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H-SEMIDIRECT PRODUCTS

BY
GEORG PESCHKE

ABSTRACT. The concept of H-semidirect product structure on a group-
like space is introduced. It is shown that the loop space )X of any based
CW-complex X is the H-semidirect product of the identity path-component
of X with m,X. The set of free homotopy classes of maps into a H-
semidirect product inherits the structure of a semidirect product. This leads
to new results concerning the nilpotency of homotopy classes of maps into
a group-like space.

Introduction. Let G, be a path connected group-like space. The group €(G,) of free
homotopy classes of self homotopy equivalences of G, has the subgroup Hé(G,)
consisting of those elements of €(G) (all of) whose representatives are at the same time
H-maps. Given a (discrete) group I1 and a homomorphism ®:I1 — Hé(G,), we shall
say that IT acts on G, by classes of H-self homotopy equivalences.

If II acts on G, by classes of H-self homotopy equivalences, we may mimic the
construction of a semidirect product of discrete groups to obtain a new group-like space
which we shall refer to as the H-semidirect product of G, with IT under @, denoted by
G, X II (Definition 1.3).

Given any group-like space G, the set of path components I1 of G has a canonical
group structure, and I acts on the identity component G, of G by classes of “inner”
H-automorphisms. We may then form G, X I1 and obtain a canonical H-map h:G, X
IT1 — G, which turns out to be an H-equivalence if and only if all path components of
G are open in G (Lemma 1.6). As a consequence the loop space {1X of any based
CW-complex X is the H-semidirect product of the identity component of QX with X
(Theorem 1.7).

The H-semidirect product structure on a group-like space can be utilized in various
ways. If Y is a path-connected space, the group of free homotopy classes [Y, G] inherits
from G the structure of a semidirect product [Y, G,] X I1, which is nilpotent if and only
if I1 is nilpotent and IT acts nilpotently on [Y, G,]. This leads to conditions under which
[K,G] is nilpotent, where K is an iterated mapping cone. In particular, [K,G] is
nilpotent for every finite dimensional CW-complex K if and only if [S", G] is nilpotent
for all n = 0 (Corollary 2.11). Thus §2 establishes a simultaneous generalization of
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G. W. Whitehead’s work on “Nilpotency of mappings into group-like spaces” [6],
where G was required to be path-connected, and Theorem (3.1) of Roitberg [3].
Corollary (2.11) has also been obtained by Scheerer [4] by direct inspection of the
groups [S", G].

The present paper evolved out of unpublished results of K. Varadarajan [5] (obtained
in 1976) stating that for a locally path-connected topological group G, the group [Y, G]
(Y path-connected) is a semidirect product. Furthermore, the earlier mentioned relation
between the nilpotency of a semidirect product and the nilpotency of its factors is
proven there. The algebraic result concerning the nilpotency of a semidirect product of
groups was also obtained by P. J. Hilton [1].

I am most grateful to K. Varadarajan for making this material available to me as well
as for various discussions 1 had with him.

§1. Construction of H-semidirect Products

Let G, be a path-connected group-like space with H-multiplication w, H-inverse i
and (homotopy) identity e. We write gg’ for p(g,g’) and g~' for i(g) if there is no
danger of confusion. Let IT be a group and ®:11 — Hé(G,) a group homomorphism.
We define the H-semidirect product of G, with IT under ® and then give conditions
for a group-like space to be a H-semidirect product. '

For each p € II, fix a H-self homotopy equivalence ¢, € ®(p) € Hé(G,). Define

m:(Gy X II) X (Gy X II) D ((g,p), (g".p' N> (g, ¢,(8")).pp") € Gy X 11
JiGo X II D (g,p) > (¢,1(i(g)),p~") € Gy X 11

(1.1) PROPOSITION. (G,m) := (G, X Il,m) is a group-like space with H-inverse
map j.

PROOE. Step 1. m restricted to G V G is homotopic to the folding map.

For{ € GV G,

_ [lepi(g"),p") if E=(e,]), (&",p")
m® {(gqap(e),p) if £ = ((g.p). (e, 1)

Let F be a homotopy of ¢, into /d;, and for each p € I, let , be a path in G, joining
¢,(e) to e (we must take o) := F\y,yx;). This yields a homotopy

‘ (eF(g'.0.p") if E=((e.1).(g"p")
A'(GVG)X’3“5”)'_’{<gap<z>,p) if £ = ((g.p). (e, 1) Jeo
satisfying

_[(ergp) i E= ((es 1), (8" p)
AG D {m(g,e),p) it £=((g.p)(e, 1)

Thus a homotopy of p,, into the folding map of G, induces a homotopy of A( ., 1),
and hence of m, into the folding map of G.
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Step 2. Homotopy associativity of m. We must show that the maps m(m X Id),
m(ld X m): G X G X G — G are homotopic.

