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The goal of this paper is to show that the theory of curvature invariant, as
introduced by Arveson, admits a natural extension to the framework of U-twisted
polyballs BU (H) which consist of k -tuples (A1, . . . , Ak) of row contractions
Ai = (Ai,1, . . . , Ai,ni ) satisfying certain U-commutation relations with respect to a
set U of unitary commuting operators on a Hilbert space H. Throughout this paper,
we will be concerned with the curvature of the elements A ∈ BU (H) with positive
trace class defect operator ∆A(I). We prove the existence of the curvature invariant
and present some of its basic properties. A distinguished role as a universal model
among the pure elements in U-twisted polyballs is played by the standard
I ⊗ U-twisted multi-shift S acting on `2(F+

n1 × · · · × F+
nk

)⊗H. The curvature
invariant curv(A) can be any non-negative real number and measures the amount by
which A deviates from the universal model S. Special attention is given to the
I ⊗ U-twisted multi-shift S and the invariant subspaces (co-invariant) under S and
I ⊗ U , due to the fact that any pure element A ∈ BU (H) with ∆A(I) ≥ 0 is the
compression of S to such a co-invariant subspace.
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1. Introduction

In 2000, Arveson [2] introduced and studied the curvature and Euler characteristic
for finite rank contractive Hilbert modules over C[z1, . . . , zn], which are in fact
numerical invariants for the commuting n-tuples of operators X := (X1, . . . , Xn) ∈
B(H)n, with ∆X := I −X1X

∗
1 − · · · −XnX

∗
n ≥ 0 and rank∆X <∞, where B(H)

is the algebra of bounded linear operators on a Hilbert space H. Shortly after, the
author [20] and, independently, Kribs [14] defined and studied a notion of curvature
for the elements in the noncommutative unit ball

[B(H)n]−1 := {(X1, . . . , Xn) ∈ B(H)n : I −X1X
∗
1 − · · · −XnX

∗
n ≥ 0}
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2 G. Popescu

and, as a consequence, for the invariant subspaces under the left creation operators
S1, . . . , Sn on the full Fock space F 2(Hn) with n generators. Some of these results
were extended by Muhly and Solel [16] to a class of completely positive maps on
semifinite factors. The theory of Arveson’s curvature on the symmetric Fock space
F 2
s (Hn) with n generators was significantly expanded due to the work by Greene,

Richter, and Sundberg [11]; Fang [7]; and Gleason, Richter, and Sundberg [10].
Englǐs remarked in [6] that using Arveson’s ideas, one can extend the notion of
curvature to complete Nevanlinna–Pick kernels. The extension of Arveson’s theory
to holomorphic spaces with non-Nevanlinna–Pick kernels was first considered by
Fang [9] who was able to show that the main results about the curvature invariant on
the symmetric Fock space carry over to the Hardy space H2(Dk) over the polydisc.
He also extended the theory to the invariant subspaces of the Dirichlet shift [8]. In
the noncommutative setting, a notion of curvature invariant for noncommutative
domains generated by positive regular free polynomials was considered in [21].

In [22], we developed a theory of curvature invariant for the regular noncommu-
tative polyball and formulated a theory of curvature and multiplicity invariants for
the tensor product of full Fock spaces F 2(Hn1

)⊗· · ·⊗F 2(Hnk
) and also for the ten-

sor product of symmetric Fock spaces. These results were used in [24] to study the
Euler characteristic associated with the elements of the regular noncommutative
polyball and obtain an analogue of Arveson’s version of the Gauss–Bonnet–Chern
theorem from Riemannian geometry, which connects the curvature to the Euler
characteristic of some associated algebraic modules.

We say that V := (V1, . . . , Vk), k ≥ 2, is a k -tuple of doubly U-commuting row
isometries Vi := [Vi,1 · · ·Vi,ni ] with Vi,s ∈ B(H) if

Vi,s ∈ U ′ and V ∗
i,sVj,t = Ui,j(s, t)

∗Vj,tV
∗
i,s if i 6= j,

where U := {Ui,j(s, t)} ⊂ B(H) is a set of commuting unitary operators such that
Uj,i(t, s) = Ui,j(s, t)

∗ if i 6= j and U ′ is the commutant of U . We note that, in the
particular case when ni = 1, V1, . . . , Vk are unitary operators, and Ui,j := λi,jIH,
λi,j ∈ T, the corresponding universal C∗-algebras generated by V1, . . . , Vk are the
higher-dimensional noncommutative tori which are studied in noncommutative dif-
ferential geometry (see [4, 30]). In the same setting, but assuming that V1, . . . , Vk
are isometries, De Jeu and Pinto [5] obtained Wold decompositions for doubly U-
commuting isometries. Inspired by their work, we studied in [25, 26] the structure
of the k -tuples of doubly Λ-commuting row isometries, which corresponds to the
particular case Ui,j(s, t) = λi,j(s, t)IH, where λi,j(s, t) ∈ T.

The rotation algebras, noncommutative tori, the Heisenberg group C∗-algebras,
as well as C∗-algebras generated by isometries with twisted commutation relations
have been studied in the literature in various particular cases (see [1, 5, 12, 13, 15,
17–19, 25, 29, 31] and [26]). More recently, we studied in [27] the structure of the k -
tuples of doubly U-commuting row isometries, obtained Wold type decompositions
[32], and used them to classify the k -tuples of doubly U-commuting row isometries
up to a unitary equivalence. Furthermore, in [28], we showed that many of the
classical results concerning the dilation theory of contractions on Hilbert spaces
have analogues for regular U-twisted polyballs.
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Curvature and Multiplicity 3

Due to the Wold decomposition from [27], each k -tuple of doubly U-commuting
pure row isometries is unitarily equivalent to a standard multi-shift S :=
(S1, . . . ,Sk) with Si := [Si,1 · · ·Si,ni

], which is a k -tuple of doubly I⊗U-commuting
pure row isometries on the Hilbert space `2(F+

n1
× · · · ×F+

nk
)⊗H, where F+

ni
is the

unital free semigroup with ni generators (see § 3 for the definition). It was proved
in [28] that the standard multi-shift plays the role of a universal model for the
pure elements in the U-twisted polyball. To present this result, we introduce the
U-twisted polyball BU (H) as the set of all U-commuting k -tuples A := (A1, . . . , Ak)
of row contractions Ai := (Ai,1, . . . , Ai,ni

) ∈ B(H)ni , i.e.

Ai,s ∈ U ′ and Ai,sAj,t = Ui,j(s, t)Aj,tAi,s if i 6= j.

We proved in [28] that A ∈ BU (H) is a pure element, i.e. Φm
Ai
(I) → 0 strongly as

m→ ∞, where ΦAi
: B(H) → B(H) is the completely positive linear map defined

by ΦAi
(X) :=

∑ni
s=1Ai,sXA

∗
i,s, and the defect operator

∆A(I) := (id− ΦA1
) ◦ · · · ◦ (id− ΦAk

)(I) ≥ 0,

if and only if there are a Hilbert space D ⊂ H and a multi-shift S := (S1, . . . ,Sk)
with Si := [Si,1 · · ·Si,ni

] of doubly I⊗U-commuting pure isometries on the Hilbert
space `2(F+

n1
× · · · × F+

nk
)⊗D such that H is co-invariant under all operators Si,s

and I⊗Ui,j(s, t) and A
∗
i,s = S∗

i,s|H. Due to this reason, to understand the structure

of pure elements A in the U-twisted polyball BU (H) with positive defect operators
∆A(I), one should focus on the I⊗U -twisted multi-shifts S and the closed invariant
(resp. co-invariant subspaces) under S and I ⊗ U .

The goal of the present paper is to show that the notion of curvature admits a
natural extension to the framework of U-twisted polyballs and to present its basic
properties followed by several consequences. We remark that if U 6= {I}, the row
contractions A1, . . . , Ak are not pairwise commuting. Due to this reason, the ‘tensor
product’ techniques used in the theory of the regular polyballs and the curvature
[22, 23] need to be replaced with new ones appropriate for the U-twisted polyballs
[27, 28].

In § 2, after a few preliminary results, we introduce (see Definition (2.7)) and
prove the existence of the M -curvature, where M = (M1, . . . ,Mk) ∈ Rk

+, Mi ≥
‖Φ∗

Ai
(I)‖ > 0, and Φ∗

Ai
(X) :=

∑ni
j=1A

∗
iXAi, associated with any k -tuple A :=

(A1, . . . , Ak) of U-commuting operators with positive trace class defect ∆A(I) and
show that

0 ≤ curvM (A) ≤ trace [∆A(I)] .

We also show that if A and A
′
are k -tuples of U-commuting and U ′-commuting

operators, respectively, with positive trace class defect operators, then A⊕A′ is a
k -tuple of U ⊕ U ′-commuting operators with a positive trace class defect operator
and

curvM (A⊕A′) = curvM (A) + curvM (A′).

If, in addition, dimH′ <∞, then curvM (A⊕A′) = curvM (A).
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In § 3, under the assumption that A is in the U-twisted polyball BU (H) and
has positive trace class defect operator ∆A(I), we established several asymptotic
formulas for the M -curvature invariant curvM (A) in terms of the noncommutative
Berezin kernel KA associated with A.

Throughout this paper, special attention is given to the case M = (n1, . . . , nk),
when the corresponding curvature, denote by curv(A), satisfies the asymptotic
formula

curv(A) = lim
m→∞

1(
m+ k

k

) ∑
q1≥0,...,qk≥0
q1+···+qk≤m

trace
[
K∗

A(P(q1,...,qk)
⊗ IH)KA

]
traceP(q1,...,qk)

,

where P(q1,...,qk)
is the orthogonal projection of `2(F+

n1
×· · ·×F+

nk
), with orthonormal

basis {χ(α1,...,αk)
}, onto the subspace span {χ(α1,...,αk)

: αi ∈ F+
ni
, |αi| = qi}. We

provide several asymptotic formulas including

curv(A) = lim
q1→∞

· · · lim
qk→∞

trace
[
(id− Φ

q1+1
A1

) ◦ · · · ◦ (id− Φ
qk+1

Ak
)(I)

]
∏k

i=1(1 + ni + · · ·+ n
qi
i )

,

where ΦAi
is the completely positive linear map associated with the row contraction

Ai. We also show that the curvature invariant is upper semi-continuous.
The standard multi-shift Sz associated with the scalar weights z = (zi,j(s, t)),

where zi,j(s, t) ∈ T and zj,i(t, s) = zi,j(s, t), plays an important role in this paper.
This is due to the fact that any pure element A in the U-twisted polyball with
the property that ∆A(I) ≥ 0 and rank∆A(I) = m ∈ N is the compression of
a direct sum ⊕m

p=1Sz(p)
of scalar multi-shifts to a co-invariant subspace M⊥, i.e.

Ai,s = PM⊥(S
z(p)

)i,s|M⊥ .
Unlike the non-twisted case (U = {I}) where we have, up to a unitary equiva-

lence, just one standard shift S with rank∆S(I) = 1, in the twisted case, all the
multi-shifts Sz satisfy the relation

curv(Sz) = rank∆Sz(I) = 1,

and these are the only U-twisted multi-shifts S with rank∆S(I) = 1. Moreover,
we prove, in § 4, that if SU and SU′ are the standard multi-shifts associated with
U ⊂ B(H) and U ′ ⊂ B(H′), respectively, then SU is jointly similar to SU′ if
and only if there is an invertible operator W ∈ B(H,H′) such that Ui,j(s, t) =
W−1U ′

i,j(s, t)W . Consequently, if Sz and Sz’ are standard multi-shifts associated
with the scalar weights z and z′, respectively, then they are unitarily equivalent if
and only if z = z’.

In § 5, we prove that if A is an element in the U-twisted polyball BU (H) such
that it admits characteristic function ΘA and the defect ∆A(I) is a positive finite
rank operator, then the curvature operator ∆S(KAK

∗
A)(N ⊗ IH) is a trace class
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and

curv(A) = trace [∆S(KAK
∗
A)(N ⊗ IH)] ,

where

N :=
∑

(s1,...,sk)∈Zk+

1

n
s1
1 · · ·nskk

P(s1,...,sk)
.

This leads to the index type formula

curv(A) = rank∆A(I)− trace [ΘA(PC ⊗ I)Θ∗
A(N ⊗ IH)]

which is used to show that the curvature invariant detects the elements in
B(H)n1+···+nk which are unitarily equivalent to an I ⊗ U-twisted multi-shift S of
finite rank defect operator, i.e. acting on the Hilbert space `2(F+

n1
× · · · ×F+

nk
)⊗K

with dimK <∞ (see theorem 5.5).
In § 6, under the assumption that S is a I ⊗ U -twisted multi-shift on `2(F+

n1
×

· · · × F+
nk

) ⊗ H with dimH < ∞ and M is any invariant subspace under S and
I ⊗ U , we introduce the multiplicity of M by setting

m(M) := lim
m→∞

1(
m+ k

k

) ∑
q1≥0,...,qk≥0
q1+···+qk≤m

trace
[
PM(P(q1,...,qk)

⊗ IH)
]

traceP(q1,...,qk)
.

We prove its existence, provide several asymptotic formulas, and connect it to the
curvature invariant by showing that

m(M) = dimH− curv(PM⊥S|M⊥).

In particular, if Sz is the scalar z-twisted multi-shift on `2(F+
n1

× · · · × F+
nk

) and
M is an invariant subspace under Sz ⊗ IE with dim E < ∞, then its multiplicity
exists. We remark that if n1 = · · · = nk = 1, then M is in the vector-valued Hardy
space H2(Dk)⊗ E and

m(M) = lim
m→∞

trace [PM(P≤m ⊗ IE)]

trace [P≤m]
,

where P≤m is the orthogonal projection on the polynomials of degree ≤ m. This is
a twisted version of Fang’s [9] commutative result for H2(Dk)⊗ E when z = {1}.

In § 6, we also obtain some results concerning the semi-continuity for the curva-
ture and the multiplicity invariants. More precisely, we prove that if S is a U-twisted
multi-shift with U ⊂ B(H) and dimH < ∞, acting on `2(F+

n1
× · · · × F+

nk
) ⊗ H,

and M and Mp are invariant subspaces of S and U such that PMp → PM in the
weak operator topology, then
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lim sup
p→∞

curv(PM⊥
p
S|M⊥

p
) ≤ curv(PM⊥S|M⊥)

and

lim inf
p→∞

m(Mp) ≥ m(M).

If M is a Beurling type invariant subspace under S and I ⊗ U , which does not
contain nontrivial reducing subspace under S, then we show that the multiplicity
operator ∆S(PM)(N ⊗ I) is a trace class and

m(M) = trace [∆S(PM)(N ⊗ I)] .

In particular, this relation holds for the Beurling type invariant subspace under
Sz ⊗ IE with dim E <∞.

We remark that if A is an element in BU (H) and M is an invariant subspace
under A and U , then A|M is not necessarily in the U|M-twisted polyball in gen-
eral. However, we will provide necessary and sufficient conditions when A|M is in

BU|M(H) and prove a stability result for the curvature invariant.
In § 7, we present some results concerning the range of the curvature and the

multiplicity invariants. More precisely, we show that if (n1, . . . , nk) ∈ Nk with
nj ≥ 2 for some j and t ∈ [0,m], then there exists a pure element A in the U-
twisted polyball such that rankA = m and curv(A) = t. Consequently, the range
of the curvature on the U-twisted polyballs is [0,∞). This also implies that the
range of the multiplicity invariant is [0,∞).

On the other hand, we show that the range of the curvature restricted to the
class of doubly U-commuting row isometries with trace class defect operators is
Z+. In addition, if V := (V1, . . . , Vk) with Vi := [Vi,1 · · ·Vi,ni ] and Vi,s ∈ B(H) is a
k -tuple of doubly U-commuting row isometries with the trace class defect operator,
we prove that

curv(V ) = trace[∆V (I)] = rank∆V (I)

and

curv(V ) = m ∈ Z+ if and only if dim
⋂

i∈{1,...,k}
s∈{1,...,ni}

kerV ∗
i,s = m.

Moreover, if curv(V ) 6= 0 and nj ≥ 2 for some j ∈ {1, . . . , k}, then we prove that,
for any t ∈ [0, curv(V )], there is an invariant subspace M ⊂ H under V and U
such that curv(PM⊥V |M⊥) = t.

In the sequel to this paper, we study the Euler characteristic associated with the
elements of the U-twisted polyballs and obtain an analogue of Arveson’s version of
the Gauss–Bonnet–Chern theorem from Riemannian geometry.

2. Curvature invariant for U-commuting operators

In this section, we consider a few preliminary results which are needed through-
out the paper, introduce and prove the existence of the M -curvature, and present
several asymptotic formulas and basic properties for the curvature invariant.
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Let k ∈ N := {1, 2, . . .} with k ≥ 2, and consider the set

Γ := {(i, j, s, t) : i, j ∈ {1, . . . , k}, i 6= j, s ∈ {1, . . . , ni}, t ∈ {1, . . . , nj}} ,

where ni, nj ∈ N. Throughout this paper, U := {Ui,j(s, t)}(i,j,s,t)∈Γ is a set of

commuting unitary operators on a Hilbert space such that

Uj,i(t, s) = Ui,j(s, t)
∗, (i, j, s, t) ∈ Γ.

Definition. A k-tuple A := (A1, . . . , Ak) ∈ B(H)n1+···+nk with Ai :=
(Ai,1, . . . , Ai,ni

) is called U-commuting if

Ai,s ∈ U ′ and Ai,sAj,t = Ui,j(s, t)Aj,tAi,s, (i, j, s, t) ∈ Γ,

where U ′ is the commutant of U ⊂ B(H). If, in addition,

A∗
i,sAj,t = Ui,j(s, t)

∗Aj,tA
∗
i,s, (i, j, s, t) ∈ Γ,

we say that A is a k-tuple of doubly U-commuting operators.

Definition. The U-twisted polyball BU (H) is the set of all U-commuting k-tuples
A := (A1, . . . , Ak) of row contractions Ai := (Ai,1, . . . , Ai,ni

) ∈ B(H)ni , i.e.

Ai,1A
∗
i,1 + · · ·+Ai,ni

A∗
i,ni

≤ I.

We say that A has a positive defect operator if ∆A(I) ≥ 0, where

∆A(X) := (id− ΦA1
) ◦ · · · ◦ (id− ΦAk

)(X), X ∈ B(H),

and ΦAi
: B(H) → B(H) is the completely positive linear map defined by ΦAi

(X) :=∑ni
s=1Ai.sXA

∗
i,s.

The regular U-twisted polyball BU
reg(H) is the set of all k-tuples A of U-commuting

row contractions such that ∆rA(I) ≥ 0 for any r ∈ [0, 1).

