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SEMIGROUPS WITH QUASI-ZEROES

S. A. RANKIN AND C. M. REIS

1. Introduction. Let S be a semigroup. An element a € Sis said to be
a left quasi-zero if {a)x M {(a) = B for all x € S, where (a) denotes the
cyclic sub-semigroup of S generated by a. In a recent study [6] of semi-
groups with a maximum right congruence, such elements proved to be
useful in providing characterizations of these semigroups. Left quasi-
zeroes have appeared in the literature under different names in a variety
of situations. In the context of semigroup radicals, left quasi-zeroes are
called right quasi-regular elements, where an element is defined to be
right quasi-regular if it is not a left identity for any right congruence
other than the universal congruence (see (4], [5], [2], [7], and [8]). In
quite a different context, monoids having a left quasi-zero which is a right
unit but not a left unit have been studied by M. Demlova [1].

The semigroups with left quasi-zeroes studied in [6] were of the fol-
lowing kinds: (i) S not right simple but with right invertible elements;
(i1) S? = S, with no right invertible elements; (iii) S? # .S; and (iv) S
right simple. Of semigroups with a maximum right congruence, a type
(i) semigroup is an ideal extension of a periodic semigroup consisting
entirely of left quasi-zeroes by a right simple semigroup with zero; a type
(ii) is the two element left zero semigroup; a type (iii) semigroup is nil
cyclic; and a type (iv) semigroup is a cyclic group of prime order.

In this paper semigroups with one or two-sided quasi-zeroes are studied
(an element ¢ € S is a right quasi-zero if x{(a) N (a) # @ for all x € S,
and an element which is both a left and a right quasi-zero is called a two-
sided quasi-zero). In particular, the structure of semigroups which con-
sist entirely of left quasi-zeroes is described, thus improving the result
obtained in [6] for type (i) semigroups with a maximum right congruence.

Throughout this paper, Z will denote the group of integers, N the cyclic
semigroup of natural numbers, N° the cyclic monoid of non-negative
integers.

2. Aperiodic left quasi-zeroes. The theory of semigroups with
aperiodic left quasi-zeroes rests in large measure on the following

(2.1) THEOREM. Let S be a semigroup and a € S an aperiodic left quasi-
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zero. Then there exists a homomorphism .. S — Z such that y,(a) = 1,
whence Y,(S) = N,N%or Z.

Proof. For each x € S, a'x = ¢’ for some 7,7 € N. Suppose that
a*x = a'for k, 1 € N. We may assume that 2 = <. Then

a~la'x = o*~d = o'

and since a isaperiodic,k —1+j=lorl — k = j— 1. Definey,(x) = j — 1.
It is easily seen that y, is a homomorphism and that ¢,(¢) = 1, whence
N C ¢.(S). Thus ¢,(S) = N, N°or Z.

The dual result holds for right quasi-zeroes and we shall denote the
corresponding homomorphism by ¢~

The above theorem establishes the existence of a homomorphism ¥,
from S to Z. The next result shows that ¥, is ‘“‘essentially’’ the only
homomorphism from S to Z.

(2.2) THEOREM. Let S be a semigroup with an aperiodic left quasi-zero
a and let 28 — Z be any homomorphism. Then ¢ = ¢ (a)y,.

Proof. Forx € .S, a’x = a’ where 1, j € N. Thus
Yo(x) = j — 7 and
w(a) + ¢(x) = j¥(a)
and so
Y(x) = (7 — )¥(a) = ¥ (x).
(2.3) COROLLARY. Let a be an aperiodic quasi-zero of S. Then ¢, = Y~
Proof. y* = y*(a)¥. = ¢, since y*(a) = 1.

(2.4) COROLLARY. Let ay, as,, . . ., a, be aperiodic left quasi-zeroes of S.
Then

Yar (@), (@3) « . Y, (1) = 1.

Proof. For aperiodic left quasi-zeroes ¢ and b we have ¥, = ¢, (b)ys.
Thus if ¢ € S,

‘l’u(C) =y, (b)‘//b(c)

whence

%1((12)%2 ((Lg) e \ban(al) = ‘//ax(al) = 1.

We observe that if (a) is a right ideal of S then « is a left quasi-zero. As
an immediate consequence of this we have

(2.5) LEmMMA. The only (left) quasi-zero of N and N° s 1.
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Proof. By the remark above, 1 is a left quasi-zero. Suppose n € N%is a
left quasi-zero. Then nk + 1 = nl for some &, I € N whence n = 1.

(2.6) LEMMA. If G is a group, then a € G s a left quasi-zero (aperiodic
or periodic) if and only if a generates G.

Proof. Suppose a € G is a left quasi-zero. Then for x € G, aix = a’
for some 7,7 € N, whence x = a’~%* Thus a generates G. Conversely, if a
is a generator of G, then for x € G, x = a® where + € Z. Thus for large
enough 2 € N, & + 7 € N and afx = o**? whence « is a (left) quasi-zero.

(2.7) CoroLLARY. The (left) quasi-zeroes of Z are ==1.