Computing
m(m((gl’pl)’(gZaPZ))v (g}vpff)) = ((8|‘Pp,(gz))‘Pp,p:(g,%),p1P2P3)
m((ghpl)» m((gZ’pZ)’ (g"hp?))) = (gI‘P/),(gZ(P[)Z(gfi))vplprf‘)

we see that such a homotopy can be obtained by going through the following succession
of deformations.
Since ® is a homomorphism, ¢,,, = ¢, © ¢,,. This yields a homotopy of
m(m X Id) into
((81,P1),(82,P2), (83, P3)) = ((819,(82))p, © €,,(83),P1P2P3)-

Using homotopy associativity in G, we see that this map is homotopic to

((81,P1)(82,P2), (83, P3)) = (81(9),(82)9), © ©,(8:)), P1P2P3).
Since ¢,, is an H-map, this map is homotopic to m(Id X m).
Step 3. j is a homotopy inverse. We must show that the maps
G5>GXG5GXxGHG
G36xG6256x656

are homotopic to the constant map G — {(e, 1)} (A denotes the diagonal map).
Let (g,p) € G; then

mo (Id X j) o Ag, p) = (ge,(e,-(8 M 1) = (8(g, 0 9,-1)g ), D).

Since ¢, O @,-1 = @,,1 = ¢, = Idg,, we get a homotopy of m O (Id X j) O A into
(g,p) b (gg~', 1), which is homotopic to the constant map G — {(e, 1)} using the
property of the H-inverse i in G,.

Similarly, we obtain a homotopy of m O (j X Id) O A to the constant map. []

(1.2) LEMMA. Forp €11, let ¢,, ¢, € ®(p) and denote by (G, m) := (Go X I, m),
(G',m'"):=(Gy X II,m") the corresponding group-like spaces. Then, the identity map
G — G' is an H-equivalence.

PROOF. Since ¢, and ¢, are homotopic self equivalences of G,, the H-
multiplications m,m' of G, G’ are homotopic. []

Proposition (1.1) and Lemma (1.2) suggest the following.

(1.3) DERINITION. Let G be a path connected group-like space, 11 a discrete group,
O 11 — HE(Gy) a homomorphism. A group-like space X is a H-semidirect product of
G and Il under ® if and only if X is H-equivalent to the space G constructed in (1.1).
In this case, we write X = G X oll. The subscript “®” may be deleted if the context
is clear.
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Turning to the question as to whether or not a given group-like space (G,M) is a
H-semidirect product, let us denote by G| the identity path component of G and by I1
the set of path connected components of G. It is known that II is a group under the
multiplication Xy = xy, where x denotes the path component of x € G.

(1.4) ProposiTION. 11 acts on G, by classes of H-equivalences.
PrOOF. For x € 11, let ®(x) € HE(G,) be represented by ¢,
eg) = xgx' g EG,

¢, is a H-equivalence with H-inverse ¢,-' and, since ¢.(e) € G,, takes values in G,.
If X = X', a path in G joining x to x" yields a homotopy of ¢, into ¢,-. Thus ®(x) is
well defined. The same technique shows that ¢,, = ¢, © ¢,. Hence, ® is a homo-
morphism. []

Now fix an element x for each path-component x € II. From the data in (1.4), we
may then form the H-semidirect product G, X 4l1 in accordance with (1.1). We obtain
a canonical continuous map

h:Gy X Il 3 (g, x) > gxE€G

(1.5) LEMMA. (i) h is a H-map.

(ii) Taking different choices x' € X' = X in the various path components of G yields
aH-map h':Gy X Il = G withh = h'.

Proofr. (i) The techniques of constructing homotopies that have been developed up

to here show that the following diagram commutes up to homotopy.

(Go X II) X (G, X 1II) 2 ((g|,f1),(gz,iz))l1> (819:,(82),x1x2) € Go X 11

- Ih
819:,(82) " [x1x2]
h X h JI

gn(x|ngT')X1xz

I

M
GXG =/ @ix1,820) H———gixig2x2 € G

Here [x,x,] denotes the fixed representative for the path component x,x, € I1. M and
m denote the H-multiplications of G and G, X II respectively.
(i) is clear. [

Representing the path component of the identity G, of Il by the identity e itself, we
see that the restriction

hiG,x@:Go X {e} — G,

is homotopic to Id;, (if we identify G, X {e} with G)). Therefore, for any x € II,
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hiG,« iy :Go X {x} — X

is also a homotopy equivalence. Since h establishes a bijection between the path
components of G, X Il and those of G, we would like to assert that the path com-
ponentwise homotopy inverses of & combine to a homotopy inverse k of h and are
confronted with the question whether the topology of G is fine enough to admit this.
Elementary point set topology yields.

