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Abstract

We study the Gowers norm for periodic binary sequences and relate it to correlation measures for such
sequences. The case of periodic binary sequences derived from inversive pseudorandom numbers is
considered in detail.

2000 Mathematics subject classification: primary 11K45, 11L40; secondary 65C10.

Keywords and phrases: Gowers norm, pseudorandom, binary sequence, additive character, correlation.

1. Introduction

Considerable interest in pseudorandom binary sequences was stimulated by the
paper of Mauduit and Sarkozy [4] which introduced several new measures of
pseudorandomness for binary sequences. The present paper is inspired by [4] as
well as by the work of Gowers [2] on combinatorial and additive number theory. In
fact, as can be seen from [2, Section 2], Gowers already had in mind some notion of
pseudorandomness for subsets of Z/NZ. We consider the essentially equivalent case
of periodic binary sequences with period N and we use what is now called the Gowers
norm (see Section 2 below for its definition) as a measure of pseudorandomness for
such sequences.

The link between the Gowers norm and the work of Mauduit and Sarkézy [4] is
established via Theorem 6 which bounds the Gowers norm in terms of a suitable
correlation measure in the spirit of [4]. The proof of Theorem 6 leads to interesting
combinatorial problems involving polynomials over the binary field.

To provide an example of how the Gowers norm can be treated for specific periodic
binary sequences, we consider the case of inversive sequences, that is, of binary
sequences derived from inversive pseudorandom numbers. Concretely, we analyse
the inversive generator that was recently introduced by the authors in [7] since it has
advantages over the classical inversive generator.
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2. Gowers norm and correlation

Letd > 1and N > 2 be integers and identify Zy = Z/NZ with {0, 1, ..., N — 1}.
For f :Zy — {—1, +1} we define

Ga(f)= Y, ), H}(y+2x,)

X1,..,Xd€LN YELN SCL],..., ieS

Note that |G4(f)|" 2 is the norm Il f Iz introduced by Gowers in [2, Lemma 3.9]. We
observe that we can equivalently view f as a periodic binary sequence with period N.
We can write G4(f) as

Ga(f) = Z Zf(y)<]_[ f(y+xi1))< I1 f(y+xl~1+xi2))

WXJELN YELN 1<ii=<d I<iy<iz=<d

( I1 f<y+x,-.+---+x,-d>). ()

1<i|<-<ig<d

For fixed x1, ..., x4 € Zy, we define
t1=0, 0=X1,...,ld+1 = X4, [d+2=x]-|-x2,__,, l‘2d=X1+'--+xd,

where all these identities are viewed in Zy, that is, they are in fact congruences mod N.
Then

> f(y)( [T ro+ xn))( [ ro+x+ x,-2>)

yEZN 1§i|§d 1§i1<i2§d

- ( ] f(y+xi1+-~-+xid)>
I1<i|<--<ig<d
= fOHn) - fO+ ). 2)
YEZN

With x1, ..., x4 still fixed, we partition the #;’s according to their values modulo N

andweputforO<i <N —1,
mi=#jeZ|1<j<2% t;=i(modN)},
so that ZNO m; =24, Then

N—-1
VyeZn, fO+n)-- fO+n)=]] fo+d™.

Let k =k(x1, ..., xg) be the number of i, 0 <i <N — 1, such that m; is odd, and
let0<d; <dy) <---<d; <N — 1 be the values of i such that m; is odd. Note that
0 <k <min(N, 2¢). Then

VyeZn, [fO+n)--fO+na)=FfG+d)--- fQ+d),
with an empty product on the right-hand side being interpreted as 1.
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Now we introduce a correlation measure for the periodic binary sequence e, =
f(n), n € Zy, with period N. For k = 0 we define Py(f) := N andfor 1 <k < N we
define

P(f):=max| Y fy+d) - [y +do),
D
YEZN
where the maximum is over all D= (dy, ..., dy) € Z*¥ with 0<d) <dr <--- <

dp <N — 1.
With the notation above we have then

D FOHm) - fFba)| < P
YEZN
whenever k(x1, ..., xg) = k. In view of (1) and (2), this yields
min(N,29)
Ga(HI< D Plf)-#{(x1, ..., xa) € Z [k(xy, .., xg) = k).
k=0

For 0 <k <min(N, 2d), we define
Ba(k, N) :=#{(x1,...,x4) € Zjdv | k(x1, ..., xq) =k}.

