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Abstract

The paper [3] proved a necessary algebraic condition for a Banach algebra A with finite-dimensional
radical R to have a unique complete (algebra) norm, and conjectured that this condition is also sufficient.
We extend the above theorem. The conjecture is confirmed in the case where A is separable and A/R is
commutative, but is shown to fail in general. Similar questions for derivations are discussed.
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1. Introduction

This paper is concerned with the question of uniqueness of norm — the question of
when a Banach algebra has a unique complete norm, which means, by definition,
that each complete algebra norm on the algebra is equivalent to the given norm. A
celebrated theorem of Johnson ([6], [2, Chapter 5.1.6]) states that each semisimple
Banach algebra has a unique complete norm. However, it has been known for a long
time that even a commutative Banach algebra with 1-dimensional radical may fail to
have this property; the first such example is due to Feldman (see [2, Chapter 5.4.6]).
There are other conditions that such an algebra needs to satisfy.

The question of uniqueness of norm for algebras with finite-dimensional radical
has been discussed in [11], [12], and also implicitly in [4] (see also [2]). The most
thorough treatment of this problem has been, however, in [3]. There, the authors
propose necessary and sufficient algebraic conditions for a Banach algebra with non-
zero, finite-dimensional radical to have a unique complete norm. They proved the
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following theorem (see [3, Theorem 2.2], or [2, Chapter 5.1.12]). The notation is
given in Section 2.

THEOREM. Let A be a unital Banach algebra with finite-dimensional radical. Sup-
pose that there exists a minimal radical ideal K such that K, K , has infinite codimen-
sion in A. Then A does not have a unique complete norm.

It was conjectured in [3] that the converse of the above theorem holds. This
conjecture was proved under various additional hypotheses, but, in its generality, was
left unresolved.

In Section 3, we give a new proof of the above theorem. Moreover, we extend
the result by proving that the algebra in consideration actually has a discontinuous
automorphism. In Section 4, the conjecture is proved in the case where the algebra A
is separable and the quotient A / (rad A) is commutative. This resolves the question,
left open in [3], of uniqueness of norm for an interesting class of algebras. Finally, in
Section 6, we construct a counter-example to show that the conjecture fails, even in
the case where the algebra is separable and the radical is 2-dimensional.

It should be remarked that, for an algebra A with finite-dimensional radical, if A is
separable with respect to a complete algebra norm, then A is separable with respect
to each complete algebra norm (see {3, Proposition 3.16]).

There is a related question about the automatic continuity of derivations. It is
proved in [8] that derivations on each semisimple Banach algebra are continuous.
We consider two automatic continuity problems; one is for derivations on Banach
algebras with finite-dimensional radical and the other is for derivations from Banach
algebras into finite-dimensional Banach modules. Our results on these problems
are ‘in parallel’ to those on the uniqueness-of-norm problem. Moreover, the results
on constructing discontinuous automorphisms are all derived from similar resuits on
constructing discontinuous derivations (see Section 3 and Section 6).

There is another related topic, the Wedderburn decomposition of Banach algebras
with finite-dimensional radical, which was developed in [7]. However, we do not
cover this topic here.

In summary, we prove the following ‘characterization’ theorems. When A is
non-unital we can always consider A* — the unitization of A.

THEOREM A. Let A be a separable Banach algebra with finite-dimensional radi-
cal R such thar A/R is both unital and commutative. Then the following are equiva-
lent:

(a) each derivation on A is continuous,

(b) each derivation D : A — R with D* = 0 is continuous;

(¢) each automorphism of A is continuous;

(d) each complete algebra norm on A is equivalent to the given norm;
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(e) for each minimal radical ideal K in A, the ideal K, K, has finite codimension
in A.

THEOREM B. Let A be a separable, unital Banach algebra, and let X be a finite-
dimensional Banach A-bimodule such that A/ X~ is commutative. Then the following
are equivalent:

(a) each derivation from A into X is continiwus;
(b) for each minimal sub-bimodule Y in X, the ideal Y,Y, has finite codimension
in A.

2. Preliminaries

First, we recall some terminology explained in [3]; see also [2]. Let A be an
algebra. For two subspaces E and F in A, we denote by E F the linear span of the set
{ab:a € E, b e F}.

A minimal radical ideal of A is a minimal non-zero ideal of A that is contained
in rad A, the radical of A. In each non-zero and finite-dimensional ideal contained in
rad A, we can always find a minimal radical ideal.

