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Abstract In this article, motivated by the regularity theory of the solutions of doubly non-
linear parabolic partial differential equations the authors introduce the off-diagonal two-
weight version of the parabolic Muckenhoupt class with timelag. Then the authors intro-
duce the uncentered parabolic fractional maximal operatorwith time lag and characterize its
two-weighted boundedness (including the endpoint case) interms of these weights under an
additional mild assumption (which is not necessary for one-weight case). The most novel-
ty of this article exists in that the authors further introduce a new parabolic shaped domain
and its corresponding parabolic fractional integral with time lag and, moreover, applying the
aforementioned (two-)weighted boundedness of the parabolic fractional maximal operator
with time lag, the authors characterize the (two-)weightedboundedness (including the end-
point case) of these parabolic fractional integrals in terms of the off-diagonal (two-weight)
parabolic Muckenhoupt class with time lag; as applications, the authors further establish
a parabolic weighted Sobolev embedding and a priori estimate for the solution of the heat
equation. The key tools to achieve these include the parabolic Calderón–Zygmund-type de-
composition, the chaining argument, and the parabolic Welland inequality which is obtained
by making the utmost of the geometrical relation between theparabolic shaped domain and
the parabolic rectangle.
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1 Introduction

The Muckenhoupt class, introduced by Muckenhoupt [75], is of fundamental importance in
harmonic analysis and partial differential equations. Letq ∈ (1,∞) andω be aweight on Rn,
that is, a nonnegative locally integrable function. It is well known that some classical operators
(for instance, the Hardy–Littlewood maximal operator and the Calderón–Zygmund operators) are
bounded on theweighted Lebesgue space

Lq(Rn, ω) :=

 f : ‖ f ‖Lq(Rn,ω) :=

[∫

Rn
| f (x)|qω(x) dx

] 1
q

< ∞


if and only ifω belongs to theMuckenhoupt class Aq(Rn), that is,

[ω]Aq(Rn) := sup
Q⊂Rn

1
|Q|

∫

Q
ω(y) dy

{
1
|Q|

∫

Q

[
ω(y)

] 1
1−q dy

}q−1

< ∞,(1.1)

where the supremum is taken over all cubesQ ⊂ Rn whose edges are all parallel to the coordi-
nate axis. Furthermore, the Muckenhoupt weights have deep connections with the elliptic partial
differential equation

div
(
|∇u|p−2∇u

)
= 0,(1.2)

wherep ∈ (1,∞). So far, the Muckenhoupt classes and the theory of weightedfunction spaces
have been developed in a comprehensive manner; see, for example, [19, 20, 21, 22, 38, 39, 40,
41]. Moreover, there exists a well-established theory related to the Muckenhoupt weights with
applications in partial differential equations; see, for example, [28, 36, 37, 54, 57, 71].

From the perspective of partial differential equations, in addition to the Muckenhoupt class-
es related to (1.2), there also exist parabolic Muckenhouptclasses with time lag, introduced by
Kinnunen and Saari [50], tailored to the doubly nonlinear parabolic partial differential equation

∂

∂t

(
|u|p−2u

)
− div

(
|∇u|p−2∇u

)
= 0.(1.3)

Here and thereafter, wealways fix p∈ (1,∞). The definition of parabolic Muckenhoupt weights
with time lag is based on the following definition of parabolic rectangles. For anyx ∈ Rn and
L ∈ (0,∞), let Q(x, L) be thecubein Rn centered atx with edge length 2L.

Definition 1.1. Let (x, t) ∈ Rn+1 andL ∈ (0,∞). A parabolic rectangle Rcentered at (x, t) with
edge lengthL is defined by setting

R := R(x, t, L) := Q(x, L) × (
t − Lp, t + Lp) .

Let γ ∈ [0, 1). Theγ-upper part R+(γ) and theγ-lower part R−(γ) of R are defined, respectively,
by settingR+(γ) := Q(x, L) × (t + γLp, t + Lp) and

R−(γ) := Q(x, L) × (t − Lp, t − γLp),

whereγ is called thetime lag.

Denote byRn+1
p the set of all parabolic rectangles inRn+1. For any locally integrable function

f onRn+1 and for any measurable setA ⊂ Rn+1 with |A| ∈ (0,∞), let?
A

f :=
1
|A|

∫

A
f .

Here and thereafter, wealways omitthe differentialdx dt in all integral representations to sim-
plify the presentation if there exists no confusion. The following is the definition of parabolic
Muckenhoupt classes with time lag; see also [50, Definition 3.2].
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Definition 1.2. Let γ ∈ [0, 1) andq ∈ (1,∞). Theparabolic Muckenhoupt class A+q (γ) is defined
to be the set of all nonnegative locally integrable functionsω onRn+1 such that

[ω]A+q (γ) := sup
R∈Rn+1

p

?
R−(γ)
ω

[?
R+(γ)
ω

1
1−q

]q−1

< ∞.(1.4)

If the above condition is satisfied with the direction of the time axis reversed, thenω ∈ A−q(γ)
which is also called theparabolic Muckenhoupt classand consists of all suchω.