Then
min(N,29)

1Ga()I < BaO. NN + Y Balk, N)Pi(f). 3)
k=1

Now we define the correlation measure M;(f) by

My(f):= max _ Pu(f). 4)
1<k<min(N,29)
Then
min(N,29)
1Ga(f)] < Ba(0, N)N + Ma(f) > Balk, N)
k=1
= B4(0, N)N + (N¢ — B4 (0, N))Ma(f). o)

The numbers By(k, N) can be described in the following equivalent manner. We
write [, = Z /27 for the finite field of order 2.

LEMMA 1. For 0<k <min(N, 29, By, N) is equal to the number of
(x1,...,x9)€{0,1,..., N — l}d such that in the polynomial ring F,[z]

(5 = 1) -+ (" — 1) = k-nomial (of degree < N) (mod (z" — 1)).
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PRrROOF. For given (x1,...,x4)€{0,1,..., N — l}d,

@ HD @ D) =14 e g TR g g
2d
= Zztj,
j=1

Consider this polynomial identity modulo zV — 1. Then by the definition of the m;,

N-1
@+ D @+ D= miz (mod (N = 1)).
i=0

Now we consider this congruence also modulo 2, that is, we work in the residue class
ring F2[z]/(z" — 1). Then

(% = 1) -+ (z* — 1) = k-nomial (of degree < N) (mod (z" — 1))

by the definition of k. This yields the desired result. O

Now we study By(0, N) and write By(N) := B;(0, N). The determination of
the counting function B;(N) seems to be a nontrivial combinatorial problem. The
following lemma is an easy consequence of Lemma 1.

LEMMA 2. Foranyd > 1 and N > 2,

By(N)=N* = (N = D? +#{(x1, ..., xg)efl,...,N—1}%:
Z¥ — 1 divides (z"' — 1) - - - (2 — 1) in F2[z]}.

PROOF. There are N? — (N — 1)? choices of (xi,...,xq) € {0,1,..., N—1}¢
with at least one x; =0, and for each of these it is trivial that ZV — 1 divides
(z"' = 1) --- (2% — 1) in [F[z]. The rest follows from Lemma 1. O

Any positive integer x can be written in the form x = 2¢y with an integer e > 0 and
an odd integer y. We put

o(x):=2° Ax):=y.

LEMMA 3. Let (x1,...,x3)€{l,...,N =1} Then 7V — 1 divides (z*' — 1)
- (2% = 1) inFa[z] if and only if
d
Y k)= pN).
j=l1
AN)IA(x))

PROOF. Write N = 2°n with integers e > 0 and 1 odd. Note that zV — 1 = (z" — 1)*
in F[z]. For given (xq, ..., x4) €{l,..., N — 1}, we can write x; = p(x;)A(x;)
for 1 < j <d. Then zV — 1 divides (z*! — 1) - - - (z* — 1) in [F5[z] if and only if

(" — D? divides (2@ — 1)P@) L. (A0 _ 1)p@a) i Fy[7]. (6)
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Note that each of the binomials z" — 1, 200 1., %) _ ] has only simple roots
in the algebraic closure [F;. Choose a primitive nth root of unity g in F,. Then (6)
holds if and only if each 8", r =1, ..., n, is a root of multiplicity at least 2¢ of
(D) — )P L (M) _ 1)pGa)  Now B’ is a root of z**7) — 1 if and only if
B = 1, that is, if and only if n | rA(x;). Thus, it suffices to take r = 1. This leads
to the condition in the lemma. d

From Lemmas 2 and 3 it follows that
By(N)=N*— (N — 1) + E4(N), (7

where

d
Ed(N):=#{(x1,...,xd)e{l,...,N—l}d: > p(Xj)Zp(N)}. (8)

j=l1
A(N)|A(x))
Now we prove an upper bound on E;(N).
LEMMA 4. Foranyd > 1 and N > 2,
Eq(N) < cqN*~?
with a constant cq > 0 depending only on d.
PROOF. We proceed by induction on d. Ford = 1 we note thatifx; € {1, ..., N — 1}

is counted by E1(N), then A(N) | A(x1) and p(x1) > p(N), hence x; = p(x1)A(x1) >
Pp(N)L(N) = N. Therefore E{(N) = 0.

