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AN EXTENSION OF THE
GRUNWALD-MARCINKIEWICZ INTERPOLATION THEOREM

T.M. MiLLs AND P. VERTESI

Just over 60 years ago, G. Griinwald and J. Marcinkiewicz discovered a divergence
phenomenon pertaining to Lagrange interpolation polynomials based on the Cheby-
shev nodes of the first kind. The main result of the present paper is an extension
of their now classical theorem. In particular, we shall show that this divergence
phenomenon occurs for odd higher order Hermite-Fejér interpolation polynomials of
which Lagrange interpolation polynomials form one special case.

1. THE RESULT OF GRUNWALD AND MARCINKIEWICZ

We begin by recalling the result of Griinwald and Marcinkiewicz. Let Z* =
{1,2,3,...}. Consider the infinite, triangular array of points in [—1, 1] denoted by

(1) T := (zkn = cos((2k — I)m/(2n)) 1 k= 1,2,... ,n; n € Z%).

For each n, the points {Z1,n, Z2n, - .- , Tna} are the distinct zeros of the Chebyshev poly-
nomial of the first kind T;,(z) := cosnf where z € [~1,1], z = cos#, and 8 € {0, 7].

Let f : [-1,1) = R. Then, for each n € Z*, define the Lagrange interpolation
polynomial L,_ (T, f)(z) = L,1(T, f,z) to be the unique polynomial of degree n — 1 or
less such that L, (T, f, Zkq) = f(2kn) (k=1,2,...,n). The study of L,_(T, f, z) as
an approximation to f(z) has a long and interesting history. (See Natanson {7], Rivlin
[8], Szabados and Vértesi [12].) A classical negative result discovered by Géza Griinwald
[4], [5] and Jézef Marcinkiewicz (6], independently of each other, is the following. (See
Natanson [7} for a proof, but only for the open interval (—1,1).)

THEOREM 1. (G. Griinwald, J. Marcinkiewicz}) There exists a function f ¢
C[-1,1] such that, for all ¢ € [—1,1], the sequence {Ln_l(T, fizx):ne Z*} diverges.
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Theorem 1 is important for two reasons.

First, it shows, dramatically, that Lagrange interpolation polynomials may be very
poor approximating tools. While it is well known that, in general, Lagrange interpolation
has its faults, it is widely accepted that Lagrange interpolation based on the Chebyshev
nodes can be quite useful. Theorem 1 shows the limitations of Lagrange interpolation
even on these nodes.

Second, it is well known that there are many similarities between the approximation
properties of

(i) the partial sums of the Fourier-Chebyshev expansion of f € C[-1,1] and

(ii) the Lagrange interpolation polynomials L, _,(f, z).
These similarities can be used with great effect. For example, a result known for (i)
will suggest an analogous result for (ii). However, the analogy is not perfect. A famous
result of Carleson [2] implies that if f € C[~1,1] then the partial sums of the Fourier-
Chebyshev expansion of f converge to f almost everywhere in [—1, 1]. On the other hand,
Theorem 1 shows that this is certainly not the case for the interpolating polynomials.
Thus, Theorem 1 adds to our understanding of the relationship between (i) and (ii).

The main result of this paper is a generalisation of Theorem 1. We shall show
that the Griunwald-Marcinkiewicz divergence phenomenon occurs, not only for Lagrange
interpolation, but for certain Higher order Hermite-Fejér interpolation processes as well.
In Section 2 we describe the setting for the main result and state this result. Section 3
defines some notation and Section 4 presents a sequence of technical lemmas. The proof
of the main result is divided into two parts: the first part appears in Section 5 and the
second part in Section 6.

2. HIGHER ORDER HERMITE-FEJER INTERPOLATION

In this section, we recall the basic concepts of higher order Hermite~Fejér interpola-
tion polynomials and we state the main result of the paper.

Let m € Z* and let f : [-1,1] - R. Then, for each n € Z*, there is a unique
polynomial Hp o (T, f)(z) = Hma(T, f,z) of degree mn — 1, or less, such that

Hm,n(T; f’ xk.n) = f(xk,n) (k = 1’2’ o ,Tl)
and
HOAT, fizkn) =0 (k=1,2,...,mj=1,2,...,m—1)

where H,(,f,)n(T, f, z) denotes the j-th derivative of Hp (T, f, z) with respect to z.
We refer to Hp (T, f,z) as a higher order Hermite-Fejér interpolation polynomial
(the order being m — 1) corresponding to the function f and the n-th row of the matrix
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of nodes T. Recently there has been considerable interest in such polynomials for the
following reason.

In the case m = 1, the interpolation polynomials Hy, (T, f,z) are merely the La-
grange interpolation polynomials L, (T, f, z) discussed in Section 1. In the case m = 2,
the interpolation polynomials H,, (T, f,z) become the well known Hermite~Fejér inter-
polation polynomials which behave quite differently from Lagrange interpolation polyno-
mials. (See Natanson (7], Rivlin [8], or Szabados and Vértesi [12].) Thus, the interpo-
lation polynomials Hy, (T, f, z) generalise these classical interpolation polynomials. For
an excellent survey of these polynomials see Smith [10].