According to Proposition 1.2 from [28], a k -tuple A of U-commuting row con-
tractions is in BU

reg(H) if and only if (id−ΦA1
)s1 ◦ · · · ◦ (id−ΦAk

)sk(I) ≥ 0 for any

s1, . . . , sk ∈ {0, 1}. We note that BU
reg(H) is included in BU (H) and the inclusion

is strict in general. On the other hand, it is easy to see that if A ∈ BU
reg(H), then

(z1A1, . . . , zkAk) ∈ BU
reg(H) for any zi ∈ D := {z ∈ C : |z| ≤ 1}.

Proposition 2.3. If A := (A1, . . . , Ak) ∈ B(H)n1+···+nk is a k-tuple of
U-commuting row operators and U ′ is the commutant U , then

ΦAi1
◦ ΦAi2

◦ · · · ◦ ΦAip
(Y ) = ΦAiσ(1)

◦ ΦAiσ(2)
◦ · · · ◦ ΦAiσ(p)

(Y ), Y ∈ U ′,

for any i1, . . . , ip ∈ {1, . . . , k} and any permutation σ of the set {1, . . . , p} and

∆A(Y ) = (id− Φω(1)) ◦ · · · ◦ (id− Φω(k))(Y )

for any permutation ω of the set {1, . . . , k}.
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If, in addition, Y = Y ∗ ∈ U ′ is such that ∆A(Y ) ≥ 0, then the following
statements hold:

(i) For any q1, . . . , qk ∈ N,

0 ≤
qk−1∑
pk=0

· · ·
q1−1∑
p1=0

Φ
pk
Ak

◦ · · · ◦ Φp1
A1

(∆A(Y )) = (id− Φ
qk
Ak

) ◦ · · · ◦ (id− Φq1
A1

)(Y ).

(ii) If each Ai is pure, i.e. Φm
Ai
(I) → 0 weakly as m→ ∞, then Y ≥ 0,

Y =
∞∑

pk=0

· · ·
∞∑

p1=0

Φ
pk
Ak

◦ · · · ◦ Φp1
A1

(∆A(Y ))

and

(id− ΦA1
)s1 ◦ · · · ◦ (id− ΦAk

)sk(Y ) ≥ 0 for any s1, . . . , sk ∈ {0, 1}

Proof. Since Ai,s is in the commutant of U which is a set consisting of unitary
operators, it is clear that Ai,s is in the commutant of U∗. Consequently, using the
fact that Ai,sAj,t = Ui,j(s, t)Aj,tAi,s for (i, j, s, t) ∈ Γ, we deduce that

ΦAi
◦ ΦAj

(Y ) =

ni∑
s=1

nj∑
t=1

Ai,sAj,tY A
∗
j,tA

∗
i,s

=

nj∑
t=1

ni∑
s=1

Ui,j(s, t)Aj,tAi,sY A
∗
i,sA

∗
j,tUi,j(s, t)

∗

= ΦAj
◦ ΦAi

(Y )

for any Y ∈ U ′ and i, j ∈ {1, . . . , k}. Using this argument repeatedly, one can easily
prove the first part of the proposition.

Now, assume that Y = Y ∗ ∈ U ′ and ∆A(Y ) ≥ 0. Since Ai,s ∈ U ′, we also
have ∆A(Y ) ∈ U ′. Due to the first part of this proposition and the fact that
∆A(Y ) := (id − ΦA1

) ◦ · · · ◦ (id − ΦAk
)(Y ) ≥ 0, item (i) follows immediately. To

prove item (ii), assume that each Ai is pure, i.e. Φm
Ai
(I) → 0 weakly as m → ∞.

Note that if X = X∗ ∈ B(H), then

−‖X‖Φm
Ai
(I) ≤ Φm

Ai
(X) ≤ ‖X‖Φm

Ai
(I).

Hence, Φm
Ai
(X) → 0 weakly as m → ∞. Using this fact repeatedly in item (i), we

conclude that

0 ≤ Y =
∞∑

pk=0

· · ·
∞∑

p1=0

Φ
pk
Ak

◦ · · · ◦ Φp1
A1

(∆A(Y )),

where the convergence is in the weak operator topology. Since ∆A(Y ) ≥ 0
and Y ≥ 0, we deduce that ΦA1

(∆(A2,...,Ak)
(Y )) ≤ ∆(A2,...,Ak)

(Y ), where
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∆(A2,...,Ak)
(Y ) := (id−ΦA2

) ◦ · · · ◦ (id−ΦAk
)(Y ) is a self-adjoint operator. Hence,

Φm
A1

(∆(A2,...,Ak)
(Y )) ≤ ∆(A2,...,Ak)

(Y ) for any m ∈ N and

−‖∆(A2,...,Ak)
(Y )‖Φm

A1
(I) ≤ Φm

A1
(∆(A2,...,Ak)

(Y )) ≤ ‖∆(A2,...,Ak)
(Y )‖Φm

A1
(I)

for any m ∈ N. Taking m → ∞ and using the fact that Φm
A1

(I) → 0 weakly as

m→ ∞, we conclude that ∆(A2,...,Ak)
(Y ) ≥ 0. Using similar arguments and the first

part of the proposition, we can deduce that (id−ΦA1
)p1 ◦ · · · ◦ (id−ΦAk

)pk(Y ) ≥ 0
for any pi ∈ {0, 1}. �

Let A := (A1, . . . , Ak) ∈ B(H)n1+···+nk with Ai := [Ai,1 · · ·Ai,ni
]. We say that

Ai is row power bounded if there is M > 0 such that ‖Φm
Ai
(I)‖ ≤M for any m ∈ N.

Corollary. Let A := (A1, . . . , Ak) ∈ B(H)n1+···+nk be a k -tuple of U-commuting
row operators.

(i) If ∆A(I) ≥ 0 and each Ai is a pure tuple, then A is in the regular U-twisted
polyball BU

reg(H) and

∞∑
pk=0

· · ·
∞∑

p1=0

Φ
pk
Ak

◦ · · · ◦ Φp1
A1

(∆A(I)) = I.

(ii) If ∆rA(I) ≥ 0 for any r ∈ [0, 1) and each Ai is a row power bounded tuple,
then A is in the regular U-twisted polyball.

Proof. Part (i) follows from proposition 2.3, part (ii), in the particular case when
Y = I. To prove item (ii), we note that since Ai is power bounded, rAi is pure for
any r ∈ [0, 1). Applying proposition 2.3 part (ii) to rA, we deduce that

(id− ΦrA1
)s1 ◦ · · · ◦ (id− ΦrAk

)sk(I) ≥ 0 for any s1, . . . , sk ∈ {0, 1}, r ∈ [0, 1).

Hence, each Ai is a row contraction and A is in the regular U-twisted polyball. This
completes the proof. �

Given two k -tuples q = (q1, . . . , qk) and p = (p1, . . . , pk) in Zk
+, where Z+ :=

{0, 1, . . .}, we set q ≤ p if qi ≤ pi for any i ∈ {1, . . . , k}. We consider Zk
+ as a

directed set with respect to this partial order.

Theorem 2.5 Let A := (A1, . . . , Ak) ∈ B(H)n1+···+nk with Ai := (Ai,1, . . . , Ai,ni
)

be a k-tuple of U-commuting operators, and let ΦAi
and Φ∗

Ai
be the completely

positive linear maps on B(H) defined by

ΦAi
(X) :=

ni∑
j=1

AiXA
∗
i and Φ∗

Ai
(X) :=

ni∑
j=1

A∗
iXAi.
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If ∆A(I) is a positive trace class operator and Mi ≥ ‖Φ∗
Ai
(I)‖ > 0, then the limit

lim
m→∞

1(
m+ k − 1

k − 1

) ∑
q1≥0,...,qk≥0
q1+···+qk=m

1

M
q1
1 · · ·Mqk

k

trace
[
Φ

q1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I))
]

exists and is bounded above by trace [∆A(I)].

Proof. If Y ≥ 0 is a trace class operator, then

trace [ΦAi
(Y )] =

ni∑
j=1

trace (Ai,jY A
∗
i,j) = trace

 ni∑
j=1

A∗
i,jAi,j

Y


≤ ‖Φ∗

Ai
(I)‖traceY ≤MitraceY

for any i ∈ {1, . . . , k}. Hence, 1
Mi

trace [ΦAi
(Y )] ≤ traceY for any i ∈ {1, . . . , k}.

Consequently, since ∆A(I) is a positive trace class operator and A is a U-commuting
tuple of operators, ∆A(I) ∈ U ′ and we can use proposition 2.3 to deduce that the
multi-sequence

sq1,...,qk :=
1

M
q1
1 · · ·Mqk

k

trace
[
Φ

q1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I))
]

=
1

M
q1
σ(1) · · ·M

qk
σ(k)

trace

[
Φ

q1
Aσ(1)

◦ · · · ◦ Φqk
Aσ(k)

(∆A(I))

]

is decreasing with respect to each of the indices q1, . . . , qk and sq1,...,qk ≤
trace (∆A(I)). Now, it is easy to see that

lim
q1→∞

· · · lim
qk→∞

sq1,...,qk = lim
(q1,...,qk)∈Zk

+

sq1,...,qk = inf
(q1,...,qk)∈Zk

+

sq1,...,qk ≤ trace (∆A(I)).

For each ` ∈ Z+, denote

Ω` := {(q1, . . . , qk) ∈ Zk
+ : q1 + · · ·+ qk = m and q1 ≥ `, . . . , qk ≥ `}.

It is easy to see that cardΩ0 =

(
m+ k − 1

k − 1

)
and card (Ω\Ω`) ≤ k`

(
m+ k − 2

k − 1

)
for ` ∈ Z+. Set y := inf

(q1,...,qk)∈Zk+
sq1,...,qk , and let ε> 0. Then, there exists p ∈ N,

p ≥ 1, such that |sq1,...,qk − y| < ε for any q1 ≥ p, . . . , qk ≥ p. Consequently, we
deduce that
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1(

m+ k − 1

k − 1

) ∑
q1≥0,...,qk≥0
q1+···+qk=m

sq1,...,qk − y

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
1(

m+ k − 1

k − 1

) ∑
q1≥0,...,qk≥0
q1+···+qk=m

(sq1,...,qk − y)

∣∣∣∣∣∣∣∣∣∣
≤

1(
m+ k − 1

k − 1

) ∑
(q1,...,qk)∈Ω0\Ωp

|sq1,...,qk − y|+
1(

m+ k − 1

k − 1

) ∑
(q1,...,qk)∈Ωp

|sq1,...,qk − y|

≤
1(

m+ k − 1

k − 1

)kp

(
m+ k − 2

k − 2

)
[trace (∆A(I) + y] + ε.

Taking m→ ∞, we deduce that

lim
m→∞

1(
m+ k − 1

k − 1

) ∑
q1≥0,...,qk≥0
q1+···+qk=m

sq1,...,qk = y.

This completes the proof. �

Corollary 2.6. The limit in theorem 2.5 is equal to

lim
m→∞

1(
m+ k

k

) ∑
q1≥0,...,qk≥0
q1+···+qk≤m

1

M
q1
1 · · ·Mqk

k

trace
[
Φ

q1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I))
]

= lim
q1→∞

· · · lim
qk→∞

1

M
q1
σ(1) · · ·M

qk
σ(k)

trace

[
Φ

q1
Aσ(1)

◦ · · · ◦ Φqk
Aσ(k)

(∆A(I))

]

= lim
q1→∞

· · · lim
qk→∞

1

q1

q1∑
s1=0

· · · 1

qk

qk∑
sk=0

1

M
s1
σ(1) · · ·M

sk
σ(k)

trace

[
Φ

s1
Aσ(1)

◦ · · · ◦ Φsk
Aσ(k)

(∆A(I))

]

for any permutation σ of the set {1, . . . , k}.

Proof. Setting am :=
∑

q1≥0,...,qk≥0
q1+···+qk=m

1

M
q1
1 ···M

qk
k

trace
[
Φ

q1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I))
]
and

bm =

(
m+ k − 1

k − 1

)
, and taking into account that

(
k − 1

k − 1

)
+

(
k

k − 1

)
+ · · ·+

(
m+ k − 1

k − 1

)
=

(
m+ k

k

)
,
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we have

a0 + a1 + · · ·+ am
b0 + b1 + · · ·+ bm

=
1(

m+ k

k

) ∑
q1≥0,...,qk≥0
q1+···+qk≤m

1

M
q1
1 · · ·Mqk

k

trace
[
Φ

q1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I))
]
.

Due to theorem 2.5, limm→∞
am
bm

exists. Consequently, denoting by y the limit in
theorem 2.5 and using Stolz–Cesáro convergence theorem, we deduce that

lim
m→∞

1(
m+ k

k

) ∑
q1≥0,...,qk≥0
q1+···+qk≤m

1

M
q1
1 · · ·Mqk

k

trace
[
Φ

q1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I))
]
= y.

According to the proof of theorem 2.5, we also have

y = lim
q1→∞

· · · lim
qk→∞

1

M
q1
σ(1) · · ·M

qk
σ(k)

trace

[
Φ

q1
Aσ(1)

◦ · · · ◦ Φqk
Aσ(k)

(∆A(I))

]
.

The last equality in the corollary follows after a repeated application of the Stolz-
Cesásro convergence theorem. We leave it to the reader. �

Let A := (A1, . . . , Ak) ∈ B(H)n1+···+nk with Ai := (Ai,1, . . . , Ai,ni
) be a k -tuple

of U-commuting operators and let ΦAi
and Φ∗

Ai
be the completely positive linear

maps on B(H) defined by

ΦAi
(X) :=

ni∑
j=1

AiXA
∗
i and Φ∗

Ai
(X) :=

ni∑
j=1

A∗
iXAi.

Throughout this paper, we assume that the defect operator ∆A(I) is a positive
trace class operator and M := (M1, . . . ,Mk) is such that Mi ≥ ‖Φ∗

Ai
(I)‖ > 0.

Definition 2.7. The M-curvature of A is defined by the relation

curvM (A) := lim
m→∞

1(
m+ k

k

) ∑
q1≥0,...,qk≥0
q1+···+qk≤m

1

Mq1
1 · · ·Mqk

k

trace
[
Φq1

A1
◦ · · · ◦ Φ

qk
Ak

(∆A(I))
]
.

IfMi = ‖Φ∗
Ai
(I)‖ for any i ∈ {1, . . . , k}, the corresponding M -curvature is called

∗-curvature and we use the notation curv∗(A). We remark that if A belongs to the
U-twisted polyball, then we can take Mi = ni, in which case the corresponding
M -curvature is called curvature and we denote it by curv(A).

Corollary 2.8. Let A := (A1, . . . , Ak) be a k -tuple of U-commuting operators
such that ∆A(I) is a positive trace class operator. Then the following statements
hold:
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(i) For any M := (M1, . . . ,Mk) such that Mi ≥ ‖Φ∗
Ai
(I)‖ > 0,

0 ≤ curvM (A) ≤ curv∗(A) ≤ trace [∆A(I)] .

(ii) If curv∗(A) > 0 and there is j such that Mj > ‖Φ∗
Aj

(I)‖, then

curvM (A) = 0.

(iii) If A is in the U-twisted polyball BU (H) and curv(A) > 0, then

curv∗(A) = curv(A) and ‖Φ∗
Ai
(I)‖ = ni

for any i ∈ {1, . . . , k}.
(iv) If A is in the regular U-twisted polyball BU

reg(H), then

curv∗(A) ≤ trace [∆A(I)] ≤ rank [∆A(I)].

Proof. Using theorem 2.5, we obtain the inequalities in item (i). To prove (ii),
assume that curv∗(A) > 0 and there is j such that Mj > ‖Φ∗

Aj
(I)‖. Suppose that

curvM (A) > 0. Since curv∗(A) < ∞, we have curv∗(A)
curvM (A) < ∞. On the other hand,

due to theorem 2.5 and corollary 2.6,

curvM (A) = lim
q1→∞

· · · lim
qk→∞

1

M
q1
1 · · ·Mqk

k

trace
[
Φ

q1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I))
]
.

Consequently,

curv∗(A)

curvM (A)
= lim

q1→∞
· · · lim

qk→∞

(
M1

‖Φ∗
A1

(I)‖

)q1

· · ·

(
Mk

‖Φ∗
Ak

(I)‖

)qk

= ∞,

a contradiction. Therefore, curvM (A) = 0.
Now, we prove item (iii). If A ∈ BU (H), then each Ai is a row contraction and,

consequently, ‖Φ∗
Ai
(I)‖ ≤ ni for any i ∈ {1, . . . , k}. Due to item (i) when Mi := ni,

we have

0 ≤ curv(A) ≤ curv∗(A) ≤ trace [∆A(I)] .

Since curv(A) > 0, we also have curv∗(A) > 0. Applying item (ii) when Mi := ni,
we conclude that ‖Φ∗

Ai
(I)‖ = ni for any i ∈ {1, . . . , k}, which implies curv∗(A) =

curv(A). This proves item (iii).
If A ∈ BU

reg(H), then the defect ∆A(I) is a positive contraction. Consequently,
we have trace [∆A(I)] ≤ rank [∆A(I)], which proves item (iv). The proof is
complete. �

Proposition 2.9. Let A ∈ B(H)n1+···+nk and A′ ∈ B(H′)n1+···+nk be k-tuples
of U-commuting and U ′-commuting operators, respectively, with positive trace class
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defect operators. Then, A ⊕ A′ is a k-tuple of U ⊕ U ′-commuting operators with a
positive trace class defect operator and

curvM (A⊕A′) = curvM (A) + curvM (A′).

If, in addition, dimH′ <∞, then curvM (A⊕A′) = curvM (A).

Proof. It is straightforward due to either theorem 2.5 or corollary 2.6. �

3. The curvature and the noncommutative Berezin kernel on U-twisted
polyballs

Under the assumption that A is in the U-twisted polyball BU (H) and has a positive
trace class defect operator ∆A(I), we established several asymptotic formulas for
the curvature invariant in terms of the noncommutative Berezin kernel associated
with A. We also show that the curvature is upper semi-continuous.

Definition. We say that V := (V1, . . . , Vk) is a k-tuple of doubly U-commuting
row isometries Vi := [Vi,1 · · ·Vi,ni ] with Vi,s ∈ B(H) if

Vi,s ∈ U ′ and V ∗
i,sVj,t = Ui,j(s, t)

∗Vj,tV
∗
i,s, (i, j, s, t) ∈ Γ.

The above doubly U-commutation relation implies the U-commutation relation
Vi,sVj,t = Ui,j(s, t)Vj,tVi,s for any (i, j, s, t) ∈ Γ (see [27]). Therefore, V is also a
U-commuting k -tuple.