It is appropriate at this point to ask whether periodic and aperiodic
left quasi-zeroes can coexist. It is clear that left quasi-zeroes are preserved
under epimorphisms and that if a is an aperiodic left quasi-zero and x a
periodic element, ¥,(x) = 0. These remarks in conjunction with Lemma
2.5 and Corollary 2.7 yield

(2.8) CoROLLARY. 4 semi-group cannot contain both periodic and aperi-
odic left quasi-zeroes.

(2.9) CorOLLARY. Let a and b be apertodic left quasi-zeroes. Then
Ya(ad) = yy(ad) € {0, 2}

and thus ab 1s not a left quasi-zero. In particular, a* is a left quasi-zero only
for n = 1.

Proof. By Corollary 2.4, ¥, (b)¢¥»(a) = 1 whence the result.

Thus the set of all left quasi-zeroes in a semigroup with aperiodic left
quasi-zeroes is a mutant [3]. However, the product of more than two left
quasi-zeroes can be a left quasi-zero as Z illustrates.

We have seen that if o is an aperiodic left quasi-zero of .S then S has
N, N° or Z as a homomorphic image. For any left zero semigroup E,
E XN, E X N%and E X Z are examples of semigroups with aperiodic
left quasi-zeroes having the respective homomorphic images N, N°
and Z.

We now give an example of a semigroup generated by an aperiodic left
quasi-zero and an aperiodic right quasi-zero having Z as a homomorphic
image but which does not contain a copy of Z.

(2.10) Example. Let By = (xq, Zo| xo%o = 1) be the bicyclic semigroup.
xo is an aperiodic left quasi-zero and %, an aperiodic right quasi-zero.
Since ¥, (%o) = —1,

ll/,;o (go) = Z

However, %, does not contain a copy of Z. The left quasi-zeroes of %,
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are exactly the elements &%’ for € N. For
Yo, @o'xo’) = £l &1 —j = %1
whence
1 =7+ 1.
Consider first elements of the form %o'xot!. For k € N,
(xoixoi—{-l)k — xoixoi-}—k
and so
Eo'xo™ ) (Xo"x0°) = (To'xo'1)?
where 7,s € N, k >rand I = k — 7 4+ j. Thus %o'x¢**! is a left quasi-
zero of #y. On the other hand
(O'Coixoi_l)k —_ ﬁoi+kx0i_l
and so %o'xo'~! is not a left quasi-zero. It is however a right quasi-zero.

(2.11) Definition. An aperiodic left quasi-zero a € S is said to be a left
quasi-zero of type N, N° or Z and referred to as an N-left quasi-zero, an
NO-left quasi-zero or a Z-left quasi-zero, if ¥,(S) = N, N°or Z respectively.

In Corollary 2.8 it was observed that a semigroup cannot contain both
periodic and aperiodic left quasi-zeroes. We may be more precise and state
the following

(2.12) THEOREM. Let S be a semigroup with an aperiodic left quasi-zero.
Then all left quasi-zeroes are of the same type.

Proof. Let a and b be left quasi-zeroes of S. By Theorem 2.2,

Yo = %(b)% = £y,

(2.13) Definition. Let S be a semigroup with a homomorphism
Y:S — Z such that each homomorphism x:S— Z factors through .
Then S is said to be a semigroup of type N, N°or Z if ¢(S) = N, Nor Z
respectively.

Thus if S has an aperiodic left quasi-zero of type N, N° or Z, then Sis a
semigroup of type N, N° or Z respectively. In fact, we can characterize
semigroups with aperiodic left quasi-zeroes in terms of homomorphisms.

(2.14) THEOREM. A semigroup S has an aperiodic left quasi-zero if and
only if S has the following property: there exists a homomorphism ¢:S — Z
such that for each homomorphism x:S — T, T any semigroup, there exists
a € T with the property that for x € S,

x(x) = O+

for suffictently large n € N.
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Proof. Suppose S has an aperiodic left quasi-zero b and lety = ;. Then
for x € S, bix = b7 for some 7,7 € Nand ¢,(x) =7 — 2. f x::S—> T is
a homomorphism choose a = x(b) € T. Then

a'x(x) = aF = ai=i+i = gh@+i,

Conversely, suppose S has the property described above. Consider
15:S —S. Then there exists a € S such that for x € S,

artx = av@®+n
for sufficiently large #. Thus a is a left quasi-zero and ¢ (a¢) = 1 whence a
is aperiodic.
3. Periodic left quasi-zeroes.

(38.1) Definition. A periodic left quasi-zero is said to be of type n or an
n-left quasi-zero if it is of period #, i.e., the group ideal of the cyclic sub-
semigroup generated by the left quasi-zero is a cyclic group of order n.

We have the following result which is entirely analogous to the
aperiodic case:

(3.2) THEOREM. Let a be an n-left quasi-zero of a semigroup S. Then there
exists an epimorphism ¥,:S — Z, for which ¥,(a) = [1],.

We remark that a semigroup S has an n-left quasi-zero ¢ if and only if
S has a minimal right ideal which is a cyclic group.of order #n. The
following theorem is therefore a consequence of well-known results.

(3.3) THEOREM. All left quasi-zeroes of a semigroup S are of the same
type.

