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ABSTRACT

Following ideas of Lurie, we give a general construction of equivariant elliptic cohomol-
ogy without restriction to characteristic zero. Specializing to the universal elliptic curve
we obtain, in particular, equivariant spectra of topological modular forms. We compute

the fixed points of these spectra for the circle group and more generally for tori.
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1. Introduction

The aim of this paper is to construct an integral theory of equivariant elliptic cohomology
for an arbitrary compact Lie group and prove some of its basic properties. In particular, this
applies to elliptic cohomology based on the universal elliptic curve over the moduli stack
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ON EQUIVARIANT TOPOLOGICAL MODULAR FORMS

of elliptic curves, yielding compatible G-equivariant spectra of topological modular forms
TMF for every compact abelian Lie group G. The construction follows the ideas sketched
in [Lur09b] and builds crucially on the theory Lurie detailed in subsequent work. Addition-
ally, we show that circle-equivariant elliptic cohomology is symmetric monoidal, and use this
to compute the fixed points of TMF with respect to the circle-group T, identifying these with
TMF ¢ ¥TMF.

1.1 Motivation and main results

The G-equivariant complex K-theory of a point agrees per definition with the representation
ring of G. Together with Bott periodicity this gives, for example, KU$*"(pt) = Z[t*!] and
K Uffdd(pt) = 0. The goal of the present paper is to repeat this calculation at the level of
equivariant elliptic cohomology.

The basic idea of equivariant elliptic cohomology is inspired by the following algebro-
geometric interpretation of the computation above: the spectrum SpecZ[t*!] coincides with
the multiplicative group G,,. Thus, for every T-space X, the K-theory KU{"(X) defines a
quasi-coherent sheaf on G,,. In elliptic cohomology, one replaces G,,, by an elliptic curve and,
thus, T-equivariant elliptic cohomology takes values in quasi-coherent sheaves on an elliptic
curve.

There have been several realizations of this basic idea. The first was given by
Grojnowski [Gro07] in 1995, taking a point 7 in the upper half-plane and the resulting com-
plex elliptic curve C/Z + 77Z as input and producing a sheaf-valued G-equivariant cohomology
theory for every compact connected Lie group G. This was motivated by applications in geomet-
ric representation theory (see [GKV95] and, e.g., [AO21, YZ17, FRV18] for later developments).
Another motivation was provided by Miller’s suggestion to use T-equivariant elliptic cohomology
to reprove the rigidity of the elliptic genus, which was realized by Rosu [Ros01] and Ando and
Basterra [AB02]. We do not want to summarize all work done on equivariant elliptic cohomology,
but want to mention Greenlees’s work on rational T-equivariant cohomology [Gre05], the work
of Kitchloo [Kit19], Rezk [Rez19], Spong [Spo21] and Berwick-Evans and Tripathy [BT21] in the
complex-analytic setting, and the work of Devoto [Dev96] on equivariant elliptic cohomology for
finite groups and its applications to moonshine phenomena in [Gan09].

Many more works could be named, but for us the most relevant work has been done by
Lurie in [Lur09b, Lurl9]. The starting point is the definition of an elliptic cohomology theory,
consisting of an even-periodic ring spectrum R, an elliptic curve E over mgR, and an isomorphism
between the formal group associated with R and that associated with E. Lurie refined this to
the notion of an oriented spectral elliptic curve, consisting of an even-periodic Eoo-ring spectrum
R, an elliptic curve E over R, and an equivalence between the formal groups Spf R®F™ and E
over R. Thus, we have moved completely into the land of spectral algebraic geometry, instead of
the hybrid definition of an elliptic cohomology theory. This seems to be of key importance in order
to obtain integral equivariant elliptic cohomology theories, without restriction to characteristic
zero. Following the outline given in [Lur09b] and extending work of [Lurl9] from finite groups to
compact Lie groups, we associate to every oriented spectral elliptic curve E a ‘globally’ equivariant
elliptic cohomology theory.

To make this precise, we work with orbispaces, an co-category incorporating G-equivariant
homotopy theory for all compact Lie groups G at once, which was introduced in [GHO7]. As any
topological groupoid or stack (such as the stack [X/G| associated to a G-space X ) determines an
orbispace, they are a convenient source category for cohomology theories which are equivariant
for all G simultaneously, often called global cohomology theories.
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We construct from the datum of an oriented elliptic curve E over an FE.-ring R, for
any orbispace Y, a stack Ell(Y) in the world of spectral algebraic geometry. For example,
in the case of BT = [pt /T], the stack Ell(BT) is precisely the spectral elliptic curve E and
Ell(BC,) agrees with the n-torsion E[n]. Moreover, for any compact abelian Lie group G
pushforward of the structure sheaf along Ell([X/G]) — Ell(BG) defines a contravariant func-
tor from (finite) G-spaces to quasi-coherent sheaves on Ell(BG). In particular, we obtain a
functor

Ellp: (finite T-spaces)’® — QCoh(E).
Thus, we obtain a derived realization of the basic idea of T-equivariant elliptic cohomology
sketched above. Taking homotopy groups defines functors £llf, = m_;Elly to quasi-coherent
sheaves on the underlying classical elliptic curve. Finally, to push the T-equivariant elliptic

cohomology functor into the realm of ordinary equivariant homotopy theory, we postcompose
Ellr with the global sections functor I'; to obtain a functor

LEllr: (ﬁnite T—spaces)Op — QCoh(E) RN Spectra.

We show in Construction 9.3 that this functor is representable by a genuine T-spectrum, which
we also denote R. In particular, I€ll1(pt) coincides with the T-fixed points RBT.! This allows
us to formulate the main computation of this article, Theorem 10.1.

THEOREM 1.1. Restriction and degree-shifting transfer determine an equivalence of spectra
R® YR — RBT.

Instead of an oriented spectral elliptic curve over an affine spectral scheme, we might also
directly work with the universal oriented elliptic curve. The associated equivariant theory has as
underlying spectrum TMF, the Goerss—Hopkins—Miller spectrum of topological modular forms.
Thus we may speak of a genuine T-spectrum TMF (and likewise of a genuine G-spectrum TMF
for all compact abelian Lie groups G) and easily deduce from our main theorem the following
corollaries.

COROLLARY 1.2. Restriction and degree-shifting transfers determine an equivalence of spectra
TMF @ STMF — TMFBT,

This coincides with the ring spectrum of global sections of the structure sheaf of the universal
oriented spectral elliptic curve. In particular, the reduced theory

TMF(BT) ~ fib(TMFBT — TMF) ~ XTMF
is an invertible TMF-module.
COROLLARY 1.3. Restriction and degree-shifting transfers determine an equivalence of spectra
P =FTMF - TMFBT,
Sc{1,...,n}

Note that this in particular amounts to a computation of the graded ring TMF%., (pt). The
previous corollary also implies a dualizability property for equivariant TMF, which is in stark
contrast with the situation for K-theory, where mg KU = R(G) has infinite rank over mg KU = 7

! We use the notation RBT for what is more commonly denoted RT, namely the T-fixed point spectrum, as
our notation both stresses the importance of the stack BT and avoids confusion with the function spectrum
Map(XFT, R), which we will also have opportunity to use.
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if G is a compact Lie group of positive dimension. More precisely, we establish the following result
as Corollary 10.5.

COROLLARY 1.4. For every compact abelian Lie group G, the G-fixed points TMFBY

dualizable TMF-module.

are a

We conjecture that the corresponding statement is true for all compact Lie groups. For finite
groups, this is a consequence of Lurie’s tempered ambidexterity theorem [Lurl9] in his setting
of equivariant elliptic cohomology.

1.2 The construction of Ell

Equivariant K-theory defines a contravariant functor, associating to each finite G-CW complex
X an FE-ring spectrum KUg(X), based on the theory G-vector bundles. Moving to spectral
algebraic geometry, one can consider the covariant functor, sending X to Spec KUg(X). To make
the functoriality with respect to G more transparent, one can also use the oco-category So,p of
orbispaces as a source of this functor. The co-category Soy, is defined as space-valued presheaves
on the global orbit co-category Orb with objects BG for every compact Lie group G. We will
give a precise definition in § 2.

Constructing Ell, there are several differences:

(1) our construction is based on the choice of an oriented spectral elliptic curve E over some
non-connective spectral Deligne-Mumford stack S;

(2) since we associate to the T-space pt the elliptic curve E itself (which is not affine), we can
only work with the covariant picture;

(3) most importantly, we do not know of a geometric construction of ElL

As the target of Ell, we can choose any cocomplete oo-category X with a functor from
S-schemes. In this paper, we will choose X to be an oo-topos of sheaves.

To remedy the lack of a direct geometric construction of Ell, we will construct it in steps as
follows.

(1) We first define Ell on Orb® c Orb, the full subcategory on BG for G abelian. This is
essentially done by the formula Ell(BG) = Hom(G, E), where G is the Pontryagin dual of G.
To obtain the correct functoriality, we exploit the preorientation of E using categorified
Pontryagin duality, as explained in § 3 and especially Construction 3.8.

(2) We left Kan extend the functor Orb® — X first to Orb and then to Som, = P(Orb).

While Kan extending from Orb to So,p is dictated by our wish that Ell preserves colimits,
just Kan extending from Orb®® to Orb may be more surprising: we let abelian information dictate
non-abelian information. The reasons are essentially twofold.

(1) If we do the same in the case of K-theory, we exactly recover equivariant K-theory. In some
incarnation, this result goes at least back to [AHJMS88] and we will discuss it in more detail
in §4.

(2) The resulting theory for non-abelian groups of equivariance has many good properties. This
was already outlined in [Lur09b] and will also be established in a sequel to this paper [GM].

1.3 Outline of the paper

We start with a section about orbispaces. We construct the oco-category of orbispaces So., =
P(Orb) as presheaves on the global orbit category Orb, whose objects are the classifying stacks
BG for compact Lie groups G. Our treatment of this is co-categorical and mostly self-contained.
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Section 3 is devoted to a general framework for constructing global cohomology theories
using a preoriented abelian group object in a nice co-category X. This is strongly inspired by
the sketch provided in [Lur09b]. More precisely, we associate to a preoriented abelian group
object a functor So,p, — X.

In § 4, we establish that the construction from § 3 recovers equivariant K-theory when applied
to the strict multiplicative group.

In §5, we introduce our main example of a nice oco-category X', namely the oco-category
Shv(M) of sheaves on a given non-connective spectral Deligne-Mumford stack M. Moreover, we
give a precise definition of an orientation of an elliptic curve over such an M. While not necessary
for the definition of equivariant elliptic cohomology, it is crucial for its finer properties.

The actual construction of equivariant elliptic cohomology is given in § 6. From a preoriented
elliptic curve, we both construct a functor Ell: Sp,p, — Shv(M) and variants taking values in
quasi-coherent sheaves.

In §8 we show that the resulting functor

Ellp: (finite T-spaces)®® — QCoh(E)

is symmetric monoidal. This is based on the orientation E ~ Spf RBT (if M = Spec R). A cru-
cial ingredient is the study of fiber products of the form Spf RBC» X gpf RBT SPE RBCm_ This is
done in the equivalent setting of coalgebras and their cospectra in § 7, employing essentially the
convergence of the Eilenberg—Moore spectral sequence.

Using the symmetric monoidality and the universal property of G-spectra as inverting rep-
resentation spheres (see Appendix C), we show in §9 that Ellr factors over finite T-spectra.
This allows us to use the Wirthmiiller isomorphism calculating the dual of >*°T_ to compute
the dual of Ellp(T), which is the key ingredient in the proof of our main theorem in § 10. Note
that while, by construction, I'llp(pt) coincides with global sections of Og and this is an object
purely in spectral algebraic geometry, we are able to use T-equivariant homotopy theory for its
computation.

We end with four appendices. Appendix A discusses quotient oo-categories, which are used
in our treatment of orbispaces. Appendix B compares our treatment of the global orbit category
Orb with the original treatment in [GHO07]. Appendix C gives an oco-categorical construction
of (genuine) G-spectra for arbitrary compact Lie groups G and compares it to orthogonal
G-spectra, and uses work of Robalo [Rob15] to establish a universal property of the oo-category
of G-spectra. Appendix D establishes some statements in spectral algebraic geometry that are
relevant for working with the big étale site.

Conventions

In general, we will freely use the terminology of co-categories and spectral algebraic geometry,
for which we refer to the book series [Lur09al, [Lurl2], and [Lurl6]. In particular, an oo-category
will be for us a quasicategory. One difference though is that we will assume all (non-connective)
spectral Deligne-Mumford stacks to be locally noetherian, i.e. they are étale locally of the form
Spec A with myA noetherian and m; A a finitely generated mgA-module for ¢ > 0. Moreover, we
assume (non-connective) spectral Deligne-Mumford stacks to be quasi-separated, i.e. the fiber
product of any two affines over such a stack is quasi-compact again, and that all iterated diago-
nals are quasi-separated (i.e. n-quasi-separated in the sense of Definition D.1 for all n > 1). As
discussed in Appendix D, these are mild conditions, which are usually satisfied in practice and
form the natural higher analogue of the quasi-separated-condition in classical algebraic geometry.
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If we write M = (M, On), then M denotes the underlying co-topos of the (non-connective)
spectral Deligne-Mumford stack M and Oy its structure sheaf. In contrast, Shv(M) will denote
the sheaves on the big étale site (see Definition 5.3).

We use S as notation for the oco-category of spaces and Sp for the co-category of spectra.
Likewise, we use S¢ for the oo-category of G-spaces and Sp® for the oo-category of genuine
G-spectra (see Appendix C for details). We use the notation EBH for the H-fixed points of a
G-spectrum E for H C G. We will use P for S-valued presheaves. When speaking about
topological spaces, we assume them to be compactly generated and weak Hausdorff.

We will generally follow the convention that Map denotes mapping spaces (or mapping
groupoids), while Map denotes internal mapping objects; depending on the context, these might
be mapping spectra or mapping (topological) groupoids. This choice of notation emphasizes the
fact that we always work oo-categorically, and that all limits and colimits are formed in the
appropriate co-category. Moreover, we use |X,| as a shorthand for colimacr Xo. Regarding other
special limits, we often write pt for the terminal object of an co-category. Moreover, we recall
that every cocomplete co-category is tensored over S and we use the symbol ® to refer to this
tensoring.

2. Orbispaces

In this section, we will introduce the particular framework of global unstable homotopy theory
we will work in: orbispaces. These were first introduced in [GHO7], but we choose to give a
(mostly) self-contained and oo-categorical treatment. While philosophically our approach is sim-
ilar to [GHO7], there are certain technical differences and we refer to Appendix B for a precise
comparison. A different approach is taken in [Sch18], where unstable global homotopy theory is
based on orthogonal spaces, which is in the same spirit as using orthogonal spectra to model
stable global homotopy theory. The orbispace approach of [GHO7] and the orthogonal space
approach have been shown to be equivalent in [Sch20] and [Ko6r18]. Another valuable source on
orbispaces are [Rezl4] and [LNP22], though beware that they use the term ‘global spaces’ for
our orbispaces.

We will construct the oo-category Soqp of orbispaces in a three-step process. We will first
define an oo-category Stk of topological stacks, then define Orb as the full subcategory on the
orbits [pt /G] for G compact Lie and lastly define Sp,p, as presheaves on Orb. This requires first
recalling basic concepts about topological stacks, which we will do next.

We write Top for the cartesian closed category of compactly generated weak Hausdorff topo-
logical spaces. We will also be interested in the cartesian closed 2-category TopGpd of topological
groupoids, and we will typically write X,,Y,,... for topological groupoids, viewed as simplicial
topological spaces.? Since we will also consider topological stacks, we will additionally need to
equip the category Top with a Grothendieck topology. While it is customary to define the cov-
ering sieves using open sets, one obtains the same topology using étale covers instead, as in
[GHO7].

We write Gpd for the 2-category of groupoids. This is an example of a (2,1)-category,
i.e. a 2-category whose 2-morphisms are invertible. We will view (2, 1)-categories implicitly as

2 The topological groupoid MapTopGIDUI (Ys, X.) of maps has as its objects space the space of enriched functors

and as morphism space the space of enriched natural transformations. Their definition is analogous to that for
classical groupoids, e.g. the space of enriched functors is the evident subspace of the product of MapTop(Yo7 Xo)

and MapTop(Yl,Xl)A Here the mapping spaces are equipped with the compact-open topology. This is a special

case of the cartesian closedness of internal categories [nLa20].
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oo-categories via their Duskin nerve and refer to [GHN17, Appendix A| and [Lur20, §2.3 009P]
for details. More generally, a weak (2, 1)-category can be viewed as an oco-category via its Duskin
nerve, and an oo-category arises in this way if and only if it is a 2-category in the sense of
[Lur09a, §2.3.4]; that is, the inner horn liftings are unique in dimensions greater than 2 (see
[Dus02, Theorem 8.6]).

For us, a topological stack will mean a sheaf of groupoids on Top, in the sense of higher
category theory.® In order to avoid universe issues we must index our stacks on a small full
subcategory of Top’ C Top. We suppose that it contains up to homeomorphism all countable
CW-complexes and, furthermore, that it is closed under finite products and subspaces. The
particular choice of indexing category is not very relevant for our purposes. We will assume in
doubt that the object and morphism space of every topological groupoid is in Top'.

DEFINITION 2.1. A topological stack is a functor X: Top’°? — Gpd which satisfies the sheaf
condition; that is, for all T' € Top’ and all coverings p: U — T in Top’, the canonical map

X(T) — lim{X(U) —= X(U xp U) § X(U xpUxpU)}
is an equivalence. The 2-category of stacks is the full subcategory
Stk C Pre Stk = Fun(Top'°?, Gpd)
of the 2-category of prestacks (that is, presheaves of groupoids on topological spaces).

Our actual interest is in an oo-categorical quotient of the 2-category of topological stacks,
which we denote Stk., and refer to as the oo-category of ‘stacks modulo homotopy’. The idea
is to view the 2-category of topological stacks as enriched over itself via its cartesian closed
(symmetric) monoidal structure, and then to use the realization functor | — |: Stk — S to change
enrichment (see [GHOT7] for a more precise formulation along this line). What this essentially
amounts to is imposing a homotopy relation upon the mapping spaces, which motivates our
implementation of this idea.

DEFINITION 2.2. The oco-category Stk (respectively, Pre Stk ) is the quotient of the 2-category
Stk of topological stacks (respectively, the 2-category Pre Stk of topological prestacks) induced by
the action of the standard cosimplicial simplex A?FOP: A — Top.* Heuristically, this co-category
has the same objects, with mapping spaces

Map(X7Y) = ’MapPreStk(X X A'.I‘opv Y)’

Composition uses that geometric realizations commute with finite products and the diagonal

map A%Op — A®1gp X A}Op. See Construction A.6 for details of this construction.

Remark 2.3. The definition is motivated by the following observation: if we take the quotient
of the 1-category of CW-complexes by the action of the cosimplicial simplex A%Op: A — Top,
we obtain the oo-category S of spaces. Taking homwise Sing of the topological category of
CW-complexes, we obtain a simplicial category C, which is equivalent to the simplicial cate-
gory of Kan complexes. Moreover, the quotient category we are considering is, by definition,
colimpaop NC,, where C, is the category obtained from taking the n-simplices in each mapping
space and the colimit is taken in Cats,. That this agrees up to equivalence with N°PC ~ S

can be shown analogously to Corollary B.3.

3 Often, topological stacks only refers to those stacks that admit an atlas, i.e. those that can be represented by a
topological groupoid. While these examples are all we care about, we find it unnecessary to restrict to these from
the outset.