(1.6) LEMMA. The path componentwise homotopy inverses of h combine to a homo-
topy inverse k of h if and only if the path components of G are open in G. [

This result can be utilized as follows. If X is a based CW-complex, Milnor [2] shows
that 0X has the homotopy type of CW-complex. The connected components of a
CW-complex are open. Therefore, the path components of (1X are open. Thus

(1.7) THEOREM. Let X be a based CW-complex, ()X ), the identity component of QX
and Il := m X. As in (1.4), let ®:11 — HE(QX), denote the action of I1 on (2X), by
classes of H-self homotopy equivalences. Then there is a H-equivalence h:(2X), X
oIl = QX.

PrOOF. Apply (1.4), (1.5), (1.6). [

Since the path components of a locally path connected space are open, we see that
locally path connected group-like spaces are H-semidirect products. Of particular
interest here is the case where G is a locally path connected topological group with
identity component G,. In this case, G, is a normal subgroup of G and easy checking
shows that the quotient group I1 := G /G, is the same as the group constructed on the
path components of G in accordance with (1.4).

(1.8) THEOREM. (i) The action of Il on G as defined in (1.4) is by homotopy classes
of inner automorphisms of G restricted to G,.
(ii) There is a H-homeomorphism h:G, X I1 = G.

PROOF. Apply the ideas contained in (1.4), (1.5), (1.6) to the present situation. []

§2. Nilpotency of mappings into group-like spaces.

Throughout this section G will denote a group-like space obtained by taking the
H-semidirect product of a path connected group-like space G, with a discrete group I1
under ®:I1 — HE(G,).

In [6], [7] G. W. Whitehead showed that for a path-connected space X the group
[X, Gy] is nilpotent if X has finite category. Here, we give conditions for [X, G| (free
homotopy classes) to be nilpotent. We begin by stipulating some notation.

Notation. (i)Y =Y"':G X G2 (g,h)> ghg 'h™" € G and forn = 1,
Y't'.G x G"'' D (8os-- -8 1) Y(go,Y"(gn,-.-,gnH)) eEG

denote the commutator maps of G.
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(i) Let Yo = Y4:(Gy X II) X G, D (g,p,h) > gg,(h)g 'h™" € G, and, for
n=1Y":(G, X II) X (G, X )" X G,— G,

(80’P|,8|,- .. apn+|’gn+])f_) Y@(gOath:l,)(gla' .. sp:1+1’gn+|))
denote the ®-commutator maps of G,.

(2.1) DERINITION. (i) G is H-nilpotent of nilpotency index nil G = ¢ : (=) Y is
homotopic to a constant map.

(ii) G is ®H-nilpotent of nilpotency index nily Gy = ¢ : (=) Yy is homotopic to a
constant map.
Thus, nil, G, < ¢ implies nil G, < c.

Note that the above commutators, when formally applied to a group H (resp. 11
acting on H by §:I1 — Aut H), agree with the usual commutators (y-commutators).
Here for Y¢ (resp Y,,) to be homotopically trivial means that all ¢-fold commutators
(Y-commutators) of H are equal to the identity element of H, and the image set of
Y" (resp Y) generates the usual n-th central series group I'"H (resp I',H). Thus the
H-nilpotency indices of (2.1) agree with the usual group theoretic nilpotency indices.

(2.2) PROPOSITION. If nil G = ¢, then nil [X,G] = c.
To obtain more information on the structure of the group [ X, G), note first that IT acts on
[X, G,] by composition, § : II = Aut[X, G,] being defined by

Y(f):=®p)of for pell, feI[X G]
A routine check yields
(2.3) THEOREM. The function
R:[X,Gol X JI D (f.p)= (f, )e,p) E [X,Gy X ol1]
is an isomorphism. [

It is known [1], [5], that [X, G,] X I1 is nilpotent if and only if [X, G,] is Y-nilpotent
and II is nilpotent. There is a H-analogue.

(2.4) THEOREM. G = G, X oll is H-nilpotent if and only if G, is ®H-nilpotent and
I1 is nilpotent.