When rad A = R is finite-dimensional, there exists n € N such that R* = {0} and,
for each minimal radical ideal X, we have RK = KR = {0}.

For a subspace I of A, define the left and right annihilators of I by

L={aeA:al={0})} and I,={acA:la={0}},

respectively. Define the annihilator of I by I+ = I, N 1,. Similarly, we can define the
left annihilator X, of aleft A-module X and right annihilator Y, of a right A-module
Y; X, and Y, are ideals in A. For an A-bimodule Z, we also define the annihilator
Zttobe Z, N Z,.

For each m € N, let M,, denote the full matrix algebra of m x m-matrices over C.
For each m,n € N, let M,, , denote the space of m x n-matrices over C; the space
M., . is naturally considered as an M,,-M,,-bimodule.

Let A and B be algebras. Recall that an A-B-bimodule X is minimal if X is non-
zero and has no other non-zero submodule, and is simple if, furthermore, AXB # 0.
For a finite-dimensional, simple A-B-bimodule X, there exist I, € N such that
A/X, = M, and B/X, = M, and, when considered as an M;-M,-bimodule, X is
isomorphic to M, ,; see, for example, [2, page 65]. The module M, , is the unique
simple M,-M, -bimodule (up to isomorphism).

Each unital M;-M,-bimodule can be considered as a unital left M;,,-module, and
hence each unital M;-M,-bimodule is semisimple, so that it is an algebraic direct sum
of its simple submodules, or equivalently, each of its submodules is an algebraic direct
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summand (in M;-mod-M,). For the semisimplicity of unital left M,-modules see, for
example, [9, pages 28, 33].

The following are standard results from automatic continuity theory; for details,
see [2]. Let T : E — F be a linear operator from a Banach space E into another
Banach space F. The separating space of T, denoted by G(T'), is defined as

{v € F : there exists a sequence (1,) C E with u, — 0and T (u,) — v}.

The space G(T) is a closed subspace of F and, by the closed graph theorem, T is
continuous if and only if G(T) = {0}. Let S : F — G be a bounded linear operator
from F into a Banach space G. Then we have

G(ST) = S (6(T));

see [2, Theorem 5.2.2 (i1)].

Now let @ : A — B be a homomorphism from a Banach algebra A into a Banach
algebra B. Then the separating space G(6) is a closed ideal in 6(A). Define the left
and right continuity ideals of 6 by

HF@0)={ae A:b+— 6(ab), A — B, iscontinuous}, and
F,0)={a€ A:br> 6(ba), A— B, is continuous},

respectively. By the previous paragraph, we have
HO@) ={lac A:6@)G®B)={0}} and F,0)={acA:566)0@a)={0}}.

As expected, £, (0) and .#, () are ideals in A; in general, they are not closed in A.
Let D be a derivation from a Banach algebra A into a Banach A-bimodule X; by
definition, D is a linear map from A into X satisfying

D(@b)y=a -Db+ (Da)-b (a,be A).

Then the separating space G(D) is a closed submodule of X. The left and right
continuity ideals of D are defined to be

FD)y={aeA:a-6(D)={0}} and F,(D)=1{a € A:6(D)-a={0}},
respectively. We see that

F(D)={aeA:b— D(ab), A — X, iscontinuous}, and
#,(D)={a€A:b— D(ba), A— X, is continuous}.

In this case, the ideals .#, (D) and .#,(D) are closed in A.
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3. Construction of discontinuous derivations and automorphisms

In [3, Theorem 2.2}, the authors construct directly, on a Banach algebra A, a
complete algebra norm that is not equivalent to the given norm when A satisfies
certain algebraic conditions. Theorem 3.3 below, extends that theorem by providing
a discontinuous automorphism of A (as well as a discontinuous derivation on A). The
method is to construct a discontinuous automorphism out of a certain derivation.

First, we construct a discontinuous derivation from a Banach algebra A into a
finite-dimensional Banach A-bimodule.

LEMMA 3.1. Let A be a Banach algebra, and let Y be a finite-dimensional, simple
Banach A-bimodule. Suppose that A/(Y,Y,) is unital and has infinite dimension.
Let F be any finite-dimensional subspace of Y*. Then there exists a discontinuous
A-mod-A homomorphism T from Y+ onto Y such that T is zero on Y, Y, + F.