4 Here and in the following we regard topological spaces as topological stacks via their representable functors.
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Remark 2.4. The assignment X +— Mapgy,_(pt, X) is one way to assign a homotopy type to a
topological stack. For alternative treatments we refer to [GHO7], [Noo12], and [Ebe09]; geometric
applications have been given in [Carl6]. Given a presentation of a topological stack by a topolog-
ical groupoid, all of these sources show the equivalence of the homotopy type of the stack with
the homotopy type of the topological groupoid. As we will do so as well in Proposition 2.11, our
approach is compatible with the cited sources.

An especially important class of stacks for us will be orbit stacks.

DEFINITION 2.5. A topological stack X is an orbit if there exists a compact Lie group G and
an equivalence of topological stacks between X and the stack quotient [pt /G].

Remark 2.6. Given a compact Lie group G, we write BG for the stack of principal G-bundles.
This is an orbit stack, as a choice of basepoint induces an equivalence of topological stacks
[pt /G] ~ BG, and all choices of basepoint are equivalent. We will typically write BG for an
arbitrary orbit stack; strictly speaking, however, one cannot recover the group G from the stack
BG without a choice of basepoint, in which case G ~ QOBG.

The reason we are primarily concerned with orbit stacks is that they generate the co-category
of orbispaces [GHO07].5 One should think of an orbispace as encoding the various ‘fixed point
spaces’ of a topological stack, just as the equivariant homotopy type of a G-space is encoded by
the fixed point subspaces, ranging over all (closed) subgroups H of G. Since topological stacks
are typically not global quotient stacks, one cannot restrict to subgroups of one given group, but
simply indexes these spaces on all compact Lie groups, regarded as orbit stacks. These are the
objects of the oco-category Orb of orbit stacks.

DEFINITION 2.7. The global orbit category Orb is the full subcategory of the co-category of Stk
on those objects of the form BG, for G a compact Lie group.

DEFINITION 2.8. An orbispace is a functor Orb°® — S. The oo-category of orbispaces is the
oo-category Sorp = Fun(Orb®P, S) of functors Orb’® — S.

Remark 2.9. The Yoneda embedding defines a functor
Stkeo — Sor, X = (BG — Mapg (BG, X)).

In this way, we may associate to every stack an orbispace in a canonical and functorial way.
In particular, when later defining cohomology theories for orbispaces, these will also determine
cohomology theories for topological stacks.

In order to understand the co-category of orbispaces, we must first understand the mapping
spaces in Orb or more generally mapping spaces in Stko,. As with almost any computation about
stacks, this is done by choosing presentations of the relevant stacks: given a topological groupoid
Xo, we denote the represented prestack the same way and obtain a stack X! by stackification.
We view X, as a presentation of the associated stack. The example we care most about is the
presentation {G = pt} of BG.

One thing a presentation allows us to compute is the homotopy type of a stack, based on
the homotopy type of a topological groupoid: for a topological groupoid X,, we consider the
space |X,o| arising as the homotopy colimit colimaoer X, or, equivalently, as the fat realization

5 The theory in [GHO7] allows for an arbitrary family of groups, but we will only consider the case of the fam-
ily of compact Lie groups. We allow morphisms between orbit stacks do be induced by arbitrary continuous
homomorphisms, as these are automatically smooth [Fer98, Theorem 3.7.1].
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of X, (cf. Appendix B). While the following two results are not strictly necessary to understand
Orb, they are reassuring pieces of evidence that our notion of mapping spaces between topological
stacks is ‘correct’.

LEMMA 2.10. Let X, be a topological groupoid. There are natural weak equivalences of spaces

’X" = ’MapPreStk(A:‘i‘op? X')’ = MapPreStkoo (pth')7

where the geometric realization in the middle is with respect to *.

n

Proof. By the Yoneda lemma, the space of maps from ATOP to X, in PreStk is naturally
equivalent to Xe(A%, ) (where we view a groupoid via the nerve as an object in §). This,
in turn, is represented by the simplicial set Hommop (A, Xe) = (Sing Xe),. Since every sim-
plicial set is the homotopy colimit along AP of its levels, we obtain Xo(A% ) =~ |(Sing Xe)n|.

Top
Thus,
| Mapp,esi (A", Xo)| ~ || (Sing X )|,

where the inner realization is with respect to e and the outer with respect to *.6

To obtain the first equivalence in the statement, we just have to use the natural equivalence
|(Sing X,,)«| — X, for every n and that the order of geometric realization does not matter (as
these are just colimits over A°P).

The second equivalence in the statement of the lemma holds by definition. O

ProrosiTiON 2.11. Let X, be a topological groupoid. Then there is a natural equivalence
| Xa| = Mapgy, (pt, XJ).

Proof. We recall from [GHO7, §2.5] that there is a class of fibrant topological groupoids.
Moreover, there is a fibrant replacement functor X, — fib(X,), which induces by [GHO7,
Proposition 3.7] an equivalence X{ — fib(X,)!. By [GHO7, §3.4], this implies that |X,| —
|fib(X,)| is an equivalence. This reduces the statement of the proposition to the class of
fibrant topological groupoids X,. By [GHO7, §3.3], fib(X,) — fib(X,)! induces an equivalence
on paracompact spaces such as A7

Top*
Thus,
Mapstkoo (ptv Xi) = ’ MapStk( %opa XI)| = | MapPreStk(A%op) X°)|
Lemma 2.10 gives Mapp,csk (A, Xe) = | Xol, finishing the proof. U

We are now ready to calculate the mapping spaces in Orb. In the proof, we will use a concept
of interest in its own right, namely action groupoids: given a topological group G and a G-space
X, the action of G on X may be encoded via a topological groupoid, called the action groupoid,
which we will denote by {G x X =% X}, where one of the arrows is the projection and the other
is the action.

PROPOSITION 2.12. For compact Lie groups G and H, there is a chain of equivalences
MapOrb(BHa BG) = |MapT0pGpd(H = pt7 G = pt)| = MapLie(Ha G)hG’v

which is natural in morphisms of compact Lie groups. Here, the action of G on the homo-
morphisms is by conjugation.

5 We stress that the double bars stand here for an iterated geometric realization and not for a fat geometric
realization.
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Proof. By Lemma B.5, there is a natural equivalence
Mapo,,(BH,BG) ~ |Map, . (H = pt, G = pt)].

One easily calculates that the mapping groupoid MapTOpGlD 4 (H = pt,G = pt) is isomorphic to
the action groupoid {Mapy;.(H, G) x G = Mapy;.(H, G)}, with the action given by conjugation.
As the realization of an action groupoid is the homotopy quotient, the result follows. ]

Remark 2.13. An alternative approach to prove Proposition 2.12 would be to use fibrant topolog-
ical groupoids again as in the proof of Proposition 2.11. There is no reason to expect in general
an equivalence between Mapg, (X3, vy and ‘MTopGp 4(Xe, Y)[ if Y, is not fibrant and one
should rather consider derived mapping groupoids between topological groupoids as in [GHOT].
The special feature we used in the preceding proposition is that the object space of the source
is contractible.

Remark 2.14. Denote by CptLie the topological category of compact Lie groups, which we view
as an oo-category. We claim that the association G — BG defines an equivalence CptLie — Orb,,
where BG is equipped with the base point coming from the inclusion of the trivial group into G.

To see this, we first invoke Proposition 2.12, which implies the existence of a functor CptLie —
Orb C Stks, which sends G to BG.

Since pt is an initial and terminal object of CptLie, we see that CptLie is naturally a pointed
oo-category, and the functor CptLie — Orb therefore factors through the projection Orb, — Orb.
The equivalence CptLie ~ Orb, now follows from direct calculation: the diagram

MapCptLie(Hv G) - MapCptLie(Hv G)hG BG

| | |

Mapo,y, (BH, BG) —— Mapg,,(BH,BG) —— Mapg,, (pt, BG)

defines a morphism of fiber sequences in which the middle and rightmost vertical maps are
equivalences. It follows that the leftmost vertical map is also an equivalence.

We conclude this section with a couple of observations about the relationship between orbis-
paces and G-spaces. Above we have defined for a topological group G and a G-space X an
action groupoid. This is functorial in morphisms of G-spaces: given a second G-space Y and a
G-equivariant map Y — X, we obtain a morphism of action groupoids

{(GxY =Y} - {Gx X =X}

by applying f: Y — X on the level of objects and (idg, f): G x Y — G x X on the level of
morphisms. Moreover, the resulting functor Top® — TopGpd is compatible with the topological
enrichment. However, it is not fully faithful unless G is trivial, as morphisms of topological
groupoids need not be injective on stabilizer groups. This is remedied by insisting that the
functors are compatible with the projection to {G = pt}.

PROPOSITION 2.15. The action groupoid functor Top® — TopGpd, for any topological group G,
factors through the projection TopGpd G = pty — TopGpd, and the induced functor

TOpG — TOpGpd/{G = pt}

is fully faithful (even as a functor of topologically enriched categories).
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Proof. Let X and Y be topological spaces equipped with an action of the topological group G.
The space of topological groupoid morphisms between the associated topological groupoids is
the subspace of the product

MTOP(Y,X) X MapTOp(G xY,G x X)

consisting of those maps which are compatible with the groupoid structure as well as the projec-
tion to {G = pt}. These conditions are exactly what is needed to ensure that for an allowed pair
(f,h), the map h is determined by f and f is G-equivariant: writing MTOP(G XY, GxX)=
MTOP(G xY,G) x MTOP(G x Y, X), we see that the map G x Y — G must be the projection
in order to be compatible with the map down to {G = pt}. Moreover, in order to be compatible
with the groupoid structure, the map G x Y — X must factor as the composite of the projection
G xY — Y followed by f and the map f must be equivariant. It is straightforward to verify
that the topologies agree. O

To deduce a corresponding oo-categorical statement would require to compare the associated
oo-category of a slice category with the slice category in an associated oo-category. As checking
the necessary fibrancy conditions would take us too far afield, we will rather cite the following
result from [LNP22, Lemma 6.13], where a more oco-categorical proof was given. For a compact
Lie group G, we denote by Orbg the oo-category associated to the full topological subcategory
of G-spaces on the G/H for H C G a closed subgroup.

PROPOSITION 2.16. Given a compact Lie group G, there is a fully faithful embedding
OI’bG — Orb/Bg, G/H = (BH — BG),

with essential image those morphisms that are representable, i.e. correspond to inclusions of
subgroups.

Call more generally a morphism X — Y in So,, representable or faithful if is right orthogonal
to BG — BG/K for all closed normal subgroups K C G for all compact Lie groups G, i.e. we
have an essentially unique lift in every diagram as follows.

BG X

| ]

BG/K —> Y

Intuitively, this means that X — Y is injective on all automorphism groups of points of these
stacks. It was observed in [Rezl4, Example 3.4.2] and proven in [LNP22, Proposition 6.14] that
indeed a morphism BH — BG is representable if and only if it corresponds to an injection
H—G.

Recall that a factorization system in an oco-category C consists of two classes of morphisms,
L and R, that are orthogonal to each other and such that every morphism in C factors as fg
with f € L and g € R (see [Joy08, §24] and [Lur09a, §5.2.8] for details). Similar statements to
the following were already considered in [Rez14] and [LNP22].

LEMMA 2.17. There exists a factorization system (L, R) on Soy1, such that R consists exactly
of the representable morphisms and every quotient map BG — BG/K, for K C G closed, lies
in L. This factorization system restricts to Orb.
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Proof. Let S be the set of morphisms BG — BG/K for closed subgroups K C G. By [Lur(9a,
Proposition 5.5.5.7], there exists a factorization system (L, R) on So,p such that L is the satu-
ration of S and R consists of those morphisms that are right-orthogonal to L (or, equivalently,
to S). By definition, these are exactly the representable morphisms.

In Orb, we can factor a morphism BG — BH corresponding to a group homomorphism
¢: G — H as BG — B(G/ ker(p)) ~ Bim(p) — BH. The first arrow lies in L and the second
in R; thus, the factorization system restricts. ([l

LEmMMA 2.18. Let (L, R) be a factorization system on an oo-category C and let X € C be an

object. Let D C C be a full subcategory such that every morphism D — X with D € D factors

as D L D' % X with D' e D, f € L and g € R. Then the inclusion of the full subcategory of

D,x on the morphisms Y — X lying in R is final.”

Proof. Consider for every f:Y — X with Y € D, the full subcategory & of (D,x)s, on those
factorizations

f
Y X
Y V
Z
with h € R. We have to show that & is contractible. Choose a factorization Y - T 2 X with
TeD,leL,and r € R. We claim that this is terminal in £. Equivalently, the space of dashed

arrows in
g
Y — 7
7
Rt
7/ T
T—X
is contractible. However, this is part of the statement that L and R are orthogonal. ]

As in Appendix C, we write S¢ for the oco-category of G-spaces. By Elmendorf’s theorem,
there is an equivalence of co-categories S& = P(Orbg) which associates to a G-space to its
diagram of fixed point spaces. The following result was already observed with a different proof
in [Rez14, Proposition 3.5.1].

PRrROPOSITION 2.19. For any compact Lie group GG, the functor
8¢ = P(Orbg) — P(Orb/pg) = P(Orb) jBg = (Sow) /B

induced by left Kan extending along the embedding Orbg — Orb g from Proposition 2.16, is
fully faithful, with essential image the representable maps X — BG.

Proof. The equivalence P(Orb,gq) =~ P(Orb) g¢ is formal. Moreover, since Orbg — Orb /g
is fully faithful, so is P(Orbg) — P(Orb/gg). Since mapping out of any BH in Som, =
P(Orb) is colimit-preserving, the class of representable morphisms is closed under colimits in
P(Orb) ¢ Since the image of Orbg in Orb consists of representable morphisms, the image of

” There is, unfortunately, no uniform terminology for final/cofinal functors. We use final for what is called cofinal
in [Lur09a], i.e. for functors that induce an equivalence of colimits indexed by the source and target co-categories.
This is compatible with the terminology in [Joy08] and [Cis19].
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P(Orbg) — P(Orb) /¢ consists of representable morphisms as well. It remains to show that
every representable morphism lies in the image.
Let X — BG be representable. Restricting X € P(Orb/gg) to the subcategory of

representables Orb;eigG and left Kan extending again, results in the morphism

colimprBa)e(0r,),x BH — colimmr—Be)e(om pa)x BH = X,

approximating X as a colimit of representable orbits BH over BG. Thus, it suffices to show that
(Orb;%’G) /x is final in (Orb,g¢),x. This follows from Lemma 2.18 and the following observa-

tion: given any BH — X, factor BH — X — BG as BH — BH/Q — BG with BH/Q — BG
representable, resulting in the following diagram.

BH X

L

Since X — BG is representable, we obtain a lift BH/Q — X, which is automatically repre-
sentable as well. This gives the required factorization BH — BH/Q — X. O

Recall that given a G-space X, we can define the stack quotient [X/G] as the stackification
of the action groupoid or, equivalently, as the classifying stack for G-principal bundles with a
G-equivariant map to X. Every G-homotopy equivalence induces an equivalence between the
corresponding stack quotients in Stk and, thus, sending a G-CW-complex X to [X/G] defines
a functor S¢ — Stke.

PROPOSITION 2.20. For every compact Lie group G, the functor S¢ — Stke, — Sorp, which
sends X to [X/G], preserves colimits. In particular, the resulting functor S& — (Sou) /BG agrees
with that considered in Proposition 2.19.

Proof. We need to show that Mapgy  (BH,[—/G]): 8¢ — S preserves colimits for every
compact Lie group H. Letting H vary, this implies that the functor

SY — Stke, — Somn, X +— [X/G]

preserves colimits.

Let X be a G-space and ®: BH — BG be a map in Stk,, which after choice of basepoints
corresponds to a homomorphism ¢: H — G. As in the proof of Lemma B.5, one shows using
that all principal bundles on A™ are trivial that the natural maps

Mapropapd /(¢ = pt)(H X A" 2 A", G x X = X) — Mapgy /jpa(BH x A", [X/G])

are equivalences of (discrete) groupoids for all n. After geometrically realizing the resulting
simplicial objects, the right-hand side becomes Map sy, ) 5 (BH, [X/G]), while we can identify
the left-hand side with the space of p-equivariant maps pt — X (using essentially the argument
of Proposition 2.15). This, in turn, is the same as the im(y)-fixed points of X. As a colimit of
G-spaces induces a colimit of im(p)-fixed points, the functor Mapsik..) pe (BH,[-/G)): S¢ — S
preserves colimits. As it is the fiber of Mapg,  (BH,[—/G]) — Mapgy,  (BH,BG) over ®, we
see that Mapg  (BH, [—/G]) preserves colimits as well.

The last point follows since the functor Orbg — Orb — So,1, agrees with X — [X/G] and a
colimit-preserving functor from S¢ ~ P(Orbg) is determined by its restriction to Orbg. 0
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3. Abelian group objects in co-categories

The goal of this section is to construct from any preoriented abelian group object in a suitable
oo-category X a colimit-preserving functor Som, — X. We achieve this in Construction 3.13,
which is the basis for our construction of equivariant elliptic cohomology.

To start, we consider for an oco-category X with finite products the oco-category Ab(X) of
abelian group objects in X. We caution the reader that ‘abelian group object’ is meant in the
strict sense as opposed to the more initial notion of commutative (that is, Fs,) group object.
In order to make this precise, it is convenient to invoke the language of universal algebra. We
refer the reader to [Lur09a, §5.5.8] or [GGN15, Appendix B| for relevant facts about Lawvere
theories in the context of co-categories.

Let 741, denote the Lawvere theory of abelian groups, which we regard as an oo-category.
That is, 7, C Ab = Ab(Set) is the full subcategory of abelian groups (in sets) consisting of the
finitely generated free abelian groups. A skeleton of 7y}, is given by the oco-category with object
set N and (discrete) mapping spaces

Map(q, p) = Mapyy, (ZF, Z) = (Z9)P.

DEFINITION 3.1. Let X be an oco-category. The oo-category Ab(X') of abelian group objects in
X is the oo-category Fun'! (T\F, X) of finite-product-preserving functors from Tap, to X.

In particular, if X' is the ordinary category of sets, then Ab(X’) ~ Ab recovers the ordinary
category of abelian groups. However, we will be primarily interested in the case in which X is
an oo-topos, such as the oo-category S of spaces, or sheaves of spaces on a site.

Remark 3.2. 1t is important to note that Ab(S) is not equivalent to the co-category of (grouplike)
Eso-spaces since 7ayp is a full subcategory of the ordinary category of abelian groups. Should
one need to consider this oco-category, one would instead start with the Lawvere theory 7g_
of (grouplike) Eo-spaces. Rather, Ab(S) is equivalent to the oo-category of connective chain
complexes or, equivalently, connective Z-module spectra. Note also that TXE is equivalent to
the ordinary category of lattices. See [Lurl8a, §1.2] for further details on (strict) abelian group
objects in co-categories.

Ezample 3.3. Topological abelian groups give examples of abelian group objects in §. To make
this relationship respect the simplicial enrichment of the category of topological abelian groups,
we first need to investigate the relationship between abelian group objects in a simplicial cat-
egory and its associated oo-category. Thus, let C be a simplicial category. Denote by Ab(C)
the simplicial category of product-preserving functors from 7p} to C. Denoting the coherent
nerve by N°" there is a natural functor N°" Ab(C) — Ab(NPC) constructed as follows: tak-
ing the adjoint of the coherent nerve of the evaluation map 71, X Fun(Zap,C) — C gives a map
NP (Fun(7Zpp, C)) — Fun(Zap, N°"(C)). Restricting to product-preserving functors gives the
desired functor N°" Ab(C) — Ab(NhC).