In what follows, we fix a set U := {Ui,j(s, t)}(i,j,s,t)∈Γ ⊂ B(H) of commuting

unitary operators such that Uj,i(t, s) = Ui,j(s, t)
∗ for (i, j, s, t) ∈ Γ. We recall the

definition of the standard I ⊗U-twisted multi-shift S := (S1, . . . ,Sk) acting on the
Hilbert space `2(F+

n1
× · · · × F+

nk
)⊗H, where F+

ni
is the unital free semigroup with

generators gi1, . . . g
i
ni

and neutral element g i0. Let {χ(α1,...,αk)
}, αi ∈ F+

ni
, be the

orthonormal basis for `2(F+
n1

×· · ·×F+
nk

). For each i ∈ {1, . . . , k} and s ∈ {1, . . . , ni},
let Si := [Si,1 · · ·Si,ni

] be the row operator defined by setting

Si,s

(
χ(α1,...,αk)

⊗ h
)

:=


χ
(gisα1,α2,...,αk)

⊗ h, if i = 1

χ
(α1,...,αi−1,g

i
sαi,αi+1,...,αk)

⊗U i,1(s, α1) · · ·

U i,i−1(s, αi−1)h, if i ∈ {2, . . . , k}

for any h ∈ H, α1 ∈ F+
n1
, . . . , αk ∈ F+

nk
, where

U i,j(s, β) :=


∏q

b=1 Ui,j(s, jb) if β = gjj1 · · · g
j
jq

∈ F+
nj

I if β = gj0

for any j ∈ {1, . . . , k}. Due to [27], S := (S1, . . . ,Sk) is a k -tuple of doubly I ⊗ U-
commuting pure row isometries on the Hilbert space `2(F+

n1
×· · ·×F+

nk
)⊗H. If we

need to emphasize the dependence of S on the set U , we use the notation SU .
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Let A := (A1, . . . , Ak) be a k -tuple such that its defect operator

∆A(I) := (id− ΦA1
) ◦ · · · ◦ (id− ΦAk

)(I) ≥ 0

and each Ai := [Ai,1 · · ·Ai,ni
] is row power bounded, i.e. there is a constant C > 0

such that ‖Φm
Ai
(I)‖ ≤ C for anym ∈ N. Following [28], the noncommutative Berezin

kernel KA : H → `2(F+
n1

× · · · × F+
nk

)⊗H associated with A is defined by setting

KAh :=
∑

β1∈F+n1 ,...,βk∈F+nk

χ(β1,...,βk)
⊗∆A(I)

1/2A∗
k,βk

· · ·A∗
1,β1

h, h ∈ H,

where Ai,βi
:= Ai,p1

· · ·Ai,pm if βi = gip1 · · · g
i
pm ∈ F+

ni
and A

i,gi0
= I. A simple

extension of theorem 1.5 from [28] is the following. We denote by vN(U) the von
Neumann algebra generated by U .

Theorem 3.2 Let A := (A1, . . . , Ak) ∈ B(H)n1+···+nk be a U-commuting k-tuple
such that ∆A(I) ≥ 0 and each Ai := [Ai,1 · · ·Ai,ni

] is row power bounded. If
S := (S1, . . . ,Sk) with Si := [Si,1 · · ·Si,ni

] is the standard k-tuple of doubly I ⊗ U-
commuting row isometries on the Hilbert space `2(F+

n1
× · · · × F+

nk
) ⊗H, then the

following statements hold:

(i) The noncommutative Berezin kernel KA is a bounded linear operator.
(ii) K∗

AKA = limqk→∞ . . . limq1→∞(id− Φ
qk
Ak

) ◦ · · · ◦ (id− Φ
q1
A1

)(I).

(iii) For any i ∈ {1, . . . , k} and s ∈ {1, . . . , ni},

KAA
∗
i,s = S∗

i,sKA.

(iv) For any (i, j, s, t) ∈ Γ,

KAU = (I ⊗ U)KA, U ∈ vN(U).

Proof. Note that

‖KAh‖2 =

〈 ∑
β1∈F+n1 ,...,βk∈F+nk

A1,β1
· · ·Ak,βk

∆A(I)A
∗
k,βk

· · ·A∗
1,β1

h, h

〉

=

〈 ∞∑
p1,...,pk=0

Φ
p1
A1

◦ · · · ◦ Φpk
Ak

[∆A(I)]h, h

〉

for any h ∈ H. Due to proposition 2.3, for any q1, . . . , qk ∈ N,

qk−1∑
pk=0

· · ·
q1−1∑
p1=0

Φ
pk
Ak

◦ · · · ◦ Φp1
A1

(∆A(I)) = (id− Φ
qk
Ak

) ◦ · · · ◦ (id− Φ
q1
A1

)(I).

Since the latter product is a sum of 2k terms of the form ±Φ
qi1
Ai1

◦ · · · ◦Φ
qip
Aip

(I) and

there is C > 0 such that ‖Φm
Ai
(I)‖ ≤ C for any m ∈ N and i ∈ {1, . . . , k}, we have
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‖(id − Φ
qk
Ak

) ◦ · · · ◦ (id − Φ
q1
A1

)(I)‖ ≤ Ck2k for any q1, . . . , qk ∈ Z+. Consequently,

taking into account that
∑qk−1

pk=0 · · ·
∑q1−1

p1=0 Φ
pk
Ak

◦ · · · ◦Φp1
A1

(∆A(I)) is an increasing

multi-sequence of positive operators with respect to the indices q1, . . . , qk, we con-
clude that KA is a bounded linear operator and item (ii) holds. The proof of items
(iii) and (iv) is similar to the one corresponding to the particular case when A is
in the regular U-twisted polyball (see theorem 1.5 from [28]). We shall omit it. �

Under the assumption that A is in the U-twisted polyball BU (H) and has positive
trace class defect operator ∆A(I), we established several asymptotic formulas for
the curvature invariant in terms of the noncommutative Berezin kernel associated
with A.

For each (q1, . . . , qk) ∈ Zk
+, let P(q1,...,qk)

be the orthogonal projection of `2(F+
n1

×
· · · × F+

nk
) onto the subspace

span {χ(α1,...,αk)
: αi ∈ F+

ni
, |αi| = qi}.

We also denote by P≤(q1,...,qk)
the orthogonal projection of `2(F+

n1
×· · ·×F+

nk
) onto

the subspace

span {χ(α1,...,αk)
: αi ∈ F+

ni
, |αi| ≤ qi}.

Theorem 3.3 Let A be in the U-twisted polyball BU (H) such that ∆A(I) is a
positive trace class operator. Then, the M-curvature of A satisfies the asymptotic
formulas

curvM (A) = lim
m→∞

1(
m+ k

k

) ∑
q1≥0,...,qk≥0
q1+···+qk≤m

trace
[
K∗

A(P(q1,...,qk)
⊗ IH)KA

]
M

q1
1 · · ·Mqk

k

= lim
(q1,...,qk)∈Zk+

trace
[
K∗

A(P(q1,...,qk)
⊗ IH)KA

]
M

q1
1 · · ·Mqk

k

= lim
m→∞

1(
m+ k − 1

k − 1

) ∑
q1≥0,...,qk≥0
q1+···+qk=m

trace
[
K∗

A(P(q1,...,qk)
⊗ IH)KA

]
M

q1
1 · · ·Mqk

k

.

If, in addition, Mi ≥ 1 for any i ∈ {1, . . . , k}, then

curvM (A) = lim
q1→∞

· · · lim
qk→∞

trace
[
K∗

A(P≤(q1,...,qk)
⊗ IH)KA

]
∏k

i=1(1 +Mi + · · ·+M
qi
i )

.

Proof. Let S := (S1, . . . ,Sk), with Si := (Si,1, . . . ,Si,ni
) being the standard k -

tuple of doubly I ⊗ U-commuting row isometries on the Hilbert space `2(F+
n1

×
· · · × F+

nk
)⊗H. Note that
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S∗
i,s

(
χ(α1,...,αk)

⊗ h
)

=


χ(α1,...,αi−1,βi,αi+1,...,αk)

⊗U i,1(s, α1)
∗ · · ·

U i,i−1(s, αi−1)
∗h, if αi = gisβi

0, otherwise

for any h ∈ H, α1 ∈ F+
n1
, . . . , αk ∈ F+

nk
, and βi ∈ F+

ni
, and, consequently,

ni∑
s=1

Si,sS
∗
i,s

(
χ(α1,...,αk)

⊗ h
)

=


χ(α1,...,αi−1,αi,αi+1,...,αk)

⊗U i,1(s, α1)U i,1(s, α1)
∗ · · ·

U i,i−1(s, αi−1)U i,i−1(s, αi−1)
∗h, if |αi| ≥ 1

0, otherwise

=

χ(α1,...,αk)
⊗ h, if |αi| ≥ 1

0, otherwise.

Since S := (S1, . . . ,Sk) with Si := (Si,1, . . . ,Si,ni
) is k -tuple of doubly I ⊗ U-

commuting row isometries and U := {Ui,j(s, t)}(i,j,s,t)∈Γ is a set of commuting

unitary operators on a Hilbert space H such that Uj,i(t, s) = Ui,j(s, t)
∗ for

(i, j, s, t) ∈ Γ, one can use the I ⊗ U-commutation relations for S to check that

(Si,sS
∗
i,s)(Sj,tS

∗
j,t) = (Sj,tS

∗
j,t)(Si,sS

∗
i,s)

for any i, j ∈ {1, . . . , k}, i 6= j, s ∈ {1, . . . , ni}, t ∈ {1, . . . , nj}. Moreover, for any
i1, . . . , ip distinct elements in {1, . . . , k} and α1 ∈ F+

ni1
,. . ., αp ∈ F+

nip
, one can

prove that(
Si1,α1

S∗
i1,α1

)
· · ·
(
Sip,αpS

∗
ip,αp

)
= Si1,α1

· · ·Sip,αpS
∗
ip,αp · · ·S

∗
i1,α1

. (3.1)

Consequently, it is easy to see that

(id− ΦS1
) ◦ · · · ◦ (id− ΦSk

)(I) =
k∏

i=1

(
I −

ni∑
s=1

Si,sS
∗
i,s

)
= PC ⊗ IH,

where PC is the orthogonal projection of `2(F+
n1

× · · · × F+
nk

) onto C ⊂ `2(F+
n1

×
· · ·×F+

nk
), where C is identified with χ

(g10 ,...,g
k
0 )
C. On the other hand, one can check

that ∑
α∈F+ni ,|α|=qi

Si,αS
∗
i,α

(χ(α1,...,αk)
⊗ h
)
=

χ(α1,...,αk)
⊗ h, if |αi| ≥ qi

0, otherwise
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for any qi ∈ N. Hence, we deduce that

(Φ
qi
Si

− Φ
qi+1
Si

)(I)
(
χ(α1,...,αk)

⊗ h
)

=

 ∑
α∈F+ni ,|α|=qi

Si,αS
∗
i,α −

∑
α∈F+ni ,|α|=qi+1

Si,αS
∗
i,α

(χ(α1,...,αk)
⊗ h
)

=

χ(α1,...,αk)
⊗ h, if |αi| = qi

0, otherwise.

Consequently, using relation (3.1), we obtain

(Φ
q1
S1

− Φ
q1+1
S1

) ◦ · · · ◦ (Φqk
Sk

− Φ
qk+1

Sk
)(I)

=
k∏

i=1

 ∑
α∈F+ni ,|α|=q

Si,αS
∗
i,α −

∑
α∈F+ni ,|α|=qi+1

Si,αS
∗
i,α


= P(q1,...,qk)

⊗ IH.

(3.2)

On the other hand, due to theorem 3.2, we have

K∗
AKA = lim

qk→∞
. . . lim

q1→∞
(id− Φ

qk
Ak

) ◦ · · · ◦ (id− Φ
q1
A1

)(I),

where the limits are in the weak operator topology. Since

0 ≤ (id− Φ
qk
Ak

) ◦ · · · ◦ (id− Φq1
A1

)(I) =

qk−1∑
sk=0

Φ
sk
Ak

◦ · · ·
q1−1∑
s1=0

Φs1
A1

◦ (id− ΦAk
) ◦ · · · ◦ (id− ΦA1

)(I)

and ∆A(I) := (id−ΦAk
) ◦ · · · ◦ (id−ΦA1

)(I) ≥ 0, the sequence {(id−Φ
qk
Tk

) ◦ · · · ◦
(id−Φ

q1
T1
)(I)}

(q1,...,qk)∈Zk+
is increasing with respect to each index qi. Using propo-

sition 2.3, the fact that ΦA1
, . . . ,ΦAk

are WOT-continuous completely positive and

contractive linear maps, and WOT-limqi→∞ Φ
qi
Ai
(I) exists for each i ∈ {1, . . . , k},

we deduce that

(id− ΦA1
)(K∗

AKA) = lim
qk→∞

. . . lim
q1→∞

(id− Φ
qk
Ak

) ◦ · · · ◦ (id− Φ
q1
A1

) ◦ (id− ΦA1
)(I)

= lim
qk→∞

. . . lim
q2→∞

(id− Φ
qk
Ak

) ◦ · · · ◦ (id− Φ
q2
A2

)[
lim

q1→∞
(id− Φ

q1
A1

) ◦ (id− ΦA1
)(I)

]
= lim

qk→∞
. . . lim

q2→∞
(id− Φ

qk
Ak

) ◦ · · · ◦ (id− Φ
q2
A2

) ◦ (id− ΦA1
)(I).

Consequently, composing to the left by id− ΦA2
, a similar reasoning leads to

(id− ΦA2
) ◦ (id− ΦA1

)(K∗
AKA) = lim

qk→∞
. . . lim

q3→∞
(id− Φ

qk
Ak

) ◦ · · · ◦ (id− Φ
q3
A3

)◦
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(id− ΦA1
) ◦ (id− ΦA2

)(I).

Continuing this process, we obtain

∆A(K
∗
AKA) = ∆A(I). (3.3)

On the other hand, due to theorem 3.2, we have KAA
∗
i,j = S∗

i,jKA for any i ∈
{1, . . . , k} and any j ∈ {1, . . . , ni}. Consequently, we deduce that

K∗
A

[
Φ

q1
S1

◦ · · · ◦ Φqk
Sk

◦ (id− ΦSk
) ◦ · · · ◦ (id− ΦS1

)(I)
]
KA

= Φ
q1
A1

◦ · · · ◦ Φqk
Ak

◦ (id− ΦA1
) ◦ · · · ◦ (id− ΦAk

)(K∗
AKA).

Hence and using relations (3.2) and (3.3), we deduce that

K∗
A(P(q1,...,qk) ⊗ IH)KA = K∗

A

[
(Φq1

S1
− Φq1+1

S1
) ◦ · · · ◦ (Φqk

Sk
− Φ

qk+1
Sk

)(I)
]
KA

= K∗
A

[
Φq1

S1
◦ · · · ◦ Φqk

Sk
◦ (id− ΦSk) ◦ · · · ◦ (id− ΦS1)(I)

]
KA

= Φq1
A1

◦ · · · ◦ Φqk
Ak

◦ (id− ΦA1) ◦ · · · ◦ (id− ΦAk)(K
∗
AKA)

= Φq1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I)).

Therefore,

K∗
A(P(q1,...,qk)

⊗ IH)KA = Φ
q1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I)) (3.4)

for any q1, . . . , qk ∈ Z+. Using this relation, theorem 2.5, and corollary 2.6, we
deduce the first three equalities in the theorem.

Assume now that Mi ≥ 1 for any i ∈ {1, . . . , k}. Using again theorem 2.5 and
corollary 2.6, we have

curvM (A) = lim
q1→∞

· · · lim
qk→∞

1

M
q1
1 · · ·Mqk

k

trace
[
Φ

q1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I))
]
.

A repeated application of Stolz–Cesáro convergence theorem with respect to each
limit leads to

curvM (A) = lim
q1→∞

· · · lim
qk→∞

trace
[∑q1

s1=0 · · ·
∑qk

sk=0 Φ
s1
A1

◦ · · · ◦ Φsk
Ak

(∆A(I))
]

∏k
i=1(1 +Mi + · · ·+M

qi
i )

.

Consequently, due to relation (3.4), we deduce that

curvM (A) = lim
q1→∞

· · · lim
qk→∞

trace
[
K∗

A(P≤(q1,...,qk)
⊗ IH)KA

]
∏k

i=1(1 +Mi + · · ·+M
qi
i )

.

The proof is complete. �

In the particular case when M = (M1, . . . ,Mk) = (n1, . . . , nk), we obtain the
following asymptotic formulas for the curvature which will be used later on.
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Corollary 3.4. Let A := (A1, . . . , Ak) be an element in the U-twisted polyball

BU (H) such that ∆A(I) is a positive trace class operator. Then, the curvature of
A satisfies the asymptotic formulas

curv(A) = lim
m→∞

1(
m+ k

k

) ∑
q1≥0,...,qk≥0
q1+···+qk≤m

trace
[
K∗

A(P(q1,...,qk) ⊗ IH)KA

]
trace

[
P(q1,...,qk)

]

= lim
(q1,...,qk)∈Zk

+

trace
[
K∗

A(P(q1,...,qk) ⊗ IH)KA

]
trace [P(q1,...,qk)]

= lim
m→∞

1(
m+ k − 1

k − 1

) ∑
q1≥0,...,qk≥0
q1+···+qk=m

trace
[
K∗

A(P(q1,...,qk) ⊗ IH)KA

]
trace [P(q1,...,qk)]

= lim
q1→∞

· · · lim
qk→∞

trace
[
K∗

A(P≤(q1,...,qk) ⊗ IH)KA

]
trace [P≤(q1,...,qk)]

= lim
m→∞

1(
m+ k

k

) ∑
q1≥0,...,qk≥0
q1+···+qk≤m

1

nq1
1 · · ·nqk

k

trace
[
Φq1

A1
◦ · · · ◦ Φqk

Ak
(∆A(I))

]

= lim
m→∞

1(
m+ k − 1

k − 1

) ∑
q1≥0,...,qk≥0
q1+···+qk=m

1

nq1
1 · · ·nqk

k

trace
[
Φq1

A1
◦ · · · ◦ Φqk

Ak
(∆A(I))

]

= lim
q1→∞

· · · lim
qk→∞

trace
[
(id− Φq1+1

A1
) ◦ · · · ◦ (id− Φ

qk+1
Ak

)(I)
]

∏k
i=1(1 + ni + · · ·+ nqi

i )

= lim
(q1,...,qk)∈Zk

+

1

nq1
1 · · ·nqk

k

trace
[
Φq1

A1
◦ · · · ◦ Φqk

Ak
(∆A(I))

]
.

We remark that in the particular case of the U-twisted polydisk, i.e. n1 = · · · =
nk = 1, we have trace

[
P(q1,...,qk)

]
= 1, and therefore, the first of the assymptotic

formulas for the curvature (see corollary 3.4) becomes

curv(A) = lim
m→∞

trace [K∗
A(P≤m ⊗ IH)KA]

traceP≤m
,

where P≤m stands for the orthogonal projection of `2(Zk
+) onto

span{χ(m1,...,mk)
: mi ∈ Z+,m1 + · · ·+mk ≤ m}.