Assume that the lemma is shown for all dimensions < d, for some d > 1. Now
consider the dimension d + 1. As before, write N = 2°n with integers ¢ > 0 and n
odd. For ¢ =0 we have A(N) = N, and so it is trivial by (8) that Ez(N) =0. So we
can assume that e > 1. Note that (x1, ..., xg41) €{l,..., N — 1}‘”1 is counted by
E;1(N) if and only if

d+1
D pb=2° ©)

j=1
nA(x;)

For any j with n | A(x;) we must have p(x;) < 2¢=1. since otherwise x;=p(x;)

A(xj) > 2°n = N. In particular, if m is the number of j, 1 < j <d + 1, withn | A(x;),
then 2 <m <d + 1. Therefore

d+1

Eqp1(N) =) Eqp1(N; J),
m=2 J<{1,..d+1)
|J|=m
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where
Eqp 1 (N; J) == #{(x1, ..o xap) €{L, ... . N = ¥ (Lo xag)
satisfies (9), n | A(x;) for j € J, and n { A(x;)
forjef{l,...,d+1}\ J}.
By symmetry, it suffices to consider J = {1, . .., m}. If we write
Egr1(Nym):=Eq1(N; {1, ..., m}),
then
d+1
d+1
Eqni(N) =) ( m ) Eqs1(Nim). (10)
m=2
Note that if (x1, ..., xg41) € {1,..., N — 1}¥T1is counted by E 41 (N; m) for a

fixedm, thenn | A(x;) for1 < j <m andnfk(xj) form + 1< j<d+ 1. Thus, the
condition (9) becomes

m
> Pl =25 (11)
j=1

Let jo with 1 < jo < m be such that

o (o) =max(p(x1), ..., p(xm)).

Without loss of generality we assume that jo=m. Then the condition (11) is
equivalent to Z'J’-’:_II p(xj) = 2° — p(xp), and since p (x,,) < 2¢~1 a weaker condition

is ’}:11 p(x;) > 2¢1 It follows therefore that

Eg41(N; m) <mF,,(N)N*H1—m, (12)

where

m m—1
Fu(N) = #{(xl, ) E{l L N =Y p(e) 220 ) plep) 227
j=1 j=1

n|A(xj)forl <j<m, and p(x,) > p(x;) f0r1§j§m—1}

and the factor m on the right-hand side of (12) takes care of the fact that there are m
choices for jj.
We put

Hp_1(N) := #{(xl, e Xme) €L, ..., N=1}""1.

m—1
D pap)y =27 n | axj) for1 < j <m— 1}.
j=1
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Note that in view of Lemmas 2 and 3, B,,,—1(N/2) = By, —1 (2¢~1n) can be written in

the form
N N m—1 m—1 B
Bm_1<3> :#{(xl, e, Xm—1) € {1, R E} : ]2:; p(x;) > ¢ 1}.
nlA(x;)
Furthermore, any (x1, ..., x—1) €{1,..., N — 1}"=! can be written in the form
N N
wi +8131 vy W1 +8m715
with (w1, ..., wp—1) €{l, ..., N/2Y" 1 and &8;,...,8n_1€{0, 1} 1. If
(x1, ..., Xp—1) is counted by Hy_1(N), then n|x; for 1 <j<m —1, hence

n|(x; —3j2e*1n) =w; for 1<j<m-—1, and so n|A(w;) since n is odd.
Moreover, p(w;) = p(x; — 8j26_1n) > p(xj) since p(x;) < 2~ lforl<j<m—1.
Hence (wy, ..., wy—1) is counted by B,,—1(N/2), and so

N
Hy 1(N) <2"7'B, 4 (3)

By the induction hypothesis we have E,;,_1 (N /2) < cp—1(N/ 2)"™=3 hence (7) implies
that By,—1(N/2) < ¢! N2, and so

Hp y(N) < N™2 (13)

with constants cfrf)_l > 0 and c,(f)_l > 0 depending only on m — 1.
Now we consider Fy,,(N). If (x1,...,x,) is counted by F,(N), then
(x1, ..., Xpm—1) is counted by H,_1(N). We fix (x1, ..., xn—1) and consider the

number of choices for x,,. We have 1 <x,, < N =2%n, n|A(x,), and p(x;,) >
(1/m)2¢. The latter inequality implies that p(x,;) > 2" with r being the least integer
such that 2" > (1/m)2¢. Then both 2" and n divide x,,, and so x,, = 2"nk with an
integer k satisfying 1 <k <?2°7" <m. This yields at most m — 1 choices for x,.
Therefore F,,(N) < (m — 1)H,,—1(N), and so (10), (12), and (13) yield the desired
bound on E 41 (N). O

The following result is a consequence of (7) and Lemma 4.
PROPOSITION 5. Foranyd > 1and N > 2,
N?— (N =1)? < By(N) < NY — (N = D? + ¢4N*?

with a constant cq > 0 depending only on d.