Let us denote by TopAb,, the co-category arising via the coherent nerve from the simplicial
category whose objects are topological abelian groups and whose mapping spaces are the singular
complexes of spaces of homomorphisms. From the last paragraph we get a functor TopAb_, —
Ab(S).

We are interested in the full subcategories of TopAb,, on compact abelian Lie groups
CptLie* and the slightly bigger full subcategory FGLie* on products of tori and finitely
generated abelian groups. We claim that the functor FGLie®® — Ab(S) is fully faithful.
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To that purpose recall from [Lurl8a, Remark 1.2.10] that there is an equivalence
B®°: Ab(S) — Mod7*

to connective Z-module spectra, preserving homotopy groups. Thus, for a discrete group A, we
have B®(A) ~ A and B®(T") ~ XZ". Since both FGLie** and Mod$" are additive, the general
claim reduces to the case of the (topologically) cyclic groups T, Z, and Z/n. We compute
that Map(Z, —) is the underlying space and Map(—,Z) = 0 unless the source is Z. Moreover,
Map(T, T) = Z, Map(T,Z/n) = 0, Map(Z/n,T) = T[n|, and Map(Z/n,Z/n) = Z/n, in either
FGLie®® or Mod".

Ezample 3.4. Let Orb® c Orb denote the full subcategory consisting of the abelian orbits, i.e.
those orbits of the form BG for G an abelian compact Lie group. Every such BG has naturally the
structure of an abelian group object: the classifying stack functor B: CptLie — Stk preserves
products and every abelian compact Lie group defines an abelian group object in the category
of compact Lie groups.

We recall the following result from [GGN15, Proposition B.3].
LEMMA 3.5. For a presentable oo-category X, there is an equivalence
®: Ab(S) ® X — Ab(X),
where the tensor product is of presentable co-categories.
We recall the notion of a preoriented abelian group object from [Lur09b].

DEFINITION 3.6. Let X be an co-category with finite products. A preoriented abelian group object
in X is an abelian group object A € Ab(X') equipped with a morphism of abelian group objects
BT — Mapy(pt, A). We define the oo-category PreAb(X) of preoriented abelian group objects
in & as Ab(X) X op(s) Ab(S)pr/, where Ab(X) — Ab(S) is corepresented by pt.

Equivalently, a preoriented abelian group object is an object A € Ab(X') with a pointed map
S? — Map(pt, A). If X is presentable, we can alternatively define PreAb(X) as Ab(X)BTgpt /-
Here, we use that Map(pt, —): Ab(X) — Ab(S) is right adjoint to — ® pt.

A third equivalent definition is via an algebraic theory. To that purpose, denote by ’Z;?;ab -
PreAb(S) the full subcategory of preoriented abelian group objects free on a finite set, i.e. those
equivalent to BT — Z™ x BT.

LEMMA 3.7. Let X be an oco-category with finite products. There is a functorial equivalence
PreAb(X) ~ Fun' (7 eab, X).

Proof. Since the forgetful functor PreAb(S) — S is conservative and preserves sifted colim-
its, [GGN15, Proposition B.7] implies PreAb(S) ~ Fun'(Z;ean, S). This implies the analogous
equivalence for presheaf co-categories.

For a general i-category X’ with finite products, consider the composite

PreAb(X) — PreAb(P(X)) = Fun(Trean, P(X)),

where we used that the Yoneda embedding X — P(X) preserves products. (Note that we have
potentially passed to a larger universe.)

Since the Yoneda embedding is fully faithful, it suffices to show that for any preoriented
abelian group A € PreAb(X), the corresponding functor Zprean — P(X) takes values in rep-
resentable presheaves. Thus, let L € Tpear, be free on a set with n elements. Then for any
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A € PreAb(X), the functor
MapPreAb(S) (L7 Ma'p)c'<_7 A)) P AP =S
is indeed representable by the underlying object of A™. O

CONSTRUCTION 3.8. Morally, the elliptic cohomology groups for a compact abelian Lie group G
are related to the sheaf cohomology groups of the elliptic curve and other related abelian varieties.
In order to make this precise, we invoke a stacky version of Pontryagin duality, which we refer
to as shifted Pontryagin duality. More precisely, it is given by the functor

Mapeyp (—, BT): (Orb®)°P — Ab(S) gy, = PreAb(S), X — X,
which sends the abelian orbit stack X to the preoriented abelian group
BT ~ Map(pt, BT) — Map(X,BT).

Here the preorientation is induced from the projection X — pt, and the abelian group structure
on the mapping space Map(X, BT) is induced pointwise from that on BT.

By Proposition 2.12, we have BG ~ G x BT, where G is the Pontryagin dual, i.e. the space
of homomorphisms from G to T.

The following proposition is not used in our construction of equivariant elliptic cohomology
but shows that shifted Pontryagin duality does not lose any information.

ProproSITION 3.9. The shifted Pontryagin duality functor
Map(—, BT): (Orb*)°P — PreAb(S)
is fully faithful.

Proof. Let Orb® ~ Orb2P X Opbab X Oppab Orb2® denote the iterated fibered product, which we
might regard as the co-category of n-pointed orbits. We have a morphism of augmented simplicial
oo-categories

(Orb*P)oP <—— (Orb2P)P =—— (OrbiP)P =—— (Orbib)r =—— ---

| | | l @

Ab(S)pT) <—— Ab(S) Ab(S)r) =— Ab(S)rxT) =— -

in which the vertical maps are given by shifted Pontryagin duality, sending an n-pointed X
to the abelian group object Map ,a» (X, BT). The vertical maps factor as claimed, since the
undercategories in question are determined by the shifted Pontryagin dual

Mapy,p,ab (pt, BT) =~ i

of the initial object pt in (Orb*")°p.
For every n > 0, we claim a natural equivalence

Mapg,s0 (BH,BG) ~ Mapy;.(H,G) x G"~ ! ~ Mapye ., (H x Zrt G xzZvh. (2)

Indeed, the oo-category Orb2® is equivalent to CptLie®® by Remark 2.14, settling the case n = 1.
Every two pointings of orbits are equivalent and we can thus restrict for n > 1 to the case that
all pointings of BG are the same canonical map pt 2, BG. By definition of the slice category,
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Map,,av (BH,BG) is the product of Mapcypic(H, G) ~ Mapg,pa0(BH, BG) and the (n —1)-

fold product of the space of self-homotopies of p in Map, ,a» (pt, BG), i.e. G"~ !, giving the claim.

One checks that the equivalence in (2) is compatible with composition, at least up to homotopy.
On mapping spaces, the nth vertical arrow in (1) is

Mapg, s (BH, BG) > Map,, 8) e Mapo (BG, BT), Map,,a, (BH, BT)).

T7n—1
Using (2), for n > 0, the target is equivalent to

MapAb(S) (MapLie(G> T) X Tn_l? MapLie(H7 T) X Tn_l)'

/=1

Note that Mapy;.(G,T) x T"~! is the Pontryagin dual of G x Z"~!. By the fully faithfulness of
Pontryagin duality and of the embedding FGLie — Ab(S) from Example 3.3, this is equivalent to

Mapre,, , (H x 2" 1T x 2" 1) ~ Mapg,0 (BH, BG).

Tracing through the equivalences shows that this provides the required inverse up to homotopy
of P. Thus, the vertical maps in (1) (except, possibly, for that on the far left) are fully faithful.

Observe now that the leftmost horizontal maps in (1) are quotient functors (see Appendix A
for details). It follows that the left-hand vertical map is also fully faithful (cf. the description of
mapping spaces in the proof of Proposition A.3). U

Our next goal is to associate to any preoriented abelian group object in some X a functor
PreAb(S)°P — X; precomposing this functor with shifted Pontryagin duality will allow us to
define a functor from orbispaces to X. The following categorical result will not only construct
the functor, but also show that it does no lose information. At least parts of the result are
well-known (see, e.g., [GGN15, Proposition B.3]).

PRroOPOSITION 3.10. Let 7 be a theory and let X a complete co-category with finite products.
Denoting Fun'(7, X) by T(X), the functor

T(X) — Fun™(T(8)?, X), A~ (B~ Map_(B, A))

is an equivalence. Here, for A € T(X) and B € T(S), the object Map,_(B, A) represents the
functor X +— Mapyzs) (B, Mapy (X, A)).

In particular, this applies to T = Ty, with T(X) = Ab(X) and T = Tpeap with T(X) =
PreAb(X).

Proof. By definition, 7(S) = Fun'}(7, S) agrees with Pg(7°P) in the sense of [Lur09a, §5.5.8].
Introducing opposite categories in Proposition 5.5.8.15 in [Lur09a] implies that the restriction
functor

res: Fun®(7(S)?, &) — Fun' (T, X) ~ T(X)

is an equivalence. It remains to identify its inverse explicitly.
Fixing A € T(X), consider the class of B € T(S) such that the functor

X — MapT(S) (Ba Ma'p.)c' (X7 A))

is representable. Since & is complete, this class is closed under colimits. Moreover, for B being
free on one generator, the representing object is the underlying object in X of A itself, yielding
representability for all B. Thus, the functor

T(S)® xT(X)— P(X), (A,B)— (X Mapy(s) (B, Mapy(X, A)))
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factors through a functor
T(S)? xT(X)— P(X)

we denote by Map,__. This yields, in particular, the functor 7(X) — Fun®(7T(S)°?, X) from the
claim of our proposition. This is inverse to res if Map,_(L, A) is naturally equivalent to A(L)
for all L € 7. But the functor Mapy(s)(L, Mapy(—,4))) is equivalent to Mapy(—, A)(L) =
Map y(—, A(L)) by Yoneda, which is indeed represented by A(L). O

Remark 3.11. If X is presentable, MapT(B, —) defines a right adjoint to
B —:T(X)—T(X)

in the sense of Lemma 3.5. We further can identify this with the internal mapping object in
T(X) from B ® pt.

Remark 3.12. Let T(S)i" be the smallest subcategory of 7 (S) that contains the free T-algebra
on one object and is closed under finite colimits. By the same proof as above, MapT(B , A) exists

for B € T(S)i and A € 7(X) if X has finite limits. The functor
T(X) — Fun'™(7(S)°P X), A+ (B — Map(B, A))

into finite-limit-preserving functors is an equivalence. Indeed, if X is complete, the equivalence
Ind(7(S)i") ~ 7(S) implies that the restriction functor

Fun®(T(S)°P, X) — Fun'™(T(S)fn°P, x)

is an equivalence. Then Proposition 3.10 gives the result. The general case can be reduced to
that of presheaf co-categories, similarly to the proof of Lemma 3.7.

Combining the preceding proposition with Construction 3.8 leads to one of the main
constructions of this article.

CONSTRUCTION 3.13. Let X be a finitely complete oo-category. Note that the shifted
Pontryagin duality functor Orb®® — PreAb(S) actually takes values in PreAb(S)fi in the sense
of Remark 3.12: BG is equivalent to the product of G (with trivial preorientation) and BT
(with tautological preorientation) and the Pontryagin dual of any compact abelian Lie group is

a finitely generated discrete group. Precomposition with shifted Pontryagin duality turns thus
the equivalence PreAb(X) — Fun!®(PreAb(S)°Pf* X) from Remark 3.12 into a functor

PreAb(X) — Fun(Orb™, X), A (X — Map, . (X, A)).

This functor is also functorial in X in the following sense: given a functor F': X — ) preserving
finite limits, we obtain the following commutative square.

PreAb(X) — Fun(Orb®, X)

l Fy l B
PreAb()Y) — Fun(Orb®®,))

Now assume that X is additionally cocomplete. Given A € PreAb(X), left Kan extension
along Orb®® ¢ Orb defines a functor Orb — X. As Soup, is the presheaf oo-category on Orb,
i.e. its universal cocompletion, this extends essentially uniquely to a colimit-preserving
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functor So,p — X. More precisely, we obtain a functor
PreAb(X) — Fun® (S, X)

into colimit-preserving functors. This construction is natural in X with respect to functors that
preserve colimits and finite limits.

Remark 3.14. The preceding construction is closely related to [Lur09b, Proposition 3.1], whose
proof was only outlined though and did not contain the notion of shifted Pontryagin duality.

PROPOSITION 3.15. Let X' be an co-category with finite limits and A € PreAb(X). The associ-
ated functor F: Orb*® — X from Construction 3.13 sends BG to A[G] := Map,, (G, A). Here,

G is the Pontryagin dual, and we leave the forgetful functor PreAb(X) — Ab(X) implicit.
If G = fib(T™ £ T™), then A[G] ~ fib(A(Z™) 2> A(Z™)).

Proof. The forgetful functor PreAb(S) — Ab(S) has a left adjoint sending H to H x BT, with
preorientation given by inclusion into the second factor. As computed in Construction 3.8, the
shifted Pontryagin dual of BG is equivalent to G x BT, i.e. lies in the image of the left adjoint.
Thus,

F(BG) = Map,_,, (BG,A) ~Map,, (G,A).

The last equivalence uses the defining property of Map as in Proposition 3.10.
Note that Pontryagin duality sends limits to colimits. Thus, F' preserves limits and the last
claim follows. O

Example 3.16. We take X = Sp,, and A = BT, with the preorientation given by the canonical
identification of BT with Mapg,,(pt, BT). The corresponding functor Orb®® — So,p, sends any
X to its double shifted Pontryagin dual, which is easily seen to be naturally equivalent to X
again. Thus, the functor Orb®® — So,, is just the natural inclusion as representable presheaves.
We obtain a functor So. — Sor by left Kan extending this inclusion along itself. This functor
is not the identity, but we claim it rather to be the colocalization functor given by the composite

SOrb i Fun(Orbab’OP, S) L—|> Sorb,

where we denote by ¢: Orb® — Orb the inclusion and by ¢ the left adjoint to restriction of
presheaves.

This claim is a special case of the following more general claim: let F': C — D be a functor of
oo-categories. Denoting by Ye: C — Fun(C°P,S) the Yoneda embedding, we claim that the nat-
ural transformation LanpYez — F*Yp of functors D — Fun(C°P,S), induced by Yz — F*YpF,
is an equivalence. In the case that C = pt and F corresponds to an object d € D, this boils
down to the natural equivalence colimp, /o Pt Mapp(d, e), where Dpj. is the comma cate-

gory of F' and pt = D. For the general case, we note that it suffices to show that i*LanyYe —
1*F*Yp is an equivalence for every functor i: pt — C. This natural transformation fits into a
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commutative square
Lanpi(th) _— (FZ)*YD >~ Z*F*Y'D

l:

LanpLan; Yyt

l:

Langi*Ye

i*LanpYp

and is thus an equivalence as the upper horizontal and lower left vertical morphisms are equiv-
alences by the special case treated above and the upper left vertical and the lower horizontal
morphism are equivalences by general properties of left Kan extensions (as i* preserves colimits).

4. The case of K-theory

To motivate our subsequent definition of equivariant elliptic cohomology, we will demonstrate
how the construction in the preceding section reproduces equivariant K-theory from the strict
multiplicative group over K-theory. We do not claim significant originality in this section, as an
analogous result for finite groups of equivariance was already proven in [Lurl9, Theorem 4.1.2],
and a key point already goes back to [AHJMS8S8]. Our proof is, however, more direct than that
in [Lurl9].

We first recall the definition of equivariant K-theory: for every compact Lie group G, we
denote by Rep. the oo-category associated to the topological category of finite-dimensional
complex representations of G. This carries the compatible symmetric monoidal structures ¢ and
®, i.e. has the structure of an F..-semiring category. Multiplicative infinite-loop space theory
(originally in particular due to May, Elmendorf, and Mandell and developed oo-categorically
in [GGN15]) yields a connective En-ring spectrum kuBC that deloops the group completion of
the oco-groupoid Repg.

Note that Reps can be identified with the category of vector bundles Vect(BG) on BG
and, thus, is only dependent on the (unpointed) orbispace BG. Thus, Rep refines to a functor
Vect from Orb®P to Fs-semiring categories. Hence, ku(~) refines to a functor Orb°? — CAlg.
Since kuP' = ku, the functor actually refines further to a functor Orb®® — CAlgy,,, and we define
KU®): Orb* — CAlg as kul™) @, KU.

The space Q°kuB agrees with the G-fixed points of the classical G-space BUg x R(G) rep-
resenting equivariant K-theory, and equivariant Bott periodicity implies kuB® — KUPBY induces
an equivalence on infinite loop spaces. Via limits, we can extend KU (™) to a functor S(O)I;b — CAlg
and one can show that my of the resulting KUX/C] agrees with the classical G-equivariant
K-theory of X for every finite G-CW-complex X.

This ends our recollections on equivariant K-theory. Next, we need to recall from [Lurl8b,
§1.6.3] the definition of the strict multiplicative group: we define an abelian group object G, in
affine spectral schemes by

Gm(R) = Mapcag (35°Z, R) ~ Mapayjon(s) (Z; 2 R).

More precisely, the group structure is given by considering G,,(R) as a functor from 7xp, — S,
sending L to Mapgal (2L, R). (Equivalently, G,,(R) arises by applying the right adjoint
of the forgetful functor Ab(S) — CMon(S) to Q*°R with the multiplicative E-structure.)
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By definition, G,, is corepresented by X°Z. We define G,, s for an FE.-ring S as the
(non-connective) spectral affine S-scheme Spec S ® Y°Z.

THEOREM 4.1. There is a preorientation on Gy, gy such that the associated functor from
Orb to non-connective spectral affine schemes constructed in Construction 3.13 is equivalent
to Spec KU . Extending via colimits yields an equivalence of functors on Soy.

We prove Theorem 4.1 in two main steps. In the first, we deduce from a result of Adams,
Haeberly, Jackowski, and May that KU(™) is Kan extended from Orb*® (cf. also [Schls,
Example 6.4.27]). In the second, we will identify KU(™) on Orb® with what we get via
Construction 3.13 from G, kv -

LEMMA 4.2. Let F be a global family of groups (i.e. F is closed under isomorphisms, subgroups,
and quotients), and let Orb” be the full subcategory of Orb on those BG such that G € F. Fix
a compact Lie group G and let R be the full subcategory of Orb/fBG on the representable maps
BH — BG (i.e. those corresponding to injections). Then the inclusion R C Orb/fBG is final.

Proof. Recall that there is a factorization system on Orb: for a homomorphism ¢: H — G, the
morphism BH — BG is in the left class if and only if ¢ is surjective and in the right class if
and only if ¢ is injective. (See [LNP22, Proposition 6.14] for further details.) Concretely, the
factorization systems correspond to the factorization of some ¢: H — G as H — im(p) — G.

This restricts clearly to Orb” for any global family F of groups. The conclusion follows from
Lemma 2.18. U

PROPOSITION 4.3 (Adams, Haeberly, Jackowski, and May). The functor KU(=): Orb°® — CAlg
is right Kan extended from Orb”*°P for any global family F containing all topologically cyclic
groups. This applies, in particular, to the family of all abelian compact Lie groups.

