVy)ds
t
T ATy ] . N
+ f f V(S,)CZ, —lex)— V(S, xz,)Ml(dS, d-x)
t 0
T/\Tgi 00 R .
+ f f V(s,x! = gasy) = V(s, x1)My(ds, dy)
t 0
T Aty 0o . N
+ f f V(s, XL = §15x = Gosy) — V(s, xL)M(ds, dx, dy)
t 0
T ATy 00 N .
s [ [ vt - a0 - Ve ovan ds
' 0

T/\Tq 00 ) R
iy f f Vis. 2l — o) — V(s x1)0y(dy) ds
t 0

T/\Tq 00 00 R
+ Af f f Vs, xz_ = 415X = §25Y)
' o Jo

— V(s,x1)Ox(dx)Qy(dy) ds.
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Since V(t, x) satisfies the HIB equation, we have
N T ATy 00 R R
V(T A T@,x';mq) >V(t,x) + ft fo V(s,x1 = §15x) = V(s,x1)M,(ds, dx)

TATy 00 ) R
+ f f V(s,x! = gosy) = V(s,x)Ma(ds, dy)
t 0

T ATy 00 R
+ f f Vs, xz_ — 415X — G2s5Y)
1 0

— V(s, x1 )M(ds, dx, dy). (3.10)

The equality is obtained when the policy g = ¢g*. Note that
T ATy 0o R R
B[ [ ek -0 - Vs iQu@n ds] <,
1 0

T/\‘rq 00 . .
| f fo Vs, = 39) = Vs, ¥ I Q1) ds | < o0

and

T ATy 0o 00 R )
E[f L L [V (s, xz, - élsx - 5]2@’) - V(s, xZﬁ)|QX(dx)QY(dy) ds] < 00,

and thus these integrals are martingales. Taking the conditional expectation on both
sides of (3.10) yields A )
E[3(1)* | xf = x> V(1 %),

when ¢ = ¢g*, therefore the equality is obtained, which completes the proof of the
theorem. O

4. The efficient strategy and efficient frontier

In this section we apply the results in Section 3 to solve the mean—variance problem,
and derive the efficient strategy and efficient frontier of problem (2.2). Our primitive
mean—variance problem refers to finding the optimal reinsurance strategy such that
the expected terminal wealth satisfies ER? = b, where b is a constant, while the risk
measured by the variance of the terminal wealth Var R%. = E(R?. — ER?)* = E(R]. — b)?
is minimized. If we let b be a variable, then our mean—variance problem (2.2) can
be changed into a multi-objective optimization problem that maximizes the expected
terminal wealth ER';, and at the same time minimizes the variance of the terminal
wealth Var R over ¢ € U. The optimal reinsurance strategy for the multi-objective
optimization problem is called a variance-minimizing strategy corresponding to a fixed
b, and the set of all points (Var R, b) is called the variance-minimizing frontier. When
b > Ry — BT, the optimal reinsurance strategy for the multi-objective optimization
problem is called an efficient strategy, the corresponding (Var R}, b) is an efficient
point, and the set of all efficient points when b runs over [Ry — BT, o) is called the
efficient frontier.
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Since we have set x, = R, — (b — 3), we get
1 2 1 2 2
E[L ()] = LE[(RY. - b)? + 2B(ER%. — b) + B2
Therefore, for every fixed 8, we have

mierl E[(RY. - b)* + 2B(ER!. - b)]
qe

_ [[Ro-®-B)—BTP*-p* Ry>(b-p)+BT, 4.1)
| 2vi(0, x0) - B2, Ry < (b—p)+ BT,
where

b

eT[Ry—(b—p)— BT -2 i < ”2’; L
ao;y

W0 x0) — 2 = LT[Ry — (b—P) — BT =2, 200, < 2200
’ a1b2 alpb2

eMT[Ry — (b—B)— BT - B2, m =220,

aipb;

Furthermore, when Ry > (b — ) + BT, the variance-minimizing strategy is
q; =(0,0), 0<r<T.