Definition. Let A := (A1, . . . , Ak) with Ai := (Ai,1, . . . , Ai,ni
) ∈ B(H)ni and

C := (C1, . . . , Ck) with Ci := (Ci,1, . . . , Ci,ni
) ∈ B(H′)ni .

(i) We say that A is unitarily equivalent to C if there is a unitary operator Ψ :
H → H′ such that ΨAi,s = Ci,sΨ for any i ∈ {1, . . . , k} and s ∈ {1, . . . , ni}.

(ii) If A and C are U-commuting and W-commuting, respectively, we say that
(A,U) is unitarily equivalent to (C,W) if there is a unitary operator Ψ :
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H → H′ such that

ΨAi,s = Ci,sΨ and ΨUi,j(s, t) =Wi,j(s, t)Ψ for any (i, j, s, t) ∈ Γ.

We note that if (A,U) is unitarily equivalent to (C,W), then A ∈ BU (H) has a
positive trace class defect operator ∆A(IH) if and only if C ∈ BW(H′) has a positive
trace class defect operator ∆C(IH′). Using one of the asymptotic expressions for
the curvature, it is easy to see that curv(A) = curv(C). Therefore, the curvature
is invariant under unitary equivalence of the pairs (A,U) and (C,W). We remark
that if A and C are just unitarily equivalent, then (A,U) is not necessarily unitarily
equivalent to (C,W) in general.

Theorem 3.6 Let A and {A(p)}p∈N be elements in the U-twisted polyball BU (H)
with positive defect operators and defect spaces included in a finite dimensional
subspace of H. If K

A(p)K
∗
A(p) → KAK

∗
A in the weak operator topology as p → ∞,

then

lim sup
p→∞

curv(A(p)) ≤ curv(A).

Proof. Let K ⊂ H be a subspace with dimK <∞ such that DA ⊂ K and D
A(p) ⊂ K

for any p ∈ N. Note that

lim
p→∞

trace
[
(P(q1,...,qk)

⊗ IK)KA(p)K
∗
A(p)

]
= trace

[
(P(q1,...,qk)

⊗ IK)KAK
∗
A

]
for any (q1, . . . , qk) ∈ Zk

+. A close look at the proof of theorem 3.3 reveals that

lim
p→∞

trace

[
Φq1

A
(p)
1

◦ · · · ◦ Φ
qk

A
(p)
k

(∆A(p) (I))

]
= lim

m→∞
trace

[
K∗

A(p) (P(q1,...,qk)
⊗ IK)KA(p)

]
= trace

[
(P(q1,...,qk)

⊗ IK)KAK∗
A

]
= trace

[
Φq1

A1
◦ · · · ◦ Φ

qk
Ak

(∆A(I))
]

for any (q1, . . . , qk) ∈ Zk
+. For each p ∈ N and q := (q1, . . . , qk) ∈ Zk

+, let

aq :=
trace

[
Φ

q1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I))
]

n
q1
1 · · ·nqkk

and

a(p)q :=

trace

[
Φ

q1

A
(p)
1

◦ · · · ◦ Φqk

A
(p)
k

(∆
A(p)(I))

]
n
q1
1 · · ·nqkk

.

As we saw in the proof of theorem 2.5, {aq}q∈Zk+
and {a(p)q }

q∈Zk+
are decreasing

multi-sequences with respect to the indices q1, . . . , qk. Setting a := lim
q∈Zk+

aq and

a(p) := lim
q∈Zk+

a
(p)
q , we prove that lim supp→∞ a(p) ≤ a, by contradiction. Passing

to a subsequence, we may assume that there is ε> 0 such that a(p)−a ≥ 2ε > 0 for
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any p ∈ N. Taking into account that a := lim
q∈Zk+

aq, we can find N ≥ 1 such that

|aq − a| < ε for any q = (q1, . . . , qk) ∈ Zk
+ with qi ≥ N . Consequently, a

(p)
q ≥ a(p)

and

|a(p)q − aq| ≥ |a(p)q − a| − |aq − a| ≥ 2ε− ε = ε,

which contradicts that limp→∞ a
(p)
q = aq. Consequently, using corollary 3.4, we

deduce that

lim sup
p→∞

curv(A(p)) ≤ curv(A).

The proof is complete. �

The next result shows that the curvature invariant is upper semi-continuous.

Theorem Let A and {A(p)}p∈N be elements in the U-twisted polyball BU (H) such
that they have positive defect operators and rank∆

A(p)(I) ≤ C for any p ∈ N. If
A(p) → A in the norm topology as p→ ∞, then

lim sup
p→∞

curv(A(p)) ≤ curv(A).

Proof. According to the proof of theorem 3.6, it suffices to show that, for any
(q1, . . . , qk) ∈ Zk

+,

lim
p→∞

trace

[
Φ

q1

A
(p)
1

◦ · · · ◦ Φqk

A
(p)
k

(∆
A(p)(I))

]
= trace

[
Φ

q1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I))
]
.

Consequently, using the fact that rank∆
A(p)(I)) ≤ C, p ∈ N, for some C > 0, we

have∣∣∣∣∣trace
[
Φ

q1

A
(p)
1

◦ · · · ◦ Φqk

A
(p)
k

(∆
A(p)(I))− Φ

q1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I))

]∣∣∣∣∣
≤ ‖Φq1

A
(p)
1

◦ · · · ◦ Φqk

A
(p)
k

(∆
A(p)(I))− Φ

q1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I))‖

× rank

[
Φ

q1

A
(p)
1

◦ · · · ◦ Φqk

A
(p)
k

(∆
A(p)(I))− Φ

q1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I))

]
≤ n

q1
1 · · ·nqkk

(
rank [∆

A(p)(I)] + rank [∆A(I)]
)
‖Φq1

A
(p)
1

◦ · · · ◦ Φqk

A
(p)
k

(∆
A(p)(I))

− Φ
q1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I))‖

≤ 2Cn
q1
1 · · ·nqkk ‖Φq1

A
(p)
1

◦ · · · ◦ Φqk

A
(p)
k

(∆
A(p)(I))− Φ

q1
A1

◦ · · · ◦ Φqk
Ak

(∆A(I))‖.

Since A(p) → A in the norm topology as p→ ∞, it is clear that the later expression
converges to 0. The rest of the proof is similar to that of theorem 3.6. The proof is
complete. �
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4. The U-twisted multi-shifts as universal operator models

In [28], we proved the following classification result for the pure elements in
the regular U-twisted polyball having defect operators of finite rank. Let A :=
(A1, . . . , Ak) ∈ B(H)n1+···+nk be a k -tuple with Ai := [Ai,1 · · ·Ai,ni

]. Then, A
is a pure k -tuple in the regular U-twisted polyball, with rank∆A(I) = m, where
m ∈ N, if and only if there is a set W := {Wi,j(s, t)}(i,j,s,t)∈Γ of commuting unitary
operators on Cm with

Wj,i(t, s) =Wi,j(s, t)
∗, (i, j, s, t) ∈ Γ,

and there is a jointly invariant subspace M ⊂ `2(F+
n1

× · · · × F+
nk

)⊗Cm under the

I ⊗ W-twisted multi-shift S := (S1, . . . ,Sk) with Si := [Si,1 · · ·Si,ni
] and under

I⊗Wi,j(s, t) such that dim[(PC⊗ ICm)M⊥] = m and, up to a unitary equivalence,

Ai,s = PM⊥Si,s|M⊥ .

Due to the spectral theorem, since Wi,j(s, t) are commuting unitary operators
on Cm, there is an orthonormal basis {v1, . . . , vm} of Cm that simultaneously
diagonalizes each Wi,j(s, t), i.e.

Wi,j(s, t)vp = z
(p)
i,j (s, t)vp, z

(p)
i,j (s, t) ∈ T,

for any (i, j, s, t) ∈ Γ and p ∈ {1, . . . ,m}. Setting z(p) := (z
(p)
i,j (s, t))(i,j,s,t)∈Γ, it is

clear that each Cvp is a reducing subspace for all Wi,j(s, t) and Wi,j(s, t)|Cvp =

z
(p)
i,j (s, t)ICvp . Consequently, due to the definition of the multi-shift, we have S =⊕m
p=1 Sz(p)

, i.e Si,s =
⊕m

p=1(Sz(p)
)i,s. Therefore, the I ⊗W-twisted multi-shift S

is a direct sum of multi-shifts Sz ∈ B(`2(F+
n1

× · · · × F+
nk

)) with scalar weights z =

(zi,j(s, t))(i,j,s,t)∈Γ, where zi,j(s, t) ∈ T and zj,i(t, s) = zi,j(s, t) for (i, j, s, t) ∈ Γ.
In particular, according to Corollary 3.5 from [28], A is a pure k -tuple in the

regular U-twisted polyball, with rank∆A(I) = 1 if and only if there is a set z =
(zi,j(s, t))(i,j,s,t)∈Γ of complex numbers in the torus T with

zj,i(t, s) = zi,j(s, t), (i, j, s, t) ∈ Γ,

and a jointly invariant subspace M ⊂ `2(F+
n1

× · · · × F+
nk

) under the standard

multi-shift Sz such that dim[PCM⊥] = 1 and, up to a unitary equivalence,

Ai,s = PM⊥(Sz)i,s|M⊥ .

If M′ is another jointly co-invariant subspace under (Sz)i,s, then PM⊥Sz|M⊥ and

P
M′⊥Sz|M′⊥ are unitarily equivalent if and only if M⊥ = M′⊥. As a consequence

of the next result, we deduce that if Sz and Sz′ are the standard multi-shifts
associated with the scalar weights z and z′, respectively, Sz is unitarily equivalent
Sz′ if and only if z = z′.

Theorem 4.1 Let SU and SU′ be the standard multi-shifts associated with U ⊂
B(H) and U ′ ⊂ B(H′), respectively. Then, SU is jointly similar to SU′ if and only if
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there is an invertible operator W ∈ B(H,H′) such that Ui,j(s, t) =W−1U ′
i,j(s, t)W

for any (i, j, s, t) ∈ Γ.
Moreover, SU is unitarily equivalent SU′ if and only if there is a unitary operator

W ∈ B(H,H′) such that Ui,j(s, t) =W ∗U ′
i,j(s, t)W .

Proof. Let {χα}α with α := (α1, . . . , αk) ∈ F+
n1

× · · · × F+
nk

be the orthonormal

basis for the Hilbert space `2(F+
n1

×· · ·×F+
nk

). Recall that SU = ((SU )1, . . . , (SU )k)

with (SU )i := [(SU )i,1 · · · (SU )i,ni ], where

(SU )i,s

(
χ(α1,...,αk)

⊗ h
)

:=


χ
(gisα1,α2,...,αk)

⊗ h, if i = 1

χ
(α1,...,αi−1,g

i
sαi,αi+1,...,αk)

⊗U i,1(s, α1) · · ·

U i,i−1(s, αi−1)h, if i ∈ {2, . . . , k}

for any h ∈ H, α1 ∈ F+
n1
, . . . , αk ∈ F+

nk
, where

U i,j(s, β) :=


∏q

b=1 Ui,j(s, jb) if β = gjj1 · · · g
j
jq

∈ F+
nj

I if β = gj0

for any j ∈ {1, . . . , k}.
Assume that there is an invertible operator X ∈ `2(F+

n1
× · · · × F+

nk
) ⊗ H →

`2(F+
n1

× · · · × F+
nk

)⊗H′ such that

X(SU )i,s = (SU′)i,sX (4.1)

for any i ∈ {1, . . . , k} and s ∈ {1, . . . , ni}. Let [Xα,β]α,β∈F+n1×···×F+nk
be the oper-

ator block matrix of X, where 〈Xα,βh, h
′〉 = 〈X(χβ ⊗ h, χα ⊗ h′〉 for any h ∈ H

and h′ ∈ H′. Note that

〈X(SU )1,s(χα ⊗ h), (χβ ⊗ h′)〉 =
〈
X(χ(g1sα1,...,αk)

⊗ h), (χ(β1,...,βk)
⊗ h′)

〉
=
〈
X(β1,...,βk),(g

1
sα1,...,αk)

h, h′
〉

and

〈(SU′)1,sX(χα ⊗ h), (χβ ⊗ h′)〉
=
〈
X(χα ⊗ h), (SU′)∗1,s(χβ ⊗ h′)

〉
=


〈
X(χ(α1,...,αk)

⊗ h), (χ(γ1,β2,...,βk)
⊗ h′)

〉
if β1 = g1sγ1 for some γ1 ∈ F+

n1

0 otherwise

=

X(γ1,β2,...,βk),(α1,...,αk)
if β1 = g1sγ1 for some γ1 ∈ F+

n1

0 otherwise.
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Consequently, due to relation (4.1), we must have

X(g1sγ1,β2,...,βk),(g
1
sσ1,α2,...,αk)

= X(γ1,β2,...,βk),(σ1,α2,...,αk), γ1, σ1 ∈ F+
n1

, αi, βi ∈ F+
ni
,

and

X(β1,...,βk),(α1,...,αk)
= 0 if β1 6= α1, αi, βi ∈ F+

ni
.

Consequently, if β1 = α1, then

X(β1,β2,...,βk),(α1,α2,...,αk)
= X(g10 ,β2,...,βk),(g

1
0 ,α2,...,αk)

(4.2)

for any α2, β2 ∈ F+
n2
, . . . , αk, βk ∈ F+

nk
.

Now, fix i ∈ {2, . . . , k} and t ∈ {1, . . . , ni}. As above, using the definition of the
standard multi-shifts, we deduce that

〈
X(SU )i,t(χα ⊗ h), (χβ ⊗ h′)

〉
=
〈
X(χ(α1,...,αi−1,g

i
tαi,αi+1,...,αk)

⊗U i,1(t, α1) · · ·U i,i−1(t, αi−1)h), (χ(β1,...,βk)
⊗ h′)

〉
=
〈
X(β1,...,βk),(α1,...,αi−1,g

i
tαi,αi+1,...,αk)

U i,1(t, α1) · · ·U i,i−1(t, αi−1)h, h
′
〉

and

〈(SU′)i,tX(χα ⊗ h), (χβ ⊗ h′)〉
=
〈
X(χα ⊗ h), (SU′)∗i,t(χβ ⊗ h′)

〉

=



〈
X(χ(α1,...,αk)

⊗ h), (χ(β1,...,βi−1,γi,βi+1,...,βk)
⊗

U ′
i,1(t, β1)

∗ · · ·U ′
i,i−1(t, βi−1)

∗h′)

〉
if βi = gitγi, γi ∈ F+

ni

0 otherwise

=



〈
U ′

i,1(t, β1) · · ·U
′
i,i−1(t, βi−1)

X(β1,...,βi−1,γi,βi+1,...,βk),(α1,...,αk)
, h′
〉

if βi = gitγiwith γi ∈ F+
ni

0 otherwise.

Now, using relation (4.1), we deduce that

X(β1,...,βi,...,βk),(α1,...,αi,...,αk)
= 0 if βi 6= αi, αj , βj ∈ F+

nj

and

X
(β1,...,g

i
tγi,...,βk),(α1,...,g

i
tσi,...,αk)

U i,1(t, α1) · · ·U i,i−1(t, αi−1)

= U ′
i,1(t, β1) · · ·U

′
i,i−1(t, βi−1)X(β1,...,γi,...,βk),(α1,...,σi,...,αk)

.
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Consequently, if βi = αi, then

X(β1,...,βi,...,βk),(α1,...,αi,...,αk)
U i,1(βi, α1) · · ·U i,i−1(βi, αi−1)

= U ′
i,1(βi, β1) · · ·U

′
i,i−1(βi, βi−1)X(β1,...,g

i
0,...,βk),(α1,...,g

i
0,...,αk)

(4.3)

where

U i,j(βi, αj) =

q∏
b=1

U i,j(jb, αj) if βi = gij1 · · · g
i
jq ∈ F+

ni
, αj ∈ F+

nj
,

and U i,j(βi, αj) = I if βi = gi0.
Due to the above results, if there is i ∈ {1, . . . , k} such that αi 6= βi,

then X(β1,...,βk),(α1,...,αk)
= 0. Therefore, the non-zero entries of the oper-

ator block matrix [Xα,β]α,β∈F+n1×···×F+nk
are those on the diagonal, that is,

X(α1,...,αk),(α1,...,αk)
. Using relations (4.2) and (4.3), we deduce that

X(α1,...,αk),(α1,...,αk)
= X(g10 ,α2,...,αk),(g

1
0 ,α2,...,αk)

= X(g10 ,g
2
0 ,α3,...,αk),(g

1
0 ,g

2
0 ,α3,...,αk)

= · · · = X
(g10 ,g

2
0 ,...,g

k
0 ),(g

1
0 ,g

2
0 ,...,g

k
0 )

(4.4)

for any αi ∈ F+
ni
. Since X is a an invertible operator, X

(g10 ,...,g
k
0 ),(g

1
0 ,...,g

k
0 )

∈
B(H,H′) must be invertible as well.

Now, let i ∈ {2, . . . , k} and let j ∈ {1, . . . , k − 1} be such that i > j. In what fol-
lows, we show that U i,j(s, t) = U ′

i,j(s, t) for any s ∈ {1, . . . , ni} and t ∈ {1, . . . , nj}.
Indeed, take αi = gis, αj = gjt , and αp = gp0 for any p ∈ {1, . . . , k} with p 6= i and
p 6= j. Applying relations (4.3) and (4.4), we obtain

X(α1,...,αk),(α1,...,αk)
U i,1(g

i
s, g

1
0) · · ·U i,j(g

i
s, g

j
t ) · · ·U i,i−1(g

i
s, g

i−1
0 )

= U ′
i,1(g

i
s, g

1
0) · · ·U

′
i,j(g

i
s, g

j
t ) · · ·U

′
i,i−1(g

i
s, g

i−1
0 )

X
(α1,...,αi−1,g

i
0,αi+1...αk),(α1,...,αi−1,g

i
0,αi+1,...αk)

,

which implies

X(α1,...,αk),(α1,...,αk)
U i,j(s, t) = U ′

i,j(s, t)X(g10 ,...,g
k
0 ),(g

1
0 ,...,g

k
0 )
.

Consequently, again using relation (4.4), i.e. X(α1,...,αk),(α1,...,αk)
=

X
(g10 ,...,g

k
0 ),(g

1
0 ,...,g

k
0 )

:= W , we deduce that WU i,j(s, t) = U ′
i,j(s, t)W , which

proves our assertion. The converse is obviously true. In a similar manner, one can
show that SU is unitarily equivalent SU′ if and only if there is a unitary operator
W ∈ B(H,H′) such that Ui,j(s, t) = W ∗U ′

i,j(s, t)W for any (i, j, s, t) ∈ Γ. The
proof is complete. �

Corollary 4.2. Let Sz and Sz’ be the standard multi-shifts associated with the
scalar weights z and z′, respectively. Then, Sz is unitarily equivalent Sz’ if and only
if z = z’.
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5. Curvature operator on the U-twisted polyball and some
classification results

In this section, we prove that if A is an element in the U-twisted polyball BU (H)
which admits characteristic function ΘA and the defect ∆A(I) is a positive finite
rank operator, then we can introduce a trace class curvature operator whose trace is
exactly the curvature of A. This result is used to show that the curvature invariant
detects the elements in B(H)n1+···+nk which are unitarily equivalent to a I ⊗ U -
twisted multi-shift S of finite rank defect operator and completely classify them. We
also show that the curvature invariant completely classifies the finite rank Beurling
type jointly invariant subspace under S and I ⊗ U .