Proof. By the pointwise formula for Kan extensions, we need to show that the comparison map
KUBG limorb/fBG KU is an equivalence. Consider the full subcategory R C OrbeG of
representable morphisms BH — BG. By Lemma 4.2, the inclusion R C Orb/fBG is final and,
hence, R°P C (Orb/fBG)OP is initial. Thus, it suffices to show that the map KUBE — limg KU )

is an equivalence. By Proposition 2.16, R ~ Orb“g for Olrbé;C C Orbg the full subcategory on
G/H such that H € F. Moreover, colim JHEOTDE G/H is a universal space EF for the fam-

ily of subgroups of G that are in F. Thus, 7, limg KU = KUé_)*(E}"). By Corollary 1.3
from [AHJMSS], K% (pt) — K5(EF) is an isomorphism and the result follows. O

The infinite-loop space Q>°ku is the group completion of Vectz ~ [[ BU(n). The result-
ing Foo-map BU(1) — Q%ku (with the multiplicative Eo-structure on Q*ku) is adjoint to
a map CP* = BU(1) — Gy, pu(ku) in Ab(S). This is our choice of preorientation on Gy, -
Postcomposing with G, k., — G kv defines a preorientation on G, kv

PROPOSITION 4.4. The functor
Orb™ x CAlgy, — S, (X, R) = Mappyea(Map(X, BT), Gy, pu(R))
is equivalent to

Orb® x CAlgy, — S, (X, R) — Mapgy,,  (ku™, R).

The corresponding result for KU instead of ku follows. Thus, Spec KU is naturally equiv-
alent to Mapp,.a1,(Map(—, BT) ® pt, Gy, kv), where pt is the final object of affine K'U-schemes
(i.e. Spec KU). Thus, Propositions 4.3 and 4.4 imply Theorem 4.1.
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The basic idea of Proposition 4.4 is that all irreducible G-representations for an abelian group
G are 1-dimensional, which implies kuB® ~ ku ® G+ To ensure functoriality in Orb*, we will
formulate this in orbispace terms.

LEMMA 4.5. For X € Orb®®, there is a natural equivalence

O ku e pu(1) X Mapo, (X, BU(1)) = ku™
of E.-ku-algebras.
Proof. Let X € Orb. By adjunction, maps

®: ku @spu(1) XF Mapo, (X, BU(1)) — ku

in CAlgy, correspond to Es-maps ¢: Mapg,,(X,BU(1)) — Q®ku® under BU(1), with the
multiplicative structure E-structure on the target.

The E-monoid Mapg,, (X, BU(1)) includes the one-dimensional part into Vect(X)~, whose
group completion is Q>®°ku*. Composing inclusion and group completion yields thus a map ¢
and a corresponding map ®, which is natural in X.

We will show that ® is an equivalence if X = BG for G abelian. Since

Mapo,;,(BG, BU(1)) ~ G x BU(1),
the source of ® simplifies to ku ® CA}'+. More precisely, ® arises as the group completion of

¢: VectT © G — Repg, (VL) pea — @ VL ® L;
LeG

here we interpret the tensor product Vectg ®G of FE-spaces as the finitely supported part
in H@ Vecti, using that finite direct sums and finite products agree in FE.-spaces and
the tensor product commutes with filtered colimits. By Schur’s lemma, ¢ is fully faithful,
and it is essentially surjective since all G-representations decompose into one-dimensional
representations. ]

Proof of Proposition 4.4. For every BG € Orb® and R € CAlg,,, Lemma 4.5 implies a natural
chain of equivalences

Mapp,cab(s)(Map(X, BT), Gy, ku(R)) 2 Mapay,(s)(Mapo,(BG, BU(1)), Gy (R))"PUVO)
= MapCAlg(Zio MapOrb(BGv BU(l))v R)hBU(l)

~ Mabcas,. <kgwng) Mapo,, (BG. BU(1). 7 )

~ Mapcayg, , (kuBY R). O

5. Elliptic curves, formal completions, and orientations

The goal of this section is to review the notion of an oriented elliptic curve over a non-connective
spectral Deligne-Mumford stack, following the ideas of Lurie in [Lur09b] and [Lurl8b]. In the
affine case, an orientation of an elliptic curve E — Spec R consists of an equivalence of the formal
completion E with the formal group Spf RBT providing a purely spectral analogue of the algebro-
topological definition of an elliptic cohomology theory (see [Lur09b, Definition 1.2] or [AHSO1,
Definition 1.2]). While the notion of a preorientation suffices for the definition of equivariant
elliptic cohomology, one only expects good properties if one starts with an oriented elliptic curve.
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Setting up the necessary definitions in the non-connective spectral Deligne-Mumford case will
occupy the rest of this section.

We recall from [Lurl6, Definition 1.4.4.2] the notion of a non-connective spectral
Deligne-Mumford stack and point to the end of the introduction for our conventions about
these objects. Our first goal is to define an oco-topos of sheaves on a given non-connective spec-
tral Deligne-Mumford stack. Since simply defining it to be sheaves on the site of all morphisms
into our given stack would run into size issues, we impose the following finiteness condition.
Here and in the following, we will use for a non-connective spectral Deligne-Mumford stack
M = (M, Op) the shorthand 759M for (M, 7500m).

DEFINITION 5.1. A non-connective spectral Deligne-Mumford stack M = (M, Opy) is called
quasi-compact if every cover [[U; — % in M has a finite subcover. A morphism f: N — M
is called quasi-compact if for every étale morphism Spec R — M the pullback N xp Spec R is
quasi-compact (cf. [Lurl6, Definition 2.3.2.2]).

A morphism f: N — M of spectral® Deligne-Mumford stacks is called almost of finite
presentation if it is locally almost of finite presentation in the sense of [Lurl6, Definition 4.2.0.1]
and quasi-compact.

We call a morphism f: N — M of non-connective spectral Deligne-Mumford stacks almost
of finite presentation if f is the pullback of a morphism N' — 7¢M almost of finite presentation
along M — 7590M, where N’ is also spectral Deligne-Mumford.

Example 5.2. Every map Spec R — M into a non-connective spectral Deligne-Mumford stack
is quasi-compact, as affine non-connective spectral schemes are quasi-compact by [Lurl6,
Proposition 2.3.1.2] and we assumed all non-connective spectral Deligne-Mumford stacks
to be quasi-separated.

Moreover, étale morphisms are always locally almost of finite presentation (as follows, e.g.,
by [Lurl6, Corollary 4.1.3.5]). Thus, every étale morphism Spec R — M (and, more generally,
every quasi-compact étale morphism) is almost of finite presentation.

DEFINITION 5.3. We define the big étale site of a spectral Deligne-Mumford stack M to be
the full sub-oco-category of spectral Deligne-Mumford stacks over M that are almost of finite
presentation; coverings are given by jointly surjective étale morphisms. We define Shv(M) to be
the oco-category of space-valued sheaves on the big étale site of M.

If M is more generally a non-connective spectral Deligne-Mumford stack, we define Shv(M)
to be ShV(TZ()M).

Remark 5.4. We imposed the finiteness condition in our definition of the big étale site
to ensure that it is a small oo-category (see Lemma D.4). Thus, Shv(M) becomes an
oco-topos.

Our insistence in the conventions that all our spectral Deligne-Mumford stacks
are quasi-separated and locally noetherian is connected to these finiteness conditions.
Milder finiteness conditions in Definition 5.3 would result in milder conditions on our
stacks.

Notation 5.5. We will often use the notation pt for the terminal object in the co-topos Shv(M);
this is represented by idr, jm: 7>0M — 7>9M in the big étale site of T>9M.

Next we want to define the notion of an elliptic curve.

8 We recall that a spectral Deligne-Mumford stack is a non-connective spectral Deligne-Mumford stack whose
structure sheaf is connective.
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DEFINITION 5.6. Let M be a non-connective spectral Deligne-Mumford stack. An elliptic
curve’ E over M is an abelian group object in the oo-category of non-connective spectral
Deligne-Mumford stacks over M such that:

(1) E— M is flat in the sense of [Lurl6, Definition 2.8.2.1];

(2) 7>0E — 7>0M is almost of finite presentation and proper in the sense of [Lurl6,
Definition 5.1.2.1];

(3) for every morphism i: Speck — 7>9M with k£ an algebraically closed (classical) field the
pullback i*E — Spec k is a classical elliptic curve.

Remark 5.7. One can show that given an elliptic curve E over M, the connective cover 7>oE is
an elliptic curve over 7>0M and that this procedure provides an inverse of the base change from
7>0M to M. Thus, we obtain an equivalence between the oo-categories of elliptic curves over M
and over 7>o0M (cf. [Lurl8a, Remark 1.5.3]).

We will view an elliptic curve E over M as an abelian group object in Shv(M) by using the
functor of points of 7>¢E.

We fix from now on a non-connective spectral Deligne-Mumford stack M and an elliptic
curve p: E— M over M.

DEFINITION 5.8. A preorientation of E is a preorientation of E as an abelian group object in
Shv(M), i.e. a morphism of abelian group objects BT ® pt — E or, equivalently, BT — Q*E(M).

If N — M is a map from a non-connective spectral scheme, then E xy N — N is a morphism of
non-connective spectral schemes equipped with a unit section i: N — E Xy N which is a closed
immersion; in particular, it determines a closed subspace of the underlying topological space
of E xy N. The complement of ¢ in E xy N is the open subscheme corresponding to the open
subscheme of the underling ordinary scheme of E X N (under the equivalence between the small
Zariski sites of E x N and that of its underlying ordinary scheme). Letting N — M vary over the
small étale site of M, these local open complements glue together to form the open complement
of the unit section M — E.

DEFINITION 5.9. We define the formal completion E € Ab(Shv(M)) of E as follows: let U — 7>oE
be the open (relative) spectral subscheme which is the complement of the closed unit section in
7>0E. For every Y — 7590M we let E(Y) C (7>0E)(Y) be the full sub-co-groupoid on those maps
Y — 7>oE such that the fiber product Y x,_ g U is empty.

Warning 5.10. We use the same notation for completion and for Pontryagin (or Picard) duality.
The latter applies to a compact abelian topological group or an object in Orb*”, while the former
will typically be applied to a spectral elliptic curve. We trust that it should be clear in every
case which of the two is meant.

Remark 5.11. The map BT ® pt — E factors through the completion Eof E. In fact, E is the
affinization of BT ® pt.

The formal completion of an elliptic curve is an example of a formal hyperplane. To recall
this notion from [Lurl8b], we have first to discuss the cospectrum of a commutative coalgebra
(cf. [Lurl8b, Construction 1.5.4]).

DEFINITION 5.12. For an FE.-ring R, define the oo-category cCAlgp of commutative
coalgebras over R as CAlg(Mod%p)OP. In the case that R is connective, we define the cospectrum

9 If the base is affine, our definition coincides with what Lurie calls strict elliptic curves. As we do not consider
non-strict elliptic curves in this article, we drop the adjective.
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cSpec(C') € Fun(CAlgR', S) of a coalgebra C' € cCAlgg by
cSpec(C)(A) = Mapccag, (4, C ®r A).
More generally, for a spectral Deligne-Mumford stack and a coalgebra
C € cCAlgy, = CAlg(QCoh(M)°P)°P,
we define the relative cospectrum cSpecy(C) € Shv(M) by
cSpecy (f: N — M) = Map.cajg, (On, f*C).

Given a discrete ring R, an important example of an R-coalgebra is the continuous dual of
R[t1,...,t,], which we denote by I'g(n) as it coincides as an R-module with the divided power
algebra on n generators. Note that its dual is again R[t1,...,t,]. The cospectrum cSpecT'r(n)
coincides with Spf R[ty,...,t,] by [Lurl8b, Proposition 1.5.8].

DEFINITION 5.13. Let M be a spectral Deligne-Mumford stack. An object F' € Shv(M) is called
a formal hyperplane if it is of the form cSpecy,(C) for some coalgebra C € cCAlgy, that is smooth,
ie.

e locally, moC is of the form I'r(n) for some discrete ring R and some n > 0; and
e the canonical map moC ®r 0, T:Om — 7,C is an isomorphism for all k£ € Z.

LEMMA 5.14. For every spectral Deligne-Mumford stack, the cospectrum functor defines an
equivalence between the oo-category of smooth coalgebras on M and formal hyperplanes on M.

Proof. The claim is equivalent to cSpecy;, being fully faithful on smooth coalgebras. One eas-
ily reduces to the case M = Spec A for a connective FE..-ring A. As M is locally noetherian
by assumption, we can further assume that mgA is noetherian and ;A is finitely generated
over myA.

Lurie [Lurl8b, Proposition 1.5.9] proved that cSpec is fully faithful on smooth A-coalgebras
as a functor into Fun(CAlg®™,S). In contrast, we need to show fully faithfulness as a functor into
Fun(CAlgjl’afp,S), where the afp stands for almost of finite presentation. Tracing through the
proof in [Lurl8b], we need to show that Spf is fully faithful as a functor into Fun(CAlgi{l’afp, S)
on adic FE4.-rings that arise as duals of smooth coalgebras.

Let R and S be adic Ex-rings. By [Lurl6, Lemma 8.1.2.2] we can find a tower

-—)R3—>R2—>R1

in CAlg%' such that colim; Spec R; — Spec R factors over an equivalence colim; Spec R; ~ Spf R
in Fun(CAlg®™,S) and every R; is almost perfect as a R-module. We claim that R; is almost
of finite presentation over A if R is the dual of a smooth coalgebra C' over A. By [Lurl2,
Proposition 7.2.4.31], this is equivalent to moR; being a finitely generated myA-algebra and 7, R;
being a finitely generated my R;-module for all k. By the definition of smooth coalgebras, moR is of
the form (mgA)[t1, ..., t,] for some n and 7 R = 7 A @r,4 moR. By [Lurl2, Proposition 7.2.4.17],
mR; is finitely generated over mgR. The claim follows as Spec R; — Spec R factors over Spf R
by construction and, thus, a power of the ideal (¢1,...,t,) is zero in R;.
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Now let R and S be duals of smooth coalgebras. In particular, we see that R is complete so
that R = lim; R; in adic E-rings (cf. [Lurl6, Lemma 8.1.2.3]):

MapcAlgcAn,ad (S, R) ~ h{n MapcAlgcAn,ad (S, RZ)
~ lim(Spf S)(Ry)

~ lim Map, Spec R;, Spf S)

(Calg=r,5)
~ MapFul’l(CAIgiX}’afP,S) (Spf R, Spf S)
In the third step we have used the Yoneda lemma. O

Ezample 5.15. For every elliptic curve E over a non-connective spectral Deligne-Mumford stack
M, the formal completion E is a formal hyperplane over 7>9M (see [Lurl8b, Proposition 7.1.2]).

We recall the following definition from [Lurl8b].

DEFINITION 5.16. We call an E..-ring R complex periodic if it is complex orientable and
Zariski loczﬂly there exists a unit in moR. For a complex periodic Fo-ring R, the Quillen for-
mal group G}% is defined as cSpec(7>o(R ® BT)). More generally, for a locally complex periodic
non-connective spectral Deligne-Mumford stack M, the Quillen formal group G|\Q,| is defined as
cSpecy (T>0(Om @ BT)).

By [Lurl8b, Theorem 4.1.11] the Quillen formal group is a formal hyperplane. Moreover, the
functor

T, — Formal Hyperplanes, M — cSpecy(7>0(Om ® BM))

equips it with the structure of an abelian group object (cf. [Lurl8b, Construction 4.1.13]).

Recall that a preorientation of an elliptic curve gives us a morphism BT ® pt — E, ie. a
T-equivariant morphism pt — E. As both pt and E are formal hyperplanes on 7>0M, this is by
Lemma 5.14 obtained from a T-equivariant morphism Oy — C of commutative coalgebras on
7>0M, where E~ cSpecC. As Oy ® BT ~ (Om)pT, we obtain a morphism Oy ® BT — C and,
hence, a morphism (A},?,l — E in the case that M is locally complex periodic.

DEFINITION 5.17. Let M be locally complex periodic and p: E — M a preoriented elliptic curve
over M. We say that E oriented if the morphism Gr,\Q,I — E is an equivalence.

Having such an orientation will force a version of the Atiyah—Segal completion theorem to
hold in equivariant elliptic cohomology.

6. Equivariant elliptic cohomology

We are now ready to give a definition of the equivariant elliptic cohomology theory associated
to a preoriented elliptic curve p: E — M, which we fix throughout the section. Here, M denotes
a non-connective spectral Deligne-Mumford stack.

CONSTRUCTION 6.1. To the preoriented elliptic curve p: E — M we can associate the co-topos
X = Shv(M) of space-valued sheaves on the big étale site of M. As E defines a preoriented abelian
group object in X, Construction 3.13 yields a colimit-preserving functor

Ell: So — X,

where we leave the dependency on E implicit.
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Ezample 6.2. We have Ell(BT) ~ E and Ell(BC,,) ~ E[n], the n-torsion in the elliptic curve.
More generally, we have Ell(BG) ~ Hom(@, E) for any compact abelian Lie group G. Indeed,
by construction, EI(BG) is the internal mapping object in PreAb(Shv(M)) between M ® BG
and E. Here, BG is the shifted Pontryagin dual from Construction 3.8, which is equivalent to
G x BT, i.c. the left adjoint of Ab(S) — PreAb(S) applied to G. Tt follows that EI(BG) is

equivalent to Hom(G, E), i.e. the internal mapping object in Ab(Sh(M)) between M ® G and E.
See Proposition 3.15 and Remark 3.11.

We would like to specialize to a theory for G-spaces for a fixed G by a pushforward
construction. The key will be the following algebro-geometric observation.

ProprosITION 6.3. Let H C G be an inclusion of compact abelian Lie groups. Then the induced
morphism f: EIl(BH) — Ell(BG) is affine.

Proof. We claim first that for a surjection h: A — B of finitely generated abelian groups and a
classical elliptic curve E over a base scheme S, the map Hom(B, F) — Hom(A, E) is a closed
immersion and, hence, affine. As the kernel of h is a sum of cyclic groups and a composition
of closed immersions is a closed immersion, we can assume that ker(h) is cyclic. The pushout

square
B A
0 <— ker(h)
induces the following pullback square.
Hom(B, E) Hom(A, E)

| |

S Hom(ker(h), F)

Furthermore, S — Hom(ker(h), E) is a closed immersion as it is a right inverse of the struc-
ture morphism Hom(ker(h), E') — S and the latter is a separated morphism. (See, e.g., [MO14,
Lemma 2.4] for this criterion for closed immersions.) Thus, its pullback Hom(B, F') — Hom(A, E)
is also a closed immersion and thus affine.

Recall that Ell(BG) ~ Hom(CE‘, E), with G denoting the Pontryagin dual, and that an inclu-
sion H C G induces a surjection G — H. Thus, we know from the preceding paragraph that the
underlying map of Ell(BH) — Ell(BG) is affine. We can, moreover, assume that the base of the
elliptic curve E is an affine derived scheme Spec R. By [Lurl8a, Remark 1.5.3], the elliptic curve
E is based changed from Spec 7>¢R. Thus, we can assume additionally that R is connective and,
hence, that Ell(BG) and Ell(BH) are spectral schemes (and not more general non-connective
ones).

Let Spec A — Ell(BG) be a map from an affine and let (X,Ox) denote the pullback
Spec A XgBe) EI(BH). As a pullback of spectral schemes, (X, Ox) is a spectral scheme again,
and the underlying scheme of (X, Oy) is the pullback of the underlying scheme (X, 79Oy ), hence
affine. Using [Lurl6, Corollary 1.1.6.3], we conclude that (X, Oy) is affine. O

CONSTRUCTION 6.4. Let G be a compact abelian Lie group and Orbg its orbit oo-category,
which we identify using Proposition 2.16 with the full subcategory of Orb,gs on morphisms
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BH — BG inducing an injection H — G. We consider the functor
Orbg — QCoh(EI(BG))®, G/H — f.OrysH):

where f: Ell(BH) — Ell(BG) is the map induced by the inclusion H C G. As f is affine by
the preceding proposition, f. sends quasi-coherent sheaves to quasi-coherent sheaves by [Lurl6,
Proposition 2.5.11]. The functor from Orbg extends to a colimit-preserving functor

Ellg: 8¢ — QCoh(EI(BG)),

where S¢ ~ Fun(Orbgp,S) denotes the oco-category of G-spaces. As the target is pointed, this
functor factors canonically to define a reduced version

Ellg: 8¢ — QCoh(El(BG))%.