What happens when m > 2 7 It appears that, in many ways, the behaviour of
Hyn(T, f,z) is determined by the parity of m.

If mis odd, we expect that Hy, (T, f, z) may behave like Hy ,(T, f,z)} = L1 (T, f,z).
For example, Szabados [11, Theorem 2] has shown that the classical theorem of G. Faber
concerning the divergence of Lagrange interpolation can be extended to a theorem for
odd order Hermite-Fejér interpolation polynomials.

If m is even, we expect that H,, ,(T, f, z) may behave like H; ,(7, f, z). For example,
Vértesi [13, (1.4), (1.5), Theorem 2.3] has shown that certain convergence theorems for
Hermite-Fejér interpolation polynomials can be extended to theorems for even order
Hermite-Fejér interpolation polynomials.

There is no general theorem to bear out this expectation — indeed, in some specific
cases, our expectations are not realised! (For example, see Byrne et al. [1].) However,
this theme has been the basis for many research investigations and so too it is in this
paper.

The aim of this paper is to show that Theorem 1, which is concerned with the
operator L,_; = Hj,, can be extended to a result for the operator H,,, where m is any
odd number. We shall prove the following result.

THEOREM 2. Letme€ {1,3,5,7,...}. Then, there exists a function f € C[-1,1]
such that, for all z € [-1, 1],

limsup| Hynn(T, f,2)| = +o0.
n—o0

3. NOTATION

Often we shall write z for zx, = cos((2k—1)7/(2n)) and 6 for 6x », = (2k—1)7/(2n)
provided that no confusion arises. If ¥ € C[—1,1] we define ||| := sup{|¥(z)| : -1 <
z < 1}. We shall use ¢ or ¢;, ¢p,... to denote absolute positive constants; repeated use
of the same symbol does not imply equal values of the corresponding constants.

It will be necessary to refer to the fundamental polynomials of higher order Hermite
interpolation. The following technicalities and notation can be found in Szabados [11].
Suppose that m, n are natural numbers and {t,t,,...,¢,} are distinct points in [~1, 1].
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Then there exist unique polynomials {Ajr : 0 € 7 < m—1,1 < k < n} such that the
degree of Aja(z) is at most mn — 1, and

(2) A () =6 0ks (T =0,1,...,m-L;ks=12,..,n)

These polynomials are the fundamental polynomials of Hermite interpolation. Of course,
the polynomial Ajx, also depends on m and on the nodes ¢,¢,,... ,t,. Our notation
does not make this dependence explicit, but, throughout this paper, m is a fixed positive,
odd number and, in any situation, the corresponding nodes will be clear.

The fundamental polynomials are pertinent to our discussion for several reasons
including the fact that we can write

(3) Hmm(T) f) ‘T) = Z f(zk,n)AOkn(I).
k=1
We shall usually write Hp, o (f, 1) for Hpo(T, f, z).

4. LEMMAS

Our proof of Theorem 2 uses the general structure of the proof of Theorem 1 in
Natanson [7] together with more recent results concerning higher order Hermite-Fejér
interpolation polynomials.

LEMMA 1.
(i) Ifn€ Z* and S, = {zxn = cos((2k — 1)x/2n) : k = 1,2,... ,n} then
Sn N Sn+1 = 0.

(ii) If S is a finite subset of (—1,1) then there exists arbitrarily large values of
n for which S, NS =0 and S,41 NS =0 or {0}.

PROOF: See Natanson [7, p. 36]. 1]

LEMMA 2. Ifm € {1,3,5,...} then there exists a constant ¢, > 0 such that if
ne€ Ztandk €{1,2,...,n} then ||Aoknll € -

PROOF: See Smith [9). 0

LEMMA 3. Supposethatm isa fixed element of{1,3,5,7,...}, nis a fixed element
of Z*, and {t1,t,... ,t,} aren fixed, distinct nodes in [-1,1]. Let ¢ € C™![-1,1] be
such that ¢ (t,) =0 (1 < k < n;1 <j<m-—1)ande > 0. Then there exists a
polynomial R(x) such that R(t) = ¢(tx) 1<k <n), RI(t) =0 (1<k<n1<5<
m—1) and ||R - ¢|| < &.

PROOF: Let Ajin(z) (1 £ k < n; 0 < j < m—1) be the fundamental polynomials
of higher order Hermite interpolation based on the nodes {t;,...,t,}. Let P(z) be a
polynomial to be specified and define the polynomial s(z) by

s(z) == Z Aokn(z) (S(tk) — P(t)) + Z-: ZAjkn(x)(¢(j)(tk) - PY(%)).
k=1 i=1 k=1
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In passing we note that if the degree of P is sufficiently large then

n m-1 n
ZAOkn( +Z PO(tx) Ajen(z) # P(2).
k=1 =1 k=1

Define
R(z) := s(z) + P(z).