(3.4) THEOREM. Let a be an n-left quasi-zero of S and let ¥ be a homo-
morphism of S to Z,. Then ¢y = ¢ (a)y,.

As an immediate consequence of the above we have

(3.5) COROLLARY. Let a and b be periodic left quasi-zeroes of a semi-
group S. Then

Yo = ¥u (b)¢b-

(3.6) CorOLLARY. Let ai, as, . . ., a, be m-left quasi-zeroes of a semi-
group S. Then

Vay (@2)¥ay (a3) - . . ¥a, (1) = 1]
In contrast to the aperiodic case, we have the following result:

(3.7) THEOREM. Let a € S be an n-left quasi-zero. Then a” is a left
quasi-gero if and only if (r, n) = 1.
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Proof. Since a is an n-left quasi-zero, there is an epimorphism ¢,:S —
Z, with ¢,(a) = [1],. Thus ¢, (a”) = [r],. If a" is a left quasi-zero then
[r], is a left quasi-zero of Z, and so by Lemma 2.6 [r], is a generator of Z,,
ie., (r,n) = 1.

Conversely, suppose (7, #) = 1 and let x ¢ S. Then a'x = a? for some
1, 7 € N. Choose 7 and j sufficiently large so that a? and ¢’ belong to the
group ideal of {a) and such that ¢ = rk for some ¢ € N. Since (r,n) = 1,
there exists s € N such that rs = 1 [mod 7] and so

j = rsj [mod n].
Hence a™x = a™*.

(8.8) Definition. A semigroup S is said to be of type n if there exists an
epimorphism ¢ :.S — Z, such that every homomorphism x:S — Z, factors
through ¢.

It is immediate that if S has an #n-left quasi-zero, then S is a semigroup
of type n.

The following characterization of semigroups with periodic left quasi-
zeroes in terms of homomorphisms is analogous to Theorem 2.14.

(3.9) THEOREM. S has an n-left quasi-zero if and only if there exists an
epimorphism .S — L, such that for every semigroup T and every homo-
morphism x:S — T there exists a homomorphism % 2, — T with x(0)x =
xy. Here O is the identity of Z,.

Proof. If S has an n-left quasi-zero b, then choose ¢ = ¢;. For G,, the
group ideal of (b), ¢|G, is an isomorphism between Z, and G,. If x:S — T
is a homomorphism, define ¥:Z, — T by

x = x(W|Gy)™

For some m € N, b™ is the identity of G,. For each x € S, )"™x € G, and
x(0"x) = 3P (%) = x(x).

But
x (") = x(0")x(x) = x¥@")x(x) = x(0)x(x).

Conversely, consider the homomorphism 15:5 — S. Then there exists
%:Z, — S such that x(0)1s = x¢. Let b = x((1],). Thus x(0) = %" and
so for each x € S,

bux = xy (x).
Let ¢y (x) = [k],. Then

b = x([kl.) = x(k[1],) = b*

and so b is an n-left quasi-zero.
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(3.10) Example. If E is a left zero semigroup then E X Z, has n-left
quasi-zeroes.

(3.11) THEOREM. Let S be a semigroup with an n-left quasi-zero. Then
S has a right group kernel K isomorphic to E(K) X Z,.

Proof. Since S has an n-left quasi-zero, .S has a minimal right ideal which
is a cyclic group G of order #. Thus S has a kernel K which is the disjoint
union of the minimal right ideals of S where each such right ideal is a
group isomorphic to G.

We now characterize semigroups each of whose elementsis a left
quasi-zero. To this end we need the following

(3.12) Definition. A semigroup S is said to be combinatorial if for each
x € S there exists # € N such that x® = x"+1,

(3.13) LEMMA. Let S be a semigroup and a € S be such that each power of
a s a left quasi-zero of S. Then a* = a"*! for some n € N.

Proof. By Corollary 2.9 « is periodic and by Theorem 3.7 the group
ideal of {(a) is trivial.

The above yields immediately

(3.14) CoRrROLLARY. Let S be a semigroup. Then S consists entirely of left
quasi-zeroes if and only if S is combinatorial and each idempotent of S is a
left zero.

Every element except the identity of a cyclic group of prime order is
a left quasi-zero. The following is a generalization of this.

(3.15) THEOREM. 4 semigroup S is an ideal extension of a right group
K = E X Z, by a mil semigroup of index not greater than a prime p > 1
if and only if S is archimedean and the set of left quasi-zeroes of S 1s

S\E(S) # 0.

Proof. Let p > 1 be a prime and suppose that .S is an ideal extension
of a right group K = E X Z, by a nil semigroup of index not more than
p. For any a € S\E(S), a is a pth power only if ¢ € K and so for some
n € N, a" is a generator of one of the groups in K. Thus a is a p-left
quasi-zero of S. Since p > 1, no idempotent can be a left quasi-zero. Thus
the set of left quasi-zeroes of Sis S\E(S) # @. Finally, any periodic semi-
group which is an ideal extension of a right group by a nil semigroup is
archimedean.