For us, the most important case is G = T. As Ell(BT) = E, we obtain in this case a functor
from T-spaces to quasi-coherent sheaves on E. If desired, we can take homotopy groups to obtain
an equivariant cohomology theory with values in quasi-coherent sheaves on the underlying clas-
sical elliptic curve of E. This is the kind of target we are used to from the classical constructions
of equivariant elliptic cohomology, for example by Grojnowski [Gro07].

Next we want to compare our two constructions of equivariant elliptic cohomology
functors. To that purpose we want to recall two notions. First, given any (non-connective)
spectral Deligne-Mumford stack N and any Z € Shv(N), we consider the restriction Oz of
On to Shv(N),z and define Modp, as the oo-category of modules over it. Here, on any
Y — 750N in the big étale site of N, with underlying morphism g: Y — N of oo-topoi, Oy
is defined as (Oy ®g-10,_ g tON)(Y); since on the small étale site of N, the sheaf Oy
just defined agrees with the structure sheaf of N, we use the same symbol. Second, for any
F € Modp,, we can consider the On-module f,F, associated with f: Z — N and defined by

feF(U) = F(U xn 2),
where N = pt is the final object in Shv(N).
LEMMA 6.5. Assume that M is locally 2-periodic and that there is an n such that M(Spec R) is

n-truncated for every classical ring R.
For G a compact abelian Lie group and X € S©, there is a natural equivalence

gllg(X) x>~ Q(f*OEH([X/G]))a

where f: Ell([X/G]) — EIl(BG) denotes the map induced by X — pt and Q is the right adjoint
to the inclusion QCoh(ElI(BG)) C 1\/Iod(9EH(BG).10 If X is finite, f.Ogyn(x/q)) is already quasi-
coherent so that Q(f.Ogy(x/q))) agrees with f.Ogp(x/a))-

Proof. Throughout this proof we will abbreviate Ell(BG) to Z. The key is to check that the
functor

P SG - MOdOpz, X — f*OEll([X/G])
preserves colimits. This suffices as Q preserves limits and, hence, the composite

QP: 8¢ — QCoh(Z)™, X — Q(f:Ori(x/c))

preserves colimits as well. As this functor agrees on orbits with £ll¢, it agrees thus on all of S¢.
Moreover, QCoh(Z) is closed under finite limits, implying the last statement.

10 This right adjoint exists because QCoh(El(BG)) is presentable and the inclusion preserves all colimits by
[Lurl6, Proposition 2.2.4.1]. Strictly speaking, Lurie uses here a different definition of Mode, namely just modules
in sheaves of spectra on the small étale topos. However, as explained at the end of Appendix D, pullback defines
a functor from this to our version of Mode, which preserves all colimits.
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To show that P preserves colimits we reinterpret the pushforward using A', i.e. the spectrum
of the free Foo-ring on one generator. For any map h: Y — Z with Y € Shv(M), there is a natural
equivalence of Q2°°h,Oy with the sheaf

(U—2) — QT (Oyy,u) =~ Mapy(Y xz U, U x Ab).

This implies that the functor from Shv(M),z to Shv(Z)°P, sending h: Y — Z to Q*h.Oy,
preserves all colimits.

We claim that Q°°: Modp, — Shv(Z) is conservative. By assumption M is locally of the
form Spec R for a 2-periodic Ex-ring R. As Z = Ell(BG) maps to M, the same is true for Z.
Since the conservativity of 2°° can be checked locally, we just have to show that 2°°: Modgr — S
is conservative if R is 2-periodic and this is obvious.

As Q°°: Modp, — Shv(Z) also preserves limits, we see that the functor

Shv(M),z — Mod%pz, (h:Y —Z) — h.Oy

preserves colimits. Moreover, since Ell: So.1, — Shv(M) preserves colimits, the same is true for
(Sorb)/BG — Shv(M), EnB@)- Applying Proposition 2.20 finishes the proof. O

Last we want to speak about the functoriality of equivariant elliptic cohomology in the elliptic
curve. Thus, denote for the moment the elliptic cohomology functors based on E by ElF and
EIIE.

G

ProprosITION 6.6. Let f: N — M be a morphism of non-connective spectral Deligne-Mumford
stacks that is almost of finite presentation, E be a preoriented elliptic curve over M, and f*E the
pullback of E to N. Then there are natural equivalences

f*ElIE ~ EIV"E in Fun(Soy,, Shv(N))
and
FRENE ~ UL in Fun((8%)P QCoh(f* ENE(BG)))
for all compact abelian Lie groups G.

Proof. Write f,: Shv(N) — Shv(M) for the induced functor on big étale topoi, which admits a
left adjoint f*: Shv(M) — Shv(N) preserving finite limits. The preoriented abelian group object
E induces a left adjoint functor ElIF: Sp,p, — Shv(M), which we can postcompose with f* to
obtain a functor f* ElIf: So,, — Shv(M) — Shv(N).

By Construction 3.13, f* ElF is the functor So,p — Shv(N) associated with f*E.

The functor f*EUE: (SF)fnoP — QCoh(f* EIIF(BG)) preserves all finite limits. Thus, we
only have to provide natural equivalences f*£lIE(G/H) ~ 5llgE(G /H) for all closed subgroups
H C G. These are provided by applying the following commutative square to the structure sheaf

of ElIf(BH):
ullback
QCoh(EIE(BH)) — QCoh(EIV E(BH))
\L pushforward i pushforward
pullback .
QCoh(ElIF(BG)) QCoh(El E(BG))
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This commutative square, in turn, is associated by [Lurl6, Proposition 2.5.4.5] to the pullback
diagram

El/"E(BH) —— EIf(BH)

i i

Elll E(BG) — EIf(BG)

that we obtain from the first claim together with the fact that the sheaf in Shv(N) represented by
the pullback N x EIIF(BH) agrees with the pullback sheaf f* EIIF(BH) and similarly for G. [

Remark 6.7. We do not claim that the functor Ell defines the ‘correct’ version of elliptic coho-
mology for arbitrary orbispaces. For a general X € So,p, there is for example no reason to believe
that Ell(X) is a non-connective spectral Deligne-Mumford stack, not even a formal one. It should
be thus seen more as a starting point to obtain a reasonable geometric object. For example, given
an abelian compact Lie group G and a G-space Y, we have seen how to recover Ell(Y) from
Ell([Y/G]). Taking Spec (if Y is finite) or a suitable version of Spf (if Y is infinite) of Ell(Y)
seems to be a reasonable guess for the ‘correct’ geometric replacement of Ell([Y/G]) in these
cases. We will return to this point in a sequel to this paper [GM].

7. Eilenberg—Moore type statements

The goal of this section is to recall and extend results of Eilenberg—Moore, Dwyer, and Bousfield
about the homology of fiber squares and to rephrase parts of them in terms of cospectra. Applied
to classifying spaces of abelian compact Lie groups, this will be a key step to proving symmetric
monoidality properties of equivariant elliptic cohomology.

Throughout this section, we will consider a (homotopy) pullback diagram

M— X
Y — B

of spaces. We assume that for every b € B, the fundamental group (B, b) acts nilpotently on
the integral homology of the homotopy fiber Y.

We denote by C(X, B,Y') the cobar construction, i.e. the associated cosimplicial object whose
nth level is X x B*™ x Y. This cosimplicial object is augmented by M.

THEOREM 7.1 (Bousfield, Dwyer, and Eilenberg-Moore). Under the conditions above, the aug-

mentation of the cobar construction induces a pro-isomorphism between the constant tower
H,(M;Z) and the tower (H,(Tot,, C(X,B,Y)); Z)m>0-

Proof. This follows from Lemmas 2.2 and 2.3 and §4.1 in [Bou87]. O
The following corollary is essentially also already contained in [Bou87].

COROLLARY 7.2. The augmentation of the cobar construction induces a pro-isomorphism
between the constant tower E,(M) and the tower (E,(Tot,, C(X,B,Y)))m>0 for any bounded
below spectrum E. In particular, lim} E,(Tot,,C(X,B,Y)) = 0, and the natural map

E,(M) — lim E,(Tot,, C(X, B,Y))

is an isomorphism.
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Proof. In the last theorem, we can replace Z by arbitrary direct sums of Z and get our claim for
FE any shift of the associated Eilenberg—MacLane spectrum. By the five lemma in pro-abelian
groups, we obtain the statement of this corollary for all truncated spectra E. The group Fi(Z)
coincides with (1<, E)y(Z) for every space Z. This implies the result. O

We would like to pass from an isomorphism of pro-groups to an equivalence of spectra. In
the following, let R an arbitrary F.-ring spectrum. Note that Tot,, coincides with the finite
limit lima_, and it thus commutes with smash products. We deduce that the R-homology of
the Tot,, of the cobar construction coincides with the homotopy groups of the spectrum

Tot,, R® (X x B** xY) =~ Tot;,(R® X) ®r (R® B)®R* @z (RRY)).

Note that as before we view all spaces here as unpointed so that R ® X has the same meaning
as R® XFX.

We recall the cotensor product: given morphisms ¢’ — C and C” — C in ¢cCAlgp, the coten-
sor product C'OcC” is the fiber product in cCAlgg. As cCAlgr = CAlg(Mod})°P, the usual
formula for the pushout of commutative algebras, i.e. the relative tensor product, translates into
the formula

C/DCC// ~ lign C/ QR C®Ro ®r CN,

which we can also use to define the cotensor products for arbitrary comodules. Thus,
lima C(X, B,Y) ~ (R® X)Ogep(R®Y). In this language, Corollary 7.2 implies the following
result.

COROLLARY 7.3. If R is bounded below, the augmentation map
R®M — (R@X)DR®B(R® Y)
is an equivalence.

COROLLARY 7.4. If R is connective and R ® X is in the thick subcategory of R® B in R®
B-comodules, then the map

cSpec(R® M) — cSpec(R ® X) XcSpec(reB) ¢Spec(R®Y)
is an equivalence.
Proof. Given A € CAlg%', the functor
coMod(R ® B) — coMod(A® B), N+— A®rN
preserves colimits and is, in particular, exact. Thus,
(R X)Opep(R®Y)@r A~ (A® X)Uagp(ARY),
using that R ® X is in the thick subcategory of R ® B. It follows that
eSpec((R® X)Opregp(R®Y))(A) ~ Map.cag, (4, (A® X)Uagp(A®Y))
=~ (cSpec(R ® X) Xcspec(roB) €SPec(R®Y))(A4). O

Ezxample 7.5. Let R be the connective cover of a complex oriented and 2-periodic Foo-ring, with
chosen isomorphism myRBT = (1o R)[t]. The short exact sequence

0 — (moR)[t] LN (moR)[t] — moR — 0
of topological mg R-modules dualizes to a short exact sequence of comodules

0— mR — 'z r(l) = I'ryr(1) — 0.
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As for any R-free (R ® BT)-comodule C' the map
m0 Mapeomod(repT) (C) B © BT) — Mapr_ 1) (m0C, I'ryr(1))
is an isomorphism, we obtain a cofiber sequence
R—- R®BT - R® BT — XR

of (R® BT)-comodules. This implies that R is in the thick subcategory of R® BT in
(R ® BT)-comod. Using the last corollaries, we obtain equivalences

R® BC, = R® BT Orgpt R
cSpec(R ® BC,,) = cSpec(R ® BT) X cSpec(RoBT) Spec R, (3)

where the map R ® BT — R ® BT is multiplication by n on BT. The first equivalence shows,
in particular, that R ® BC,, is also in the thick subcategory of R ® BT. Thus, we obtain from
the last corollary an equivalence

cSpec(R ® (BC,, x g BCp,)) — cSpec(R @ BCy) X cspec RoBT cSpec(R @ BCy,).
Note that (3) also implies that cSpec(R @ BC),) ~ Hom(C), cSpec(R ® BT)).

8. Circle-equivariant elliptic cohomology is symmetric monoidal

Given an oriented elliptic curve E over a (locally complex periodic) non-connective spectral
Deligne-Mumford stack M, our aim is to prove the following theorem.

THEOREM 8.1. If X and Y are finite T-spaces, the natural map
Ellp(X) @ Ellp(Y) — Ellp(X xY)
is an equivalence.

We first note that it suffices to prove the claim in the case where X and Y are T-orbits, as
Ellt sends finite colimits to finite limits, and these commute with the tensor product. Moreover,
by the base change property Proposition 6.6 (in conjunction with Example 5.2) we can always
assume that M ~ Spec R, where R is a complex-orientable and 2-periodic Fo-ring.

As a first step, we will reformulate our claim into a statement about affine morphisms using
the following lemma.

LEMMA 8.2. Let S be a non-connective spectral Deligne-Mumford stack and Affg the
oo-category of affine morphisms U — S. Then the functor

AfIP — CAlg(QCoh(X)), (UL 8)— f.0p
is an equivalence. We denote the inverse by Specg.
Proof. The proof is analogous to [Lurl6, Proposition 2.5.1.2]. O

Given a representable morphism X — BT (meaning that X xpgr pt is a space), we define
Ellp(X) as Specg Ellp(X xpr pt). If X is the image of a finite space along the embedding
S — Sor,, we observe that we have an equivalence

Ellp(X) ~ Spec RX

because the unit section Spec R — E is affine. Noting that Ellp(BC),) = E[m] and Ellp(BT) = E,
our claim reduces to the following lemma.
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LEMMA 8.3. The canonical map
Ellr(BC), xpt BC,) — E[m] xg E[n]. (4)
is an equivalence for all m,n > 1.
Proof. We first assume that m and n are relatively prime. One computes
BC,, xgr BC,, ~ T/C),,, = T.
Thus, the source in (4) is equivalent to Spec RT. We will construct next an equivalence
Spec(t>0R)" — (720E)[m] X1, o€ (720E)[n]; (5)

base changing along Spec R — Spec(7>oR) shows that (4) is an equivalence as well.

Given a morphism f: X — 7>0E from a spectral scheme, the map X — X x,_ g E is an
equivalence if the image of f is contained in the image of the unit section; this follows from
E— T7>0E being a monomorphism. As we can observe on underlying schemes, the image of
(7>0E)[m] X1 (T>0E)[n] — T>0E is contained in the unit section. Thus,

~

(T50E)[m] X7k (720E) 1] = (m20E)[m] X 1o (T20E)[] X1 E = Elm] x¢ E[n].

As the orientation provides an equivalence E~ cSpec(1>oR ® BT), we can further identify this
fiber product with

cSpec(7>0R @ BCm) X cSpec(rsoRoBT) CSPec(T>0R @ BCy) =~ cSpec(T>0R ® BCy, xpT BCy)
~ cSpec(t>0R® T)
using Example 7.5. The computation
cSpec(t>0R ® T)(A) = cCAlg4(4,A® T)
~ CAlg, (AT, A)
~ CAlg., r((T20R)T, A),

for A€ CAlg r shows that cSpec(r>oR® T) ~ Spec(m>oR)T. This provides the equiva-
lence (5). -

For m and n general, let d be their greatest common divisor. Choose relatively prime k and
I such that m = kd and n = ld and consider the following diagram.

EHT(BCm XBT BCH) EHT(BCk XBT BCZ)
E[n] xe E[m] J E[k] xg EJ]
Ellp(BT) i Ellp(BT)

The front square is easily seen to be a fiber square. Concerning the back square, we have BC, xpr
BC) ~ T/Cy = T. Moreover, the resulting map T — BT has to factor through the point as
there are no non-trivial T-principal bundles on T. Thus, the back square decomposes into the
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following rectangle.

EHT(T X BCd) —_— EHT(T)

i |

EHT (BCd) EHT (pt)
PR
Ellp(BT) Ellp(BT)

The lower square is cartesian by definition and for the cartesianity of the upper square one just
has to observe that Ellp(T x BCy) ~ Spec Ellt (BCy)T and Ellp(T) ~ Spec RT; thus, the back
square is cartesian. Now it remains to observe that three of the diagonal arrows are equivalences,
either by definition or the above and, hence, the arrow

Ellr(BC,, xpr BCy) — E[n] xg E[m]

is an equivalence as well. ]

9. Representablity by genuine equivariant spectra

The goal of this section is to connect our treatment of equivariant elliptic cohomology to stable
equivariant homotopy theory. We let E denote an oriented spectral elliptic curve over a non-
connective spectral Deligne-Mumford stack M. For the next lemma, we fix the following notation:
we denote by p the tautological complex representation of T = U(1) and by e,: E[n] — E the
inclusion of the n-torsion.

LEMMA 9.1. Applying Ell to the cofiber sequence (T/T[n]); — S — SP°" results in a cofiber
sequence

(€n)«OEpm) < O < Og(—ey). (6)
The Og-module Og(—e,) is invertible.

Proof. As ey, is affine, we can compute 7. (en)«Og[,] as (en)*mOE[n].H Here, we abuse notation
to denote by e, also the map of underlying classical stacks. As the underlying map of the
multiplication map [n]: E — E is flat by [KM85, Theorem 2.3.1], the underlying stack of E[n] is
precisely the n-torsion in the underlying elliptic curve of E (cf. [Mei22, Lemma B.3]).

By definition, the map ﬁT(SO) — (%T(T/T[n]+) agrees with the canonical map Og —
(en)«OEp)- By the above, the map moOg — (ey)«m0Oyy is surjective as the underlying map of
E[n] — E is a closed immersion. Moreover, by Proposition 6.6 we can reduce to the universal
case of the universal oriented elliptic curve over M = M}, (see [Lurl8b]), where both source and
target of Og — (en)+Ofg, are even-periodic and, thus, the map Og — (e,)« Ok is surjective on
homotopy groups in all degrees. In particular, its fiber E‘\ZJZT(S%’@") is also even-periodic and its g
agrees with the kernel of m¢Og — (e5)«m0Ogy), i-. the ideal sheaf associated with the underlying

map of e,. As this sheaf is invertible, so is 5llT(SP®”)_ O

Using the universal property of equivariant stabilization, we can deduce that Ellt factors
over finite T-spectra. More precisely, we denote by STH" the oo-category of finite T-spaces

1A reference is [Mei22, Lemma 2.8], at least if the underlying Deligne-Mumford stack of E is separated. The
separatedness assumption is only used at the top of [Mei22, p. 1314] and can be circumvented by choosing a
hypercover of E by disjoint unions of affines. Note that all sheaves of abelian groups satisfy hyperdescent.
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(i.e. the closure of the orbits under finite colimits) and by SpT the compact objects in T-spectra
and obtain the following statement.

PRrROPOSITION 9.2. We have an essentially unique factorization as follows.

ST,ﬁn

Ellp
l <)+x

Ell
sTfin — % QCoh(E)oP
J{ gy 7
LI

7
7

SpT,w

Proof. By Theorem 8.1 the functor £llT and, hence, also the functor E’TZT is symmetric monoidal.
Thus, the universal property from Corollary C.8 applies once we have checked that £llt sends
every representation sphere to an invertible object and every finite T-space to a dualizable
object. The first follows from Lemma 9.1 as every T-representation is a sum of tensor powers
of p. For the second it suffices to show that Elip(T/T[n|;) is dualizable for every n. This follows
again from Lemma 9.1 as it provides a cofiber sequence with Ellx(T/T[n]4) and two invertible
quasi-coherent sheaves. O

In the following construction, we will explain how to obtain a genuine T-spectrum from
T-equivariant elliptic cohomology and also sketch the analogous process for other compact
abelian Lie groups.