Then, by the properties of the fundamental functions Aji.(z) in (2) we have, for
1€<k<n
R(t) = s(tx) + P(te) = ¢(te) — P(tx) + P(t) = (te),

and, for 1<k <n, 1<j<m—1, we have
RY(t) = sD(t)) + PO(t,) = o9 (ts) — p(j)(tk) + PU () = 0.
Also, we have
|R(z) — ¢(z)| = |s(z) + P(z) - ¢(z)}
n m-1 n
< D Awn(@)| N6 = Pll+ D Y | Ajka(@)] 189 = PO + 1P - ¢

k=1 i=1 k=1

and so

n m-—1 n
nR-w<HWJwQ+ZNmMD+§:ww—PW(§m&h®-
k=1 i=1 k=1

Now remember that m,n and the nodes t,¢,,... ,t, are all fixed. So we can appeal to
Trigub’s theorem on simultaneous approximation (see for example DeVore and Lorentz
[3, Theorem 4.1, p. 245]) which guarantees that there is a polynomial P such that

g = P, | = PO, [|¢tm=1 — Pim=D|

can all be made arbitrarily small. Thus we can choose P so that ||R — ¢|| < &. This
completes the proof of the Lemma.

REMARK. We are not saying anything about the degree of R.
LEMMA 4. Ifn>2and1<k<n-1then

sin Bk,n >
nlcosfx, — cosbppin| = 372
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PRrROOF: We shall write 6, = 8;, = (2k — 1)7/(2n). Thus

sin 0,,
1| cos G — cos O 41|
sin gk
2n sin((Ok + 9k+1)/2) sin((9k+1 - ek)/Q)
sin 6
n(9k+1 - gk) Sin((ok + 0k+1)/2)
_l_ sin 91:
™ sin((@k +9k+1)/2) '

FE =

‘We now consider three cases.
Case 1. Suppose that 7/2 < 6k < 041 < 7. Then sin((fk + 6c41)/2) < sinby. So
1 2

E>-2—.
7~ 3m2

Case 2. Suppose that 0 < 6 < fx41 < /2. Then sin((6x + 8k+1)/2) < sin41. So

1 sin6y _ 1 26 _ 2(2k-1) 2(1 2 ) 2

Z2 =z = = == - 2 .
7w sinfgy ~ W AOy w22k + 1) #? 2k +1 3n?

Case 3. Suppose that 6, < 7/2 < 6;y,. Then (6x + 0x11)/2 =7/2. So

1 1 2
E > ;smé)k > ;r-sm7r/4 > rock
Thus, in any case, E > 2/(37?). 0
LEMMA 5. Ifme€ {1,3,5,...} and p € {3,4,5,...}, then there is a polynomial
R,(z)(= Rpm(z)) such that ||R,|| < 2 and
(V= € [~ cos(n/p), cos(r/p)] ) (3n > p) (| Hmn(Bp, 2)| > p) .

PROOF: Let ¢ be a fixed natural number: during the course of proving this lemma,
g will be specified to be sufficiently large so that certain conditions are satisfied. To begin
with, suppose that ¢ > p.

We define the sets S, := {Z1 1, T2.n,--- ;Tnn}, as in Lemma 1, and

(4) Spla) := S, N[~1,cosal.

By part (i) of Lemma 1, S, N Sp4; = @ (that is, consecutive rows of the matrix of nodes
T in (1) have no common elements).
Now we shall construct a sequence of ¢ — 1 indices

g=mn <n2<...<nq__1
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and begin the construction of a function ¢ : [-1,1] — [-1,1].
Let n; = g. Define ¢ on S,, U Sy, 41 by

Pz ) = 0 if Tkn € S"l \Sﬂx(”r/Q)
RO (—l)k_l if Tkm, € Snl (Tr/q)
and
B(Temar) = | if Tt € Snytt \ Smyar (/)
-+l =

(-1)F'if Ty 41 € Spya(n/a).

We now find another pair of consecutive rows of the matrix 7" which has almost
nothing in common with the first pair of rows. To this end, let

S = Sﬂ] U Sn.1+l
and we apply part (ii) of Lemma 1. Thus, there is ny > n; such that
SN (Sp, USn,s1) = (SN Sy,) U (SN Sp41) = {0}

We now define ¢ at all points of S,, U Sp,+1 (with the possible exception of 0 in case it
has been defined there already):

0 if Zgn, € Snp \ Sn(27/q)
¢(xk,n2) = k .
(=1)*!  if T p, € Sn,(27/q)
and
0 if Tk np41 € Snyn \ Snp+1(27/q)
¢(Ik,n2+1) = k-1 -
(-1) if Tk npt1 € Snp+1(27/q).
We have now defined the two indices ¢ = n; < n,, and defined ¢ on
(Sm U Sn1+l) U (Sﬂz U Snz+l)-
We continue this process and generate n3, ng, ... ,ng-; as follows. Suppose that i < ¢

and that we have determined
N1, N2,y 0 5 Thi-1.