PROOF. Since Y'* = Y, NY, has finite codimension in A, we see that Y, Y, is of
infinite codimension in Y*. Then

I=Y.Y,+F+AF+ FA+ AFA

is also an ideal of infinite codimension in Y+. Since A/(Y,Y,) is unital, the quotient
space Y*/I can be considered as a unital A/Y;-A/Y,-bimodule. As discussed in
Section 2, we have that both A/Y, and A/Y, are isomorphic to some full matrix
algebras, and that Y+ /1 is an algebraic direct sum of simple A/Y,-A/Y,-submodules.
Since Y*/1I has infinite dimension, there exist distinct such simple submodules, say E,
(n € N). Foreachn € N, let 7, be an A/Y,-mod-A/Y, homomorphism from Y+ //
onto Y such that 7, is an isomorphism from E, onto Y and zero on the remaining
submodules. Let w : Y+ — Y1/I be the quotient map. Then each T, o 7 is an
A-mod-A homomorphism onto Y, and T,, o 7 is zero on /. It is easily seen that

Yyt = Uker(T,, o).

n=1

The Baire category theorem applied to the Banach space Y then shows that ker(7,,,07)
is not closed for some ny, € N. Hence, by setting T = T,,, o w, we obtain the desired
map 7T. O

THEOREM 3.2. Let A be a Banach algebra, and let X be a finite-dimensional Banach
A-bimodule such that A/(X,X,) is unital. Suppose that there exists a minimal sub-
bimodule Y of X such that Y,Y, has infinite codimension in A. Then, for each finite-
dimensional subspace F of Y*, there exists a discontinuous derivation D : A — X
such that D(A) = Y and D(F) = {0}.
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PROOF. Let e € A be such that e + X; X, is the identity of A/(X, X,).
Since Y is a minimal A-bimodule, either AY = {0} or AY = Y. Assume towards
a contradiction that AY = {0}. Leta € Y,. Since a — ea € X, X,, we see that

ac AYp + XAXp = Y)‘Yp.

So Y, C Y,Y,. This contradicts the assumption that ¥, Y, has infinite codimension in
A. Therefore AY = Y and, similarly, we see that YA = Y. Thus Y is indeed a simple
A-bimodule.

Consider the following two cases.
Casel: Y, =Y, =Y*. Then A/Y* = M, for some n € N. Let

{pij:i,j=1,...,n}CA

be such that { pii+ Yt j=1, n} corresponds to the standard basis of M,,.
Then each element a in A can be expressed uniquely as
(¢)) a= Zaijpij+us

i,j<n

where o;; € Cfor1 <i,j <nandu e Y*.

Let F, be the linear span of F U {p;;ps — 6;,pis 1 1 < i, j,5,t < n}. Then F, is
a finite-dimensional subspace of Y*. Let T : Y* — Y be a discontinuous A-mod-A
homomorphism that is zero on (Y+)? + F, the existence of which is guaranteed by
Lemma 3.1. Define D : A — Y by D(a) = T (u) for each a € A written in the form
specified in (1). It is routine to check that D is a derivation satisfying the requirement.

Case 2: Y, # Y,. Since Y, and Y, are distinct maximal ideals in A (by the sim-
plicity of Y again), we have A = Y, +Y,, and so ¥,/Y+ = A/Y, = M, and
Y,/Yt = A/Y, = M,, for some /,r € N. Choose {p,-,- i, )= 1,...,1} C Y, and
{gij:i,j=1,...,r} C Y, such that

{py+Yt:ij=1,...,0} and {g;+Y* :i,j=1,...,r}

correspond to the standard bases of M, and M, respectively. Then we see that each
element a in A can be expressed uniquely as

(2) a= Zaijpij + Zﬁn%x +u,
ij=<l st<r
where;; € Cforl1 <i,j<l,B, e Cforl <s,t <r,andu € Y*.
Let F; be the linear span of
FU{p,-qu,:lsi,jsl, andlss,ISr}
U {pijpsl - sjspil | f i7 jas7t _<_ l}
u {q:'qur —8;qi 11 <1i,j,5,t < r}.
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Then F, is a finite-dimensional subspace of Y1. By Lemma 3.1, we can find a
discontinuous A-mod-A homomorphism 7 : Y+ — Y that is zero on ¥, Y, + F,.
Define D : A — Y by D(a) = T (u) for each a € A written in the form specified in
(2). Again, it can be verified that D satisfies our requirement. ]

THEOREM 3.3. Let A be a Banach algebra with finite-dimensional radical R such
that A/(R + R, R,) is unital. Suppose that there exists a minimal radical ideal K
such that K, K, has infinite codimension in A. Then:

(1) there exists a discontinuous derivation D : A — R with D? = Q;
(2) there exists a discontinuous automorphism on A.