CONSTRUCTION 9.3. Let Sp¢; — Sp°P be a finite colimit-preserving functor. As Sp; ~ Ind(Sp¢),
this factors over a colimit-preserving functor F': Sps; — Sp°P. This we can also view as a right
adjoint F': Spgy — Sp with left adjoint L. This functor is representable by R = L(S). Indeed,
the functor

Q®F(—) ~ Mapg,(S, FI(—)) ~ Mapg,, (LS, —)

is equivalent to 2°° of the mapping spectrum Mapsp (LS, —) and
— PG

FunR(Sp(ép, Sp) 822, FunR(Sp(ép, S)

is an equivalence by the proof of [Lurl2, Corollary 1.4.4.5].

By definition, F(X°°G/Hy) agrees with the mapping spectrum MSPG(ZOOG/H_,_, R), i.e.
with the fixed point spectrum RBE. Note here that we use the notation RBY for what tra-
ditionally would usually be denoted R, the reason for which is two-fold. First, it fits well
with our philosophy that the fixed points should really be associated with the stack BH rather
than the group H (and could be viewed as the mapping spectrum from BH to R; cf. [Schl8,
Theorem 4.4.3]). Second, it avoids possible confusion between the H-fixed points of R and the
cotensor R where H is viewed as a topological space.

In our case, G will be T and F' the composition of Ell: Spy — QCoh(E)°P with the global
sections functor I': QCoh(E) — Sp and we obtain a representing T-spectrum R. By construction,
RBH agrees with T'€llp(T/H) and, in particular, the underlying spectrum of R agrees with the
global sections I'(Oy). Thus, R is a T-equivariant refinement of I'(Opy); in particular, if M is
the moduli stack of elliptic curve, we obtain a T-equivariant refinement of the spectrum TMF
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of topological modular forms. Moreover, we see that more generally for every finite T-space X,
the spectrum MSPT (XX, R) of T-equivariant maps is equivalent to I'€llp(X).

We will show in a sequel to this paper how to extend the argument above to T" for n > 1,
the key point being extensions of Theorem 8.1 and Lemma 9.1 [GM]. Denoting the resulting
T"-spectrum also by R, it is true, by definition, that the fixed points RBT" are equivalent to
the global sections of Ogxyn. As every compact abelian Lie group embeds into a torus, we will
get by restriction more generally an equivariant elliptic cohomology spectrum for any compact
abelian Lie group.

10. The circle-equivariant elliptic cohomology of a point

Before we continue with elliptic cohomology, we need to recall the degree-shifting transfer in
equivariant homotopy theory. Recall from Corollary C.11 the equivalence of ¥°G ® S~—L with
the Spanier-Whitehead dual DX°G for the tangent representation L of an arbitrary compact
Lie group G. Taking the dual of the map G, — S induces thus a map

S — DY®G, ~ St g vea,.
Mapping into a G-spectrum X and taking G-fixed points results in a further map
resd (ST ® X) ~ Map®(S~F @ G, , X) — XBC,

called the degree-shifting transfer.

As in the last section, we will fix an oriented elliptic curve E over a non-connective spectral
Deligne-Mumford stack M. In the last section, we constructed a T-spectrum R with fixed points
RBT = T'(Og) and whose underlying spectrum is I'(Opy). Leaving out resBT to simplify notation,
the degree-shifting transfer thus takes the form of a map ¥R — RBT. Furthermore, the projection
p: E— M induces a map R — RPT, which may be seen as restriction along T — {e}. We are
now ready for our main calculation.

THEOREM 10.1. Restriction along T — {e} and degree shifting transfer define an equivalence
R& YR — RBT.

Proof. By the Wirthmiiller isomorphism Corollary C.11, we can identify the dual of the cofiber
sequence

YT, — S — X867
with
YIN®T, S N®57,

As Ellr is symmetric monoidal on finite T-spectra by Theorem 8.1, it preserves duals. Thus,
applying £llr and taking global sections produces a cofiber sequence

YR — RBT =T(Og) — T'(Ok(e)), (7)

where e: M — E is the unit section and we use Lemma 9.1 for the identification of the last term.
Essentially, by definition, the first map is the degree shifting transfer.

We will compute I'(Og(e)) by identifying p.Og(e). Denoting by eg: Mg — Eg the underlying
classical morphism of e, we have already argued in the proof of Lemma 9.1 that we can reduce
to the case where m,Oy is even and, thus, m.Og(e) is concentrated in even degrees and the
restriction of mpOg(e) to the classical locus is Og,(ep).
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By [Del75, §1] R'p.Og,(e0) =0 and the morphism Oy, — ps+Og,(eo) is an isomorphism.
By the flatness of E — M and the projection formula,

R'p.(m2: Ok (€)) = R'p.(Ok, (e0) @0, p*marOM) = R'p. Ok, (€0) ®0y,, TarOm
vanishes as well. Moreover, the higher derived images vanish as Ey is smooth of relative
dimension 1. Thus, the relative descent spectral sequence
R*mO(e) = mi—sp«Og(e)

is concentrated in the zero-line.'? We see that the map Oy — p«Op — p.Og(e) is an equivalence
and, thus, taking global sections shows that R — RBT — I'(Og(e)) is an equivalence as well.
Hence, (7) takes the form of a split cofiber sequence

YR — RBT & R. 0

Remark 10.2. Intuitively the equivalence I'(Og) ~ R @ YR corresponds to the fact that an elliptic
curve (say, over a field) has only non-trivial H° and H!, both of rank 1. The appearance of a
non-trivial H'-term yields a peculiar behavior of the completion map RBT ~ R @ ¥R — RBT . If
R is concentrated in even degrees, we see that the map factors over the standard map R — RBT
(thus, is not injective in any sense, in contrast to the situation for equivariant K-theory). At
least implicitly, this factorization is a key ingredient for the equivariant proofs of the rigidity of
the elliptic genus as in [Ros01].

COROLLARY 10.3. There is an equivalence
n
P P =R - r(Op) = RPT,
k=0 Py (n)

where Py(n) runs over all k-element subsets of {1,...,n} and E*" stands for the n-fold fiber
product over M.

Proof. Consider the oriented elliptic curve E® — E"~! over E"~! given by projection to the first
(n — 1) coordinates, i.e. the pullback of E — M along E"~! — M. Applying Theorem 10.1, we see

that

['(Ogxn) = I'(Ogxn-1)) @ XTI (Ogx(n-1))
Induction yields the result. O]
Ezample 10.4. Let M = Mg}, be the moduli stack of oriented elliptic curves and E be the universal

oriented elliptic curve over it (see [Lurl8b, Proposition 7.2.10] and [Mei22, §4.1] for definitions).
The stack Mg, can be thought of as the classical moduli stack of elliptic curves equipped with the
Goerss—Hopkins—Miller sheaf QP of E -ring spectra. In this case, R = I'(OP) is, by definition,
the spectrum TMF of topological modular forms. Our theory specializes to define T"-spectra
with underlying spectrum TMF and the previous corollary computes its T"-fixed points. Let us
comment on the fixed points for other compact abelian Lie groups.

In [Mei22] the second-named author computed the G-fixed points of TMF for G a finite
abelian groE)\after completing at/ag"ime I not dividing the group order, namely as a sum of
shifts of TMFy(3), if p = 2, of TMFy(2), if | = 3 and of TMF,, if [ > 3. In the latter case, the
result can be strengthened as follows: denote by pg: Eg — Mgy the underlying map of classical

2 One can obtain the relative descent spectral sequence, e.g., by applying m.p. to the Postnikov tower of Ok (e)
and observing that for a sheaf F concentrated in degree ¢, we have mi_sp.F = R*m F.
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Deligne-Mumford stacks of p: E — M%j,. By [Mei22, Lemma 4.7], the morphism Hom(@, Eo) —
Mgy is finite and flat. Thus, (pU)*OHom(é Eo) is a vector bundle on Mgy;. After localizing at a prime

[ > 3, [Meil5, Theorem A] implies that this vector bundle splits into a sum of wW®* = my; OP,
A descent spectral sequence argument shows that TMFFI‘)G = F<OHom(@,E))(l) splits into shifts
of TMF;), without the assumption that I does not divide |G|. In contrast, if [ =2 or 3 and it
divides the order of the group, the computation of TMFE’)G is still wide open in general, though

Chua has computed recently TMFE®? (see [Chu22]).

2
More generally, we can consider TMFBEXT") for a finite abelian group G. This coincides

with the global sections of the structure sheaf of Hom(@, E) xm E". Denoting the pullback of

E to Hom(G, E) by E’ this agrees with the n-fold fiber product of E' over Hom(G, E). Thus,
Corollary 10.3 implies

TMEB(GXT™) @ @ YEFTMEBC,
k=0 Py (n)

COROLLARY 10.5. The TMF-module TMFBY = I'(Opym ) of H-fixed points is dualizable for
every abelian compact Lie group H.

Proof. Let M= Mg, and E as in the example above. We can split H = G x T', where G is
finite and T a torus of dimension n. As seen in the previous example, TMFBA splits as a sum of
suspensions of TMFB® and so it suffices to show that TMFB® is dualizable. Arguing as in [Mei22,
Proposition 2.13] this follows from Hom(@, Eo) — Mgy being finite and flat, with notation as in
the previous example. O

Remark 10.6. We conjecture that TMFB® is dualizable for every compact Lie group. (Strictly
speaking, we have not defined TMFBY if G is not abelian, but this we see as the lesser problem.)
Crucial evidence is given by Lurie’s results on the finite group case, which we will summarize.

Every oriented spectral elliptic curve E over an E,,-ring A gives rise to a P-divisible group
G over A in the sense of [Lurl9, Definition 2.6.1] by [Lurl9, §2.9]. By [Lurl9, Notation 4.0.1],
this, in turn, gives rise to a functor Ag: 7°°P — CAlg,, where 7 denotes the full subcategory
of S on the spaces BH for H a finite abelian group, and [Lurl9, Construction 3.2.16] allows
this to be extended to a functor on H-spaces for all finite groups H. We conjecture that the
spectrum Lurie associates to H n pt is equivalent to our spectrum F(OEII(B H)) and, moreover,
that these are the H-fixed points of a global spectrum A (e.g. in the sense of [Sch18]): in any
case, we denote the spectrum constructed by Lurie by ABH.

Lurie’s tempered ambidexterity theorem implies that this spectrum is a dualizable (and
even self-dual) A-module as follows: Lurie defines for every finite group H an oo-category
LocSysg(BH). For H = e, we have LocSysg(pt) ~ Mod(A) and the pushforward f.Agy of
the ‘constant local system’ along f: BH — pt corresponds to ABH
Moreover, the tempered ambidexterity theorem [Lurl9, Theorem 1.1.21] identifies this with
fiAgy, where fi denotes the left adjoint to the restriction functor. We compute

Map , (AP, A) ~ Map , (fiAgy, A) =~ Map; oo mm) (ABm: [+A) = [ Ay =~ AT

under this equivalence.

(BH)
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Appendix A. Quotient oco-categories

In this appendix we collect some basic results concerning quotient oo-categories. Recall that a
quotient of an ordinary category D is a category C obtained by identifying morphisms in C by
means of an equivalence relation that is suitably compatible with composition. A quotient functor
q: D — C is necessarily essentially surjective, as C is typically taken to have the same objects as
D, though nonisomorphic objects of D may become isomorphic in C. A standard example (and
one which is important for our purposes) is the homotopy category of spaces, which is a quotient
of the ordinary category of Kan complexes by the homotopy relation.
For some of the arguments in this appendix, it will be convenient to regard

Catoo C Fun(A°P,S)

as a reflective subcategory of the oo-category of simplicial spaces. From this point of view, many
different simplicial spaces Co give rise to the same oco-category C, even if we assume that the
simplicial space satisfies the Segal condition. The standard simplicial model of C is the simplicial
space Co with C,, = Map(A™,C); up to equivalence, this is the only complete Segal space model
of C. However, we will have occasion to consider other (necessarily not complete) models as well,
especially those models which arise from restricting the space of objects along a given map.
Note that to compute the geometric realization of a simplicial object A°? — Cato,, we may first
choose any lift to Fun(A°P,S), where the realization is computed levelwise, and then localize the
result (which amounts to enforcing the Segal and completeness conditions).

CONSTRUCTION A.1. Let Co: A°? — S be a simplicial space and let f: Dy — Cy be a morphism
in S. Let i: A<g — A denote the inclusion of the terminal object [0], and consider the unit map
Ce — 141"Cq ~ i4Cy. Define a simplicial space Do : AP — S as the following pullback.

D. C.

L

i+ Dy — 1.Co
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We also refer to this simplicial space as f*Co. Observe that, more or less by construction, if C, is
additionally a Segal space, then D, is also a Segal space, and moreover that if S and 71" are any
pair of points in Dy, then

Map'D. (Sa T) =~ Mapc. (f(S)a f(T))
In particular, Dy — C, is fully faithful, and it is essentially surjective if f is mp-surjective (and
conversely if Co is additionally complete).

Thus, if f: S — Cp is any mg-surjective map of spaces, then the simplicial space f*C, obtained
by restriction is a simplicial space model of C which satisfies the Segal condition, though it
will not be complete unless f is an equivalence (cf. [Rez01, Theorem 7.7]). In particular, we
can take S to be discrete and see that every Segal space is equivalent to one with a discrete
space of objects. Moreover, given an essentially surjective functor q: D — C, we may choose a
mo-surjection f: S — Dy and replace ¢ by the equivalent map f*D — (qf)*C, which is the identity
on the (discrete) spaces of objects. If ¢ is not essentially surjective, we can factor it into an
essentially surjective functor and an inclusion, thus obtaining a Segal space model that is an
injection on discrete spaces of objects.

DEFINITION A.2. A morphism of co-categories ¢: D — C is a quotient functor if it is essentially
surjective and mg Mapp(s,t) — mo Mape (s, t) is surjective for all pairs of objects s and ¢ of D.

In other words, ¢: D — C is a quotient functor if all objects and arrows of C lift to objects
and arrows of D, respectively.

ProrosiTiON A.3. A functor q: D — C is a quotient if and only if the augmented simplicial
diagram
. SDxcDxeD 3D xcD=D—C

is a colimiting cone.

Proof. First suppose that the canonical map |D*¢®| — C is an equivalence. In particular, it
is essentially surjective, so that mo|D*¢®|p — moCp is surjective. Note that myDy surjects onto
7o|D*¢®|o. This can be seen, for example, by using a Segal space model where D — C is injective
on discrete spaces of objects and thus Lemma A.4 implies that |D*¢®| can be viewed as a Segal
space with the same set of objects as D. Thus, the composite myDy — moCy is surjective as well
and it follows that D — C is essentially surjective. We now show that D — C is also surjective
on mapping spaces. By the essential surjectivity, the map ¢: D — C admits a Segal space model
which is the identity on (discrete) spaces of objects S, in which case, by Lemma A.4 below,
the realization of D*¢® can be computed levelwise. But then Mapg(A, B) is the realization of
Mappxce (A, B), and consequently mo Mappxce (A, B) surjects onto mo Mape(A, B).

Conversely, suppose that g: D — C is a quotient functor, and consider the comparison map
|D*c®| — C. Since myDy — mCy is surjective, we may again suppose without loss of generality
that C and D admit Segal space models with same discrete space of objects S, in which case it
follows that mo|D*¢®|g = mo| Dy ¢®| = moC. In particular, |[D*¢®| — C is essentially surjective. To
see that it is fully faithful, we use that for any mg-surjective map X — Y of spaces, the induced
map |[X*¥*®| — Y is an equivalence (see, e.g., [Lur09a, Corollary 7.2.1.15]). We thus compute the
mapping spaces as follows:

Map‘DXC.‘(A, B) ~ | Mappxce(A, B)|
~ | Mapp(A, B rcca®
~ Mapc(A, B) O
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LEMMA A.4. Suppose given a simplicial Segal space Dy: AP — Fun®®8(A°P S) with a constant
and discrete space of objects; that is, the functor A°° — Fun®8(A°P S) — S obtained by com-
posing D, with evaluation at [0] is constant with value some discrete space S € 7<oS. Then
|De| € Fun(A°P,S) is again a Segal space with object space S. Moreover, for any pair of objects
80,81 € S, there is an equivalence Mapp,|(s0, s1) =~ | Mapp, (s0, 51)|-

Proof. The space of objects of |D,| is again S, which is discrete. Using the fact that geometric
realization commutes with colimits and finite products, we see that for 0 < k& < n,

Map (A", |Ds]|) =~ H MaplD.l(So,Sl) X - X Map|D.|(sn,1,sn) ~ Map(N", |D.|),
(307-~~7Sn)€S><[n]

where N ~ A' [ o [T+ 1[a0 A! denotes the n-spine. It follows that |D,| satisfies the Segal
condition. The last statement is the case n = 1, which is similar, but strictly easier, as the term
involving the 1-spine N! = Al is irrelevant. U

PROPOSITION A.5. Let Do: A°? — Cato, be a functor with colimit C ~ |D,|. Then the
projection Dy — C is a quotient functor.

Proof. Similar to the first part of the proof of Proposition A.3. g

Let C be an oco-category with finite limits and let X € C be an object. We can define a new
oo-category C[X] in which the mapping spaces

Mape(x(S,T') ~ Mape (X x S5, T)

are X-indexed families of maps. More precisely, we consider a functor pux: C — C given by
multiplication with X. Since X =~ px(pt), this factors through the slice C,x, and we further
factor this functor as a composite

C —C[X] C C)x.

Here C[X] C C/x denotes the full subcategory consisting of those objects in the image of ux,
and (for ease of notation) we will simply denote these objects by their name in C. This approach
has the advantage that composition is well-defined (C[X] is a full subcategory of C,x), and we
have an equivalence

Mape(x (S, 1) = Mapc, (X xS, X xT)~Mapg(X xS, T).

To see that this construction is natural in X, we use an auxiliary construction. Consider the
target projection p: Fun(A!,C) — C. It is a cartesian fibration via pullback, since C admits
finite limits, and the straightening of this fibration is a functor C°? — Cat,, which sends X to
C/x. In particular, given a simplicial set I and a functor f: I — C, we obtain the desired functor
I1°P — Catso by precomposing C°P — Cate, with fOP.

CONSTRUCTION A.6. Let D be an co-category with finite products equipped with a cosimplicial
object Ap: A — D. Let D, := D[A}] C D/an, so that we obtain a simplicial oo-category De,
and set C = |D,|. Then the projection q: D ~ Dy — C is a quotient functor.

Appendix B. Comparison of models for the global orbit category
The goal of this appendix is to compare our definition of the global orbit category Orb with

the construction in [GHO7]. This is especially important because the latter one has been
compared with other models of unstable global homotopy theory in [K&rl8] and [Sch20].
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As this appendix will involve point set considerations, we will use hocolim to denote a homotopy
colimit in a relative category or, equivalently, a colimit in the associated oco-category.

The model of [GHO7] of the global orbit category is based on the notion of the fat geometric
realization of a simplicial space, which we denote by || — ||. In contrast to the usual geometric
realization, || X| is always a model for the homotopy colimit hocolimaer X,. Segal has shown
in [Seg74, Appendix A] that the fat realization is always homotopy invariant and equivalent to
the usual realization on good spaces and, in particular, on Reedy cofibrant ones; on these it is
well-known that the geometric realization is a model of the homotopy colimit.