By virtue of part (ii) of Lemma 1, we can choose n, > n;_; so that the set S,, U Sy, 1
has no point (or at most the point {0}) in common with the set

i—1

U(Sﬂk U Sﬂk+l)'

k=1
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We now define ¢ on the set Sp, U S, 1 {except at 0 if it has been defined there already):

A Ten) = 0 if Tk .n; € Sn; \ Sni(17/q)
" (=1)%=1 if z p, € Sp,(im/q)
and
(ZThmi+1) = 0 if Tk nitr € Spitr \ Snin (i7/q)
nit+l) —

(D)% ifzy 41 € Spis1(im/q).

In this way, we generate ¢ — 1 indices ¢ =n; < ny < ... < n,—; and define the function
¢ on all points of the set

q-1

(5) 7p = (S U Snz1)-
i=1
This set obviously depends on g: but we shall show at the very end of the proof that ¢
is a function of p and hence we denote the set by 7.
Finally we extend the domain of ¢ and define ¢ throughout the interval [—1,1] by
requiring that
(i) é(+1)=¢(-1) =0,
(ii) once all the nodes in 7, have been ordered, the function ¢ should be mono-
tonic between consecutive nodes — but not necessarily strictly monotonic,

and
(i) peC™[-1,1]and (VtET)(1<j<m—1= ¢Y(t) =0).
Thus, we have ¢ € C™~Y[-1,1] and ||¢|| < 1. By Lemma 3, there exists a polyno-

mial R such that
(i) (vte ) (R( t) = ¢(t))
(i) (Vtem) (1< -1= R(j)(t) = 0), and
(i) ||[R-¢|l <1 and hence ||R]| €

Hence R satisfies the first requirement in the statement of the lemma: it remains to show
that R satisfies the second requirement in the lemma.

Assume that z is fixed and z € [ cos(n/p),cos(n/p)}. f z =cosfand 0 K B < 7
then 8 € [r/p, m — 7 /p]. Then, because ¢ > p, we can choose an index ¢ € {2,3,... ,¢—-1}
so that

(6) (i-Vm/ggO<in/q.
By virtue of (5), corresponding to the index ¢, is an index n;. Clearly

(7 P<g<ni<ng+1
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We shall now show that either Hy, n. (R, z) or Hpn,+1(R, z) satisfies the second condition

of the lemma. We consider these one at a time. Hy .. (R, z) = Z R(zg n,)Aokn;(z) =

Z (Teni) Aokn, ().

Define r; := min{k : 0k ,, > im/q}, or equivalently,
(8) k2ri & zpn, € Sn,(in/q) © in/qg € Ok p, < 7.

Therefore
Hpni (R, T) Z(b Tk n; ) Aokn; (T).

k=r;

There are two cases to consider arising from the possibility of 0 € S, and ¢(0)
having been defined earlier.
Case 1. If either 0 ¢ S,; or 0 € Sy, and forall 1 < j <4, 0 ¢ Sy,, then

mn, R Z Z( 1’: 1AOIm. )

k=r;

Case 2. If 0 € S, and for 1 € j < 4 we had 0 € S, then ¢(0) would have been
defined to be 0,1 or —1 before considering S,,. So, for some index u we have

Hpma(R,z) = Z(_l)k-lAOkn.- (z) - (_l)u—lAOuna(I) + ¢(0) Aoun, -
k=r;
In either case, by Lemma 2, we have

3

9) Hpni(R,2) = Y (=1)*" Aokn, () + O(1)

k=r;

where O(1) depends only on m.
We now use some ideas from Szabados [11, pp.359-360]. Remember that, here,
Tk = Tk and 9/; = 9;:',“.

ni

n; vm m
Z(_l)k_lAOkn;(x) _ (cosn:6) sin” O

BOkn- (.’L‘)
m m M
= n; = (cosf — cos by)

where et
Boen.(z) > &1 (gi) 50

Tk — Tkt
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with only one of the signs in k+1 applying in any term. Note that by (6), (8) § < in/q <
f,. So we have:

ng

Y (=1)* " Agkn, ()

k=1,

n;

| cos n; 0™ sin Gy ( sin 8 m-
Gy Z
n; (cosf — cos bx) \ n;(cos B — cosbis1)

k=r;

| cos nyf|™ sin @)
>
(10) Z e kZ: (cos@ — cos )’

=7y

Vv

the last step following from Lemma 4 and 0 < (cos6 — cos ;)1 < 2™~

At this point we can follow Natanson {7, pp. 41-43] exactly. For completeness we
reproduce his calculations.