PROOF OF PROPOSITION (2.2). Let fy,...,f. € [X,G] be represented by maps
o, - .., :X —> G. The commutator of fy, . ..,f. is represented by the composite

[L7 S S

A 1 xa. i Y¢
X=>X"—GCG""—>GC

which is homotopically trivial, because Y is homotopically trivial. []

PROOF OF THEOREM (2.4). Suppose nil G = nil G, X I = ¢. Then Y* is null
homotopic so that the image of Y* is contained in the single path component of G, X
IT containing Y((e, 1), ..., (e, 1)). Hence Y* takes values in G, X {1}. Inspection of
the H-multiplication of G shows that for any ((g¢,po),--.,(g..p) € G°'', the
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second coordinate of Y((go,po)s - - - » (g, p.)) is equal to Y(pg,...,p.) = 1. Thus
nil IT = c.

To see that G, is ®H -nilpotent, observe that there is a homotopy G, X Il X G, X
I — G, deforming Y'((g,p), (h, 1)) into (Y4(g,p,h), 1). For

Y'((g,p), (h, 1) = (g.p)h, D(¢,~1(g"),p )", 1)
= (gp,(h),p)e, (g . p R, D)
= (g, (W)@, 9, (g™, DA™, 1).

Since ¢,¢,-1 is homotopic to the identity map on G, there is a homotopy deforming
the latter expression into

(gp,(g ™', D', 1) = (go, (Mg 'h ™", 1) = Yo(g,p, h), ).

For n = 1, induction gives a homotopy G, X (Il X G,)" X I — G, deforming
Y'((80,P0)s - -+ > (8n=15Pn=1)5 (8ns 1)) into (Y4(80,P0s - -+ s 8n-15Pu=-1,8)5 1). Thus
a null homotopy of Y* yields a null homotopy of Y§, showing that nileG, < ¢.

Conversely, suppose nil Il = a and nily, Gy = b. Since the second coordinate of
Y"((g0,P0)s - - - »(8n»Pu)) is equal to Y'(py, . ..,p,), it follows that for s = 0, Y***
(Go X ID)*** "' C G, x {1}. Hence, we may proceed as above and construct a homotopy
(for s = 1), (Gy ¥ II)* X (Gy ¥ I)**" X I — G, deforming Y***((g0,Po)s- - - »
@s-15P5s-1): (85 P)s - - -5 (8 vusPsv ) IO Yo(80,Pos - &1, P51, (85, Py,

w5 (8stasPs+a)), where a((g,,p,), - - - »(gs+a»Pys+a)) denotes the first coordinate of
Y(85sPs)s - s (8svar Psta))-

Consequently, Y ** is homotopic to Y}, following a, so that a null homotopy of Y&,
yields a null homotopy of the composite and hence, of Y*'?. Thus nil G, ¥ II =
a+b. O

We shall now enter a discussion of the nilpotency of the groups [C, Gy X ll] =
[C,Gy] ¥ I, where C is a mapping cone. Since [C,G,] X II can only be nilpotent
if I1 is, we shall from now on require I1 to be nilpotent. Let us also agree that all spaces
denoted by symbols A, Y are based path connected compactly generated Hausdorff
spaces. In order to get a canonical isomorphism [(Y, *), (G, e)] = [Y, G,], we require
the inclusion map of a base point into its space to have the homotopy extension property
and stipulate for the sequel that mappings and homotopies A — Y are to be based and
mappings and homotopies into G are free.

So let a:A — Y be a map and consider the exact sequence

@.5) [Y.Gol < [C.Go] < [SA. Gl
arising from the Puppe sequence
ASYSCi=0,5 34

We know that Il acts on [Y,G,],[C,Gyl,[SA,G,] and denote the corresponding
homomorphisms into the respective automorphism groups by (Y), Y(C), \(SA). It is
clear that € and v are operator homomorphisms.
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The key is the following
(2.6) LEMMA. [C, G] is nilpotent if and only if there exists s € N such that

(l) Fi,((‘)[c, G()] C lm v
(ii) there exists t € N such that Ty, (v ' Ty [C, Gol) C ker v.

(2.7) COROLLARY. Suppose [Y,G] is nilpotent and there exists t € N such that
[ysa)[SA, Gyl C ker v. Then [C,G] is nilpotent.

This yields immediately

(2.8) CorOLLARY. If[Y,G]and [SA,G]are nilpotent, then [C, G] is nilpotent. []

Our previous discussion can be extended to iterated mapping cones as follows. Let
o = {4}, , be a family of spaces. Inspired by G. W. Whitehead [7], let us call a
sequence Y = S, C ... C §, = K an #/stratification of K'if, for n = 1, §, is obtained
from S,_, as the mapping cone of a wedge of spaces in

(2.9) THEOREM. Let [Y,G] be nilpotent and let Y = S C ... C 8§ = K be an

A-stratification for K. Suppose there exists a positive integer N such that for all \,
nil[SA,,G] = N. Then [K, G] is nilpotent.