In particular, A has a complete algebra norm which is not equivalent to the given
norm.

PROOF. (i) Since K is a minimal radical ideal, we have RK = KR = {0}. Thus X
can be considered as a minimal A/R-bimodule. We see that A/R and K satisfy the
hypothesis of Theorem 3.2, so there exists a discontinuous derivation Dy : A/R — K.
Set D = Dyom, wherem : A — A/R is the quotient map. Then D : A - K isa
discontinuous derivation with D(K) = {0}.

(ii) Let D : A — A be a discontinuous derivation such that D? = 0. Denote by id,
the identity map on A. Set 8 = id, + D. Then 6 is a discontinuous automorphism
on A; its inverse map is ¢ = id4 — D.

The map a — (6(a)ll, A — R, is an algebra norm on A, easily seen to be
complete, and is not equivalent to the given norm. O

4. Banach algebras having a unique complete norm topology

In this section, we prove the mentioned conjecture for separable Banach algebras
with finite-dimensional radical under some additional hypothesis. In particular, we
prove the conjecture in the case where A is separable and A/(rad A) is commutative.
This case was proved in [3] under the additional hypothesis that either rad A is central
or (rad A)? = {0}. Part of our argument is an extension of the argument in [3]. Our
approach is to use separating spaces as well as continuity ideals to prove the continuity
of certain homomorphisms.

Let A be an algebra. A composition series of an A-bimodule X is a chain X =
Xe DX DX,D D X, O X, = {0} of submodules of X such that, for each
1 <i <s, the A-bimodule X;_,/X; is minimal. We introduce the following concept.

DEFINITION 4.1. An admissible series for an A-bimodule X is a chain

X=X0X,DX;D>--2X,.; DX, =10}

https://doi.org/10.1017/51446788700015883 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700015883

286 Hung Le Pham [8]

of submodules of X such that the ideals (X;_1/X;),(X;—1/X;),, for 1 <i <5, are
each of finite codimension in A.

LEMMA 4.2. Let A be an algebra, and let X be an A-bimodule. Suppose that X
has a composition series. Then the following are equivalent:

(a) X has an admissible series;
(b) X has an admissible series that is a composition series,
(c) each composition series of X is an admissible series.

When one of the above three conditions hold then each submodule of X has an
admissible series.

PROOF. That (a) implies (b) follows by ‘refining’ the given admissible series to
obtain a composition series, which is easily seen to be admissible. That (b) implies
(c) follows from the Jordan-Holder theorem [1, pages 117-120]. The remaining
implication ((c) implies (a)) is obvious. The final assertion then follows from (¢). O

A finite-dimensional A-bimodule X always has a composition series.

LEMMA 4.3. Let A and B be commutative algebras, and let X be a finite-dimen-
sional A-B-bimodule. Then X = @L, X; where X; are submodulesof X (1 <i <n)
such that, for each 1 <i < n, we have

(1) either A/(X;), is radical or both A/(X;), is local and there exists a € A such
thata - x = x for x € X;, and

(2) either B/(X;), is radical or both B[(X,), is local and there exists b € B such
thatx - b = x forx € X,.

PROOF. Since X is finite-dimensional, we can write X = GBL, X;, where n € N
and each X; is an A-B-submodule of X with no non-trivial direct summand (in A-
mod-B). Fix i with 1 < i < n. Then A; = A/(X;), and B, = B/(X;), are
finite-dimensional, commutative algebras which act faithfully on the left and right
of X;, respectively. By the Wedderburn structure theorem (see, for example, [2,
Chapter 1.5.8]), there exists an orthogonal set {py, ..., pi} (which may be empty) of

non-zero idempotents in A; such that

k
A= @Cp,- @rad A;.

j=1
It then follows that

k k
X; =@pj°xi®<l—zpj) - Xi,
j=1 j=1
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where p;-X; (1 < j < k)and (1 _Zl_;=l P;)- X; are easily seen to be A-B-bimodules,
and each p; - X; is non-zero. Therefore, by the assumption on X;, we must have that
either k = Q or k = 1. Thus A; is either radical or local; in the later case we must
have p, - x = x (x € X).