For fixed 6, the function (sint)/(cos@ — cost) is decreasing for t € (6, 7) since its

derivative is
cosfcost — 1

(cos§ — cost)?
Remember that we write 8 for . For 8 < 0 <t < 0c4; <7 we have
sin 6 sin ¢
cos® —cosf; = cosf@ — cost’

For k =r;,7;+1,... ,n; — 1, we have < 6 < G4 < 7, and hence

T sin @ Ort1 sint
_——_—_— > S —
n; cosf — cos @, 0 cosf — cost

Also,

™ sin @, i sint
_— >
2n; cosf — cos by, 9, C0sf —cost
1

Therefore,

sin 6 i sint
T Z > [ty
n; f cos 8 — cos b, g, €COs@ — cost

: sin G 1 1+ cos@
— - In ——— )
(11) n; £ Z cosf — cos b, > m ncosO—cosﬁrl >0

Now recall that 71/p < 8 < 7 — 7 /p. So
(12) 1+cosf>1-cosm/p.

On the other hand,

_q . .
(13) 0 < cos@ —cosb,, <6, —0= (Qn—)z—ﬂ)q_(l_{_g).
2n; q q
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Recall that

) -1
1',--:min{k:1<lcgn,-,z—7r < Qk——)lr}
q 2n;
So
(14) 0 Grizlm im T 7T
2n,~ T q
Also, by (6),
(15) ir/qg—6 < n/q.
Therefore, by (13), (14), (15),
(16) 0 < cos@ ~ cosb,, < 2

So, by (10), (11), (12) and (16),

ni

Z(_l)k_lAOkﬂe

k=r;

(1- cos(w/p))q)
2 '

> c3] cosm;0]™ In (

Similarly we could have obtained

n,+1 , 1—
Z(—l)k_lAOk(m.H) P C3‘COS (n,- + l)elm ln<_(_.(.:%-£ﬂ_/-a).)_q)
k=r;

Since 7/p < § < w — w/p and p > 2 it follows that sinf > sin(w/p) > 2/p. This,
together with sind = sin(n + 1)@ cosnd — sinnf cos(n + 1)8, leads to

2/p < sinf < | cosn;6] + |cos(n; + 1)6].

Thus, either |cosn;f] > 1/p (in which case define n := n;) or |cos(n; + 1)8| > 1/p (in
which case define n := n; + 1). So, with the appropriate definition of n we have

S % ln((1 - c0257(r7r/p))q>.

n

Z(_l)k_lAOkn

k=r;

(17)

Now m and p may be regarded as fixed. By (17) we can choose ¢ large enough so
that

D (14 Agkn

k=r;

could be made arbitrarily large. Hence, by recalling (9) we can choose ¢(> p) to be the
smallest natural number such that |Hm,,,(R, :z:)| > p and this completes the proof of the
Lemma. . 0

REMARK. The last sentence in the above proof ensures that ¢ is determined uniquely by
.
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5. PROOF OF THEOREM 2 IN {-1,1)

In this section we prove Theorem 2 only for z in the open interval (-1, 1).
Assume that the matrix of nodes is given by T as in (1) and that m € {1,3,5,... }.
By (3), we define the Lebesgue constant associated with the operator H,, , by

(18) Ap = max{Z'Ao,m(z)l i-1<z< 1}.
k=1
So, if g € C[-1,1], z € [-1,1] and n € Z*, then

(19) IHm,n(g’x)I < Anllgll-

We shall define a function f which will prove to be the function mentioned in the
statement of Theorem 2 (at least for (—1,1)). For each p € {3,4,5,...}, construct a
polynomial R, in accordance with Lemma 5 and let r(p) := degree R,. For each z €
(- cos(m/p), cos(m/p)], let n(z,p) > p be an index such that | Hmm(z.p) (R, z)| > p. The
existence of n(z, p) is assured by Lemma 5. By (7)

(20) p <n(z,p) € ng-1 +1=: N(p)
(since g is a function of p). Choose an infinite sequence {p;,ps, ...} of natural numbers
such that
b1 = 3
(21) Prpr > ma.x{mr )Pl 1<i< k)
Pkt > D
Pk+1 > ma.x{Apk, Pt ’/\?V(Pk)}'

Finally, define f : [-1,1] = R by

M
0

(22) | flz) = 2 \/kpk :

It remains to show that f has the required properties.
It will be useful to define the quantity

22
23 s.=5" =
(23) k§= Tor

From the third condition in (21), it follows that S is finite. Now observe that the series
in (22) is absolutely convergent because, by Lemma 5 and (23)

|Bot@)| s~ 2 _
Z VPx gx/pk_s
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Thus f, as given by (22), is a well defined element of C[-1,1].

Now let 7o € (-=1,1) and K > 0. We must find a number n such that |Hm,,,(f, xo)|
> K.

Since 1y € (—1,1), we can choose t to be so large that

T T
(24) —c0s — < g £ €COS —.
Dt Pt

Let n = n(zo,p:). Then, by (22), we can write
Ro(a) |
(=) = Z \/Pk \/Pt Z \/;Dk

(25) = A(z) + R:;( z) + B(z), say.