We recall that

N≤(q1,...,qk)
:=

∑
si∈Z+,si≤qi

1

n
s1
1 · · ·nskk

P(s1,...,sk)
,

where P(s1,...,sk)
is the orthogonal projection of `2(F+

n1
×· · ·×F+

nk
) onto the subspace

span {χ(α1,...,αk)
: αi ∈ F+

ni
, |αi| = si}.

Theorem 5.1 Let A be an element in the U-twisted polyball BU (H) such that
∆A(I) is a positive trace class operator. Then,

curv(A) = lim
(q1,...,qk)∈Zk+

trace
[
∆S(KAK

∗
A)(N≤(q1,...,qk)

⊗ IH)
]
,

where KA is the noncommutative Berezin kernel of A.

Proof. Fix j ∈ {1, . . . , k}, and let αj ∈ F+
nj

with |αj | = sj ≤ qj ∈ Z+. Denote by

P
(j)
qj the orthogonal projection of `2(F+

n1
× · · · × F+

nk
) onto

span
{
χ(β1,...,βk)

: β1 ∈ F+
n1
, . . . , βk ∈ F+

nk
and |βj | = qj

}
.

Using the definition of the I⊗U-twisted multi-shift S on B(`2(F+
n1

×· · ·×F+
nk

)⊗H,
we have

S∗
j,αj

(P
(j)
qj ⊗ IH)(χ(β1,...,βk)

⊗ h)

=

S∗
j,αj

(χ(β1,...,βk)
⊗ h) if |βj | = qj

0, otherwise

=

χ(β1,...,βj−1,γj ,βj+1,...,βk)
⊗Uj,1(αj , β1)∗ · · ·Uj,j−1(αj , βj−1)

∗h, if βj = αjγj

0, otherwise
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if j ≥ 2, where

Uj,p(αj , βp) :=

sj∏
b=1

Uj,p(jb, βp)

for each p ∈ {1, . . . , j − 1}, αj = gjj1 · · · g
j
jsj

∈ F+
nj

and βp ∈ F+
np . If j =1, we have

S∗
1,α1

(P (1)
q1

⊗ IH)(χ(β1,...,βk)
⊗ h) =

χ(γ1,β2,...,βk)
⊗ h, if β1 = α1γ1

0, otherwise.

Consequently, if j ≥ 2, we deduce that

(P
(j)
qj−sj

⊗ IH)S∗
j,αj

(χ(β1,...,βk)
⊗ h)

=


(P

(j)
qj−sj

⊗ IH)

(
χ(β1,...,βj−1,γj ,βj+1,...,βk)

⊗Uj,1(αj , β1)∗ · · ·

Uj,j−1(αj , βj−1)
∗h

)
, if βj = αjγj

0, otherwise

=

χ(β1,...,βj−1,γj ,βj+1,...,βk)
⊗Uj,1(αj , β1)∗ · · ·Uj,j−1(αj , βj−1)

∗h, if βj = αjγj

0, otherwise.

On the other hand, if j =1, we have

(P
(1)
q1−s1

⊗ IH)S∗
1,α1

(χ(β1,...,βk)
⊗ h) =

χ(γ1,β2,...,βk)
⊗ h, if β1 = α1γ1

0, otherwise.

The above relations imply

S∗
j,αj

(P (j)
qj

⊗ IH) = (P
(j)
qj−sj

⊗ IH)S∗
j,αj

,

for any αj ∈ F+
nj

with |αj | = sj ≤ qj ∈ Z+. Since P(s1,...,sk)
= P

(1)
s1 · · ·P (k)

sk
and

taking into account that Φ
∗si
Si

(I) = n
si
i I, we obtain

Φ
∗s1
S1

◦ · · · ◦ Φ∗sk
Sk

(
P(q1,...,qk)

⊗ IH

)
=
(
P(q1−s1,...,qk−sk)

⊗ IH

)
Φ

∗s1
S1

◦ · · · ◦ Φ∗sk
Sk

(I)

= n
s1
1 · · ·nskk

(
P(q1−s1,...,qk−sk)

⊗ IH

)
(5.1)

for any s1 ≤ q1, . . . , sk ≤ qk. Using proposition 2.3, we have

X =
∞∑

s1=0

· · ·
∞∑

sk=0

Φ
s1
S1

◦ · · · ◦ Φsk
Sk

(∆S(X))
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for any X ∈ (I ⊗ U)′. Hence,

(P(q1,...,qk)
⊗ IH)X = (P(q1,...,qk)

⊗ IH)

q1∑
s1=0

· · ·
qk∑

sk=0

Φ
s1
S1

◦ · · · ◦ Φsk
Sk

(∆S(X)).

Now, using this relation and (5.1), we deduce that

trace
[
(P(q1,...,qk)

⊗ IH)X
]

=

q1∑
s1=0

· · ·
qk∑

sk=0

trace

(P(q1,...,qk)
⊗ IH)

∑
|α1|=s1,...,|αk|=sk

S1,α1
· · ·Sk,αk

∆S(X)S∗
k,αk

· · ·S∗
1,α1


=

q1∑
s1=0

· · ·
qk∑

sk=0

trace

 ∑
|α1|=s1,...,|αk|=sk

S∗
k,αk

· · ·S∗
1,α1

(P(q1,...,qk)
⊗ IH)S1,α1

· · ·Sk,αk
∆S(X)


=

q1∑
s1=0

· · ·
qk∑

sk=0

trace
[
∆S(X)Φ

∗sk
Sk

◦ · · · ◦ Φ∗s1
S1

(
P(q1,...,qk)

⊗ IH

)]

= trace

∆S(X)

q1∑
s1=0

· · ·
qk∑

sk=0

n
s1
1 · · ·nskk

(
P(q1−s1,...,qk−sk)

⊗ IH

)
= trace

∆S(X)

 q1∑
s1=0

n
s1
1 P

(1)
q1−s1

 · · ·

 qk∑
sk=0

n
sk
k P

(k)
qk−sk

⊗ IH

 .

Hence, we obtain

trace
[
(P(q1,...,qk)

⊗ IH)X
]

n
q1
1 · · ·nqkk

= trace

∆S(X)

 q1∑
s1=0

1

n
s1
1

P (1)
s1

 · · ·

 qk∑
sk=0

1

n
sk
k

P (k)
sk

⊗ IH


= trace

∆S(X)
∑

si∈Z+,si≤qi

1

n
s1
1 · · ·nskk

P(s1,...,sk)
⊗ IH


= trace

[
∆S(X)(N≤(q1,...,qk)

⊗ IH)
]

(5.2)
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for any X ∈ (I ⊗U)′. Since KAUi,j(s, t) = (I ⊗Ui,j(s, t))KA for any (i, j, s, t) ∈ Γ,
it is clear that KAK

∗
A ∈ (I ⊗ U)′. Using corollary 3.4 and relation (5.2) when

X = KAK
∗
A, we obtain

curv(A) = lim
(q1,...,qk)∈Zk+

trace
[
K∗

A(P(q1,...,qk)
⊗ IH)KA

]
trace [P(q1,...,qk)

]

= lim
(q1,...,qk)∈Zk+

trace
[
∆S(KAK

∗
A)(N≤(q1,...,qk)

⊗ IH)
]
.

(5.3)

This completes the proof. �

Theorem 5.2 Let A := (A1, . . . , Ak) be an element in the U-twisted polyball
BU (H) such that ∆A(I) is a positive finite rank operator and ∆S(I −KAK

∗
A) ≥ 0.

Then, the curvature operator ∆S(KAK
∗
A)(N ⊗ IH) is trace class and

curv(A) = trace [∆S(KAK
∗
A)(N ⊗ IH)] ,

where

N :=
∑

(s1,...,sk)∈Zk+

1

n
s1
1 · · ·nskk

P(s1,...,sk)
.

Proof. Let DA := ∆A(I)H, and note that

trace
[
(P(q1,...,qk)

⊗ IDA
)(I −KAK

∗
A)
]

nq1 · · ·nqkk
≤ ‖I −KAK

∗
A‖

trace
[
(P(q1,...,qk)

⊗ IDA
)
]

nq1 · · ·nqkk
≤ ‖I −KAK

∗
A‖ dimDA.

Hence, and using relation (5.2) when X := I −KAK
∗
A ∈ (I ⊗ U)′, we obtain

trace
[
∆S(I −KAK

∗
A)(N≤(q1,...,qk)

⊗ IH)
]
≤ ‖I −KAK

∗
A‖ dimDA.

Since {N≤(q1,...,qk)
} is an increasing multi-sequence of positive operators converging

to N, we deduce that

trace [∆S(I −KAK∗
A)(N ⊗ IH)]= lim

(q1,...,qk)∈Zk
+

trace
[
∆S(I−KAK∗

A)(N≤(q1,...,qk)
⊗ IH)

]
≤ ‖I −KAK∗

A‖dimDA.

(5.4)

Consequently, ∆S(I−KAK
∗
A)(N⊗IH) is a trace class operator. On the other hand,

we have

trace [∆S(KAK∗
A)(N ⊗ IH)] = trace [∆S(I)(N ⊗ IDA

)]

− trace
[
∆S(I −KAK∗

A)(N ⊗ IDA
)
]

= trace [PC ⊗ IDA
]− trace

[
∆S(I −KAK∗

A)(N ⊗ IDA
)
]

= rank∆A(I)− trace
[
∆S(I −KAK∗

A)(N ⊗ IDA
)
]
.

(5.5)
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This shows that ∆S(KAK
∗
A)(N⊗IH) is a trace class operator. Similarly, we obtain

trace
[
∆S(KAK

∗
A)(N≤(q1,...,qk)

⊗ IH)
]

= rank∆A(I)− trace
[
∆S(I −KAK

∗
A)(N≤(q1,...,qk)

⊗ IDA
)
]
.

(5.6)

Using relations (5.3), (5.6), (5.4), and (5.5), we obtain

curv(A) = lim
(q1,...,qk)∈Zk+

trace
[
∆S(KAK

∗
A)(N≤(q1,...,qk)

⊗ IH)
]

= rank∆A(I)− lim
(q1,...,qk)∈Zk+

trace
[
∆S(I −KAK

∗
A)(N≤(q1,...,qk)

⊗ IDA
)
]

= rank∆A(I)− trace
[
∆S(I −KAK

∗
A)(N ⊗ IDA

)
]

= trace [∆S(KAK
∗
A)(N ⊗ IH)] .

The proof is complete. �

Let SV be the standard k -tuple of doubly I⊗V-commuting pure isometries on the
Hilbert space `2(F+

n1
×· · ·×F+

nk
)⊗L, and let SW be the standard k -tuple of doubly

I ⊗W-commuting pure isometries on the Hilbert space `2(F+
n1

× · · · × F+
nk

)⊗K. A

bounded linear operator M : `2(F+
n1

× · · · × F+
nk

)⊗L → `2(F+
n1

× · · · × F+
nk

)⊗K is
called multi-analytic with respect to the multi-shifts SV and SW if

M(SV)i,s = (SW)i,sM, i ∈ {1, . . . , k}, s ∈ {1, . . . , ni},

and

M(I ⊗ Vi,j(s, t)) = (I ⊗Wi,j(s, t))M, (i, j, s, t) ∈ Γ.

If, in addition, M is a partial isometry, we call it an inner multi-analytic operator.

Definition. We say that an element A in the U-twisted polyball BU (H) with
∆A(I) ≥ 0 has a characteristic function if there is a multi-analytic operator
ΘA : `2(F+

n1
× · · · × F+

nk
) ⊗ K → `2(F+

n1
× · · · × F+

nk
) ⊗ DA with respect to the

multi-shifts SW and SU|DA
such that KAK

∗
A +ΘAΘ

∗
A = I.

We remark that, since KAK
∗
A is in the commutant of I ⊗ U , we can apply

theorem 6.1 from [28], to conclude that an element A ∈ BU (H) with ∆A(I) ≥ 0
has a characteristic function if and only if ∆SU (I −KAK

∗
A) ≥ 0.

Corollary 5.4. If A is an element in the U-twisted polyball BU (H) which has
characteristic function ΘA and finite rank defect operator ∆A(I) ≥ 0, then

curv(A) = rank∆A(I)− trace [ΘA(PC ⊗ I)Θ∗
A(N ⊗ IH)].

Proof. Since A has a characteristic function, there is a multi-analytic operator
ΘA : `2(F+

n1
×· · ·×F+

nk
)⊗L → `2(F+

n1
×· · ·×F+

nk
)⊗DA such thatKAK

∗
A+ΘAΘ

∗
A = I.
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Due to theorem 5.2 and its proof, we have

curv(A) = rank∆A(I)− trace [∆S(I −KAK
∗
A)(N ⊗ IDA

)]

= rank∆A(I)− trace [∆S(ΘAΘ
∗
A)(N ⊗ IDA

)]

= rank∆A(I)− trace [ΘA∆S(I)Θ
∗
A(N ⊗ IDA

)]

= rank∆A(I)− trace [ΘA(PC ⊗ I)Θ∗
A(N ⊗ IH)].

This completes the proof. �

In what follows, we show that the curvature invariant detects the elements in
B(H)n1+···+nk which are unitarily equivalent to I ⊗W-twisted multi-shifts SW of
finite rank defect operator, i.e. acting on `2(F+

n1
× · · · ×F+

nk
)⊗K with dimK <∞.

Theorem 5.5 Let A ∈ B(H)n1+···+nk . Then A is unitarily equivalent to an I⊗W-
twisted multi-shift SW acting on `2(F+

n1
× · · · × F+

nk
) ⊗ K with dimK < ∞ if and

only if A is a pure element in a regular U-twisted polyball BU
reg(H) such that A has

a characteristic function and

curv(A) = rank∆A(I) <∞.

In this case, the noncommutative Berezin kernel KA : H → `2(F+
n1

×· · ·×F+
nk

)⊗DA

is a unitary operator and

Ai,s = K∗
A(SU|DA

)i,sKA

for any i ∈ {1, . . . , k} and s ∈ {1, . . . , ni}.

Proof. Let A ∈ B(H)n1+···+nk , and assume that A is unitarily equivalent to an
I ⊗W-twisted multi-shift SW acting on `2(F+

n1
× · · · × F+

nk
)⊗K with dimK <∞.

Then, there is a unitary operator Ψ : H → `2(F+
n1

× · · · × F+
nk

) ⊗ K such that

Ai,s = Ψ∗(SW)i,sΨ for any i ∈ {1, . . . , k} and s ∈ {1, . . . , ni}. Note that ∆A(I) =
Ψ∗∆SW (I)Ψ ≥ 0 and

rank∆A(I) = rank∆SW (I) = rank (PC ⊗ IK) = dimK.

Since SW is a pure k -tuple of row isometries which are doubly (I⊗W)-commuting,
it is easy to see that A is a pure k -tuple of row isometries which are doubly
U-commuting, where U = {Ui,j(s, t)} is defined by setting Ui,j(s, t) := Ψ∗(I ⊗
Wi,j(s, t))Ψ. Therefore, A is a pure element in the regular U-twisted polyball

BU
reg(H). On the other hand, using the definition of the I ⊗W-twisted multi-shift

S := SW acting on `2(F+
n1

×· · ·×F+
nk

)⊗K, one can show that the noncommutative

Berezin kernel KS can be identified with the identity on `2(F+
n1

× · · · × F+
nk

)⊗ K.

Indeed, we have KS : `2(F+
n1

×· · ·×F+
nk

)⊗K → `2(F+
n1

×· · ·×F+
nk

)⊗DS. Under the

identification of Cχ
(g10 ,...,g

k
0 )

with C, we have ∆S(I) = PC⊗IK and DS = C⊗K = K.
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Since

KS(χ(α1,...,αk)
⊗ h) :=

∑
β1∈F+n1

,...,βk∈F+nk

χ(β1,...,βk)
⊗ (PC ⊗ IK)S∗

k,βk
· · ·S∗

1,β1
(χ(α1,...,αk)

⊗ h),

for h ∈ K, and

(PC ⊗ IK)S
∗
k,βk

· · ·S∗
1,β1

(χ(α1,...,αk) ⊗ h) =

χ(g10 ,...,g
k
0 ) ⊗ h, if α1 = β1, . . . , αk = βk

0, otherwise,

using the above-mentioned identification, we obtain KS(χ(α1,...,αk)
⊗ h) =

χ(α1,...,αk)
⊗ h, which proves our assertion. Now, taking into account that A is

unitarily equivalent to S, Corollary 3.4 implies

curv(A) =curv(S) = lim
q1→∞

· · · lim
qk→∞

trace
[
K∗

S(P≤(q1,...,qk)
⊗ IK)KS

]
trace [P≤(q1,...,qk)

]

= dimK = rank∆A(I).

On the other hand, since KSK
∗
S = I, we have ΘS = 0 as a characteristic function

of S. This completes the proof of the direct implication.
To prove the converse, assume that A is a pure element in a regular U-

twisted polyball BU
reg(H) such that A has a characteristic function and curv(A) =

rank∆A(I) <∞. Therefore, there is a multi-analytic ΘA : `2(F+
n1

×· · ·×F+
nk

)⊗E →
`2(F+

n1
× · · · × F+

nk
)⊗DA with respect to the multi-shifts SW and SU|DA

, i.e.

ΘA(SW)i,s = (SU|DA
)i,sΘA, i ∈ {1, . . . , k}, s ∈ {1, . . . , ni}

and

ΘA(I ⊗Wi,j(s, t)) = (I ⊗ Ui,j(s, t)|DA
)ΘA, (i, j, s, t) ∈ Γ,

such that KAK
∗
A+ΘAΘ

∗
A = I. Since A is pure, the noncommutative Berezin kernel

is an isometry and, consequently, ΘA is a partial isometry. We remark that

rangeΘ∗
A =

{
x ∈ `2(F+

n1
× · · · × F+

nk
)⊗ E : ‖ΘA(x)‖ = ‖x‖

}
is the initial space of ΘA which is invariant under all the isometries (SW)i,s, due to

the fact that ΘA(SW)i,s = (SU|DA
)i,sΘA. Moreover, since (rangeΘ∗

A)
⊥
= kerΘA, it

is clear that (rangeΘ∗
A)

⊥
is invariant under all isometries (SW)i,s, and consequently,

it is jointly reducing for these operators. Due to the fact that

I ⊗Wi,j(s, t) = (SW)∗i,s(SW)∗j,t(SW)i,s(SW)j,t,

the subspace (rangeΘ∗
A)

⊥
is also reducing for the operators in I ⊗W.