The assertion (ii) is proved similarly. O

LEMMA 4.4. Let A be an algebra, and let I, I, J,, J, be finite codimensional
ideals in A such that there exists m € N with J[" C I, and J' C I,. Suppose that
J1J, has finite codimension in A. Then 1,1, has finite codimension in A.

PROOF. This is [3, Lemma 1.6]. O

PROPOSITION 4.5. Let A be an algebra, and let X be a finite-dimensional A-
bimodule, such that A/ X* is commutative. Then the following are equivalent:

(a) for each minimal sub-bimodule Y of X, the ideal Y,Y, has finite codimension
inA;

(b) there are sub-bimodules X, . .., X, of X such that X = @;_, X;, and such that
(X:)x(X;), has finite codimension in A;

(¢) X has an admissible series.

PROOF. That (b) implies (c) is obvious, and that (c¢) implies (a) follows from
Lemma 4.2. We prove (a) implies (b).

Suppose that (a) holds. Set B = A/X?, so that B is a commutative algebra.
Let X = @f=l X, be the decomposition as in Lemma 4.3 (working in B-mod-B).
Returning to A-mod-A, we see that the decomposition X = @P;_, X; still satisfies the
conditions (i) and (ii) in Lemma 4.3.

Fix 1 < i < n. Let Y be a minimal sub-bimodule of X;. First, if A/(X,), is
radical, then so is Y, /(X;),. Otherwise, if A/(X;), is local, then, by Lemma 4.3, there
existsa € A suchthata - x = x for x € X;, and so a ¢ Y,. This implies that Y, is a
proper ideal in A, and therefore, by locality, Y, /(X;), is, again, radical. Thus, in both
cases, Y, /(X;), is radical and finite-dimensional. It follows that (¥,)! C (X;), for
some ! € N. Similarly, there exists an r € N such that (¥,)" C (X;),. By hypothesis,
we have that Y, Y, is of finite codimension in A. Hence, by Lemma 4.4, the ideal
(X:)1(X;), also has finite codimension in A.

This completes our proof. EI

DEFINITION 4.6. Let A be an algebra with a finite-dimensional radical R. We say
that A satisfies the A-property if the A-bimodule R N R+ has an admissible series.

That (a) implies (b) from following proposition, in the case where R? = {0}, was
implicit in the proof of [3, Theorem 3.13] (in fact, the argument there can be modified
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to work in the general case of (a) implies (b); our proof is different but still follows
the idea of [3]).

PROPOSITION 4.7. Let A be an algebra with finite-dimensional radical R such that
A/ R is commutative. Then the following are equivalent:

(a) for each minimal radical ideal K in A, the ideal K, K, has finite codimension
inA;

(b) there are ideals R, ..., R, in A such that RN R+ = @_, R, and such that
(R:)i(Ry), has finite codimension in A,

(¢) A satisfies the A-property.

PROOF. This is a corollary of Proposition 4.5, since each minimal radical ideal K
is contained in R N R, O

LEMMA 4.8. Let A be a separable Banach algebra, and let E and F be closed
linear subspaces of A with EF having finite codimension in A. Then EF is closed,
and there exist a constant C > 0 and m € N such that, for each a € EF, there exist
(x)T, C E and (y)", C F such that

a=Y) xy and Y_|xllyl < Clall.

i=1 i=1
PROOF. This is {3, Lemma 3.1] (see also [2, Chapter 2.2.16} and [10]). O

The next result is an extension of Corollaries 3.7-3.9 in [3]. We cannot use an
induction scheme (like the one provided by [3, Theorem 3.6]) to prove the next
theorem, as was the case for those corollaries.

THEOREM 4.9. Let A be a separable Banach algebra with finite-dimensional radi-
cal. Suppose that A satisfies the A-property. Then each complete algebra norm on A
is equivalent to the given norm.

PROOF. The radical of A is denoted by R. Consider another complete algebra
norm | - || on A. We need to prove that the identity map i: (A, || - ) = (A, l} - ) is
continuous. By Johnson’s automatic continuity theorem for epimorphisms, we have
G(@1) C R. For each a € R, since i is continuous on R — a finite-dimensional ideal,
we have a € £, (1) N #,(i). Thus, indeed &) € RN R*.