One usually defines the fat realizations like the geometric realizations, but one only takes
identifications along face and not along degeneracy maps. We will use the equivalent definition
as the geometric realization of the simplicial space X, that arises as the left Kan extension of X,
along Ajp; — A, where Aj,; stands for the subcategory of A of injections. Concretely, we have
X, = L. nop) Xk given a: [m] — [n], we factor the composite to [k] as ho g: [m] — [I] — [k]
and get o*(f,x) = (g, h*x).

Homotopically, fat realization is strong monoidal: Segal showed in [Seg74, Appendix A] that
the canonical map || X x Y| — || X|| x ||Y]| is a weak equivalence and || pt || = A is contractible.
We claim, moreover, that fat realization is lax monoidal on the nose: the map || X x Y| —
| X x ||Y|| admits a retract r, which is induced by a retract 7: X x Y — X x Y of the canonical
map; given a pair of (f: [n] — [k],z € Xj) and (g: [m] — [l],y € Y}), there is a unique surjection
h: [n] — [p] such that f and g factor over h and p is minimal with this property. We define
7((f,x), (9,v)) as the pair of h and the pair of images of  and y in (X x Y),.

For a simplicial diagram C, in TopCat whose functor of objects is constant, applying the
fat realization to the mapping spaces thus defines a topological category ||Ce||. The analogous
construction also works for simplicial diagrams in simplicial categories.

DEFINITION B.1. Consider the category of topological groupoids as enriched over itself. Define
Orb%P4 as the full enriched subcategory on the groupoids {G = pt} for G compact Lie. We
define the Gepner-Henriques global orbit category Orb’ as the topological category || Orb%Pd ||
(cf. [GHO7, Remark 4.3]). Concretely, we have

Mapoyy (H.G) = [Mapy, . \(H = pt,G = pt)]|
if we identify its objects with the corresponding compact Lie groups.

To compare Orb’ with our definition of Orb, we have to investigate the precise homotopical
meaning of taking homwise fat realization of a simplicial diagram of topological categories.

For us, a functor between topological or simplicial categories is a (Dwyer—Kan) equivalence
if it is a weak equivalence on all mapping spaces and an equivalence on homotopy categories.
Homwise geometric realization and singular complex define inverse equivalences between the
relative categories TopCat and sCat. As the latter can be equipped with the Bergner model
structure, we see that both have all homotopy colimits. We moreover recall the Rezk model
structure on Fun(A°P,sSet) from [Rez01].

ProrosiTiON B.2. Let C, be a simplicial diagram in TopCat whose functor of objects is
constant. Then ||C,|| is a model for the homotopy colimit hocolimaer Ce in topological categories.
Furthermore, the analogous statement is true for simplicial categories.

Proof. Observe first that homwise geometric realization and singular complex define an equiv-
alence between the relative categories TopCat and sCat. As the geometric realization functor
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sSet — Top commutes with fat realization of simplicial objects, it suffices to show the statement
for simplicial categories.

We will use the nerve functor 9: sCat — Fun(A°P, sSet) defined as follows: given a simplicial
category C, the zeroth space of JMC is the set of objects, the first space is the disjoint union
over all mapping spaces and the higher ones are disjoint unions of products of composable
mapping spaces. To analyze this functor, we introduce the intermediate category SeCat of Segal
precategories, i.e. objects of Fun(A°P, sSet) whose zeroth space is discrete. In [Ber07], Bergner
writes 91 as a composite

sCat 2 SeCat > Fun(A°P, sSet).

The functor R is a right Quillen equivalence for a certain model structure on SeCat. The functor I
is a left Quillen equivalence from a different model structure with the same weak equivalences and
all objects cofibrant to the Rezk model structure on Fun(A°P, sSet). Thus, we see that 91 induces
an equivalence of relative categories between fibrant simplicial categories and Fun(A°P,sSet)
with the Rezk equivalences. In particular, 91 preserves and reflects homotopy colimits on fibrant
simplicial categories.

As fat realization commutes with disjoint unions and is homotopically strong symmetric
monoidal, we see that 91 intertwines the homwise fat realization in sCat with the levelwise fat
realization in Fun(A°P, sSet) up to levelwise equivalence of simplicial spaces. Moreover, levelwise
fat realization is a homotopy colimit for levelwise equivalences of simplicial spaces and hence also
for Rezk equivalences (as the Rezk model structure is a left Bousfield localization of the Reedy
model structure). We deduce that homwise fat realization is a homotopy colimit in simplicial
categories. ]

COROLLARY B.3. Let Co be a simplicial diagram Co in TopCat whose functor of objects is
constant. Then N Sing ||C|| is equivalent to hocolimpaor N Sing C,, where Sing and || — ||
are formed on the level of mapping (simplicial) spaces.

Proof. Applying the singular complex to the mapping spaces of a topological category results in a
fibrant simplicial category. The coherent nerve N preserves homotopy colimits of fibrant sim-
plicial categories (as the right derived functor of N defines an equivalence of oo-categories
between simplicial categories and quasi-categories). As Sing also commutes with homotopy
colimits, the result follows from the preceding proposition. O

Our main interest in simplicial diagrams of topological categories lies in their association
with topological groupoids (and, thus, to Orb’): we can associate to a topological groupoid X, a
simplicial topological space and following [GHO07] we denote by || X,|| the fat realization of this
space. On the level of categories we obtain from a category enriched in topological groupoids
a simplicial diagram in topological categories with a constant set of objects. We obtain the
following further corollary.

COROLLARY B.4. Let C be a category enriched in topological groupoids. Let ||C|| be the topologi-
cal category obtained by applying || — || homwise. Then the associated co-category N Sing ||C||
can alternatively be computed as follows: apply Sing homwise to C to obtain a simplicial dia-
gram in groupoid-enriched categories, take the associated co-categories and take their homotopy
colimit.

Recall that Orb®PY is the full subcategory of the TopGpd-enriched version of TopGpd on the
objects of the form {G = pt} for G compact Lie. Applying Sing to the mapping groupoids results
in a simplicial object Orbf;pd in groupoid-enriched categories whose mapping groupoids in level n
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are Maprypcpa(G x A" = A", H = pt). (Recall here that Mapp,,apq denotes the groupoid and
not the topological groupoid of maps.) There is a corresponding simplicial object Olrbftk whose
nth groupoid enriched category has mapping groupoids Mapg (A" x BG,BH). Stackification

provides a map Orb$P4 — OrbSt™ of simplicial groupoid-enriched categories.

LEMMA B.5. The map Orb$P4 — OrbSt™* defines in each level on each mapping groupoid an
equivalence.

Proof. Let H and G be compact Lie groups. We have to show that
MapTopGpd(G x A" = Anv = pt) - MapStk(An X BGvBH)

is an equivalence of groupoids. As BH is a stack and stackification is left adjoint, the target
is equivalent to Mapp,. g (G x A" = A" BH). This groupoid is the groupoid of H-principal
bundles on {G x A™ = A"}: an object is a principal H-bundle on A™ with an isomorphism
between the two pullbacks to G x A™ satisfying a cocycle condition. As every principal
H-bundle on A™ is trivial, we may up to equivalence replace this groupoid by the subgroupoid
where we require the H-principal bundle on A™ to be equal to H x A™. This subgroupoid is
precisely Mapr,,¢pa(G X A" = A", H = pt). The set of objects is Map(A”, Hom(G, H)) and
the set of morphisms is Map(A™ Hom(G, H) x H). O

Recall that we can view every groupoid-enriched category as a quasi-category via the Duskin
nerve NP"K: this is isomorphic to taking the homwise nerve and applying the coherent nerve.
Note further that, by construction, there is for each n a fully faithful embedding NPUsk Orb,sltk —
Stk[A™], with [A™] as in the preceding appendix. These define a morphism of simplicial diagrams
which are constant on objects, and thus taking hocolimaer results in a fully faithful embedding

hocolimaer NP5 OrbSt — Stk

with image Orb, where Stk is as in Definition 2.2 (cf. Lemma A.4). By composing this with
the equivalence of the preceding lemma, we obtain an equivalence

hocolimper NP OrbSPd — Orb .

By Corollary B.4 the source can be identified with NP Sing Orb’, i.e. with the oo-category
associated with Orb’. Thus, we obtain the goal of this appendix.

PrOPOSITION B.6. Stackification induces an equivalence between Orb and the oo-category
associated with Orb’.

Appendix C. The oo-category of G-spectra

The aim of this appendix is to introduce the co-category of equivariant spectra, compare it with
the theory of orthogonal spectra, and deduce from Robalo’s thesis a universal property of this
oo-category. Other oo-categorical treatments of G-spectra for (pro)finite groups G include
[Barl7] and [Narl6].

C.1 G-spaces and G-spectra

We first review a construction of co-categories from 1-categorical data: a relative category is
a category with a chosen class of morphisms, called weak equivalences, containing all identities
and closed under composition. To every relative category C, we can consider an oo-category LC,
which universally inverts all weak equivalences. We recall the following functorial construction:
Let core: Cato, — S be the right adjoint of the inclusion (i.e. the maximal co-subgroupoid) and
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consider the resulting functor
Catoe — Cat2ll, € (core(C) — Q).

This functor preserves limits and is accessible (as the same is true for core) and, thus, the
adjoint functor theorem implies that it admits a left adjoint Lo : Catvo[l] — Cateo. The universal
property of the adjunction implies that C ~ L. (& C C) — Loo(W C C) is a localization at W in
the sense of [Cis19, Definition 7.1.2]. Let RelCat denote the (2, 1)-category of relative categories,
weak-equivalence-preserving functors and natural isomorphisms. Viewing (2, 1)-categories as oo-

categories as before, we obtain a composite functor

RelCat — Cat®l — Cat{M ELR Catoo,

which we define to be L.

From now on let G be a compact Lie group. We denote by Top® the relative category of
(compactly generated, weak Hausdorff) topological spaces with G-action, where weak equiva-
lences are detected on fixed points for all closed subgroups H C G. We denote by S¢ = L Top®
the associated co-category.

Denote by Orbg the orbit category. This is the co-category associated to the full topological
subcategory of Top on the G/H where H is a closed subgroup; equivalently, it is the full sub-oo-
category of S¢ on the same G/H (cf. [Lurl2, Theorem 1.3.4.20]). Elmendorf’s theorem implies
that

S¢ — Fun(OrbY,S), X — Map(—, X)

is an equivalence. While Elmendorf’s original article [Elm83] only showed an equivalence of
homotopy categories, this was upgraded to an equivalence of homotopy theories in [DK84]. The
precise oo-categorical version we are stating can be found in [LNP22, Example 8.2].

There are also pointed versions: calling a G-space well-pointed if all its fixed points are well-
pointed, we denote by Topf the relative category of well-pointed topological G-spaces and by
S¢ the associated oo-category. By the dual version of [Cis19, Corollary 7.6.13] or by [LNP22,
Proposition 2.3], this agrees with pointed objects in S¢ and, thus, S¢ ~ Fun(Orpr, Sy).

Given an orthogonal G-representation V', we denote by SV its one-point compactification and
by £V the functor — A SY. This defines a homotopical functor Top*G — Topf. Indeed, by [Sch18,
Proposition B.1(iii)], we have (SV A X)H# = §V" A XH This reduces to the non-equivariant ver-
sion, where it is well-known (see also [Schl8, p. 258]). We remark that the induced functor
S¢ — 8¢ agrees with the tensor — ® SV in the pointwise monoidal structure on Fun(Orb/?, S).

We fix in the following an orthogonal G-representation /. In the main body of this article,
this will always be a complete universe, i.e. U is countably-dimensional and contains up to iso-
morphism every countable direct sum of finite-dimensional orthogonal G-representations. (This
always exists as shown in, e.g., [Sch18, p. 20].)

Informally speaking, we obtain the co-category Spg of G-spectra by inverting all subrepresen-
tations of U on S¢. More precisely, let Suby; be the poset of finite-dimensional subrepresentations
of U. We define a (pseudo-)functor T': Suby — RelCat sending each V to Topl. Given an
inclusion V C W, we denote by W —V the orthogonal complement of V in W and define

the relative functor T'(V C W) as Top& = TopC. In particular, this induces a functor
LT: Suby — Cats.

By its characterization as a functor category, S¢ is presentable, and for each V C W, the
functor LT(V C W) is a left adjoint with right adjoint Q"' ~". As by Illman’s theorem [I1183,
Corollary 7.2], SW~V has the structure of a finite G-CW-complex, QW ~V: S& — S& preserves
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filtered colimits (as can, for example, be shown by induction over the cells) and, hence, X"~V
preserves compact objects. Thus, LT can be seen as taking values in the oo-category Caty,
of compactly generated oo-categories and compact-object-preserving left adjoints. (We refer to
[Heu21, Appendix A] for a quick overview of compactly generated oco-categories.)

DEFINITION C.1. The oo-category Splcj of G-spectra is the colimit over LT in CatZ . If U is a
complete universe, we write Sp& for Spg . We denote the map S¢ — Spg corresponding to the
subspace 0 C U by X*°.

By [Heu2l, Lemma A.4], we can write the compact objects in Spg as the idempo-
tent completion of colimgyp, (S¢)¥, where (S&)“ are the compact objects and the colimit
is taken in oo-categories. Thus, Spg agrees with the ind-completion of this colimit [Lur09a,
Proposition 5.5.7.8]. If U is countably-dimensional, we can find a cofinal map N — Suby, and,
furthermore, the map from the underlying graph of N to the nerve of N is cofinal (using, e.g.,
[Lur09a, Corollary 4.1.1.9]), making this colimit particularly easy to understand.

Another perspective on this colimit is as the limit over Subzc/),p of the diagram T% with

VJ‘
TRV c W) = (8¢ 2, SY) (see [Lur09a, Proposition 5.5.7.6, Remark 5.5.7.7]). This way we
also see that the colimit defining Spg agrees with the corresponding colimit in the oo-category
Pr¥ of presentable co-categories.

C.2 Comparison to orthogonal spectra

We want to compare our definition of G-spectra with the (maybe more traditional) definition via
orthogonal spectra. Thus, let Spg be the relative category of G-objects in orthogonal spectra,
whose weak equivalences are the stable equivalences with respect to a complete universe U
(which we will fix from now on). We refer to [HHR16], [Sch14], [MMO02], and [Sch18] for general
background on equivariant orthogonal spectra. We will use the stable model structure from
[MMO02, §II1.4].

LEMMA C.2. The oco-category L Spg is compactly generated.

Proof. The oo-category L Spg has all colimits and these can be computed as homotopy colimits
in Sp§ (see [Lur09a, §4.2.4]). By [Lur09a, Proposition 5.4.2.2] it thus suffices to obtain a set of
compact objects generating Spg under filtered homotopy colimits.

To that purpose we first choose a set C’' of pointed G-spaces such that every pointed finite
G-CW complex is isomorphic to an object in C’. We define C as the set of all 3™V E®X for X € C’
and V an orthogonal subrepresentation of the universe ¢. Here, 3V X>® X = Fy(X) with Fy
being the left adjoint to the evaluation evy from Spg to pointed G-spaces. As in [HHR16, B.4.3],
we can pick a cofinal map N — Suby; with images V,, and an arbitrary orthogonal G-spectrum
FE to form zig-zags

VYR E(V,) & BTV gy Vet Ve BV, L) — BTV IR E(V, 1),

all mapping to E. Pasting the zig-zags and taking the homotopy colimit produces an equivalence
hocolim X~V» ¥ *° E(V,,) — E (as one sees by taking homotopy groups). Each E(V},), in turn, can
be written as a filtered colimit in S& of finite G-CW complexes and, thus, each 3~V E®°E(1},)
as a filtered colimit of objects in C. 0

We remark that ¥°°: Top& — Spg is homotopical by [Sch18, Proposition 3.1.44]. Thus, ¥
descends to a functor S¢ — L Sp$.
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LEmMA C.3. Given X,Y € Sf’w, the zig-zag

colimy egub,, Mapge (Y X, 2VY)

|

MapL Spg (ZOOX7 EOOY) — COlimVGSubu MapL Spg (ZOOEVX’ ZOOEVY)

consists of equivalences.

Proof. The horizontal map is an equivalence as ¥°° commutes with £V and the latter defines an
equivalence on L Spg.

For the other equivalence recall that the fibrant objects in the stable model structure
are the G-Q)-spectra, i.e. the orthogonal G-spectra Z such that the adjoint structure maps
Z(V) — QW Z(V @ W) are G-equivalences for all representations V,W. One checks that the
orthogonal G-spectrum (XVY)" given by (YY), = hocolimy eguy, @V SV +"2VY  defines a
fibrant replacement for X°XVY. Moreover, we can assume that X is a G-CW complex so
that 2°°XV X is cofibrant. Thus, we can compute Map, SpG (2°2V X, 2°2VY) as the mapping

space in the topological category of orthogonal G-spectra between XV X and (XVY). As ¥
is adjoint to taking the zeroth space, this agrees with

Mapge (XY X, hocolimyesup, 2V 2V YY) ~ colimyegyp, Mapge (BV Y X, 2V 9Vy),
The map
colimy esun, Mapse (57X, BVY) — colimy,yegur, Mapse (B Y X, 5V #Vy)
is clearly an equivalence. n
PROPOSITION C.4. There is an equivalence Sp© ~ L Spg.

Proof. Analogously to the functor T': Suby — RelCat considered before, we can consider a
(pseudo-)functor T”’: Suby — RelCat that sends each V' to Sp& and each inclusion V C W to
YW=V with W — V the orthogonal complement of V in W. (The functors "~V Spgv — Spgv
are indeed homotopical by [Sch18, Proposition 3.2.19].) As W~V Sp& — Sp& defines an equiv-
alence of associated oco-categories, we can identify the colimit of LT’: Suby — Cat¥, with
L Spg.

As ¥W=V¥> is canonically isomorphic to ®°X"W =V we see that ¥ defines a natural
transformation T = T”. Taking colimits of the associated natural transformation LT = LT’
(with values in Cat¥,), we obtain a functor F': Sp® — L Sp& in Cat¥..

By definition, precomposing F' with the map ¢y : S¢ — Sp¥ associated with a subrepre-
sentation V' C U, sends some X € S up to equivalence to ¥~V E®X (as all choices of V-fold
desuspensions are equivalent). As such orthogonal spectra generate L Spg via colimits, Sp“ has
all colimits and F' preserves them, we see that F' is essentially surjective.

As SpY is compactly generated, every object in Sp” is a filtered colimit of objects of the
form ¢y (X) with X € S¢ compact. As a mapping space in a filtered colimit of co-categories is
just the filtered colimit of mapping spaces,'® we can identify the map

Mapg,a (v (X), v (Y)) — Map,, Spé (Fuy(X),Fuy(Y))

13 One easy way of seeing this is by identifying the mapping space between X and Y in some co-category C with
the fiber product pt X ,ya1 A in Catoo, where the map pt — COA" (lassifies (X,Y). As both A" and A! are
compact in Cateo, the result follows.
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with the natural map from colimy cywesub, Mapgc (EVVX, SWVY) to
. WV WV -V -V
colimy cyw eSuby, MapLSpg (X% X, X% Y) ~ Map, Spg(Z YXX,NTVE®X),

which is an equivalence by the previous lemma. Thus, F' is fully faithful. O

C.3 Symmetric monoidal structures and universal properties

Next, we want to deduce a symmetric monoidal universal property for Sp®. Recall to that
purpose that an object X of a symmetric monoidal co-category is called symmetric if the cyclic
permutation map acting on X ® X ® X is homotopic to the identity.