Since the support of ΘA is defined as the smallest reducing subspace supp(ΘA) ⊂
`2(F+

n1
× · · · × F+

nk
) ⊗ E under the operators (SW)i,s containing the co-invariant
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subspace rangeΘ∗
A, we conclude that supp(ΘA) = rangeΘ∗

A. Note that Φ :=
ΘA|supp(ΘA) is an isometric operator and ΦΦ∗ = ΘAΘ

∗
A. According to theorem 3.1

from [28], supp(ΘA) = `2(F+
n1

×· · ·×F+
nk

)⊗L, where L := (PC ⊗ IE)rangeΘ∗
A ⊂ E .

Since ∆SW (I) := (id−Φ(SW )1
) ◦ · · · ◦ (id−Φ(SW )k

)(I) = PC ⊗ IE and rangeΘ∗
A

is a reducing subspace under all unitary operators I ⊗Wi,j(s, t), we deduce that

Wi,j(s, t)(PC ⊗ IE)rangeΘ
∗
A = (I ⊗Wi,j(s, t))∆SW (I)rangeΘ∗

A

= ∆SW (I)(I ⊗Wi,j(s, t))rangeΘ
∗
A

= ∆SW (I)rangeΘ∗
A.

Hence, the subspace L is reducing for all the unitaries Wi,j(s, t). Since

ΘA(SW)i,s = (SU|DA
)i,sΘA and ΘA(I ⊗Wi,j(s, t)) = (I ⊗ Ui,j(s, t)|DA

)ΘA,

taking the restriction to the support of ΘA, we obtain

Φ(SW|L)i,s = (SU|DA
)i,sΦ and Φ(I ⊗Wi,j(s, t)|L) = (I ⊗ Ui,j(s, t)|DA

)Φ.

Consequently, Φ is a multi-analytic operator with respect to the multi-shifts SW|L
and SU|DA

. Due to corollary 5.4 and its proof, we have

curv(A) = rank∆A(I)− trace [∆SU|DA

(ΘAΘ
∗
A)(N ⊗ IDA

)]

= rank∆A(I)− trace [∆SU|DA

(ΦΦ∗)(N ⊗ IDA
)]

= rank∆A(I)− trace [(Φ∆SW|L
(I)Φ∗)(N ⊗ IDA

)]

= rank∆A(I)− trace [Φ(PC ⊗ IL)Φ
∗(N ⊗ IDA

)].

Since curv(A) = rank∆A(I) <∞, we must have trace [Φ(PC ⊗ IL)Φ
∗(N ⊗ IDA

)] =
0, which implies Φ(PC ⊗ IL)Φ

∗(N ⊗ IDA
) = 0. Hence, we deduce that Φ(PC ⊗

IL)Φ
∗(P(q1,...,qk)

⊗IDA
) = 0 for any (q1, . . . , qk) ∈ Zk

+. Therefore, Φ(PC⊗IL)Φ∗ = 0.
Taking into account that Ψ is an isometric multi-analytic operator with respect to
the multi-shifts SW|L and SU|DA

, we deduce that Φ(PC⊗IL) = 0 and, consequently,

Φ = 0. On the other hand, using the fact that ΦΦ∗ = ΘAΘ
∗
A and KAK

∗
A+ΘAΘ

∗
A =

I, we infer that KAK
∗
A = I. Since A is pure, we have K∗

AKA = I, which shows that
KA is a unitary operator. Due to theorem 3.2, we have

Ai,s = K∗
A(SU|DA

)i,sKA

for any i ∈ {1, . . . , k} and s ∈ {1, . . . , ni}. This completes the proof. �

Let Sz be the standard multi-shift associated with the scalar weights z. Then,

curv∗(Sz) = curv(Sz) = rank∆Sz(I) = 1.

Proof. From the proof of theorem 5.5, we have curv(Sz) = rank∆Sz(I) = 1. Using
corollary 2.8, we complete the proof. �
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Let SW be the standard k -tuple of doubly I ⊗W-commuting pure isometries on
the Hilbert space `2(F+

n1
×· · ·×F+

nk
)⊗K. We say that M ⊂ `2(F+

n1
×· · ·×F+

nk
)⊗K

is a Beurling type [3] jointly invariant subspace under the operators (SW)i,s and
I ⊗Wi,j(s, t), where i ∈ {1, . . . , k}, s ∈ {1, . . . , ni}, and (i, j, s, t) ∈ Γ, if there are a
Hilbert space L, a standard k -tuple SU of doubly I⊗U-commuting pure isometries
on the Hilbert space `2(F+

n1
× · · · × F+

nk
)⊗L, and an inner multi-analytic operator

Ψ : `2(F+
n1

×· · ·×F+
nk

)⊗L → `2(F+
n1

×· · ·×F+
nk

)⊗K with respect to the multi-shifts
SU and SW such that

M = Ψ
(
`2(F+

n1
× · · · × F+

nk
)⊗ L

)
.

In what follows, we use the notation SW |M for the restriction of SW to an invariant
subspace M under all the operators (SW)i,s and I ⊗Wi,j(s, t). In [28], we proved
that the following statements are equivalent:

(i) M is a Beurling type jointly invariant subspace under the operators (SW)i,s
and I ⊗Wi,j(s, t).

(ii) (id− Φ(SW )1
) ◦ · · · ◦ (id− Φ(SW )k

)(PM) ≥ 0.
(iii) The k -tuple SW |M is doubly (I ⊗W)|M-commuting.
(iv) There is an isometric multi-analytic operator Ψ : `2(F+

n1
×· · ·×F+

nk
)⊗L →

`2(F+
n1

× · · · × F+
nk

) ⊗ K with respect to the standard multi-shifts SU and
SW such that

M = Ψ
(
`2(F+

n1
× · · · × F+

nk
)⊗ L

)
.

If M is a Beurling type jointly invariant subspace under SW and I ⊗W, we say
that it has a finite rank if SW |M has a finite rank defect operator.

Definition 5.7. Let SW be the standard k-tuple of doubly I ⊗W-commuting row
isometries on the Hilbert space `2(F+

n1
× · · · × F+

nk
) ⊗ K, and let M and N be

invariant subspaces under SW and I ⊗ W. We say that M and N are unitarily
equivalent if there is a unitary operator Γ : M → N such that

Γ(SW)i,s|M = (SW)i,s|NΓ and Γ(I ⊗Wi,j(s, t))|M = (I ⊗Wi,j(s, t))|NΓ.

Proposition 5.8. Let M and N be finite rank Beurling type jointly invariant
subspace under SW and I ⊗W. If M and N are unitarily equivalent, then

curv(SW |M) = rank∆SW|M(IM) = curv(SW |N ) = rank∆SW|N (IN ).

Proof. Due to the remarks preceding definition 5.7, SW |M is a doubly (I ⊗W)|M-
commuting k -tuple of pure row isometry and there is an isometric multi-analytic
operator Ψ : `2(F+

n1
× · · ·×F+

nk
)⊗L → `2(F+

n1
× · · ·×F+

nk
)⊗K with respect to the
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standard multi-shifts SU and SW such that

M = Ψ
(
`2(F+

n1
× · · · × F+

nk
)⊗ L

)
.

Consequently, PM = ΨΨ∗ and

∆SW|M(IM) = ∆SW|M(PM) = Ψ∆SU (I)Ψ
∗|M = Ψ(PC ⊗ IL)Ψ

∗|M.

Using the latter relation and taking into account that Ψ is an isometry, we can
prove that rank∆SW|M(IM) = dimL. Indeed, if {wσ}σ∈Σ is an orthonormal basis
for the subspace L, then

{Ψ(χ(α1,...,αk)
⊗ wσ) : σ ∈ Σ, (α1, . . . , αk) ∈ F+

n1
× · · · × F+

nk
}

is an orthonormal basis for M. Moreover, Ψ(PC ⊗ IL)Ψ∗|M is equal to the closure
of the range of the defect operator ∆SW|M(IM) and also coincides with the closed
linear span of the vectors {Ψ(1⊗ wσ) : σ ∈ Σ}. Therefore,

rank∆SW|M(IM) = cardΣ = dimL.

Now, we prove that curv(SW |M) = dimL. As in the proof of theorem 3.3, using the
definition of the I⊗W-twisted multi-shift S := SU acting on `2(F+

n1
×· · ·×F+

nk
)⊗L,

one can show that

Φ
qi+1
Si

(I)
(
χ(α1,...,αk)

⊗ h
)
=

χ(α1,...,αk)
⊗ h, if |αi| ≥ qi + 1

0, otherwise

for any qi ∈ N. Using this relation, it is easy to see that (id − Φ
q1+1
S1

) ◦ · · · ◦ (id −
Φ

qk+1

Sk
)(I) is the orthogonal projection of `2(F+

n1
× · · · × F+

nk
)⊗ L onto

span{χ(α1,...,αk)
: |α1| ≤ q1, . . . , |αk| ≤ qk} ⊗ L.

Due to corollary 3.4, we have

curv(SU ) = lim
q1→∞

· · · lim
qk→∞

trace
[
(id− Φ

q1+1
S1

) ◦ · · · ◦ (id− Φ
qk+1

Sk
)(I)

]
∏k

i=1(1 + ni + · · ·+ n
qi
i )

= dimL.

Now, note that

(id− Φ
q1+1

(SW )1|M
) ◦ · · · ◦ (id− Φ

qk+1

(SW )k|M
)(IM) = Ψ(id− Φ

q1+1

(SU )1
) ◦ · · · ◦

(id− Φ
qk+1

(SU )k|
)(I)Ψ∗|M.

Using again corollary 3.4, as above, we deduce that

curv(SW |M) = curv(SU ) = dimL.

Consequently, we have curv(SW |M) = rank∆SW|M(IM). Similarly, we have
that SW |N is a doubly (I ⊗ W)|N -commuting k -tuple and curv(SW |N ) =
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rank∆SW|N (IN ). Now, since the curvature is invariant up to unitary equivalence,
if M and N are unitarily equivalent, then curv(SW |M) = curv(SW |N ). The proof
is complete. �

6. Invariant subspaces under U-twisted multi-shifts and their
multiplicity

In this section, we introduce the notion of multiplicity for the invariant subspaces
under the multi-shifts with a finite rank defect operator, prove the existence, pro-
vide several asymptotic formulas, and connect it to the curvature invariant. Under
appropriate conditions, we show that there is a trace class multiplicity operator
whose trace coincides with the multiplicity. We also obtain results concerning the
semi-continuity for the curvature and the multiplicity invariants. Finally, we pro-
vide necessary and sufficient conditions when A|M is in BU|M(H) and consider
some consequences.

In what follows, S is the standard k -tuple of doubly I⊗U-commuting row isome-
tries on the Hilbert space `2(F+

n1
× · · · × F+

nk
)⊗H and assume that dimH <∞. If

M is any invariant subspace under S and I ⊗ U , we introduce the multiplicity of
M by setting

m(M) := lim
m→∞

1(
m+ k

k

) ∑
q1≥0,...,qk≥0
q1+···+qk≤m

trace
[
PM(P(q1,...,qk)

⊗ IH)
]

trace
[
P(q1,...,qk)

] .

Theorem 6.1 Let S be the standard k-tuple of doubly I⊗U-commuting row isome-
tries on the Hilbert space `2(F+

n1
× · · · × F+

nk
)⊗H, where dimH <∞. If M is any

invariant subspace under S and I ⊗ U , the multiplicity of M exists and

m(M) = lim
m→∞

1(
m+ k − 1

k − 1

) ∑
q1≥0,...,qk≥0
q1+···+qk=m

trace
[
PM(P(q1,...,qk)

⊗ IH)
]

trace [P(q1,...,qk)
]

= lim
q1→∞

· · · lim
qk→∞

trace
[
PM(P≤(q1,...,qk)

⊗ IH)
]

trace [P≤(q1,...,qk)
]

= lim
(q1,...,qk)∈Zk+

trace
[
PM(P(q1,...,qk)

⊗ IH)
]

trace [P(q1,...,qk)
]

.

Proof. Set T := (T1, . . . , Tn) with Ti := (Ti,1, . . . , Ti,ni) with Ti,s := PM⊥Si,s|M⊥
for any i ∈ {1, . . . , k} and s ∈ {1, . . . , ni}. In this case, we also use the notation
T = PM⊥S|M⊥ . Since T ∗

i,s = S∗
i,s|M⊥ and each Si := [Si,1 · · ·Si,ni

] is a row
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contraction, Ti is also a row contraction. On the other hand, since

∑
α∈F+ni ,|α|=q

Ti,αT
∗
i,α = PM⊥

 ∑
α∈F+ni ,|α|=q

Si,αS
∗
i,α

 |M⊥

and [Si,1 · · ·Si,ni
] is a pure row isometry, we deduce that Ti is a pure row

contraction. Also note that

(id− ΦrT1
) ◦ · · · ◦ (id− ΦrTk

)(I) = PM⊥ (id− ΦrS1
) ◦ · · · ◦ (id− ΦrSk

)(I)|M⊥ ≥ 0, r ∈ [0, 1).

On the other hand, since M is reducing under each I ⊗ Ui,j(s, t), we have

T ∗
j,tT

∗
i,s = S∗

j,tS
∗
i,s|M⊥ = S∗

i,sS
∗
j,t(I ⊗ Ui,j(s, t)

∗)|M⊥

= T ∗
i,sT

∗
j,tWi,j(s, t)

∗

where Wi,j(s, t) := (I ⊗ Ui,j(s, t))|M⊥ . Hence, Ti,sTj,t = Wij(s, t)Tj,tTi,s for any
(i, j, s, t) ∈ Γ. Also note that, since

(I ⊗ Ui,j(s, t)
∗)S∗

p,q = S∗
p,q(I ⊗ Ui,j(s, t)

∗)

for any p ∈ {1, . . . , k}, q ∈ {1, . . . , np}, and (i, j, s, t) ∈ Γ, we have that
Wi,j(s, t)

∗T ∗
p,q = T ∗

p,qWi,j(s, t)
∗. Hence, Tp,qWi,j(s, t) = Wi,j(s, t)Tp,q. Therefore,

T ∈ BW
reg(H). Taking into account that ∆T (IM⊥) = PM⊥∆S(I)|M⊥ , we deduce

that

rank∆T (IM⊥) ≤ rank∆S(I) = dimH.

Now, we need to show that Φ
q1
S1

◦ · · · ◦Φqk
Sk

(∆S(I)) = P(q1,...,qk)
⊗ IH. Indeed, as we

saw in the proof of theorem 3.3,

(Φ
q1
S1

− Φ
q1+1
S1

) ◦ · · · ◦ (Φqk
Sk

− Φ
qk+1

Sk
)(I) = P(q1,...,qk)

⊗ IH.

Since, due to proposition 2.3,

Φ
q1
S1

◦ · · · ◦ Φqk
Sk

(∆S(I)) = (Φ
q1
S1

− Φ
q1+1
S1

) ◦ · · · ◦ (Φqk
Sk

− Φ
qk+1

Sk
)(I),

our assertion follows. Now, using again that M is an invariant subspace under S,
we have

trace
[
Φ

q1
T1

◦ · · · ◦ Φqk
Tk

(∆T (IM⊥))
]
= trace

[
PM⊥Φ

q1
S1

◦ · · · ◦ Φqk
Sk

(∆S(I))|M⊥

]
= trace

[
PM⊥(P(q1,...,qk)

⊗ IH)
]
.
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Hence, and due to theorem 3.3 and corollary 3.4,

curv(T ) = lim
(q1,...,qk)∈Zk+

trace
[
Φ

q1
T1

◦ · · · ◦ Φqk
Tk

(∆T (IM⊥))
]

n
q1
1 · · ·nqkk

= lim
(q1,...,qk)∈Zk+

trace
[
PM⊥(P(q1,...,qk)

⊗ IH)
]

n
q1
1 · · ·nqkk

exists. This implies

lim
(q1,...,qk)∈Zk

+

trace
[
PM(P(q1,...,qk)

⊗ IH)
]

trace [P(q1,...,qk)
]

= lim
(q1,...,qk)∈Zk

+

trace
[
(P(q1,...,qk)

⊗ IH)
]

trace [P(q1,...,qk)
]

− lim
(q1,...,qk)∈Zk

+

trace
[
PM⊥ (P(q1,...,qk)

⊗ IH)
]

trace [P(q1,...,qk)
]

= dimH− lim
(q1,...,qk)∈Zk

+

trace
[
PM⊥ (P(q1,...,qk)

⊗ IH)
]

trace [P(q1,...,qk)
]

= dimH− curv(T ).

Now, using again theorem 3.3 and corollary 3.4, one can easily complete the proof.
�

The multiplicity invariant measures the size of the invariant subspaces under S
and I⊗U in the Hilbert space `2(F+

n1
×· · ·×F+

nk
)⊗H. Note that m(`2(F+

n1
×· · ·×

F+
nk

) ⊗H) = dimH, and if M1 and M2 are orthogonal invariant subspaces, then

m(M1 ⊕M2) = m(M1) +m(M2).

Corollary 6.2. Under the hypothesis of theorem 6.1, the following statements
hold:

(i) m(M) = dimH− curv(PM⊥SU |M⊥)
(ii) If M1, . . . ,Mn are orthogonal invariant subspaces under S and I⊗U , then

curv(P(M1⊕···⊕Mn)⊥SU |(M1⊕···⊕Mn)⊥)

=
n∑

i=1

curv(PM⊥
i
SU |M⊥

i
)− (n− 1) dimH.

(iii) If T := PM⊥SU |M⊥ and KT is the noncommutative Berezin kernel
associated with T, then

m(M) = lim
(q1,...,qk)∈Zk+

trace
[
∆SU (I −KTK

∗
T )(N≤(q1,...,qk)

⊗ IH)
]
.

Proof. The first relation follows from the proof of theorem 6.1. Item (ii) follows
from item (i) and the fact that m(M1 ⊕ · · · ⊕Mn) =

∑n
i=1m(Mi). To prove item
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(iii), we use theorem 5.2 which shows that

curv(T ) = lim
(q1,...,qk)∈Zk+

trace
[
∆SU (KTK

∗
T )(N≤(q1,...,qk)

⊗ IH)
]
.

Now, using item (i), we complete the proof. �

Corollary 6.3. Let Sz be the standard z-twisted multi-shift on `2(F+
n1

× · · · ×
F+
nk

). If M is an invariant subspace under Sz ⊗ IE with dim E < ∞, then its
multiplicity exists. In particular, if n1 = · · · = nk = 1, then M is in the vector-
valued Hardy space H2(Dk)⊗ E and

m(M) = lim
m→∞

trace [PM(P≤m ⊗ IE)]

trace [P≤m]
,

where P≤m is the orthogonal projection on the polynomials of degree ≤ m.