Different from the classical case, in (1.4), Euclidean cubes in (1.1) are substituted by parabolic
rectangles, which respects the natural geometry of (1.3). Indeed, ifu(x, t) is a solution of (1.3),
then so doesu(λx, λpt) for anyλ ∈ (0,∞). It turns out in Moser [72, 73] and Trudinger [89] that
any nonnegative weak solutionuof (1.3) satisfies a scale and location invariant Harnack inequality,
that is, for any givenγ ∈ (0, 1), there is a positive constantC such that, for anyR ∈ Rn+1

p ,

ess sup
(x,t)∈R−(γ)

u(x, t) ≤ C ess inf
(x,t)∈R+(γ)

u(x, t),

where the time lagγ appears naturally. The Harnack inequality further impliesthat any nonnega-
tive weak solution of (1.3) is a parabolic Muckenhoupt weight with time lag. Kinnunen and Saari
[50] also introduced the centered parabolic Hardy–Littlewood maximal operators with time lag
and showed that these operators are bounded on the weighted Lebesgue space if and only if the
weight belongs to the corresponding parabolic Muckenhouptclass with time lag. Their results
in [50] were streamlined and complemented by Kinnunen and Myyryläinen [45] in which they
replaced the centered maximal operator by the uncentered version to include the endpoint case.
On the other hand, as proved in [50, Lemma 7.4], the parabolicMuckenhoupt classes with time
lag give a Coifman–Rochberg type characterization of the function space with parabolic bounded
mean oscillation which was explicitly defined by Fabes and Garofalo [27] and is essential in the
regularity theory for (1.3). We refer to [11, 12, 13, 14, 15, 32, 44, 53, 74, 91] for more stud-
ies about (1.3), to [2, 47, 52, 77, 84, 85] for more studies of parabolic function spaces, and to
[45, 46, 48, 49, 50, 61] for recent studies of the parabolic Muckenhoupt classes with time lag.

The other motivation to study the parabolic Muckenhoupt classes with time lag is due to the
theory of the one-sided Muckenhoupt classes introduced by Sawyer [86] in connection with er-
godic theory. Recall that, for anyq ∈ (1,∞), theone-sided Muckenhoupt class A+q(R) is defined to
be the set of all nonnegative locally integrable functionsω onR such that

[ω]A+q (R) := sup
x∈R, h∈(0,∞)

1
h

∫ x

x−h
ω(y) dy

{
1
h

∫ x+h

x

[
ω(y)

] 1
1−q dy

}q−1

is finite. Actually, the parabolic Muckenhoupt classes withtime lag are higher dimensional gener-
alizations of the one-sided Muckenhoupt classes in some sense. The one-sided weighted theory has
been extensively investigated; see, for example, [3, 17, 25, 63, 64, 65, 67, 68, 69, 81]. There also
exists several inspirational studies about higher-dimensional extensions of the one-sided weights
and related topics; see, for example, [8, 9, 29, 30, 31, 56, 59, 78].

On the other hand, both the fractional maximal operators andthe fractional integral operators
occupy an important position in potential theory, harmonicanalysis, and partial differential equa-
tions; see, for example, [1, 10, 16, 35, 90]. Recall that, forany givenβ ∈ (0, n), the fractional
maximal operator Mβ and thefractional integral operator Iβ are defined, respectively, by setting,
for any locally integrable functionf onRn and anyx ∈ Rn,

Mβ( f )(x) := sup
L∈(0,∞)

1

|Q(x, L)|1−
β
n

∫

Q(x,L)
| f (y)|dy
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and

Iβ( f )(x) :=
∫

Rn

f (y)
|x− y|n−β

dy.

Let β ∈ (0, n), 1 < r ≤ q < ∞ with 1
r −

1
q =

β
n, andω be a weight onRn. It is well known that the

fractional integral operatorIβ (or the fractional maximal operatorMβ) is bounded fromLr(Rn, ωr )
to Lq(Rn, ωq) if and only ifω belongs to theoff-diagonal Muckenhoupt class Ar,q(Rn), that is,