LEMMA C.5. Let G be a compact Lie group and V an orthogonal G-representation. Then SV
is symmetric in G-spaces.

Proof. We can write V' as @, Wfani, where the W; are irreducible. By Schur’s lemma the group
of G-equivariant automorphisms Autg (V) of V is isomorphic to [[; GLy,k;, where k; =R,C
or H. Thus, mg Autg V is a finite product of Z/2. As the cyclic permutation o: V3 — V&3 is
of order 3, we see that o is in the path-component of the identity in Autg (V). Taking one-
point compactifications, we see that the cyclic permutation of S A SV A SV is homotopic to the
identity. O

Recall that a symmetric monoidal oco-category is presentably symmetric monoidal if it is
presentable and the tensor products commutes in both variables with colimits. (Equivalently, it
is a commutative algebra in the co-category Pr¥ of presentable oo-categories.) Robalo shows in
[Rob15, Proposition 2.9 and Corollary 2.20] the following.

THEOREM C.6. Let C be a presentably symmetric monoidal category and X € C a symmetric
object. Let Stabx C be the colimit of

®X

c 22X 08X, .

C

in Pr’. Then C — Staby C refines to a symmetric monoidal functor and for any other presentably
symmetric monoidal co-category D and a symmetric monoidal left adjoint F': C — D, sending
X to an invertible object, there is an essentially unique factorization over a symmetric monoidal
left adjoint Stabx C — D. Moreover, the resulting square

C —— StabXC

e
e
e

D ; StabF(X) D

consists of two commutative triangles.

Proof. Everything except for the last statement is directly contained in the cited statements
of [Rob15]. For the last statement, we have to open up slightly the box of proofs. In [Robl5,
Proposition 2.1] Robalo shows the existence of a left adjoint C?&  to the inclusion of presentably
stable symmetric monoidal oo-categories under C where X acts invertibly to all presentably
stable symmetric monoidal co-categories under C. The symmetric monoidal functor F' induces
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the following commutative diagram.

~

C — L& x(C) — > L& (Stabx C) ——— Stabx C

L |

D = ﬁ?@’,X(,D) — £?®7X(StabF(X) D) = StabF(X)D

The functor Stabx C — D is the composite of the inverses of the two upper horizontal arrows
and the diagonal arrow. The statement follows from the commutativity of the two triangles in
the diagram, which follows, in turn, from the triangle identity of adjoints. g

This theorem does not directly apply to our situation, as we do not invert just a single
object, but SV for all (irreducible) finite-dimensional representations V. We nevertheless obtain
the following.

COROLLARY C.7. The functor °: S& — Sp% refines to a symmetric monoidal functor. More-
over, for any symmetric monoidal left adjoint F: S& — D into a presentably symmetric monoidal
oo-category D such that F(SY) is invertible for every irreducible G-representation V', there is an
essentially unique symmetric monoidal left adjoint F: Sp® — D with an equivalence FX>® ~ F.

Proof. Choose irreducible orthogonal G-representations Vi, Vs, ... such that every irreducible
G-representation is isomorphic to exactly one of these. Then Sp® can be identified with the
directed colimit

S¢ — Stabgy, S¢ — Stabgy, Stabgy, S¢ — - -

in Prl.

The forgetful functor from presentably symmetric monoidal co-categories under S to Pr’
preserves filtered colimits. Inductively, we see by the previous theorem that all the map-
ping spaces from Stabgv, - --Stabgv, S% to D, computed in presentably symmetric monoidal
oo-categories under S, are contractible, and thus the same is true if we go the colimit. O

The result we actually use will rather be a version for small categories. For this we denote by
SE the subcategory of S¢ of finite G-spaces, i.e. the subcategory generated by finite colimits
from the orbits G/H for all closed subgroups H C G. Moreover, Sp&« denotes the oo-category
of (retracts of) finite G-spectra, i.e. the compact objects in SpY. It is easy to see that the
functor ¥°°: 8¢ — Sp& restricts to a functor £°: SGfin _, Sp“«. Analogously, we can define
an oo-category S of unpointed finite G-CW-complexes and obtain a functor S&fin — S&fin

by adjoining a disjoint base point. The composition of these functors will be denoted by »°.

CoOROLLARY C.8. Let D be a presentably symmetric monoidal co-category and F': Sf’ﬁn —

D°P be a symmetric monoidal functor that preserves finite colimits, sends every object to a
dualizable object, and every representation sphere to an invertible object. Then F' factors over
yoo, SGHfin Sp&¥ to produce a finite-colimit-preserving functor Sp&~ — DOP.

Proof. Denote by D@ the dualizable objects in D. Dualizing yields a symmetric monoidal
functor

F/Z Sf,ﬁn N Ddual,op N Ddual c D.

The functor F’ factors over S — Ind(S*G ’ﬁn) ~ SC yielding a colimit-preserving symmetric
monoidal functor S¢ — D. Applying the previous corollary, this factors over a functor Sp® — D,
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which we can restrict again to Sp™*. The compact objects agree with the dualizable objects and
thus dualizing once more yields the result. O

We want to compare the symmetric monoidal structure defined on Sp® above with the
symmetric monoidal structure coming from the category Spg of orthogonal spectra. For that
purpose we want to recall how to pass from a symmetric monoidal model category to a symmetric
monoidal oo-category. This was already discussed in [Lurl2, §4.1.7] and [NS18, Appendix A],
but we sketch a more elementary treatment (suggested to us by Daniel Schéppi). The starting
point is a symmetric monoidal relative category (C, W, ®), i.e. a symmetric monoidal category
with a subcategory of weak of equivalences W such that c® d — ¢ ® d is a weak equivalence
if ¢ — ¢’ is. We will assume that VW contains all objects and satisfies 2-out-of-6; this implies, in
particular, that WV contains all isomorphisms. An important class of examples is the category of
cofibrant objects in a symmetric monoidal model category.

As sketched in [Seg74, § 2], every symmetric monoidal category defines a functor I'°? — Cat,
sending 0 to the terminal category and satisfying the Segal condition. In case of a symmetric
monoidal relative category, this lifts to a functor I'°? — RelCat into the category of relative
categories and weak-equivalence-preserving functors. This satisfies the Segal conditions both on
underlying categories and categories of weak equivalences. The localization functor L: RelCat —
Caty, preserves products [Cis19, Proposition 7.1.13]. Thus, composing our functor I'? — RelCat
with L we obtain a functor from I'°P into Cat, satisfying the Segal conditions and, thus, defining
a symmetric monoidal co-category (see [Lurl2, Remark 2.4.2.2, Proposition 2.4.2.4]).

Going back to equivariant homotopy theory, we consider again the stable model structure
of [MMO02, §I11.4] on Spg. The stable model structure satisfies the pushout-product axiom with
respect to the smash product [MMO02, Proposition II1.7.5] and its unit S is cofibrant: thus, its
category Spg’COf of cofibrant objects defines a symmetric monoidal relative category and L Spg’COf
obtains the structure of a symmetric monoidal oco-category.

ProrosiTiON C.9. The equivalence in Proposition C.4 refines to a symmetric monoidal equiv-
alence between Sp® with the symmetric monoidal structure from Corollary C.7 and L Spg’COf ~
L Spg with the symmetric monoidal structure induced by the smash product.

Proof. By definition of the generating cofibrations in [MMO02, § I11.2] one observes that the sus-
pension spectrum functor °: Top¥ — Spg preserves cofibrant objects, where we consider on
Top*G the model structure where fibrations and weak equivalences are defined to be those maps
that are fibrations and weak equivalences, respectively, on fixed points for all subgroups. As 3>
is strong symmetric monoidal, we see that the resulting functor S¢ — L Spg is strong symmetric
monoidal again (since it defines a natural transformation of functors from I'°P).

As the smash product on Spg commutes in each variable with colimits and colimits in L Spg
can be computed as homotopy colimits in Spg, the induces symmetric monoidal structure on
LSpg commutes with colimits in both variables. As, moreover, 3°° sends all representation
spheres to invertible objects, the universal property Corollary C.7 yields a symmetric monoidal
functor Sp® — LSpg’COf. The last part of Theorem C.6 implies that the underlying functor
of oo-categories agrees up to equivalence with the equivalence we have constructed in
Proposition C.4 (once restricted to cofibrant objects). u

C.4 The Wirthmiiller isomorphism

As alast point we want to state the Wirthmiiller isomorphism. Note to that purpose that for every
compact Lie group G and every closed subgroup H C G the restriction functor Sp® — Sp has
two adjoints, which we denote by G4+ ® — and MH(GJ,_, —). We need these adjoints only on
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the level of homotopy categories, where they are well-known, e.g., by comparing with orthogonal
spectra.

THEOREM C.10 (Wirthmiiller). Let L = T,yG/H be the tangent G-representation. Then there
is for every X € Sp! an equivalence G4 @ X — MapH(G+, St @ X).

References include [May03] and [Sch18, § 3.2]. (While the latter constructs in (3.2.6) only the
Wirthmiiller map on the level of homotopy groups, it is clear the same construction defines it as
a transformation of homology theories. As the G-stable homotopy category is a Brown category
[HPS97, Example 1.2.3b, §4.1], this can be lifted to a map in Sp®.) The special case we need is
as follows.

CoroLLARY C.11. Let L be the tangent representation of G. Then there is an equivalence
between ¥°G, ® S~ and the Spanier-Whitehead dual DX*G, .

This special case can also be seen as special cases of equivariant Atiyah duality [LMSMS86,
Theorem II1.5.1].

Appendix D. Spectral algebraic geometry of the big étale site

The purpose of this appendix is to establish a few facts that are necessary to work with the big
étale site. Before we recall its definition, we need the following definition.

DEFINITION D.1. Call a morphism f: Y — Z of spectral Deligne-Mumford stacks 0-quasi-
separated if it is quasi-compact and n-quasi-separated if the diagonal Af:Y — VY xzVY is
(n — 1)-quasi-separated. If Y — SpecS is n-quasi-separated, we say that Y is n-quasi-separated.

Note that being 1-quasi-separated agrees per definition with being quasi-separated. As will
follow from the next lemma, the notion of being n-quasi-separated is moreover closely related to
being n-quasi-compact in the sense of [Lurl6]: a spectral Deligne-Mumford stack Y is k-quasi-
separated for all 0 < k < n if and only if it is n-quasi-compact (cf. [Lurl6, Proposition 2.3.6.2]).

LEMMA D.2. Let f: Y — Z be a morphism of spectral Deligne-Mumford stacks and let n > 0.

(1) Being n-quasi-separated is local in the étale topology on the target and closed under base
change. Moreover, it is closed under composition and under products.

(2) Every spectral affine scheme is n-quasi-separated for all n.

(3) If Z is affine, f is n-quasi-separated if and only if Y is n-quasi-separated.

(4) The morphism f is n-quasi-separated if and only if Spec A xz Y is n-quasi-separated for all
Spec A — Y. In fact, it suffices to check against an étale cover.

(5) The stack Y is (n + 1)-quasi-separated if and only if for all n-quasi-separated U and V', the
fiber product U xvy V is n-quasi-separated.

Proof. That being n-quasi-separated is local in the étale topology, closed under base change and
products follows inductively from the corresponding statement for quasi-compact morphisms
[Lurl6, Proposition 2.3.3.1, Corollary 2.3.5.3, and Example 6.3.3.6]. For composition, note that
for a morphism g: X — Y, the morphism X xy X — X xz Xis a base change of Ay: Y — Y xz Y.

Thus, if Ay and A, are (n — 1)-quasi-separated, so is the composite X 2, Xxy X —= XxzX,
using induction (see [Lurl6, Corollary 2.3.5.2] for the case n = 0). This yields part (1).

By induction, one shows that morphisms between affine schemes are n-quasi-separated for all
n, giving part (2). Assume that point (3) holds for a given n and that Z is affine. Then Y — Z is
(n + 1)-quasi-separated if and only if Spec A xy Spec A — Spec A xz Spec A is n-quasi-separated
for all Spec A — Y that are part of an étale cover. By induction, this is true if and only if
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Spec A Xy Spec A is n-quasi-separated. This happens if and only if Y itself is (n + 1)-quasi-
separated. This yields part (3).
Point (4) follows from parts (1) and (3). The pullback square

UxyV —UxV

_

Y ——YXxY
shows that point (5) follows from parts (1) and (4). O

Recall from the conventions that we assumed all our spectral Deligne-Mumford stacks to
be locally noetherian and n-quasi-separated for all n > 1. For clarity, we will be explicit about
these conventions in this appendix and not assume them implicitly. It will be established in
the proof of Lemma D.5 that every quasi-separated spectral scheme and every quasi-separated
spectral Deligne—-Mumford 1-stack with a quasi-separated diagonal is n-quasi-separated for all
n > 1. Thus, this condition is rather mild and forms a natural higher analogue of the usual quasi-
separatedness condition. In particular, it is fulfilled by the (connective cover) of the moduli stack
of oriented spectral elliptic curves, which underlies TM F'.

Let M be a (locally noetherian) spectral Deligne-Mumford stack that is n-quasi-separated
for all n. Recall from Definition 5.3 that its big étale site is defined to comnsist of all spectral
Deligne-Mumford stacks that are almost of finite presentation over M and n-quasi-separated
for all n > 1. (Local noetherianity of objects in the big étale site is automatic if M is locally
noetherian by [Lurl6, Remark 4.2.0.4].) This co-category has all pullbacks. Indeed, as observed
above, being n-quasi-separated for all n > 1 is preserved by pullbacks. For being almost of finite
presentation, use [Lurl2, Corollary 7.4.3.19]. With the étale topology, the big étale site thus
becomes indeed a site and we define Shv(M) as the oco-category of space-valued sheaves on the
big étale site. To establish that Shv(M) is an oco-topos, we need to establish that the big étale
site is a small oco-category (which is the whole reason for imposing a finiteness condition). For
this, in turn, we first need the following result of general interest.

LEMMA D.3. Let P be a property of morphisms of spectral Deligne-Mumford stacks that is
étale-local on the target, and denote for any spectral Deligne-Mumford stack M by SpDM}’,V| the

oo-category of morphisms N — M in P. Then M +— SpDM})M satisfies étale hyperdescent. This
applies, in particular, to the functor sending M to its big étale site.

~

Proof. Let S be the very large oo-category of large spaces and denote by X' = S/}R’ét(Aff ,S) the
very large co-topos of large étale hypersheaves on spectral affine schemes. Let Uy — M be a hyper-
cover of a spectral Deligne-Mumford stack. Since X" is hypercomplete, this defines a colimiting
diagram in X. By descent in co-topoi, this implies that Xy — limeea Xy, is an equivalence.
Since the functor of points functor from the oo-category of spectral Deligne-Mumford stacks
SpDM to X is fully faithful [Lurl6, Proposition 1.6.4.2], we see that SpDM}DM — limgea SpDMfU.
is fully faithful. For essential surjectivity, we need to show first that for a morphism N — M in
X, the functor N is spectral Deligne-Mumford if Uy xp N is. This follows since Uy xp N — N
is an étale cover, which we can precompose with an étale cover from a disjoint union of affines.
Essential surjectivity follows now since P is étale-local on the target.

Since being almost of finite presentation is a property that is étale on the target by [Lurl6,
Example 6.3.3.6(11,13)], the last point follows as well. O

LEMMA D.4. Given a locally noetherian non-connective spectral Deligne—Mumford stack M that
is n-quasi-separated for all n > 1, its big étale site is an essentially small co-category.
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Proof. Recall from [Lurl2, Proposition 7.2.4.27(4)] that for a connective E-ring A, a connective
E-A-algebra B is almost of finite presentation if each of its truncations 7<, B is a compact
object of 7<,, CAlg,. As the oo-category of compact objects in CAlg, is essentially small and
B ~ lim,, 7<,, B, we see that the full subcategory of CAlg 4 consisting of those connective algebras
almost of finite presentation is essentially small as well.

For the general case, we may assume that M is a spectral Deligne-Mumford stack. By
Lemma D.3, formation of the big étale site satisfies hyperdescent. Choosing a hypercover by
disjoint unions of affines reduces to the case M = Spec A. By definition, we see that for every
étale map Spec B — Z for Z almost of finite presentation over Spec A, the A-algebra B must be
almost of finite presentation over A. Thus, there is up to equivalence only a set of possible hyper-
covers of some Z almost of finite presentation over Spec A such that each stage is a finite union
of affines. As we can recover Z as the geometric realization of the hypercover (e.g. in étale hyper-
sheaves, as in the proof of Lemma D.3) and Z is quasi-compact by [Lurl6, Propositions 2.3.1.2
and 2.3.5.1], this proves the lemma. ]

Let M = (M, Onm) be a spectral Deligne-Mumford stack. Our final goal for this appendix is
to compare M and Shv(M). By the definition of a spectral Deligne-Mumford stack, for every
U € M, the pair consisting of the slice topos M ; and the restriction of Oy to it is a spectral
Deligne-Mumford stack. By the definition of étale morphisms ([Lurl6, §1.4.10]), these are (up
to equivalence) precisely the spectral Deligne-Mumford stacks that are étale over M. If M is
n-quasi-separated for all n > 1, then Y € M lies in the big étale site of M if Y is n-quasi-separated
for all n > 0. Indeed, by [Lurl6, Proposition 2.3.1.2] étale morphisms are automatically locally
almost of finite presentation. If M is an n-stack, denote by Mg the full subcategory of M on
these objects which are additionally n-truncated. Recall that M is an n-stack if M(Spec R) is
n-truncated for all classical rings R. The restriction of the canonical topology on M defines a
topology on Mg;.

LEMMA D.5. Let M be a spectral Deligne—-Mumford n-stack. Then restriction defines an
equivalence M ~ Shv(M) ~ Shv(Mg).

Proof. We claim that every n-stack Y is (n + 2)-quasi-separated. Indeed, since U xy V' is an
(n — 1)-stack for affines U and V mapping to Y, we can assume that Y is a 0-stack, i.e. a spectral
algebraic space. Thus, A: Y — Y X Y induces on each classical affine Spec R an injection of
sets; hence, Aa: Y — Y Xyyxy Y induces an isomorphism on every classical Spec R and is, thus,
an isomorphism on O-truncations. In particular, it is quasi-compact and, hence, Y is 2-quasi-
separated.

Denote by Mc, C M the full subcategory on mn-truncated objects and by ./\/llin C
M, the further full subcategory of m-quasi-separated objects for every m > k. By [Lurl6,
Lemma 1.4.7.7], every n-truncated object in M defines an n-stack and, thus, M<, = MQLJ[LQ By
the comparison lemma for Grothendieck topologies [Hoy14, Lemma C.3], M’in C M’?{Zl defines
an equivalence on oo-categories of sheaves, for every k: indeed, the crucial property is that every
X € Mt has a cover by U; € M’%n (one can take U; to be affine by [Lurl6, Proposition 1.4.7.9])
and that U; x x U; € ME_ (as follows from X being (k + 1)-quasi-separated). Thus, we obtain
a chain of equivalences

Shv(MZ,,) ~ -+ ~ Shv(MZLH?) = Shv(M<,) ~ M.

The last equivalence follows from [Lurl6, Proposition 1.6.8.5]. O
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Thus, restriction along the inclusion of Mg into the big étale site defines for any spectral
Deligne-Mumford n-stack M = (M, Om) (that is locally noetherian and k-quasi-separated for
all £ > 1) a geometric morphism Shv(M) — M.
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