Assume towards a contradiction that §(1) # {0}. Then there exists anideal X thatis
maximal among the ideals properly contained in G(i). Since X is finite-dimensional,
K 1is closed in both topologies. Consider the map 6 : (A, || - |) —» (A/K, § -1
induced by i. Then &(8) = G(1)/K, and

A(0) ={a € A:0(a)6(0) = {0}} = (&(1)/K),,
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and, similarly, .#,(8) = (6()/K),. So £ (8) and .#,(6) are closed (in both topolo-
gies). Then, since the bilinear map

T:(x,y) = 0(xy), A(0)xSF,0)—> A/K

is separately continuous, it follows that T is bounded.

By the A-property of A and by Lemma 4.2, the ideal % (8).%,(8) is of finite
codimension in A. Then, by Lemma 4.8, we see that 8 is bounded on .#, (6) #,(8),
which is, by the same lemma, a closed, finite-codimensional subspace of A. Thus 6
is continuous on the whole of A, contradicting the fact that §(8) = G(1)/K # {0}.
Hence, we must have G(i) = {0}, implying the continuity of i. O

The following theorem resolves a question that was left open in [3].

THEOREM 4.10. Let A be a separable Banach algebra with finite-dimensional
radical R such that A/R is commutative. Suppose that K, K, has finite codimension
in A for each minimal radical ideal K in A. Then each complete algebra norm on A
is equivalent to the given norm.

PROOE. This follows from Proposition 4.7, and Theorem 4.9. O

REMARK. Theorem 4.10 and Proposition 4.7 still hold with the much weaker hy-
pothesis that ‘A / R + R* is commutative’ instead of the hypothesis that ‘A /R is com-
mutative’ (with the same proofs). The algebra A / R + R'is ‘only’ finite-dimensional.

5. The continuity of derivations

Recall that we are interested in two classes of derivations: derivations on algebras
with finite-dimensional radical, and derivations from algebras into finite-dimensional
bimodules. The proofs in this section are similar to those in Section 4.

THEOREM 5.1. Let D be a derivation from a separable Banach algebra A into a Ba-
nach A-bimodule X. Suppose that &(D) is finite-dimensional and has an admissible
series as an A-bimodule. Then D is continuous.

PROOF. Assume towards a contradiction that G(D) # {0}. Then there exists an
A-bimodule Y which is maximal among the proper A-bimodules contained in G(D).
Consider the map D; : A — X/Y induced by D. Then D, is a derivation and
&(D) = 6(D)/Y. So A (D) ={aeA:a-6(D)={0}} = (6(D)/Y),, and,
similarly, .#,(Dy) = (6(D)/Y),.

Continuing as in the proof of Theorem 4.9, we obtain a contradiction. Hence
&(D) = {0}, implying the continuity of D. a

https://doi.org/10.1017/51446788700015883 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700015883

290 Hung Le Pham [12]

COROLLARY 5.2. Let A be a separable Banach algebra, and let X be a finite-
dimensional Banach A-bimodule. Suppose that X has an admissible series as an
A-bimodule. Then derivations from A into X are continuous.

PROOF. This follows from Proposition 4.2 and Theorem 5.1. O

COROLLARY 5.3. Let A be a separable Banach algebra, and let X be a finite-
dimensional Banach A-bimodule such that A/ X* is commutative. Suppose that
Y,Y, has finite codimension in A for each minimal sub-bimodule Y in X. Then all
derivations from A into X are continuous.

PROOF. This follows from Proposition 4.5 and Corollary 5.2. O

REMARK. In [5], a Banach algebra A is constructed whose square A? has finite
codimension, but is not closed. Let X = C with trivial A-bimodule actions. Then
A/X* = 0. Thus A and X satisfy the hypothesis of Corollary 5.3 except for the
separability of A. However, any discontinuous linear functional that is zero on A% is a
discontinuous derivation from A into X. This shows that the separability condition in
the hypothesis of the previous corollary and theorem is necessary. We shall see later
that the commutativity condition is also necessary (Theorem 6.1). (Un)fortunately,
the algebra A is neither commutative nor has finite-dimensional radical. Therefore
we cannot say anything about the separability hypothesis in other results.