To see the effect of the linear operator H,,, on f, we shall examine its effect on each of
the three terms on the right hand side of (25) one at a time.
If we consider the third term in (25), then by (19), Lemma 5, (21) and (23) we obtain

|Honn(B, 2)| < X IIBII

S Z \/pk = Z\/I)H-k

k=t+1
2 > 2
< <—— ; -——)
VP é \/(p?+(k_1))

2 = 2
< (_ ¥ —-—_)
VPer1 g \/(Pt+(k—1).'0z+1)

An(2 + S)
g 22—
\/Pt+1
So, by (20) and (21),
(26) |Hmn(B, z0)| <2+ 5.

If we consider the first term in (25), we obtain

t—1

(27) Hm,n(A»z) = z Hm,n(Rpk’ I)/\/pb

k=1

By (3)

n

rnn Rp,,y ZRPI: z;,n)AOm )

Now (7) and (21) imply that

n = n(zo,p;) > pt > max{r(pl),r(pg), .. )T(pt—l)}
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and hence mn —1 > max{r(pl),r(pg),.‘. ,r(pt_l)}. So,forl<k<gt~1

m-1 n

Ry, (z) = Hna(Rp,,7) + Z Z RY)(z;0) Ajin(z)

i=1 i=1

and therefore
m-1 n

mn(Rpk,z ZZRU) xzn Jm )

Jj=t i=1
Using Markov’s inequality, Szabados [11, Theorem 2], (21) and ||R,, || < 2 we obtain, for
1<kgt-1,

m-1 n

|Hm.n(R17k’:r)| ”R‘Pk” + Z Z ”Rﬂk”T pk ]IAJ'" I

j=1 i=1

<Al (1435 rpw 2 )

]11‘—'1

< 1Byl 1+Z;r (

(

<Rl (14 e )
(
1+

IAjin(x)|
(1— 2272

)

2m 1
mr pk
14 )
< IRl e
<R (1+ 221 )

”R”*“( nr(px )) s

This inequality, (27) and (23) imply that

t—1
(28) |Hmn(A, 20)] < D 4/v/px < 28
k=1

Finally we consider the second term in (25) which, as we shall see, is the dominant
term. By the definition of n := n(zy, p:),

Ry, >l |Hmn Rﬂu%)l
29 H, (——,z —_—
(29) ™" Ve ° VP
and, according to (24), we can make p, as large as we please if z; is in the open interval
(-1,1).

From (25), (26), (28) and (29), it follows that for any K > 0 we can find n such that
|Hm,,.(f, zo)| > K. Therefore, we have shown that, for all z € (-1, 1),

(30) lim sup|Hpn(f, )| = +o0.
n—o00
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6. PROOF OF THEOREM 2 IN [—1,1]

In this section we shall complete the proof of Theorem 2. We employ the general ap-
proach suggested by Griinwald [5] and Marcinkiewicz [6] and supplement it with technical
results from Szabados [11].

As before, we assume that m € {1,3,5,...} is fixed.

In the previous section, we have shown that the function f € C([~1,1]) as defined
in (22) satisfies (30). There are four cases to be considered.

Cask 1: If (30) holds for all z € [~1, 1] then we have proved Theorem 2 completely.

Case 2: If (30) holds for all z € [—1,1) but not for z = 1, then we proceed as follows.
Construct a function 9 such that, for all z € [—1,1) the sequence {Hm,n(w,x) n o=
1,2,3,...} is bounded, but the sequence { Hmna(%,+1) : n =1,2,3,...} is unbounded.
Then the sequence {Hmna(f +%,2) :n=1,2,3,...} diverges for all z € [—1,1] and we
have proved Theorem 2 completely.

CasEg 3: If (30) holds for all z € (-1, 1] but not for £ = —1 then we proceed in a manner
similar to that used in Case 2.

CAsE 4: If (30) holds for all z € {-1,1) but not for z = £1 then we combine the
approaches in Case 2 and Case 3.

So it suffices to consider Case 2. To this end we shall construct a function ¥ €
C({-1,1)]) such that

(31) (Vz € [-1,1)) ({Hm_n(z/),z) ‘n=1,2,3,..}is bounded)
and
(32) lim sup|Hpm (%, 1)| = +o0.
n—=o0

The following subsections are devoted to defining % and proving that 1 satisfies (31)
and (32).
STEP 1. Firstly, we construct the function 3. We shall need an infinite sequence of
natural numbers n; < ny < nz < ... which increase sufficiently rapidly for our purposes.

We shall require that if

3/4
,:=[”*‘ -3] (i=1,2,3,...)
logn; =

and

K; = [nf“-%] (i=1,2,3,...)
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then
(33) Tkin < TKipynin (1, =1,2,3,.. )

(To construct such a sequence, we could choose n; = 10,k = 1, K; = 3. Once we have
chosen n;,ns,...,n; we can choose n;,, to ensure that (33) is satisfied.)
Note that if

I,' = [zK.._,,I.,zkl.,,,_.] ('L = 1,2,3,. )

then I; N I; = 0 whenever 4 # j.