By combining (5) and Proposition 5, we obtain the following theorem which
provides a bound on G4( f) in terms of the correlation measure M;( f) defined in (4).
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THEOREM 6. Forany f :Zy — {—1, +1} and any d > 1,

Ga(N)l = (N = D Ma(f) +dN? +caN'!
with a constant cg > 0 depending only on d.

3. Pseudorandom numbers defined by inversive methods

Let g be a prime power and let IF, be the finite field of order g. Let o, B € F,
be such that the quadratic polynomial X> — BX — « is primitive over F,. Then by
[7, Lemma 1 and Theorem 1], the sequence Ry, Rj, . . . of rational functions over Fq
defined by

Ro(X)=X, Ri(X)=Ri_i(aX '+ p) fori=1,2,...

is purely periodic of least period ¢ 4 1. Furthermore, by [7, (8)], for 1 <i <gq,

— & X + o
Riopy = LoX e
X —¢
where €1, . . ., &, are distinct elements of [, with &; =0 and &, = B, such that for
i=2,...,q,
o
= ——0.
gi-1—B
We let g9 be an arbitrary element not in [, and extend &y, €1, . . ., &; to a sequence

with period ¢ 4+ 1. As in [7, (4)], we consider the permutations of [, defined by
Yo(y)=vy,andfor1 <i <gq,

oL Ri(y) ity #e&,

We extend the definition of ; to all i > 0 by periodicity: forall i > 0, ¥ 1441 = V.
Then we build from a seed yp € F, a sequence yy, y1, . . . of elements of ¥, purely
periodic of least period ¢ + 1, by putting for i > 0,

Vi = ¥i(0)- (15)

By [7, Lemma 2] the sequence yp, yi, . . . contains all elements of [F,.
The advantage of this construction over the classical inversive generator (see
[6, Section 8.2] and [9] for this generator) is that for i, j > 0,

Vi(j(y)) = Riyj(y) fory #e;andy;(y) #ei. (16)

The price is a slightly more complicated algorithm to compute y;. This construction
allowed us to prove strong distribution and correlation properties of the generated
sequences [7]. Further properties of these sequences were derived in [8] and [11].
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In this section our aim is to study the character sum

q k
S:= Zx(zl MjVner_,-), (17)
]:

n=0

where x is a nontrivial additive character of Fy, iy, ..., ux €Fy,and0 <dy <--- <
dr < q.

We need the following result which is obtained by combining special cases of
[5, Theorem 2] and [10, Lemma 2] (see also [7, Lemma 3]).

LEMMA 7. Let G(X) =h(X)/g(X) be a nonzero rational function over F, such
that g is a product of distinct monic linear polynomials over IF, and deg(h) < deg(g)
or deg(h) = deg(g) + 1. Then for any nontrivial additive character x of Fy,

‘ > x(G(¢))'§2deg(g)q‘/2.
el
g(9)#0

THEOREM 8. If uy, ..., iy € Fy are not all O, then for the character sum in (17) we
have
S| < 2kq'/* + 5k + 5.

PROOF. First we consider

k
Sy = i X( Mjklfdj(l/fn(yo)))
n=0 \j=1
We have
IS = Sil=2#n e€{0,...,q}:3jefl, ...k}, Yuta; (Vo) # Va; (¥ (o))}
Since ¢y, ..., & are distinct elements of [F,, there is exactly one ng € {1, ..., g}

such that yg =¢&,,. By (16) it might happen that ¥4;(¥n,(10)) # Rng+d; (Y0)-
For ne€{0,...,g}\ {no} we have Wd,« (o)) = Ryta, (yo) except possibly if
Yn(Y0) = VYn = €4 ;- Since the sequence yy, . . ., ¥, contains all elements of Fq,

#Hnell,...,qg}\{noy:vn€feq, ..., eq}) <k+1

Thus, we have Vd; (Yn(¥0)) = Rnta; (10) for 1 < j <k, except for at most k + 2
values of n.