When Ry < (b —p) + BT, let G(t,R;) = R; — (b — ) — B(T —t); then the variance-
minimizing strategy is

q; = (q,(t, R)), q5(t,RY)), 4.2)
where
am axpb
09 - : G t’ R* )3 < 5
( 2 (&, RY) m 103 m
frn DR s D . . 20b) b
(ql(t» R[ )s C]g(t, Rt )) = (ml : G([, Rt )7 my - G(ta Rt ))’ 1b2 m n pb2 m,
amn arby
M G,80.0) b,
( %) (t,RY) m alpbznz

1
for0<t<T A7y, and
(41t R)), g5(t, RY)) = (0, 0)

for T Aty <t <T,in which
74 =inf{t > 0, G(t, R;) > O}.

Note that the above value still depends on the Lagrange multiplier 5. Making use of
the fact that Ry < b + BT, which ensures that ER? = b can be satisfied, we see that to
obtain the minimum Var R‘; and the optimal strategy for the original control problem
(2.2), it is sufficient to maximize the value in (4.1) over 8 € R by the Lagrange duality
theorem (see, for example [3]). The above discussion leads to the following theorem.
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THEOREM 4.1. Assume that Ry < b + BT. Then the efficient frontier of problem (2.2) is

e T (Ry — b — BT)? _ @pb
1= AT > M= a1 2,
€AT(RQ -b- BT)2 azpbl a2b1
VarR; = , <n < ——no,
T T ahy <M< o
e T (Ry — b — BT)? . arb,
= oA > M= alpbznz'
Moreover, the efficient strategy is q; = (q}(t, R}), q5(t,R)), where
axn . axpb,
(0’ __ZH(tv Rt’AZ))v m < P 2,
b3 aib,
* * * * * * a, bl aZbl
(g1t R)), q5(t, R))) = { (m H(t, Ry, A), myH (1, R}, A)), P Mm<m<—"1,
aiby aipby
ain an|
-——H(,R A ,0), > )
( ) (t, Ry, A1) mz o

1

for0<t<T A1y, and
(41t R)), g5(t, RY)) = (0, 0)
forT Aty <t <T, inwhich

eT(Ry— Bt)— B(T —1) - b

H(t’R;:y):R;k-’- l_e_yT

and R} is the risk reserve with optimal strategy qj.

Proor. Suppose first that Ry < BT + b — . When 1 < (apb;/a1b2)n, from (4.1), we
have

min E[(R%. — b)* + 2B(ER% - b)] = 2V(0, x0) —
qelU
=T - )R> +2e T (Ry—b—-BT)B+e ™ (Ry—b—-BT)>. (43)
Maximizing expression (4.3) over 8 € R yields

e TRy~ b— BT)
B = 1 — e AT '

Substituting 8* into (4.1) and (4.2), the efficient strategy of the mean—variance problem
is given by

q; = (41t R)), ¢5(t, R))),
where ¢}(t,R;) =0,0<¢<T, and

DM o e Ay T(Ry—B)-B(T -1t)-b
¢t R)) = b% ! 1 — gAT ’
0, TAtp <t<T.

0<t<T ATy,
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Note that the efficient frontier is

e T(Ry — b — BT)?
1 —e T

VarR; =

When (aypb;/a1by)ny < ny < (axby/apby)n,, from (4.1), we have
min E[(RY. - b)* + 2B(ERY. - b)] = 2V,(0, x0) — 8
qe
=T - 1)8% +2eAT(Ry — b — BT)B + ¢*T(Ry — b — BT)?.

Since
A =2(aymn + aymany) + m%b% + m%b% + 2mmypb b,
a albl} + albin; — 2payaxbybynin,
B2H3(1 - p?)
and

aib3n; + a3bins — 2payazbibymina > 2(1 = paaxbibanin, > 0,

we have A < 0, which means that the result of (4.4) is a concave function with respect

to B.

Maximizing expression (4.4) over 8 € R yields

. eT(Ry—b—BT)
B=- eAT — 1 ’

Substituting 5* back into (4.1) and (4.2), we derive the efficient strategy of the mean—
variance problem,

q; = (q,(t,R), ¢5(t, RY)),

where
AT
, '"(Ry-B)-B(T-1)-b
q|(t.R)) = m‘[Rt_ AT _ | ] 0<t<T ATy,
0, T Aty <t<T,
and
AT
., € (Ro-B)-B(T-1)-b
7t Ry) = mz[Rf_ AT ] ] 0<t<T ATy,
0, T Aty <t<T.