Conversely, suppose that S is an archimedean semigroup for which
the set of left quasi-zeroes is S\E(S) > @. Then S is an ideal extension
of a right group K = E X Z, for some n € N. Since every non-idempo-
tent element of each group in K is a left quasi-zero, # is a prime. Now for

https://doi.org/10.4153/CJM-1980-040-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1980-040-x

518 S. A. RANKIN AND C. M. REIS

each x € S\K, x" is not a left quasi-zero by Theorem 3.7 and so x" is an
idempotent. Since S is archimedean with a right group kernel, all idem-
potents of S belong to K. Thus S/K is nil of index not greater than .

(3.16) THEOREM. Let S be an archimedean semigroup. Then S 1s an ideal
extension of a right group K = E X G if and only if the following hold:
(1) S 1s the disjoint union of archimedean homogroups H,, e € E(S),

(ii) the group ideal G, of each H, is a right ideal of S.

Proof. Suppose that .S is archimedean and is an ideal extension of a
right group K = E X G. Since S is archimedean, (x) N K # @ for all
x € S. In particular,

E(S) = E(K) = E.
For each ¢ € E(S), define
H,= {x € 8] {x) NG, # 0}.

We show that (x) N G, # @ if and only if xG, = G,, in which case the
result follows. If (x) N\ G, # @ and G, = Gy, then x"*'G, = G, for n such
that x* € G.. Thus

Gj = xn+le = ex"“G, = er = G,

and so xG, = G,. Conversely, if xG, = G, then x"G, = G, for all n. If
x™ € Gy, then

G, = fG, = fx"G, = x"G. = G,

whence x* € G..

Now if S satisfies conditions (i) and (ii), then S has a right group kernel
K = E(S) X G where G = G, for ¢ € E(S). For any x,y € S, x € G,
for some n € N, e € E(S), and so x" = x"(ey)~ley where the inverse
refers to the group G.. Thus x® € S'yS! and so S is archimedean.

(8.17) CoROLLARY. Let S be an archimedean semigroup. Then S has an
n-left quasi-zero if and only if S is the disjoint union of archimedean homo-
groups H,, each with group ideal G, = Z, and each G, 1s a right ideal of S.

Since this partition induces a left zero congruence on the kernel of S,
it is natural to ask whether the partition itself is a left zero congruence.
However, this is rarely the case. Consider for example the left zero semi-
group {a, b, ¢} and adjoin d by defining d? = a, dc = b. Then H, =
{a,d}, H, = {b}, H, = {c} and H,H, = {a, b}.

4. Semigroups generated by left quasi-zeroes. In this section we
apply the theory developed so far to presentations of semigroups gener-
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ated by left quasi-zeroes. In particular, we construct examples of such
semigroups to show the extent to which their structure can differ.

If X = {a;] ¢ € I} and for each j € J, R; is a relation on X+, then the
quotient semigroup X+ modulo the congruence generated by these rela-
tions is denoted by (a,| R;,7 € I,j € J).

(4.1) THEOREM. Let X = {ai, as,...,a,} and let k; 1; € N for
1=1,2,...,n Fori=1,2,...,ndefine a relation

Ri:aikiai+1 = (lili (w;tere Apy1 = al).

Then {ai, as, ..., a|Ri, Re, ... R,) is a semigroup generated by the left
quasi-zeroes ai, as, . . . , ay.

Proof. It is clear that (a;)a; N (a;) # Bforalls,7 =1,2,...,n.

The next theorem enables us to tell at a glance what type of left quasi-
zeroes the generators a4, . . ., a, are.

(4.2) THEOREM. Let X = {a1, ay,...,a,} and R;:a/ia;1 = a7tk

for ji, 5 + ki € Nand k; € Z (again a,p1 = a1). Let

] k-1
i=1

Then S = {a1, as, ..., a,|R1, Rs, ..., R,) is a semigroup of type k if
k # 0 and a semigroup of type N or Z if k = 0.

k:

Proof. By (4.1) we know that S is generated by left quasi-zeroes. By
(2.4),

Go, (02)80,(@3) - . ., o (@) = 1

if the left quasi-zeroes are aperiodic. Thus if £ # 0, the left quasi-zeroes
are periodic and hence S is a semigroup of type # for some » € N. But
then by (3.6),

¢a1 ((12) e ¢a,,(al) =1 (mod 11)

whence n]k. We show now that k|n. Define a correspondence {ai, . . . , a,}
to Zj as follows:

i—1
ar— 1 = by, a;— [H k,] =b; fori=23,...,n
j=1 k
It is easy to show that the b, satisfy the same relations as the ;. Thus the
above correspondence may be extended to a homomorphism of S to Z;.
In particular, {a;) maps onto Z; and so the group ideal of {(a;) maps
onto Z;. Thus k|n and so & = n.
If 2 = 0 then, for the same reasons as above, a homomorphism from
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S to Z may be defined by

i—1
al"'_)ly (li’—)ij, ’i=2,3,...,7l.
j=1
It is then clear that the semigroup is of type Z if and only if k; = —1 for

some 1. If k; = 1 for all 7 then S is a semigroup of type N. In particular,
S has no periodic elements in this case.

We remark that the left quasi-zeroes of a semigroup S of type N must
belong to any generating set of S.