We remark that if n1 = · · · = nk = 1, the result of corollary 6.3 is a twisted
version of Fang’s [9] commutative result for H2(Dk)⊗ E when z = {1}.

The next result shows that the multiplicity invariant is lower semi-continuous.

Theorem 6.4 Let SU be the U-twisted multi-shift with U ⊂ B(H) and dimH <∞,
acting on the Hilbert space `2(F+

n1
× · · · × F+

nk
) ⊗H. If M and Mp are invariant

subspaces of SU and I ⊗ U such that PMp → PM in the weak operator topology,
then

lim inf
p→∞

m(Mp) ≥ m(M)

and

lim sup
p→∞

curv(PM⊥
p
SU |M⊥

p
) ≤ curv(PM⊥SU |M⊥).

Proof. Let B := (B1, . . . , Bk) with Bi := (Bi,1, . . . , Bi,ni
) and Bi,s :=

PM⊥(SU )i,s|M⊥ . In a similar manner, we define B(p) := (B
(p)
1 , . . . , B

(p)
k ). As in

the proof of theorem 6.1, we have

trace [Φq1
B1

◦ · · · ◦ Φ
qk
Bk

(∆B(IM⊥ ))] = trace [PM⊥ (P(q1,...,qk)
⊗ IH)]

= nq1
1 · · ·nqk

k dimH− trace [PM(P(q1,...,qk)
⊗ IH)]

and a similar relation associated with B(p) holds. Since PMp → PM in the weak
operator topology, we have

lim
p→∞

trace [PMm(P(q1,...,qk)
⊗ IH)] = trace [PM(P(q1,...,qk)

⊗ IH)].

Consequently, we obtain

lim
p→∞

trace [Φ
q1

B
(p)
1

◦ · · · ◦ Φqk

B
(p)
k

(∆
B(p)(IM⊥

p
))] = trace [Φ

q1
B1

◦ · · · ◦ Φqk
Bk

(∆B(IM⊥))].
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As in the proof of theorem 3.6, one can show that lim supp→∞ curv(B(m)) ≤
curv(B). On the other hand, using corollary 6.2, we have

m(M) = dimH− curv(B) and m(Mp) = dimH− curv(B(p)).

Consequently, we obtain lim infp→∞m(Mp) ≥ m(M). The proof is complete. �

Since the proof of the next result is straightforward, we should omit it.

Proposition 6.5. Let A = (A1, . . . , Ak) ∈ B(H)n1+···+nk be a U-commuting
tuple, and let M ⊂ H be an invariant subspace under A and U . If B := PM⊥A|M⊥ ,
then the following statements hold:

(i) B is U|M⊥-commuting.
(ii) ∆rB(IM⊥) = PM⊥∆rA(IH)|M⊥ for any r ∈ [0, 1].

(iii) If A ∈ BU (H), then B ∈ B
U|M⊥ (M⊥).

(iv) If A ∈ BU
reg(H), then B ∈ B

U|M⊥
reg (M⊥).

Theorem 6.6 Let A := (A1, . . . , Ak) be an element in the U-twisted polyball
BU (H) such that ∆A(I) is a positive trace class operator. If M is an invariant

subspace under A and U with dimM < ∞, then PM⊥A|M⊥ ∈ B
U|M⊥ (M⊥) has

a positive trace class defect operator and

curv(A) = curv(PM⊥A|M⊥).

Proof. Set B := (B1, . . . , Bk) and Bi := (Bi,1, . . . , Bi,ni
), where Bi,s :=

PM⊥Ai,s|M⊥ for i ∈ {1, . . . , k} and s ∈ {1, . . . , ni}. Note that Φ
qi
Bi
(IM⊥) =

PM⊥Φ
qi
Ai
(IH)|M⊥ and ∆B(IM⊥) = PM⊥∆A(IH)|M⊥ ≥ 0. Consequently,

trace∆B(IM⊥) ≤ trace∆A(IH) < ∞. It is easy to see that, taking into account
that

‖
(
id− Φ

q1+1
A1

)
◦ · · · ◦

(
id− Φ

qk+1

Ak

)
(IH)‖ ≤ 2k,

we obtain

trace
[(
id− Φ

q1+1
A1

)
◦ · · · ◦

(
id− Φ

qk+1

Ak

)
(IH)

]
= trace

[
PM⊥

(
id− Φ

q1+1
A1

)
◦ · · · ◦

(
id− Φ

qk+1

Ak

)
(IH)|M⊥

]
+ trace

[
PM

(
id− Φ

q1+1
A1

)
◦ · · · ◦

(
id− Φ

qk+1

Ak

)
(IH)

]
≤ trace

[(
id− Φ

q1+1
B1

)
◦ · · · ◦

(
id− Φ

qk+1

Bk

)
(IM⊥)

]
+ 2k dimM.
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Hence, we deduce that

∣∣∣∣∣∣
trace

[(
id− Φ

q1+1
A1

)
◦ · · · ◦

(
id− Φ

qk+1

Ak

)
(IH)

]
∏k

i=1(1 + ni + · · ·+ n
qi
i )

−
trace

[(
id− Φ

q1+1
B1

)
◦ · · · ◦

(
id− Φ

qk+1

Bk

)
(IM⊥)

]
∏k

i=1(1 + ni + · · ·+ n
qi
i )

∣∣∣∣∣∣
≤ 2k dimM∏k

i=1(1 + ni + · · ·+ n
qi
i )
.

Using corollary 3.4, we deduce that curv(A) = curv(B). The proof is complete. �

According to [27], the reducing subspaces under the standard U-twisted multi-
shift SU on the Hilbert space `2(F+

n1
× · · · × F+

nk
) ⊗ H are of the form M =

`2(F+
n1

×· · ·×F+
nk

)⊗L, where L ⊂ H is a reducing subspace under all the unitaries

Ui,j(s, t) in U .
Using some results from [28], we prove the following.

Proposition 6.7. Let SU be the U-twisted multi-shift on `2(F+
n1

× · · ·×F+
nk

)⊗H,
and let M be an invariant subspace under SU and U which does not contain
nontrivial reducing subspaces for SU . Then, the compression T := PM⊥SU |M⊥ has
a characteristic function if and only if M is a Beurling type invariant subspace.

Proof. Under the given hypothesis, M⊥ is a cyclic subspace for SU . Therefore, SU
is a minimal isometric dilation of T := PM⊥SU |M⊥ . On the other hand, according
to [28] (see theorem 3.3 and its proof) if

KT : M⊥ → `2(F+
n1

× · · · × F+
nk

)⊗DT , DT := ∆T (I)(M⊥),

is the noncommutative Berezin kernel associated with T, then the subspace KTM⊥

is co-invariant under each operator (SU )i,s for any i ∈ {1, . . . , k}, j ∈ {1, . . . , ni}
and the dilation provided by the relation

Ti,s = K∗
T (SU|DT

)i,s)KT

is minimal. Due to the uniqueness of the minimal isometric dilation of pure elements
in U-twisted polyballs (see theorem 3.3 from [28]), there is a unitary operator

Ψ : `2(F+
n1

× · · · × F+
nk

)⊗DT → `2(F+
n1

× · · · × F+
nk

)⊗H

such that Ψ(SU|DT
)i,s = (SU )i,s)Ψ and ΨKT = V , where V is the injection of the

subspace M⊥ into `2(F+
n1

× · · · × F+
nk

)⊗H. Since Ψ is a unitary operator, we also
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deduce that Ψ(SU|DT
)∗i,s) = (SU )

∗
i,sΨ. Consequently,

Ψ(PC ⊗ IDT
) = Ψ∆SU|DT

(IDT
) = ∆SU (IH)Ψ = (PC ⊗ IH)Ψ.

Hence, we deduce that ΨDT = H. Setting ψ := Ψ|DT
: DT → H and taking into

account that Ψ is multi-analytic, we deduce that Ψ = I⊗ψ. Therefore, ψ : DT → H
is a unitary operator such that (I ⊗ ψ)KT = V . Consequently, KTK

∗
T = (I ⊗

ψ∗)PM⊥(I ⊗ ψ) and

∆SU (I −KTK
∗
T ) = (I ⊗ ψ∗)∆SU (PM)(I ⊗ ψ).

Due to the remarks preceding definition 5.7, M is a Beurling type invariant sub-
space if and only if ∆SU (PM) ≥ 0. Using the above identity, we deduce that
∆SU (I−KTK

∗
T ) ≥ 0. Due to theorem 6.1 from [28], the later inequality is equivalent

to T having a characteristic function. The proof is complete. �

Theorem 6.8 Let S be the standard k-tuple of doubly I⊗U-commuting row isome-
tries on the Hilbert space `2(F+

n1
× · · · × F+

nk
) ⊗ H, where dimH < ∞. If M is a

Beurling type invariant subspace under S and I ⊗ U which does not contain non-
trivial reducing subspace under S, then the multiplicity operator ∆S(PM)(N ⊗ I) is
trace class and

m(M) = trace [∆S(PM)(N ⊗ I)] .

In particular, this relation holds for Beurling type invariant subspace under Sz⊗ IE
with dim E <∞.

Proof. According to proposition 6.7 and its proof, we have

∆SU (I −KTK
∗
T ) = (I ⊗ ψ∗)∆SU (PM)(I ⊗ ψ) ≥ 0,

where ψ : DT → H is a unitary operator. On the other hand, due to corollary 5.4
and its proof, we have

curv(T ) = rank∆T (I)− trace [∆SU (I −KTK
∗
T )(N ⊗ IDT

)].

Consequently, using corollary 6.2, we deduce that

m(M) = dimH− curv(T )

= trace [∆SU (I −KTK
∗
T )(N ⊗ IDT

)]

= trace [(I ⊗ ψ∗)∆SU (PM)(I ⊗ ψ)(N ⊗ IDT
)

= trace [∆S(PM)(N ⊗ I)] .

The proof is complete. �

We remark that if A = (A1, . . . , Ak) with Ai = (Ai,1, . . . , Ai,ni
) is an element

in BU
reg(H) and M is an invariant subspace under A and U , then A|M is not

necessarily in the regular U|M-twisted polyball, where A|M is defined by taking
the restrictions Ai,s|M. However, we have the following result.
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Proposition 6.9. Let A = (A1, . . . , Ak) ∈ B(H)n1+···+nk be a U-commuting
tuple, and let M ⊂ H be an invariant subspace under A and U . Then the following
statements hold:

(i) A|M is U|M-commuting.
(ii) ∆rA|M(IM) = ∆rA(PM)|M for any r ∈ [0, 1].

(iii) If A ∈ BU (H), then A|M ∈ BU|M(M).

(iv) If A ∈ BU
reg(H), then A|M ∈ B

U|M
reg (M) if and only if

∆rA(PM) ≥ 0, r ∈ [0, 1).

If A is pure, then the later condition is equivalent to ∆A(PM) ≥ 0.

Proof. Since M is an invariant subspace under A and U , item (i) is straightforward
and

∆rA|M(IM) = ∆rA(PM)|M, r ∈ [0, 1).

Since item (iii) is clear, we prove (iv). Assume that A ∈ BU
reg(H), i.e. ∆rA|M(IM) ≥

0 for any r ∈ [0, 1). Let h ∈ H, and consider the orthogonal decomposition h = x+y,
with x ∈ M and y ∈ M⊥. Using the fact that M⊥ is invariant subspace under
each operator A∗

i,j , we have

〈∆rA(PM)(x+ y), x+ y〉 = 〈∆rA(PM)x, x+ y〉+ 〈∆rA(PM)y, x+ y〉
= 〈∆rA(PM)x, x〉+ ‖y‖2 ≥ 0.

Consequently, ∆rA(PM) ≥ 0 for any r ∈ [0, 1). Conversely, if ∆rA(PM) ≥ 0, then
it is clear that ∆rA|M(IM) ≥ 0. If, in addition, A is pure and ∆A(PM) ≥ 0, then,
since ΦA1

is a positive linear map, we deduce that

Φm
A1

(
id− ΦA2

)
◦ · · · ◦

(
id− ΦAk

)
(PM) ≤

(
id− ΦA2

)
◦ · · · ◦

(
id− ΦAk

)
(PM)

for any m ∈ N. Taking into account that Φm
A1

(I) → 0 as m → ∞, we deduce that(
id− ΦA2

)
◦· · ·◦

(
id− ΦAk

)
(PM) ≥ 0. Similarly, taking into account that PM ∈ U ′,

we can use proposition 2.3 and show that
(
id− ΦA1

)p1◦· · ·◦(id− ΦAk

)pk (PM) ≥ 0
for any pi ∈ {0, 1}. The later condition implies ∆rA(PM) ≥ 0 for any r ∈ [0, 1).
The proof is very similar to the proof of the implication (ii) =⇒ (iii) of proposition
1.2 from [28]. We include a proof for completeness. Since ∆A(PM) ≥ 0, we deduce
that ΦA1

(∆(A2,...,Ak)
(PM)) ≤ ∆(A2,...,Ak)

(PM), where

∆(A2,...,Ak)
(PM) := (id− ΦA2

) ◦ · · · ◦ (id− ΦAk
)(PM) ≥ 0.

Hence, 0 ≤ ΦrA1
(∆(A2,...,Ak)

(PM) ≤ ∆(A2,...,Ak)
(PM) for any r ∈ [0, 1), and con-

sequently, we have (id−ΦrA1
) ◦ · · · ◦ (id−ΦAk

)(PM) ≥ 0. Since PM ∈ U ′, we use
proposition 2.3 to deduce that

(id− ΦA2
) ◦ · · · ◦ (id− ΦAk

) ◦ (id− ΦrA1
)(PM) ≥ 0. (6.1)

A similar argument as above, starting with the inequality (id−ΦA1
) ◦ (id−ΦA3

) ◦
· · ·◦(id−ΦAk

)(PM) ≥ 0, leads to (id−ΦA3
)◦· · ·◦(id−ΦAk

)◦(id−ΦrA1
)(PM) ≥ 0.
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Repeating the argument but starting with the inequality (6.1) shows that

(id− ΦA3
) ◦ · · · ◦ (id− ΦAk

) ◦ (id− ΦrA1
) ◦ (id− ΦrA2

)(PM) ≥ 0.

Iterating this process, we conclude that ∆rA(PM) ≥ 0 for any r ∈ [0, 1). The proof
is complete. �

Proposition. Let A := (A1, . . . , Ak) ∈ BU
reg(H) be a pure k-tuple, and let M ⊂ H

be a jointly invariant subspace under A and U . Then, the following statements are
equivalent:

(i) A|M ∈ B
U|M
reg (M).

(ii) M is a Beurling type invariant subspace, i.e. there are a Hilbert space E, a
standard multi-shift SW of doubly I ⊗W-commuting pure isometries on the
Hilbert space `2(F+

n1
× · · · × F+

nk
) ⊗ E, and a partial isometry Ψ : `2(F+

n1
×

· · · × F+
nk

)⊗ E → H such that

Ψ(SW)i,s = Ai,sΨ and Ψ(I ⊗Wi,j(s, t)) = Ui,j(s, t)Ψ

and M = Ψ
(
`2(F+

n1
× · · · × F+

nk
)⊗ E

)
.

Proof. The proof follows from proposition 6.9 and corollary 6.4 from [28]. �

Theorem Let A ∈ BU (H) be such that ∆A(I) is a positive trace class operator. If
M is an invariant subspace under A and U such that dimM⊥ <∞ and ∆A(PM) ≥
0, then A|M ∈ BU|M(M) has a positive trace class defect and

|curv(A)− curv(A|M)| ≤ dimM⊥
k∏

i=1

(ni − 1).

Proof. Since M is an invariant subspace under all the operators Ai,s, proposi-
tion 6.9 shows that ∆A|M(IM) = ∆A(PM)|M : M → M. Taking into account

that M⊥ is invariant under all A∗
i,s, we deduce that ∆A(PM)|M⊥ = 0 and con-

sequently, trace[∆A|M(IM)] = trace[∆A(PM)]. The same proposition shows that
if ∆A(PM) ≥ 0, then ∆A|M(IM) ≥ 0. On the other hand, taking into account

that ∆A(PM) = ∆A(IH) − ∆A(PM⊥) and dimM⊥ < ∞, we conclude that

trace[∆A(PM)] < ∞. This shows that A|M is in BU|M(M) and has a positive
trace class defect. Therefore, curv(A|M) exists.

https://doi.org/10.1017/prm.2024.109 Published online by Cambridge University Press

https://doi.org/10.1017/prm.2024.109


46 G. Popescu

Using again that M is an invariant subspace under all operators Ai,s, we deduce
that

trace
[(
id− Φ

q1+1

A1|M

)
◦ · · · ◦

(
id− Φ

qk+1

Ak|M

)
(IM)

]
= trace

[(
id− Φ

q1+1
A1

)
◦ · · · ◦

(
id− Φ

qk+1

Ak

)
(PM)

]
= trace

[(
id− Φ

q1+1
A1

)
◦ · · · ◦

(
id− Φ

qk+1

Ak

)
(IH)

]
− trace

[(
id− Φ

q1+1
A1

)
◦ · · · ◦

(
id− Φ

qk+1

Ak

)
(PM⊥)

]
≤ trace

[(
id− Φ

q1+1
A1

)
◦ · · · ◦

(
id− Φ

qk+1

Ak

)
(IH)

]
+ (1 + n

q1+1
1 ) · · · (1 + n

qk+1

k )trace [PM⊥ ].

Hence, we obtain∣∣∣∣∣∣
trace

[(
id− Φ

q1+1
T1

)
◦ · · · ◦

(
id− Φ

qk+1

Tk

)
(IH)

]
∏k

i=1(1 + ni + · · ·+ n
qi
i )

−
trace

[(
id− Φ

q1+1

T1|M

)
◦ · · · ◦

(
id− Φ

qk+1

Tk|M

)
(IM)

]
∏k

i=1(1 + ni + · · ·+ n
qi
i )

∣∣∣∣∣∣
≤

(1 + n
q1+1
1 ) · · · (1 + n

qk+1

k )∏k
i=1(1 + ni + · · ·+ n

qi
i )

trace [PM⊥ ].

If ni = 1 for some i ∈ {1, . . . , k}, an application of corollary 3.4 shows that
curv(A) = curv(A|M). On the other hand, if all ni ≥ 2, then, using the same
corollary, we obtain the inequality in the theorem. The proof is complete. �

Let A := (A1, . . . , Ak) be an element in the U-twisted polyball BU (H) such that
∆A(I) is a positive trace class operator. If M is an invariant subspace under A and
U , we introduce the multiplicity of M with respect to A to be

mA(M) := lim
(q1,...,qk)∈Zk+

trace
[
PMK∗

A(P(q1,...,qk)
⊗ IH)KA

]
trace [P(q1,...,qk)

]
.