The efficient frontier is
e*T(Ry — b — BT)?
1 —eAT

VarR; =

When n; > (ab1/a1pbs)n,, along the same lines as in the case of n7; < (appby/a1by)n,,
we can also get the explicit expression for the efficient strategy and the efficient
frontier. We omit the detailed proof here. Since Ry < b + BT — 8* is equivalent to
Ry < b + BT, the proof is now complete. ]
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.
ER
T

M oW A OO N ® © O

—_

o

0 2 4 6 8 10
VarFlT

Ficure 1. The efficient frontiers for different A.

Remark 4.2. Under the assumption of Ry < b + BT, the solution of the mean—variance
problem consists of only one region, since once the boundary is reached, we apply
the full reinsurance g; = (0, 0) for the remaining time and the risk reserve falls on the
straight line Ry — Bt and reaches b at time T, which is the same as in [2].

Remark 4.3. The efficient strategy and efficient frontier in [2] can be derived directly
from Theorem 4.1 by setting 7, =12, 6; = 62, @) = @3, 4 = A and 1 = 0.

5. Numerical examples

In this section, we assume that the claim sizes X; and Y; are exponentially distributed
with parameters @ and a;, respectively. Then we have p;x = 1/ay, uiy = 1/, tox =
2/(1'%, oy = 2/01%. Here we only take the case (axpb;/a1ba)n, < n1 < (azby/aypby)n, in
Theorem 4.1 as an example to verify our outcomes in the foregoing. In the following
examples, we show how the dependence between two classes of insurance business
affects the efficient frontiers, and we present the impact of the parameters 4;, a; and n
on the efficient frontier.

ExampLE 5.1. Let 41, =5, T=10, Ry =4, a1 =15, ap =1, 6; =0.1, 6, =0.12,
1 = 0.12, 7, = 0.125. The results are shown in Figures 1 and 2.

From Figure 1 (4; = 1) and Figure 2 (1 = 4), we see that when Var R} is small
enough, a greater value of A (1) yields a smaller value of ER?. with the same Var R,
On the other hand, when Var R} is large enough, a greater value of A (4;) yields a
greater ER. with the same Var R}.. Besides, the top half of the parabola is the efficient
frontier and the whole parabola is the variance-minimizing frontier. Similar results are
shown in Figures 3 and 4.
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10 w w w w
9l - - o,=05]
8
7
6
‘o 5
[}
4
3
ol i
1k i
0 ‘ ; ; ‘

0 2 4 6 8 10
VarRT

Ficure 3. The efficient frontiers for different ;.

ExampLe 5.2. Let A, =1, 2, =5, 1=4,T=10,Ry=4, ap =1, 0, =0.1, 6, =0.12,
12 = 0.125. The results are given in Figures 3 and 4.

From Figure 3 (7; = 0.11) and Figure 4 (a; = 1.5), we see that a greater value of
gives a greater value of ER’. with the same value Var R}, whereas a greater ; gives a
smaller ER’. with the same Var Ry
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FiGure 4. The efficient frontiers for different 7.

6. Conclusion

Here we summarize the main results of the paper. From an insurer’s point of view,
we consider the optimal proportional reinsurance strategy in a compound Poisson
risk model with two dependent classes of insurance business, where the two claim
number processes are correlated. By the stochastic control theory and HIB equation,
we derive the explicit expressions for the optimal reinsurance strategies and value
function in the LQ setting, and present the verification theorem within the framework
of the viscosity solution. Furthermore, we extend the results in the LQ setting to the
mean—variance problem and obtain the efficient strategy and efficient frontier. Some
numerical examples are given to show the impact of model parameters on the efficient
frontier.

Later, we may extend our work to the case of a diffusion approximation risk model
with two dependent classes of insurance business which has already been discussed
in [1] and [11]. However, we find that under the mean—variance framework, the
HIJB equation for the diffusion approximation case is exactly the same as that in the
compound Poisson risk model (see, for example, [8]); then the optimal strategies and
value function are the same, which is very different from the other risk measures.

Although the literature on optimal reinsurance is increasing rapidly, very few of
these contributions deal with the problem in relation to dependent risks. Therefore,
there are still some interesting problems in this direction that can be further studied.
For example, one may consider the optimal reinsurance with dependent risks under
additional constraints on the probability of ruin, which is a very challenging problem,
though some useful results have already been derived.
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