Now we consider derivations on Banach algebras. It is proved in [8] that, for a
semisimple Banach algebra A, each derivation D on A is continuous, which means
that §(D) = {0} = rad A. Although it is still open whether G(D) C rad A holds for
all Banach algebras A and all derivations D on A, we have the following result.

LEMMA 5.4. Let A be a Banach algebra with radical R such that R* is closed and
has finite codimension in R. Then, for each derivation D on A, we have G(D) C R.

PROOF. We can assume that A is unital with the identity denoted by e. For each
primitive ideal P in A, define 7 to be the natural projection from A onto A/P.

Assume towards a contradiction that G(D) ¢ R. Then &(D) ¢ P, for some
primitive ideal P, in A, which is equivalent to the discontinuity of mp D. By [8,
Theorem 3.3], we have 7 D is continuous for alliexcept finitely many primitive ideals
P, (1 <i < n), and each P; has finite codimension in A (hence is maximal). Now,
let Py be the intersection of all the primitive ideals P different from P; (1 <i < n).

Then
Py/R = <Po+n1’i)/mpi.
i=1 i=1
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which is finite-dimensional, and so R? is closed and has finite codimension in P,. We
have &G(D) C Py, but §(D) ¢ P,, so that Py, ¢ P,. Since P, is a maximal ideal in
A, we see that Py + P; = A. In particular, we have e = p, + p,, where p, € P, and
pi € Pi. Thene = €’ = p + p}, where p = p§ + popi + p1po = po + p1po € Po.
Thus, for each a € A, we have nwp D(a) = mp D(ea) = mp, D(pa). This implies
that p D is discontinuous on P,. However, it easily seen that wp, D is zero on R?,
a closed subspace of P, of finite codimension, and so 7p D is continuous on Py, a
contradiction. O

COROLLARY 5.5. Let A be a separable Banach algebra with finite-dimensional rad-
ical. Suppose that A satisfies the A-property. Then derivations on A are continuous.

PROOF. The radical of A is denoted by R. Let D : A — A be a derivation. By
Lemma 5.4, we have G(D) C R. As in the proof of Theorem 4.9, we see that
&(D) C RN R*. Hence, the result follows from Theorem 5.1. O

COROLLARY 5.6. Let A be a separable Banach algebra with finite-dimensional
radical R such that A / R + R+ is commutative. Suppose that K, K, has finite codi-
mension in A for each minimal radical ideal K in A. Then each derivation on A is
continuous.

REMARK. The results in this section hold without modification for a more general
class of operators, the intertwining operators. Let A be a Banach algebra. A linear
operator T from a Banach A-bimodule X into a Banach A-bimodule Y is said to be
intertwining over A if, for each a € A, the maps

x—>T@a-x)—a-T(x) and x> T(x-a)—-T(x)-a,

both from X to Y, are continuous; see, for instance, [2, Chapter 2.7.1]. Thus each
derivation from A into a Banach A-bimodule is an intertwining operator.

6. The general case of dimension at least two

In this section, we present a counter-example to the main conjecture in [3] men-
tioned in Section 1.

For a separable Banach algebra A with 1-dimensional radical R, the only minimal
radical ideal is R itself. We see that the conjecture holds in this case; A has a unique
complete norm if (and only if) R, R, has finite codimension in A, by Theorem 4.9
(and 3.3) or by [3, Corollary 3.9]. However, for greater dimensions, even for dimen-
sion 2, the problem becomes more complicated. In [3, Example 5.5], a separable,
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unital Banach algebra with 2-dimensional radical was successfully constructed, which
satisfies the hypothesis of the conjecture, but not the hypothesis of any result in [3]
(nor does it satisfy the hypothesis of our results); the construction is rather involved.
Yet it was proved directly that this algebra has a unique complete norm.

Our example will be a separable, unital Banach algebra with 2-dimensional radical
(showing that the conjecture fails for each dimension greater than 1). Following
the approach of our previous construction, we first construct similar examples for the
problem of derivations from Banach algebras into 2-dimensional Banach modules, and
then for the problem of derivations on Banach algebras with 2-dimensional radical.

THEOREM 6.1. There exist a separable, semisimple, unital Banach algebra A and a
2-dimensional, unital Banach A-bimodule X such that both the following hold:

(a) for each minimal sub-bimodule Y in X, the ideal Y, Y, has finite codimension
in A,
(b) there exist a discontinuous derivation D from A into X.

The following provides a counter-example to the conjecture.