A close look at the proof of theorem 6.1 reveals that one can replace the standard
multi-shift S with A and the corresponding proof holds true showing that mA(M)
exists. Moreover, one can obtain analogues of the asymptotic formulas from theorem
6.1 in the new setting and prove that the following index type formula:

mA(M) = curv(A)− curv(PM⊥A|M⊥).

Note that if M1 and M2 are orthogonal invariant subspaces under A and U , then

mA(M1 ⊕M2) = mA(M1) +mA(M2).
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We remark that if A = S, then mS(M) = m(M). Indeed, this is due to the fact
that

K∗
S(P(q1,...,qk)

⊗ IH)KS = Φ
q1
S1

◦ · · · ◦ Φqk
Sk

(∆S(I)) = P(q1,...,qk)
⊗ IH.

7. The range of the curvature and multiplicity invariants

In this section, we determine the range of the curvature and the multiplicity invari-
ants. If (n1, . . . , nk) ∈ Nk is such that nj ≥ 2 for some j, we prove that the range
of the curvature over the pure elements in the U-twisted polyballs and the range of
the multiplicity invariant coincide with [0,∞). We also show that the range of the
curvature restricted to the class of doubly U-commuting row isometries with trace
class defect operator is Z+.

Let S := (S1, . . . , Sk) with Si := [Si,1 · · ·Si,ni
] be the standard multi-shift on

`2(F+
n1

× · · ·×F+
nk

) associated with U = {1C}, and let S := (S1, . . . ,Sk) with Si :=

[Si,1 · · ·Si,ni
] be the standard k -tuple of doubly I⊗U-commuting row isometries on

the Hilbert space `2(F+
n1

×· · ·×F+
nk

)⊗H. For each i ∈ {1, . . . , k} and s ∈ {1, . . . , ni},
we define the block diagonal operator Di,s ∈ B(`2(F+

n1
×· · ·×F+

nk
)⊗H) by setting

Di,s(χ(α1,...,αk)
⊗ h) := χ(α1,...,αk)

⊗U i,1(s, α1) · · ·U i,i−1(s, αi−1)h, i ∈ {2, . . . , k},

and Di,s = I if i =1. Note that Si,s = (Si,s ⊗ IH)Di,s.

Lemma 7.1. Let Ω ⊂ F+
n1

× · · · × F+
nk

, and let MΩ ⊂ `2(F+
n1

× · · · × F+
nk

) be

the smallest invariant subspace under the multi-shift S generated by {χα : α ∈
Ω}. If N ⊂ H is an invariant subspace under {Ui,j(s, t)}(i,j,s,t)∈Γ− , where Γ− :=

{(i, j, s, t) ∈ Γ, i > j}, then MΩ ⊗N is an invariant subspace under the multi-shift
S.

Proof. Note that

MΩ = span{χ(β1α1,...,βkαk)
: α ∈ Ω,β ∈ F+

n1
× · · · × F+

nk
}

and if h ∈ N , then

Di,s(χ(β1α1,...,βkαk)
⊗ h) = χ(β1α1,...,βkαk)

⊗U i,1(s, β1α1) · · ·
U i,i−1(s, βi−1αi−1)h ∈ MΩ ⊗ L.

Since (Si,s ⊗ I)(MΩ ⊗ L) ⊂ MΩ ⊗ L and Si,s = (Si,s ⊗ IH)Di,s, the proof is
complete. �

Theorem 7.2 Let (n1, . . . , nk) ∈ Nk be such that nj ≥ 2 for some j. Then, the
following statements hold:

(i) For any t ∈ [0, 1], there is an invariant subspace M ⊂ `2(F+
n1

× · · · × F+
nk

)

of the z-twisted multi-shift Sz on `2(F+
n1

× · · · × F+
nk

) such that

curv(PM⊥Sz|M⊥) = t and m(M) = 1− t.
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(ii) For any t ∈ [0,m], there exists a pure element A in the U-twisted polyball
such that rankA = m and curv(A) = t.

(iii) The range of the curvature on the U-twisted polyballs is [0,∞).
(iv) PM⊥Sz|M⊥ is unitarily equivalent to PM⊥Sz′ |M⊥ if and only if z = z′.

Proof. Fix a ∈ (0, 1) and consider its nj-arry representation a =
∑N

p=1
dp

n
kp
j

, where

{kp}Np=1 is a sequence of natural numbers with 1 ≤ k1 < k2 < · · · , N ∈ N or
N = ∞, and dp ∈ {1, 2, . . . , nj − 1}. Consider the subsets of F+

nj
defined by setting

Ω1 :=
{
(gj1)

k1 , . . . , (gjd1
)k1
}
,

Ωp :=
{
(gj1)

kp−kp−1(gjnj )
kp−1 , (gj2)

kp−kp−1(gjnj )
kp−1 , . . . , (gjdp)

kp−kp−1(gjnj )
kp−1

}
,

p = 2, 3, . . . , N,

and let

M := span
{
χ(α1,...,αk)

: αj ∈ ∪N
p=1Ωp and αi ∈ F+

ni
if i 6= j

}
.

Due to lemma 7.1, M is an invariant subspace under the z-twisted multi-shift Sz.
Assume now that kp ≤ qj < kp+1 and qi ∈ Z+ if i 6= j. Note that

trace
[
PMP(q1,...,qk)

]
trace

[
P(q1,...,qk)

]
=

1

n
q1
1 · · ·nqkk

∑
(α1,...,αk)∈F+n1×···×F+nk

〈
PMP(q1,...,qk)

χ(α1,...,αk)
, χ(α1,...,αk)

〉

=
1

n
q1
1 · · ·nqkk

∑
(α1,...,αk)∈F+n1×···×F+nk

|α1|=q1,...,|αk|=qk

‖PMχ(α1,...,αk)
‖2

=
d1n

qj−k1
j

(∏
i∈{1,...,k}\{j} n

qi
i

)
+ · · ·+ dpn

qj−kp

j

(∏
i∈{1,...,k}\{j} n

qj
i

)
n
q1
1 · · ·nqkk

=
d1

n
k1
j

+ · · ·+ dp

n
kp
j

.

Hence and using corollary 6.2, we deduce that

curv(PM⊥Sz|M⊥) = 1− lim
q1,...,qk→∞

trace
[
PMP(q1,...,qk)

]
trace

[
P(q1,...,qk)

] = 1−
N∑

p=1

dp

n
kp
j

= 1− a.

On the other hand, we note that curv(Sz) = 1 (see corollary 5.6) and curv(A) = 0
if A is the U-twisted polyball over a finite dimensional Hilbert space. This proves
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item (i) of the theorem. To prove items (ii) and (iii), we use part (i), consider direct
sums of U-twisted polyballs and apply corollary 2.9.

Now, we prove item (iv). Since M⊥ is a cyclic subspace Sz, the minimal iso-
metric dilation of PM⊥Sz|M⊥ is Sz. If PM⊥Sz|M⊥ is unitarily equivalent to
PM⊥Sz′ |M⊥ , then their minimal isometric dilations Sz and Sz′ , respectively, are
unitarily equivalent. Using corollary 4.2, we complete the proof. �

What is the range of the curvature in the particular case when n1 = · · · = nk = 1
? At the moment, we know that the curvature invariant takes all the values in Z+.
Whether these are the only values remains to be seen. We mention that, when
U = {1}, then according to [9], the curvature takes only integer values.

Corollary. The range of the ∗-curvature on the U-twisted polyballs is [0,∞).

We remark that, due to corollary 6.2, if M ⊂ `2(F+
n1

× · · · × F+
nk

) is a proper

invariant subspace of the z-twisted multi-shift Sz with dimM⊥ <∞, then

curv(PM⊥Sz|M⊥) = 0 and m(M) = 1.

However, we have the following result when dimM⊥ = ∞.

Proposition 7.4. If (n1, . . . , nk) ∈ Nk with nj ≥ 2 for some j ∈ {1, . . . , k}, then
there exist invariant subspaces M ⊂ `2(F+

n1
×· · ·×F+

nk
) of the z-twisted multi-shift

Sz with dimM⊥ = ∞ such that curv(PM⊥Sz|M⊥) = 0.

Proof. Let

S : span

{
χ
g10 ,...,g

j−1
0 ,(g

j
1)

p,g
j+1
0 ,...,gk0 )

: p ∈ Z+

}
,

and note that M := S⊥ is infinite codimensional and invariant under Sz. Due to
corollary 6.2, we have

curv(PM⊥Sz|M⊥)

= 1− lim
q1,...,qk→∞

1

n
q1
1 · · ·nqkk

∑
(α1,...,αk)∈F+n1×···×F+nk〈

PMP(q1,...,qk)
χ(α1,...,αk)

, χ(α1,...,αk)

〉
= 1− lim

q1,...,qk→∞

1

n
q1
1 · · ·nqkk

∑
(α1,...,αk)∈F+n1×···×F+nk

|α1|=q1,...,|αk|=qk

‖PMχ(α1,...,αk)
‖2

= 1− lim
q1,...,qk→∞

n
q1
1 · · ·n

qj−1
j−1 (n

qj
j − 1)n

qj+1
j+1 · · ·nqkk

n
q1
1 · · ·nqkk

= 0.

The proof is complete. �

Theorem Let V := (V1, . . . , Vk) with Vi := [Vi,1 · · ·Vi,ni ] and Vi,s ∈ B(H) be a
k-tuple of doubly U-commuting row isometries with a trace class defect operator.
Then the following statements hold:
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(i) curv(V ) = trace[∆V (I)] = rank∆V (I) and

curv(V ) 6= 0 if and only if
⋂

i∈{1,...,k}
s∈{1,...,ni}

kerV ∗
i,s 6= {0}.

(ii) For each m ∈ Z+,

curv(V ) = m if and only if dim
⋂

i∈{1,...,k}
s∈{1,...,ni}

kerV ∗
i,s = m.

(iii) If m ∈ Z+, there is a k-tuple V of doubly U-commuting row isometries such
that curv(V ) = m.

(iv) If curv(V ) 6= 0 and nj ≥ 2 for some j ∈ {1, . . . , k}, then for any t ∈
[0, curv(V )], there is an invariant subspace M ⊂ H under V and U such
that curv(PM⊥V |M⊥) = t.

Proof. According to the Wold decomposition of theorem 1.5 from [27], there exist
2k subspaces {HΩ}Ω⊂{1,...,k} (some of them may be trivial) such that K admits a
unique orthogonal decomposition

H =
⊕

Ω⊂{1,...,k}

HΩ

with the property that, for each subset Ω ⊂ {1, . . . , k},

(i) the subspace HΩ is reducing for all the isometries Vi,m, where i ∈ {1, . . . , k}
and m ∈ {1, . . . , ni};

(ii) if i ∈ Ω, then Vi|HΩ
:= [Vi,1|HΩ

· · ·Vi,ni |KΩ
] is a pure row isometry;

(iii) if i ∈ Ωc, then Vi|HΩ
:= [Vi,1|HΩ

· · ·Vi,ni |HΩ
] is a Cuntz row isometry;

(iv) the subspace HΩ is reducing for all the unitary operators in U , and the row
isometries

Vi|HΩ
:= [Vi,1|HΩ

· · ·Vi,ni |HΩ
], i ∈ {1, . . . , k},

are doubly U|HΩ
-commuting, where U|HΩ

:= {Ui,j(s, t)|HΩ
}(i,j,s,t)∈Γ.

Consequently, we have

curv(V ) =
∑

Ω⊂{1,...,k}

curv(V |HΩ
) and ∆V (I) =

⊕
Ω⊂{1,...,k}

∆V |HΩ
(IHΩ

). (7.1)

If Ω = {1, . . . , k} and H{1,...,k} 6= {0}, then V |H{1,...,k} is a tuple of pure row

isometries which, according to theorem 2.4 and theorem 1.6 from from [27], is
unitarily equivalent to the standard I ⊗ U |L{1,...,k}-twisted multi-shift S on the
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Hilbert space `2(F+
n1

× · · · × F+
nk

)⊗ L{1,...,k}, where

L{1,...,k} :=
⋂

i∈{1,...,k}
s∈{1,...,ni}

kerV ∗
i,s.

Hence, we deduce that

curv(V |H{1,...,k}) = rank∆V |H{1,...,k}
(IH{1,...,k}) = curv(S)

= trace(S) = rank (∆S(I)) = dim
⋂

i∈{1,...,k}
s∈{1,...,ni}

kerV ∗
i,s.

On the other hand, if Ω ⊂ {1, . . . , k} and Ω 6= {1, . . . , k}, then, for any i ∈ Ωc, Vi|HΩ

is a Cuntz isometry, i.e.
∑ni

s=1(Vi,sV
∗
i,s)|HΩ

= IHΩ
, which implies curv(V |HΩ

) = 0
and ∆V |HΩ

(IHΩ
) = 0. Using relation (7.1), we deduce that

curv(V ) = curv(V |H{1,...,k}) = dim
⋂

i∈{1,...,k}
s∈{1,...,ni}

kerV ∗
i,s

and

rank∆V (I) = rank∆V |H{1,...,k}
(IH{1,...,k}).

This proves items (i) and (ii). We already know that if S is the standard k -tuple of
doubly I⊗U-commuting row isometries on the Hilbert space `2(F+

n1
×· · ·×F+

nk
)⊗L,

where dimL <∞, then curv(S) = dimL. This proves part (iii).
Now, assume that m := curv(V ) 6= 0. Due to the Wold decomposition mentioned

above, we may assume thatH =
[
`2(F+

n1
× · · · × F+

nk
)⊗ L{1,...,k}

]
⊕H′ and V = S⊕

V ′, where V
′
is a doubly U|H′-commuting tuple of row isometries with ∆V ′(IH′) =

0 and S =
⊕m

p=1 Sz(p)
, where m := dimL{1,...,k}. Therefore, we may assume that

the multi-shift S is a direct sum of multi-shifts Sz ∈ B(`2(F+
n1

×· · ·×F+
nk

)) with the

scalar weights z = (zi,j(s, t))(i,j,s,t)∈Γ, where zi,j(s, t) ∈ T and zj,i(t, s) = zi,j(s, t)
for (i, j, s, t) ∈ Γ.

Due to theorem 7.2, for each tp ∈ (0, 1], p ∈ {1, . . . ,m}, there is an invariant
subspaceMp ⊂ `2(F+

n1
×· · ·×F+

nk
) under S

z(p)
such that curv(PM⊥

p
S
z(p)

|M⊥
p
) = tp.

Note that (
⊕m

p=1 M⊥
p )
⊕

H′ is invariant under
(⊕m

p=1 S
∗
z(p)

)
⊕ V ′∗ and U . Then

M :=
(
(
⊕m

p=1 M⊥
p )
⊕

H′
)⊥

is an invariant subspace under V =
(⊕m

p=1 Sz(p)

)
⊕

V ′ and U and

curv(PM⊥V |M⊥) =
m∑

p=1

curv(PM⊥
p
S
z(p)

|M⊥
p
) + curv(V ′) =

m∑
p=1

tp.

https://doi.org/10.1017/prm.2024.109 Published online by Cambridge University Press

https://doi.org/10.1017/prm.2024.109


52 G. Popescu

On the other hand, using a similar argument and proposition 7.4, we find a non-
trivial invariant subspace M ⊂ H under V such that curv(PM⊥V |M⊥) = 0. This
completes the proof. �

We recall the following result which is needed in what follows. If M ⊂ `2(F+
n1

×
· · · × F+

nk
) ⊗ K is an invariant subspace under the multi-shift SU and I ⊗ U , then

SU |M is in the regular (I ⊗ U)|M-twisted polyball if and only if M is a Beurling
type invariant subspace for SU and I ⊗ U .

Proposition. Let M ⊂ `2(F+
n1

× · · · × F+
nk

) be a proper invariant subspace of

the z-twisted multi-shift Sz. Then Sz|M is in the (I ⊗ z)|M-twisted polyball and
curv(PM⊥Sz|M⊥) = 0 if and only if there is an inner sequence {Ψs}∞s=1 for M,
i.e. Ψs are isometric multipliers of `2(F+

n1
× · · · ×F+

nk
) with respect to Sz such that

PM =
∞∑
s=1

ΨsΨ
∗
s,

where the convergence is in the strong operator topology and

lim
(q1,...,qk)∈Zk+

1

n
q1
1 · · ·nqkk

∑
|α1|=q1,...,|αk|=qk

∞∑
s=1

‖Ψs(χα1,··· ,αk)‖
2 = 1.

Proof. According to the remarks preceding this proposition, Sz|M is in the (I ⊗
z)|M-twisted polyball if and only if M is a Beurling type invariant subspace under
Sz. Therefore, there exist multi-analytic operators Ψp ∈ B(`2(F+

n1
× · · · × F+

nk
)

such that PM =
∑∞

s=1 ΨsΨ
∗
s. Due to theorem 6.1 and corollary 6.2, condition

curv(PM⊥S|M⊥) = 0 is equivalent to

lim
(q1,...,qk)∈Zk+

trace
[
(
∑∞

s=1 ΨsΨ
∗
s)P(q1,...,qk)

]
trace

[
P(q1,...,qk)

] = 1.

Now, one can easily complete the proof. �

Proposition 7.7. If M ⊂ `2(F+
n1

× · · · ×F+
nk

) is a proper Beurling type invariant
subspace of multi-shift Sz, then

0 ≤ curv(PM⊥Sz|M⊥) < 1 and 0 < m(M) ≤ 1.

Proof. As in the proof of proposition 6.7, there is a unitary operator ψ :
∆A(I)(M⊥) → C such that (I⊗ψ)KA = V , where KA is the Berezin kernel associ-
ated with A := PM⊥Sz|M⊥ and V is the injection of M⊥ into `2(F+

n1
×· · ·×F+

nk
).

Hence, we deduce that KAK
∗
A = (I ⊗ ψ∗)PM⊥(I ⊗ ψ) and

∆Sz(I −KAK
∗
A) = (I ⊗ ψ∗)∆Sz(PM)(I ⊗ ψ).

Since M is a Beurling type invariant subspace, we have ∆Sz(PM) ≥ 0, which
implies ∆Sz(I −KAK

∗
A) ≥ 0. Now, assume that curv(A) = 1. t Then, curv(A) =
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rankA and, due to corollary 5.5, A is unitarily equivalent to Sz. Hence, we deduce
that M⊥ is an invariant subspace for Sz. This shows that M⊥ is a reducing
subspace for Sz. Since the C∗-algebra C∗(Sz) is irreducible (see [27]), we get a
contradiction. This completes the proof. �

We remark that proposition 7.7 implies that PM⊥Sz|M⊥ is not unitarily equiv-
alent to Sz. It remains an open question whether proposition 7.7 remains true
for arbitrary proper invariant subspace of Sz, which is the case when k =1 and
U = {1C} (see [20]).
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