Later we shall demand that the sequence {n;,n,,n;,...} satisfies other conditions
as well — but these will serve only to force the sequence to diverge more rapidly.

For each index ¢ > 1, define the function %; : [-1,1] — [—1, 1] which satisfies the
following four conditions. First,

0 if k <k
wi(zk,m) = (—l)k—l ifk; +1<k<K;-1
0 ifk > K;.
Second,
(34) z&I; = ¢(z) =0

Third, ||¥:]| < 1. Fourth, for some constant M; > 0, wfm’l) € Lipy,, 1.
Recall the definition of the Lebesgue constants A\, (n =1,2,3,...) in (18). Define

1 ifi=0

35 pPi =
(35) max{An,, Anyy---,An; b ifi 2L

Now define the function ¢ : [-1,1] = R by
(36) P(z) =Y hlz)

We know from Szabados {11, Theorems 1, 2] that A, ~ logn (as n — o). So we can
choose our sequence n; < ny < ng < ... to ensure that

=01

Z 2pi <2

i=1

Hence
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STEP 2.  Having defined the function ¢, our next step is to prove that 1 satisfies (31).

Let z¢ € [-1,1).

Define Jy := Ip = [—1,Zk,n,) and, for i > 1, J; := [Zk;n,, Tkiy1mip, ) From the
construction of the intervals J; and this definition, it follows that 0 < i < j = J;NJ; =0
and that [-1,1) = 'Ejo Ji. Thus the intervals {Jy, J1, J, . . . } partition the interval [—1, 1).

i

Therefore, (3!3_2 0)(zo € Js). Hence we write

(37) Zzz Z Ua) 3 B0 ) s, sy
Pi-1 t p. =1
(If s = 0 then ¢, =0.)

Since z/z,(m”l) € Lipy,1 (1 < ¢ < s) we have = Lipy, 1 for some positive
constant M,. Therefore by [3, Theorem 4.8, p. 251] there exists ¢; > 0 such that for
all n € N there is a polynomial R, = R,(¢;) of degree at most n such that for all
z=cosf € [-1,1) and for all t € {0,1,2,... ,m — 1} we have

. m~—t
(38) #96) - B < e 222)
Also
(39) ll8sll < lwoll < 2

We now estimate |Hm'n(¢s,:z:0) — ¢s(20)| using (38) and the fact that the higher
order Hermite interpolation operator reproduces polynomials of the appropriate degree.

Hm‘n(‘ps)xo) — &s(zo)
= Hm,n(¢aaxo) - Ru—l(xo) + Rn—l(IO) - ¢3(.’E0)

m-1 n
= Hunn(s,70) — (Hm,n(R,._l,xo) + ZRS.‘ll(xk,n)Atkn(zo)) + Rn_1(z0) — ¢5(0)
t=1 k=1
m-1 n

= m,n(¢s - Ry, 1:0 Z Z R( ) 1(xkn Atkn(zo) + Ra- ( ) - ¢s($0)-
t=1 k=1
Therefore
IHm.n(¢.n$0) - ¢s($0)l
m~1 n

< |Hmn(s = Rac1, o) + EZ'RU) (Zkn) Atkn(Z0)| + |Ru-1(20) — ¢s(z0)|
t=1 k=1
(40) = 51(xo) + s2(zo) + s3(zo) say.

We now estimate each of s,(zq), $2(z0), 53(Zo) in turn.
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To estimate s;(zo) we use (38) and [11, p. 367, (27), (28)]. In the calculation which
follows, the O(1) term may depend on s and hence on zy. Also, the index jp is defined
by

|Zo — Zjon} = min{lzo — zknl 1k =1,2,... ,n}.
n

> " (#s(zn) = Rn1(Tkn)) Aokn(To)

k=1

s1(zo) =

< Z|¢s($k,n) = Rn_1(Tkn)|.| Aokn (z0) |
_ I)Z(Slngkn) |A0kn($0)'
sin O , 1
I’Z(n—l) To—H+1

(41) =0(1)n""logn asn — 0.

To estimate so(zo) we again call on [11, p. 367, (27), (28)] and use the fact that if
1<t<m~-1then

IRS,‘11<z)|<|R£fll() ()] + 60 (2)| = <1)((S‘“"1)’"—+1)=0(1)

where O(1) may depend on s and hence zo. Therefore

.’130) Z ZIRU)I xk n)l IAtkn Zo I+ Z ZIRS) .’L‘kn I'IAtk"l(IO)l

e=1 k=1 t=1 k=1
t odd t even
m-1 n m—-1 n
=0(1) Z Z'Atkn(ZO)I +0(1) Z Z|Azkn($o)|
t=1 k=1 t=1 k=1
t odd t odd

m-1 n . t
sm@kn) 1
= 01 : . :
w3 3() R
sin O 1
+O“),ZZ( ) T Tk 7

t odd

t even
=0(1)n '+ O(1)n 2logn
(42) =0()n"! asn — co.
To estimate s3(zo) we use (38) to obtain
(43) 53(Z0) = |Ra-1(Z0) — ¢s(z0)] = O(1)n™ as n — oo.
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Remembering that g, s are fixed and (39), and using (41), (42), (43) in (40), we

obtain
|Hm,n(¢s,1'0)| < l s($0)| + |Hm,n(¢5)x0) - ¢s(1'0)|
<2+0()(n™logn+nt + ™)
(44) £ 3 if n is sufficiently large.