(4.3) LEMMA. Let a, b be aperiodic left quasi-zeroes of « semigroup S.
If a* = b™ for some m, n € N, then m = n and there exists ko € N such that
for b = ky, a* = b*.

Proof. If a® = b™ then n = mg¢,(b). Since |¢,(b)] = 1 we must have
¢.(0) =1 and so m = n. Thus a** = b"* for all ¢t = 1. Furthermore,
a’h = a**! for some 7 € N. If n = 1 then a"b = ¢"*! and so b**+! = g**!

and, by induction, ¢* = b* forall & = #n. If n < 1, choose ¢ so that nt = 1.
As before a* = b* for k = nt.

Let ko denote the least element of N for which ¢* = b* for k = k. It
can happen that ¢” = 0" with n < k. For example,

S = (a, bl a® = b, a* = b"forn = 4)

is generated by aperiodic left quasi-zeroes «, b but a® # b3, while
o = 4. The verification that «® # b? is obtained by representing S by
the matrix semigroup generated by

01 11 02 0 O
oo 11 1o o0 1/2 1
A=lg 00 1| ™ B=lg 0 0 2
0 0 0O 00 0 O
We note that since S is a semigroup of type N, S has no other left quasi-
zeroes.

(4.4) Example. Let S = (a, b| a® = a, b%a = b). S is generated by the
two aperiodic left quasi-zeroes ¢ and b. However both «b and ba are
idempotent. Probably the simplest example of such a semigroup is Z.

The following example shows that a semigroup finitely generated by
periodic left quasi-zeroes is not necessarily periodic.

(4.5) Example. Let S = {(a, b| a® = a?, b%a = b?). Then a* = a? and
b® = b? whence a?b = a? and b% = b2 Thus we have symmetry in the
defining relations of S. It is easy to show that the elements of S are of the
form displayed in the table below where each column contains all powers
of the top element and ab and ba are aperiodic elements.
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TaBLE 1.
ab ba
(ab)?|| (ba)*
(ad)?|| (ba)®
(ab)?a ) (ab)a a ' . b (ba)b (ba)%b
. | (ab)2a? | (ab)?b | (ab)a? | (ab)b | a® b2 | (ba)a | (ba)b? | (ba)2a | (ba)2b2 | ... | ...

It is a matter of routine computation to verify that any 2 distinct
words from Table 1 can be distinguished by at least one of the following
four homomorphisms.

00 0 00 —1
1) 4=|1 00| B=|0 0 1|
0 1 1 11 1

Define

¢1:5 — (4, B) by ¢:1(a) = 4, ¢:(b) = B and
¢2:S—‘> <A, B> by ¢2(b) =4, ¢2(a) = B.

(2) Let
0 0 O 11 -1
A={1 0 0|, B=30 0 2.
01 1 11 1
Define

$3:S — (4, B) by ¢3(a) = 4, ¢3(b) = B and
$4:S — (4, B) by ¢u(a) = B, ¢«(b) = 4.
The kernel of the above semigroup is the (infinite) bottom row of the
table. We observe that if any further relations are added to ensure

periodicity, the semigroup becomes finite. This does not happen in
general.

(4.6) Example. There is an infinite periodic semigroup finitely gener-
ated by left quasi-zeroes. For 4. Thue [9] has shown that there exist
infinitely many square-free words on an alphabet of three letters. If

X ={a,b,c} and I = {wvPw| u, w € X*, v € X+},

then S = X+/I is a nil semigroup generated by the left quasi-zeroes
a, b and ¢ and S is infinite.
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To conclude this section, we show that a finite semigroup generated by
left quasi-zeroes is not archimedean in general, i.e., it is not necessarily
the case that every idempotent belongs to the kernel.

(4.7) Example. The following semigroup was obtained as a subsemi-
group of a transformation semigroup on 5 letters.
Let

S = {a, b| a® = a?, b2a = b% b% = b, aba = q,
bab = b, ab?a = b2ab).
Then

S = {a, a?, a3, b, b2, b%, ab, ba, ab?, ab?}.

This semigroup is displayed in the form of a table below, where each
column contains all powers of the top element and the idempotents are
enclosed within the dotted rectangle.

a b
voab a? ab? b? ba
ad ab? b3

The kernel of this semigroup is {a?, a?, ab3, ab?, b2, b*} which is a right
group with group isomorphic to Z,. The elements ab and ba are idem-
potents.

5. A sequence of generalizations of the bicyclic semigroup. In
(2.10) we examined the bicyclic semigroup %o = {xq, Xo| %eXo = 1) for
left and right quasi-zeroes. In this section we introduce a sequence of
generalizations of the bicyclic semigroup and investigate their properties.
The set of all left quasi-zeroes of each such semigroup is determined and
by symmetry the right quasi-zeroes of each are also obtained.