Letting s be the family of n-spheres S” (n = 0) and Y the 1-point space, we obtain
(2.10) COROLLARY. LetY = §, C ... C S, = K be a stratification of a connected

CW-complex K by connected subcomplexes S;. Suppose there exists a positive integer
N such that for every n-sphere (n = 0) nil[S",G] = N. Then [K, G] is nilpotent.

Using the stratification of finite dimensional connected CW-complexes K by their
skeleta, we obtain

(2.11) CoroLLARY. [K,G] is nilpotent if and only if for all n = 0, [§",G] is
nilpotent.

PROOF OF LEMMA (2.6). If nil|C, G] = a, the choices s := a and t := 0 clearly satisfy
(1), (ii).

Conversely, suppose there exist s, € N such that (i), (ii) are satisfied. It is known
(and can be shown by using the idea of [7] Theorem X 3.10) that the sequence (2.5) is
a central extension. By (i), I'y[C, G,] is contained in the center of [C, G,]. Hence,
fora € [C,G), b € Ty[C, Gl p el

Y@ p, b) = ap(C),(b)a” b ) OB = Yy, p, b).

Thus, for k = 0
TLAIC, Gl = TyolualC, Gyl
so that

tts — 1 s (**)
wolCs Gol = Tyo(TyolC, G) "<

VF:p(SA)(VﬁlI‘fp(C)[C, G,) € v(kerv) = {1}.

Equation (*) is true because I'y,[C, Go] is invariant under the action of II. Inclusion
(**) is true because v is an operator homomorphism.
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Consequently, [C,G] is nilpotent because Il is nilpotent and [C,G,] is W(C)-
nilpotent. [J

PROOF OF COROLLARY (2.7). Suppose nilyy,[Y,G,]l = s. Then (because € is an
operator homomorphism)

EFG,1(';|C’G()' - FS:tYDvaG()] = {1}.
Thus I'y¢,[C, Go] C ker € = im v and conditions (i), (ii) of Lemma (2.6) are satisfier:i].
PROOF OF THEOREM (2.9). Using Corollary (2.8), we show by induction on the stages
of the stratification of K that [K, G,] is y(K)-nilpotent.
[So,Go) is W(S,)-nilpotent by hypothesis. So suppose 0 = i < k and [S;,Gy] is

Y(S)-nilpotent. Let A, , be an indexing set for the (i + 1)-st wedge corresponding to
the o-stratification of K. By distributivity of wedge and suspension, we get

P = [S( VoA G(.] = [ Vo (SAY, G(.] = Il 1sa..G=:0.
NEA;+1 - NEA 4 - NEA 4+
The isomorphism above is an operator isomorphism. Hence
nil, P = nil, Q = N.

By (2.8), nilys,, )[Si+1,Gol = nilyy[Y,Go] + (i + DN, which completes the in-
duction. Summing up, we obtain

nilyx, (K, Gyl = nilyy, [V, Gyl + kN, []

PROOF OF COROLLARY (2.11). For connected K, the statement follows from (2.10).
If K is not connected, it is the topological sum of its connected components K.
Therefore

[K, G] = II[K, G] = II[K, G,] < II)
and the bounded nilpotency of the factors [K;, G,] X Il ensures the nilpotency of the
product. [J

Analogously to [7] p. 465, in the situation of Theorem (2.9), we may derive the
following explicit Y(K)-central series for [K,G,].

(2.12) PROPOSITION. Let F; be the set of homotopy classes of maps K — G, whose
restriction to S, is nullhomotopic. Let nilys,[Sy, Gol = ¢. Let e;:S; — K denote the
inclusion map and let W; = Vyc SA,. Then

[K, Go] D (e3) ' TiusolSyp Gol 2 ... D (e8) ' TieslSiy G, = Fy 2
D) ' wilyw [IW,.Go) D ... D (ef) ' T, IW,.Go)) = F, D

D ()" Ly Wi, Go) D ... D (ef) ' Ly, Wi, GoD) = Fy = {1}
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is a (K)-central series for [K,G,].

PrOOF. This follows from the proof of Lemma (2.6) and the fact that the ¢;’s and
v,’s are operator homomorphisms. [

Finally, we remark that the investigation of the nilpotency of [X, G] would benefit
from knowledge about the sets Hom(II, Hé(G,)) and, hence, from knowledge about
the groups Hé(G,) C é(G,). Some information in this direction can be found in [8],
[9], [10]. The author is grateful to the referee for bringing these to his attention.
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