Next we estimate Hp, o (75, 29) where 7, is defined in (37). Obviously Hm o(7s, 2o) =

n

3" 75(zk,n)Aokn(Zo) ; hence, to calculate Hy,q(7s,Zo) requires 74(zk,) which, in turn,
k=1

requires ¥;(zgn) (2 2 5+ 1) by (37).

Notice that, by (34), (wi(xk‘n) # O) = (z € I;). Therefore, if for some 7 > s+ 1
we have ¢;(zkn) # 0 then z4n € I; that is Tk, n; € Tk € Tk n; and hence zxn — 79 >

TKyp1mep — To = 0(zo) > 0. Define y, := zk,,,n,,,- Then we have shown that

(Ilc,n < ys) = ((VZ 2s+ 1)("/)1'(Ik,n) = O) = (Ts(xk,n) = 0) :

This allows us to write |Hmn(7'_,,:l:0)l 2 3 [Ao,m(xo [ We use Szabados [11, p. 367,

Tk,n2Ys

(27)].

| Himon (s, Zo)| < 2 Z | | Aokn (20)|

Ik,nzya

-o0 % (i) Blems) o=

Tk,n2Ys i=

1
o) Z n(Zen — To)™

Tkn2Va
= 0(1)é(zo)™™
(45) = O(1) where, again, O(1) depends on zy.

Recalling (37), (44) and (45), we get, as n — oo,
le.n(il),Io)| = 'Hm,n(¢57$0) + Hm,n(TuxO)| < IHm,n(ﬁbs, IO)l + le,n(TS)IO)' =0(1).

Hence v satisfies (31).
STEP 3.  The final step is to prove that i satisfies (32). We prove that the sequence
{Hmn,(¥,+1) : j € Z*} is unbounded.

Let 7 > 1. Then

W(z) = Z ¥i(z) % (z) Z

Pt | o S

tzpl
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and hence
Hpni(¥,1)
j=1 il
0 20) ()
= Hpn. - , mons ] ) !
i (; 201 L)+ Hos, i%pji 1)+ Hoy 1.;1 2pi_y 1
(46) =t +t; +1t3 say.

We proceed to estimate each of ¢, t2 and ;.
First we-estimate t;. If we use precisely the same argument which led to (44) then

we would obtain

47) [t1] €3 if j were sufficiently large.

Next we estimate t3. From (35) we know that p; < pj;1 < pj42< ..., and A, <
p;- Therefore

et 2
An,

S—Zi'2<%.

p] i=1

(48) Il = > P

i=j+1

o0
¥i(-)
Hm,n,- ( Z izpi_l I 1 S )\n,-

i=j+1

Finally we estimate t; which will turn out to be the dominant term in (46). Observe
that, from Szabados {11, (7), (12)] it follows that, for 1 < k < n, sgn Agkn(1) = (=1)%1.
Therefore, using Szabados {11, Corollary on p. 363] and letting ¢ denote various positive
constants independent of k,n, we find that for 1 < k < n,

(—1)¥"' Agn = |Aokn(1)|

(m>m'( :

Z2c

= n 1 — z4)|zke — Thsa|™ !
sin Gk

P Iy = cosf

= 1-z ( k Ic)

8 3lo 3o

. {1 + cos 0y
1 — cos 6
11 + cos b .

We now apply this observation to estimating t.

ty = Hmpn, (%5, 1)/(3%ps-1)

= Z 1/)]' (zk.n,')AOknj(l)/(jzpj"l)
k=1
Kj-1

= Y (=1)*"Aokn, (1)/(5205-1)

k=kj+1
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Z\/i+_cos_0k

] 2ps- ! k=kj+1

K;j-1

o Z k™! for j sufficiently large
772 k=kj+1

c K; cloglogn;
> - lo J > = .= D; g
3%pi1 g<kj + 1) j2lognjy ;s

C

Now assume that the sequence {n;,ns,ns,...} is diverging sufficiently quickly to

ensure that lim D; = oo. Therefore we have
Jj—eo

(49)

t22D; and lim D; = oo.

j—o0

If we apply the estimates (47), (49) and (48) to (46) we obtain

[Hmm, (%, l)l > D; —3—n?/6 if j were sufficiently large.

Therefore lim sup|Hm,,,j (v, l)l = 400 and we have proved that equation (32) is satisfied.

n—oo
This completes the proof of Theorem 2.
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