COROLLARY 6.2. There exists a separable, unital Banach algebra &/ with 2-
dimensional radical such that all the following hold:

(a) for each minimal radical ideal K, the ideal K, K, has finite codimension in </,
(b) there exists a discontinuous derivation on &/,
(¢c) there exists a discontinuous automorphism on <.

In particular, there exists a complete algebra norm on &/ that is not equivalent to the
given norm.

PROOF. Let A, X and D : A — X be as in Theorem 6.1. Set & = A @ X. Then,
with £'-norm and with product given by

a®x)bdy)=ab®(ay+xb) (a,be A, x,ye M),

& is a separable, unital Banach algebra with rad & = X. We extend D by linearity
to the whole of & by mapping X to 0. Then we obtain a discontinuous derivation
on &/. Define

:a®dxt>ad®Da+x), o —>A.

Then it is easily seen that € is a discontinuous automorphism on 2. The map
a®x > 6@dx)l, & — R,
gives a complete algebra norm, say || - ||, on &7, and || - || is not equivalent to the given

norm || - ||. Finally, condition (a) follows from Theorem 6.1 (a). O
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PROOF OF THEOREM 6.1. Denote by M the algebra of upper triangular 2 x 2-
matrices (over C).

Let B be a separable, commutative, semisimple Banach algebra such that B? has
infinite codimension in B (many such examples exist, for example, £' with pointwise
product). Denote by M,(B) the Banach algebra of 2 x 2-matrices with coefficients
in B. Then M,(B) is also semisimple and separable. Set A = M} & M,(B). A
generic element of A has the form

a B s u
(0 y) ® (' v) ’
where o, B,y € Cand s,t,u, v € B. Then A is an algebra with pointwise addition

and with product being the matrix multiplication, so that M4 and M,(B) can be
naturally identified with subalgebras of A. Further,

M3 - M,(B) C My(B) and M,(B) - M; C M:(B).

Giving A the £'-norm, we obtain a separable, unital Banach algebra (with the identity
given by the identity of M), and that M, (B) is a closed ideal of A.
We see that A has the following two obvious characters:

o B s u fa B s u
(p.(o y)ea(t v)r—)u and 1//.(0 y)@(t v)r—»y.

We claim that A is semisimple. Indeed, let

az(g 5)@(“: Z)eradA.

Then, since ¢(a) = Y (a) = 0, we must have ¢ = y = 0. We next see that

(0 9)=( o) = (6 D)= 2

so the two elements on the right are in M;(B) Nrad A = rad M,(B),andsos =t =
v = 0. Now, let w € B. Multiplying a on the left by (2 J), we obtain

0 0
0 ﬂw+wu>

which, again, must be in the radical of M,(B), and so Bw + wu = 0 for w € B.
Since B cannot have a right identity, we must have 8 = 0, and then, since B is
semisimple, we see that u = 0. Thus, we have proved that rad A = {0}.
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Next, we claim that M? has finite codimension in A, where M, is the kernel of ¢.
Indeed, for each s, ¢, u, v € B, we have

s uy_ (0 0}/0 O n u 0} /0 1 n 0 1hA/0 O
t v) O \O 1)\t v 0 0/\0 O 0 0/\s 0)°
so that M(B) C M. In fact, we can check that M} = M,,.

Consider X = C? as a unital Banach A-bimodule by defining the module multipli-
cations as M, (B)X = XM,(B) = {0} and the multiplications by M} as

G 2)G)=C") = G)E2)-C)

fora, B, y, ¢, n € C. Then X has exactly one minimal A-mod-A submodule, namely

=(()-eed]

WeseethatY, =Y, = M,,sothatY,Y, = M; has codimension 1 in A.
Now, since B? has infinite codimension in B, there exists a discontinuous linear
functional A on B such that A is zero on B2 Define a discontinuous linear map

D:A— Xby
fa B s u AS)
D'(O y)®(t v)”(m)'

It can be verified that D is a derivation. O

7. Conclusion

It remains open to determine conditions that are both necessary and sufficient
for a (separable) Banach algebra with finite-dimensional radical to have a unique
complete norm. We have seen that the necessary condition (in the unital case) ‘for
each minimal radical ideal K, the ideal K, K, has finite codimension’ is not sufficient.
Our construction is, however, not ‘systematic’ enough to provide a clue on finding
and proving additional necessary conditions.
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