(5.1) Definition. For each n = 0, let

'@n = (xm xnl xnn+1xn = xnny xnxnn+1 = xnn>-

For each n = 0, it is immediate that of the generators of &,, [x,] is a
left quasi-zero while [%,] is a right quasi-zero. We are going to see that
only #, and #, have infinitely many left (right) quasi-zeroes, while for
n = 2, #, has exactly one left (right) quasi-zero. The exceptional be-
haviour of %y and &, does not end here. It is well known that &, can be
described as a semigroup on the set Ny X No. In much the same way, %,
can be described as a semigroup on Ny X Ny X Njy. There does not appear
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to be any such representation of &, for n = 2. The Green’s relations for
%, can be described readily by utilizing this representation.

The first result to be established is that &, has exactly one left quasi-
zero, whence by a similar argument, it can be shown that Z, has exactly
one right quasi-zero.

In order to prove this result we shall require the notion of a reduced
word (relative to the congruence relation defining %, i.e., x:%2% = &2
and x93%; = x9%). We shall delete any reference to the subscript 2 on the
generators for this discussion.

(5.2) Definition. A word in X* X = {x, &}, is said to be reduced if it
is of the form
xtixtxis | x%-1x' for k even,
with
0<% ...,01=2if & = 4,and 74, 4 = 0.

(5.3) LEMMA. Each word of X* is congruent to a reduced word by the
congruence generated by the relations xx* = %2, x3%% = x2.

Proof. Let u € X* and suppose that « is not reduced. Then « is of the

form

xhxt2 | guw-ixfork = 3,4, = 0,4, = 0 and

’iz, ’ig, SN ,’L'k_1 > 0.
It follows that for some 1 < j < &, 7; > 2. If j is even, form the word
by deleting xx from x*ix% +1 in %, while if j is odd, form %, by deleting xx
from x%-1%% in u. Then # = wu; and |u.| = |u| — 2. If u; is reduced, we
are done. Otherwise, repeat the process. By induction, we obtain that u
is congruent to a reduced word.

(5.4) THEOREM. If u and v are reduced words of X* and u = v, then
u = .

Proof. Suppose that u = x'ix? ... x%-1x% is reduced. Then there
exists a finite sequence % = u; = Uy =...=u, = v where u,, is
obtained from u,; by inserting or deleting x% (by using the relations
%% = x2, xx% = %2). To form u,, x% must be inserted into #; and so
|ue| = |u1] + 2. Define

F = {x%Yt = 0}.

Let %, be the first number for which
[urs1| =[] — 2

(that k; exists is clear). Then

Uy, = Wi W™ . wpxthwy,
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where each w; € F*. Since u;, is not reduced, u;, # v. Let ks be the least
subscript greater than k; for which |uz, 1| = |uz,| + 2. Then each of the
words w4, k1 < ¢ =k, is obtained from #,_; by deleting x%. Each such
deletion can occur only within the subwords of the w; which remain at
any particular step. This is easily seen to be the case since each such sub-
word begins with x and ends with %. If m = k; 4 ks, then v = u;,. But
uy, is reduced only if no subwords of the w; remain, i.e., only if uz, = ;.
Thus u = v. If m > ki + ks, we repeat the process, beginning with uy,
where

Up, = WI'T W%, L w xw,y
with each w;/ € F*. But in this manner we see that for each j,

—_ 1 i
Uy = yixysx’ . L vy

for some y1, ¥, . . ., Y41 € F*. Thus in particular, u,, is such a word and
since such a word is reduced only if y; = y2 = ... = Y41 = 1,
V= U, = Xx2, ., x% =y = u

Thus each class of the congruence on X* generated by the relations
x3% = x?, x%% = X? has a unique reduced representative.

(5.5) THEOREM. & » has exactly one left quasi-zero, namely the congruence
class [x].

Proof. Let u € X* be a reduced representative of a left quasi-zero of

% ,. Then

u = xhxlr,, x%
with & even and

Z i2j - Z 7:27'+l = L

If 2 = 2, we have # = %! for some 7 = 0. If 7 = 0 we have u# = «x.

Otherwise, 2 > 0 and then by an inductive argument, one can show that
the reduced representative of u* is

Xt (x%) et
But then «‘x has reduced representative
X (2x) i t2,

whence u’x # u” for any ¢, € N. Thus we obtain a contradiction and so
for & = 2 we obtain # = x and [x] is a left quasi-zero of #Z;. Now con-
sider £ = 4. There are four possible cases. We shall show that none of the
cases can occur.
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Case 1. 11,1, > 0. Consider u? = g, .. xhxit, . x™ If x™x’ is re-
duced, then the reduced representative for #” ends in Zx for all » and so
u'x # u° for any 7, s € N. But this implies that [«] is not a left quasi-
zero of 4, a contradiction. Thus x™%! is not reduced. If 7; = 4,, then the
reduction of #? will be accomplished by making deletions of x& factors to
the left of the right factor &2 in #%1. Once again, the reduced representative
of u” ends in Zx* for all 7, a contradiction. Thus 7; < 7, and the reduction
of u? is accomplished by deleting xX factors to the right of the left factor
x%in x'. If these deletions do not reach the right factor Zx™ in u?, again
the reduced representative for " ends in &x for any » € N whence [u]
is not a left quasi-zero of &», a contradiction. Thus the reduced rep-
resentative of u? is

xihigt2 | xgi-1xt where
tzlln—in_l"‘-in_z“‘...—i1+ln.

