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1. Introduction

For a completely regular space X let G(X) be the Graev free topological
group on X. While proving G(X) exists for completely regular spaces X, Graev
showed that every pseudo-metric on X can be extended to a two-sided invariant
pseudo-metric on the abstract group G(X). The free group topology on G(X)
is usually strictly finer than this pseudo-metric topology. In particular this is
the case when X is not totally disconnected (see Morris and Thompson [7]).
It is of interest to know when G(X) has no small subgroups (see Morris [5]).
Morris and Thompson [6] showed that this is the case if and only if X admits
a continuous metric. The proof relied on properties of the free group topology
and it is natural to ask if G(X) with its pseudo-metric topology has no small
subgroups when and only when X admits a continuous metric. We show that
this is the case. Topological properties of G(X) associated with the pseudo-metric
topology have recently been studied by Joiner [3] and Abels [1].

2. Notation and preliminaries

Let X be a completely regular topological space with a distinguished point e.
The space X is said to admit a continuous metric if there is a continuous

one-to-one mapping of X onto a metric space.
A topological group is said to have no small subgroups if there exists a neigh-

bourhood of the identity which contains no non-trivial subgroups.
As the proof of our result depends on Graev's extension of pseudo-metrics

on X to G(X) we describe the essential features of this process.
The group G(X) is said to be the Graev topological group on X [2] if it has

the properties:
(a) I is a subspace of G(X),
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(b) X generates G{X) algebraically, and e is the identity element of G(X),
(c) for any continuous mapping <j> of X into any topological group H such

that 4>(e) is the identity element of H, there exists a continuous homomorphism
0 of G(X) into H such that O | X = <j>.

Graev showed that G(X) is the free abstract group on the set X — e having
the finest group topology which induces the given topology on X. Let
r = I u { x ' ' : « I - e } and N = {1,2, •••}. For w in G(X) with reduced form
w=xx •••*,, let S(w) = {xu •••,xn,e,x^l

i ••^x'1}. T h e t o p o l o g y o n X is def ined

by a family of continuous pseudo-metrics. Let p be a pseudo-metric on X. Graev
extended p to a two-sided invariant pseudo-metric on G(X) as follows. Extend
p to X' by setting p^x'1^'1) = p(x,y) and p(*'"x>J') = P(x, e) + p(e, y) for x
and j> in X. For M and t>in G(X) we have an infinity of representations u = x1 ••• xn

and v = >>! ---.v, where the x, and j>,- are in X'. Extend p to G(X) by setting

p(u,v) = i n f 2 p(x;,yi):u = x t •••*,, a n d w = yi---yn

We are interested in the case v = e and Graev's results restricted to this case

are that the infimum is attained when u has its reduced representation xl--xn

and the yf are suitably chosen from S{u).

We need the following result (see Kurosh [4] , page 127).

LEMMA 1. For any weG(X) — e there is leG(X) and ceG(X) — e such
that w = Icl'1 where c has the reduced form c = xt •••xn where x.-eAT' — e for
1 = l,---,n for some neN and xt ^ x~x. Further for any teN, I'1 w'l = c'
and c' has reduced form c' = x1---xnxl---xn---x1---xn.

Let X admit a continuous metric d. Extend d to a continuous pseudo-metric
on G(X) as described above. For any w in G(X) — e set

/(w) = min{d(p,q): p ¥= q; p,qeS(w)}

The following properties of / need no explanation.

LEMMA 2. The function f satisfies

(i) f(w) > 0 for all w e G(X) - e,
(ii) if w has reduced form km for some I, c, and m e G(X) — e, then

f(c)^f(w), and
(iii) for any ceG(X) -e and any teN, f{c') = / (c ) .

3. Results

Let c in G(X) have the reduced form c = xt ••• xn where the xt are in X'

ind xt # x " 1 .
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LEMMA 3. / / n ^ 3, then for any t e N

d(c',e) ^ tf(c).

P R O O F . I n r educed fo rm c' = xx ••• xnxx •••xn--- xx " - x , , = sl • ••s ( n w h e r e

st = xj for i = ( p - l ) n +j, l g p g t a n d 1 S j ^ n . F r o m G r a e v ' s con-

s t ruc t i on descr ibed in t h e p rev ious sec t ion we m a y wri te e = yt--- ytn such t ha t

d{c, e) = £ l"= l d(s;, yi) where yt e S(c') = S(c). I t suffices t o show tha t for each

p w i th I ^ p ^ t , S ^T/i-ttn3*-! d(s,-,y,-) ^ / ( c ) . C o n s i d e r the case p = 1 where

the inequa l i ty b e c o m e s

d{xu yt) + d(x2, y2) + d(x3, y3) ^ f{c).

Now y2 e S(c) and if y2 # x2 then d(x2, y2) ^ /(c) and the result follows. If

y2 = x2, since yf-ytn = e, either yx = X21 or y3 = x j 1 so that either

d{xi,yi) = d(xux2
l) ^ / ( c ) or d(x3,y3) - rf(x3,xj1) ^ /(c), and the inequal-

ity follows. The cases 2 ^ p ^ t follow analogously.

THEOREM 4. / / X admits a continuous metric then G(X) with the pseudo-

metric topology has no small subgroups.

REMARK. If G(X) has no small subgroups then X must admit a continuous

pseudo-metric, by [6].

PROOF. Let d be the extension of the continuous metric on X to a two-sided

invariant pseudo-metric on G(X). The open set U = {weG(X): d(w, e) < 1}

contains no nontrivial subgroups. This can be seen as follows. Let w e U — e.

Then by Lemma 1, w3 = l c l " 1 where l eG(X) and c = xt •xn, xt # x'1,

and length c ^ 3 . Therefore for teN, d(w3',e) = d(lc'l-\e) = d{c\e) by

two-sided invariance of d. By Lemmas 2 and 3, (d(c',e) ji f/(c) 5: f/(w). Thus

d(w3',e) ^ f/(w) and for t>/(w)~1, w3'£U. Therefore U cannot contain a

nontrivial subgroup.
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