Forn {0, ..., g} we have 1/fn+dj (yo) = Rn+dj (yo) except if yg = Entd;- Since
€1, ..., & are distinct elements of IF,, for each j there is at most one n € {0, . . ., g}
such that yp = &,44,. Thus, we have Y14, (0) = Ruta; (vo) for 1 < j <k, except for
at most k values of n. Hence we obtain

IS — Sil =22k +2). (18)

https://doi.org/10.1017/5S0004972708001184 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972708001184

268 H. Niederreiter and J. Rivat [10]

Since the sequence yy, y1, . . . contains all elements of [, if we write
k
S=) x(Z ujwdj(¢)),
¢k, Nj=I1
then
[S1 — Sl =<1
LetG ={eq,, ..., €q} and

S3:= ) x(G@),
¢€Fq\g

where for ¢ e F, \ G,

k
G(@®) =) wj Ra;(¢).
j=1
Then

[$2 — 83| <k.

By Lemma 7
1531 < 2kq '/,

which implies |Sy| <2kg'/? +k, then |Si| <2kq'/> +k+1, and finally |S| <
2kq'/? + 5k + 5. o

4. The Gowers norm of inversive sequences

Let p be an odd prime and let yp, y1, . . . be the sequence of elements of I, of least
period p + 1 constructed in (15). We derive a binary sequence ey, e, . .. of period
p + 1 by setting

-1 if(p+D2<y<p-—-1

Consider f :Z,41 — {—1, +1} defined by f(n) =e, forall n € Z,, ;. We want to
bound the quantity G4(f) in (1) for this function f, or equivalently for the sequence
€0, €1y -« .-

The main tools in estimating G4(f) are Theorem 6 and a connection between
M;(f) and discrepancy. For integers 0 <d; <--- <dy < p, consider the p 4 1
points

{+1 if0<y, <(p—1)/2,
e =

1
Xn:;(yl’l-‘rdl’""yl’l-‘rdk)e[oa l)ka n:O, 17~"7pa

and let D,y i(Xp,X1,...,X,) be the discrepancy of xo, X, ..., Xp. Then
[3, Theorem 1] implies the following result.
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LEMMA 9. Forany0<d; <---<d; < p,

5 2k(p + 1)D[)+1(X09 X]a LI ] Xp)-

p
n=0

THEOREM 10. Let f : Zpy1 — {—1, +1} be as given above. Then for any d > 1 we
have

1Ga(f)] = 0(p*1/2(log p)*")

with an implied constant depending only on d.

PROOF. Since it is trivial that |G4(f)| < (p + 14t we can assume without loss of
generality that 24 < p + 1. For integers 1 <k < 29 and 0<d; <--- < dr < p, we

first consider the discrepancy D, 1(Xg, X1, . . ., X,). We will bound this discrepancy
by means of [6, Corollary 3.11]. To this end, let h= (uy, ..., ur) eIF’I‘, with
Wi, ..., e not all 0. Put e(r) =e* ! for r € R and let (-, -) denote the standard
inner product in R¥. Then
p p 1 k p k
> e(thxa) =) e(; > MjVn-i—dj) =Y x(Z ,U«j)/n+dj),
n=0 n=0 j=l1 n=0 Jj=1

where x is the canonical additive character of IF,. Hence Theorem 8 yields

p

D e((h, x,))

n=0

< 2kp'/? 45k + 5.

Thus, we can apply [6, Corollary 3.11] with B = 2kp'/? 4 5k + 5, and we obtain

k
+—.

2kp1/2+5k+5< 4 )"
p

D X0, X1, ...,Xp) < —lo 1.72
p+1(X0, X1 ») P - gp+

Lemma 9 implies that

ko ok 1
>+ (p+ )_

)4
4
> enta - envay| < 25 Q2kp'? +5k+5)(; log p + 1.72
n=0

Since this bound does not depend on dj, . . . , di and since k < 2% < p + 1, we get

4 202 4
Md(f)52261(2d+1pl/2+5.2d-i-5)<_2 logp+1.72> +¢.

T P
Now an application of Theorem 6 completes the proof. O

As we have noted in the proof of Theorem 10, the trivial bound on G4(f) is
1Ga(f)| < (p+ 14!, Thus, for any given d > 1, Theorem 10 yields a nontrivial
bound on G4(f) for all sufficiently large primes p.
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5. Concluding remarks

We have chosen to present the estimation of the Gowers norm of inversive
sequences because the estimation of the complete character sums is much sharper
than the estimation of the incomplete character sums we can obtain by present
techniques for this construction. Of course, we can estimate the Gowers norm of
many other sequences, including the Legendre symbol construction e;,, = (n/p) of [4],
its generalisation e, = (f(n)/p) where f is a suitable polynomial [1], and so on. In
all these constructions, the saving in the bound on the Gowers norm in comparison
with that on the correlation measures of Mauduit and Sark6zy [4] would be at most a
log factor.
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