However, for the deletions to have been possible, we must have had
1, = 11 + 2,1, — 1, + 72 = 23 + 2, and so on, finishing with 72, — 7; + 72
—23+ ...+ 2,_2 = 1,1 + 2. But this implies that

2 day — 2 Ao = 2,

a contradiction. Thus at least one of z; or 7, is zero.

Case 2.1, =0, 1, >0 whence u = xx®...xn-1x and 0 < 1,
23, .. .,1%-1 = 2. The arguments of Case (1) can be applied here by
putting 7; = 0 to conclude that [«] is not a left quasi-zero of %, a
contradiction.

Case 3.1, > 0, 7, = 0 and so » = &'’ ... x~1. When we consider
u? in this case, we see that the only reduction that could possibly occur is
to the left of the right factor &2 in & -1+%1 leaving the reduced represen-
tative of «” for any » € N to end in &™»-1. Since u’x # u® for any 7, s in
such a case, [#] would not be a left quasi-zero of %5, a contradiction.

Case 4. 1, = 1, = 0. Then no reduction in u? can occur whence u? is
reduced and thus «” is reduced for all » € N. Obviously [#] would not be
a left quasi-zero of &,, a contradiction.

By similar arguments, it can be shown that &, has exactly one right
quasi-zero, namely [%].

(5.6) COROLLARY. For each n = 2, &, has exactly one left quasi-zero
and one right quasi-zero, namely (x,] and [X,] respectively.

Proof. The assignment [%,] — [%,-1] and [x,] — [x,—:] determines a
surjective homomorphism of %, onto %,_, whence quasi-zeroes are
mapped to quasi-zeroes (of the same type, left or right). The result is thus
established upon observing that [x,] = {x,} and [%,] = {%,}.
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(5.7) LEMMA. Every word in X*, X = {x, X}, is congruent to a word of the
form x*(xx)%* for some (k, I, n) € No X No X Ny by the congruence
defining %1, i.e., the congruence determined by the relations x% = x,
XXt = X.

Proof. We shall preceed by induction on the length of words in X*.
The statement is obviously true for words of length 0, 1 or 2. Suppose
then that any word of length less than # is congruent to a word of the
required form, with n = 2. Let # € X™* be a word of length #. Then either
u = (x%)'with n = 2¢, or else x or ¥ appears in % to a power greater than
1. In the first instance, # = %°(x%)'x° while in the second, either u =
wyx'wy or else u = v;%%; for some ¢ > 1 and with w; € X*\X*x, w, € X*\
xX*, v; € X¥\X*x, v, € X*\xX* and ¢,j = 2. Consider the case u =
wixtwe. If we = 1 it follows from the induction hypothesis, while if
wsy # 1, then w, = Xw; and so

U = wixXw; = wix"lws = 0.

But |v| < 7 and so the result follows from the induction hypothesis. A
similar argument can be presented if # = v;&;.

By observing how the multiplication of congruence classes works, as
determined by representatives of the form described in (5.7), we are led
to define a binary operation * on the set Ny X Ny X Ny as follows: for
(k, 1, m), (r,s,t) € Ng X No X Ny,

5(k+r—m,s,t) m<r

Byl + s+ 1,1) m=r#0

(R, 1+ s,¢) m=r=0
(krlyt"l_m—r) m > r

Sixteen computations are required to verify that this binary operation

is associative, and these computations have been carried out. Thus
(Ng X Ng X Ny,*) is a semigroup.

(k, I, m)x(r,s, t) =

(5.8) Definition. Let B, denote the semigroup (Ny X Ny X No,*).
(5.9) THEOREM. ¥, ~ B,.

Proof. Let X = {x, x}. Define a homomorphism u:X* — B, by putting
w(x) = (0,0,1) and u(®) = (1,0, 0). Since

(0,0, 1)*+(1, 0,0) = (0,0, 1) and
0,0, 1)x(1,0,0)2 = (1, 0, 0),

u induces a homomorphism g:%, — B, for which @([x]) = (0,0, 1) and
z([x]) = (1,0, 0). Now define a function n: B, — %, by

n(k, I, n) = [x*(xx)x"].
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It is readily verified that 7 is a homomorphism and that
no g([x]) = [x], no a([z]) = [#]

whence 5 o @ is the identity on %;. As well one can readily show by com-
putation that

gon(k,l,n) = (k1,n)
whence [ 0 7 is the identity on B;. Thus & and 7 are isomorphisms.

By means of this representation of %1, we are readily able to describe
the set of right quasi-zeroes and the set of left quasi-zeroes for %, and,
as well, we can determine the Green’s relations on % ;.

(5.10) THEOREM. The set of left quasi-zeroes of B, is
{(k, 1, B+ 1| &, I € No}.
Proof. It is easily established by induction that
by, k+1)" = (k, I, B+ n)
for any # € N and so for (7, s, t) € B; we choose n > » — ¢ to obtain
Ry Lk + 1)*(r,s,t) = (B, ,k+n+t—r)=(k I, B+ 1)*++7,

Thus (k, !,k + 1) is a left quasi-zero for any k, ! € Ny. In particular,
u = (0,0,1) is a left quasi-zero. Let ¢,: B; — Z be the corresponding
homomorphism. Then ¢,(1, 0, 0) = —1 and since

(k, I, m) = (1,0,0)*((0, 0, 1)x(1, 0, 0))'«(0, 0, 1)™,
we have
¢u(k: ly m) =m — k.

Thus m — B = 1, and so we need only show each element of the form
(kR + 1,1, k) is not a left quasi-zero. By computation, one can readily
show that

(B + 1,1, k)x(0,0,1) = (R + 1,1, k)" for any n, r € N.
Thus (& 4 1, [, k) is not a left quasi-zero for any &, I € N,.

Similarly, one can show that the set of right quasi-zeroes of B, is
{(k4+ 1,1, k)| k, 1 € N}.

We now demonstrate that for n # m, &, % %,. Since the set of left
quasi-zeroes of &, and of %, are both infinite, while the set of left
quasi-zeroes of each &,, n = 2, is a singleton, &y and %, are distinct
from %, n = 2.

(5.11) TueorEM. E(%,) = {1}.
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Proof. We prove that E(B;) = {(0,0,0)}. If (k,/,m) € By is an

idempotent, then
(ky 1, m)x(k, I, m) = (k, I, m)

from which one concludes that m = k. But by definition of %, not only
must m = k, but we must have m = k& = 0.
But (0,7,0)? = (0, 2/,0) and thus 2/ = / whence I = 0.

(5.12) COROLLARY. # & % ..
Let NC (k) denote the nil cyclic semigroup of order k.

(5.13) THEOREM. There extists an epimorphism of B, to NC(n) but no
epimorphism of X, to NC(n + 1).

Proof. Define an epimorphism from X* — NC(n) by x — ¢, ¥ —a
where a is the generator of NC(n). Since the relations x"*x = x",
%X+ = 7 define &, this epimorphism determines an epimorphism

¢o: B, — NC(n) by
o ([x]) = ¢,([%]) = a.

Suppose now that there does exist an epimorphism y:%, — NC(n + 1).
Then either [x] or [X] maps to b where b is the generator of NC(n + 1).
Suppose that ¢ ([x]) = b and ¢([&]) = b" for some r € N. Then

y([x]"[&]) = o107 = 0
but [x]**t1[%] = [x]" whence
Y([e]" U x]) = ¢ ([x]") = o™

Thus b* = 0, a contradiction, and so no epimorphism from %, to
NC(n 4 1) can exist.

(5.14) COROLLARY. For all n, m € No, n # m, B, & B .

Proof. It is only necessary to show that for n > m = 2, ¥, = % .
Suppose that for some such #, m, Z, ~ %,,. Then since n > m, there is
an epimorphism &, » %,y » NC(m + 1) and since &, ~ %, we
obtain an epimorphism of #,, -» NC(m + 1), which is a contradiction
by (5.13).

Finally, we determine the Green’s relations for B, and hence for % ;.
It is easily seen from the definition of * that if two elements of B; are
R-related, their first and second components must be equal.

(6.15) THEOREM. The R-classes of By are of two types, namely
Ri; = {(, ], k)| k € N} and R%; = { (i, j, 0)} for 4, j € No.
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Proof. Let k, ¥ € N. Then
(irjv k)*(k - ]-y 0: k- 1) = (ivjv kl) and
(@, 7, k)x(E — 1,0,k — 1) = (2,7 ,k).

Thus (4, j, R)R(, j, k') for all k, k' € N. Moreover, if (4,7, 0)R(,J, k)
for some k € N, then

(,7,0) = (2,7, k)*(x, 9, 2)
for some x, y, 2 € N,. By definition of *, this is not possible.
(5.16) THEOREM. The.¥ -classes of By are of two types, namely
Ly = {(, 4, k)i € N} and L, = {(0, 7, k)} for j, k € N,.
(5.17) CorOLLARY. The H-relation on B is trivial.

(5.18) CorROLLARY. The D-relation for Bi has classes of four types,
namely

(1) Dy = {Gj, k)i, k€ N}, jeNg
(2) Do; = {(0,7, k)|[k € N}, j € No;
(8) Dy = {(,4,0)]s € N},j € Noand
(4) Doj = {(0,7,0)}, 7 € No.

Thus in contrast to %o, %, is not bisimple. Moreover, & is not even
simple, but rather close to it.

(5.19) THEOREM. The J-relation on B, has two classes, namely
{(0, 0, 0)} and B,\{(0, 0, 0)}.

Proof. For any u,b € N, s,¢t € Ny, we have
0,5,0) = (0,0,s + (s, t,u)x(u +1,t — 1,0) and
(s, t,u) = (s, ¢, u)%(0,b,0)%(0,0,0).
Thus (0,0,0)J(s, f, u) forall u,b € N, s,t € Ny. If we put
J;=D;\UDy;\J Dy \J Dy,

the above argument implies that U ;enJ;, which is Bi\{ (0, 0, 0)}, is con-
tained in a single J-class. Since it is clear that the J-class of (0,0, 0) is a
singleton, the result follows.
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