[ω]Ar,q(Rn) := sup
Q⊂Rn

1
|Q|

∫

Q
[ω(x)]q dx

{
1
|Q|

∫

Q
[ω(x)]−r ′ dx

} q
r′

< ∞,(1.5)

where the supremum is taken over all cubesQ ⊂ Rn whose edges are all parallel to the coordinate
axis. We refer to [23, 60, 76, 92] for more studies on the one-weight case and to [23, 26, 70,
51, 55, 80, 87, 88] for more investigations on the two-weightcase of the weighted boundedness
of the fractional integral operators and the fractional maximal operators. As for the one-sided
situation, Andersen and Sawyer [6] obtained the characterizations of the weighted boundedness
of one-sided fractional maximal operators and the Weyl (andthe Riemann–Liouville) fractional
integral operators in terms of the one-sided off-diagonal Muckenhoupt classes. For more studies
of the one-sided fractional maximal operators and the one-sided fractional integral operators, see,
for example, [58, 62, 66, 79, 82]. In the parabolic setting, Ma et al. [61] introduced the centered
parabolic fractional maximal operator with time lag and showed that it is bounded on the weighted
Lebesgue spaces if and only if the weight belongs to the corresponding off-diagonal parabolic
Muckenhoupt class with time lag. Inspired by these, it is natural to ask what is the most appropriate
definition of parabolic fractional integral operators withtime lag and whether or not the weighted
boundedness of such operators can characterize the parabolic off-diagonal Muckenhoupt class
with time lag. We give positive answers to these two questions in this article (see Definition 5.1
and Theorems 5.8 and 5.10).

The main goal of this article are twofold. One is to generalize the parabolic Muckenhoupt class
with time lag in [45, 50] and the off-diagonal parabolic Muckenhoupt class with time lag in [61]
to the two-weight case. The other is to characterize such two-weight parabolic Muckenhoupt class
with time lag in terms of the weighted boundedness of some fractional operators, namely the cen-
tered and the uncentered parabolic fractional maximal operators with time lag and the parabolic
fractional integral operators with time lag. More precisely, inspired by the regularity theory of
(1.3), we introduce the off-diagonal two-weight version of the parabolic Muckenhouptclass with
time lag. Then we introduce the uncentered parabolic fractional maximal operator with time lag
and characterize its two-weighted boundedness (includingthe endpoint case) in terms of these
weights under an additional mild assumption (which is not necessary for one-weight case). The
most novelty of this article exists in that we further introduce a new parabolic shaped domain and
its corresponding parabolic fractional integral with timelag and, moreover, applying the aforemen-
tioned two-weighted boundedness of the uncentered parabolic fractional maximal operator with
time lag, we characterize the (two-)weighted boundedness (including the endpoint case) of these
parabolic fractional integrals in terms of the off-diagonal (two-weight) parabolic Muckenhoupt
class with time lag; as applications, we further establish aparabolic weighted Sobolev embedding
and a priori estimate for the solution of the heat equation. The key tools to achieve these include
the parabolic Calderón–Zygmund-type decomposition, thechaining argument, and the parabolic
Welland inequality which is obtained by making the utmost ofthe geometrical relation between
the parabolic shaped domain and the parabolic rectangle.

The organization of the remainder of this article is as follows.
In Section 2, we introduce the concept of parabolic Muckenhoupt two-weight classes with time

lag. Several elementary properties of parabolic Muckenhoupt two weights, such as the nested
property, the duality property, and the forward in time doubling property, are presented. Moreover,
we give a characterization of the parabolic Muckenhoupt two-weight class with time lag in the
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endpoint case in terms of the uncentered parabolic maximal operator with time lag; see Proposition
2.5.

In Section 3, under an additional mild assumption (which is not necessary for one-weight case),
applying the chaining argument we show that the parabolic Muckenhoupt two-weight class is
independent of the choice of the time lag; see Theorem 3.1. Asan application, we obtain the
self-improving property of the parabolic Muckenhoupt two-weight; see Corollary 3.5.

Section 4 is devoted to characterizing the parabolic Muckenhoupt two-weight class with time
lag in terms of the uncentered parabolic fractional maximaloperator with time lag; see Theorem
4.1. To achieve this, we utilize a covering argument in [50] and Theorem 3.1 to change the time lag.
As a corollary, we prove the strong-type parabolic weightednorm inequality for the uncentered
parabolic fractional maximal operator with time lag; see Corollary 4.4. All these results are both
the fractional variants of the counterparts in [45, 50] and the generalization of the counterpart of
[61] from the centered one to the uncentered one. We also obtain the weak-type parabolic two-
weighted norm inequality for the centered parabolic fractional maximal operator with time lag;
see Theorem 4.7. Notice that Theorems 4.1 and 4.7 are respectively the generalizations of the
counterparts of [45, 61] from the one weight to two weights.

In Section 5, based on a new parabolic shaped domain, we introduce the parabolic forward
in time and back in time fractional integral operators with time lag; see Definition 5.1. Then
we establish the pointwise relation between the centered parabolic fractional maximal operator
with time lag and the parabolic fractional integral operator with time lag by showing a parabolic
Welland type inequality; see Lemmas 5.3 and 5.4. Using this,we prove the weak-type parabol-
ic two-weighted inequality and the strong-type parabolic weighted inequality for the parabolic
fractional integrals with time lag; see Theorems 5.5 and 5.7and Corollary 5.6.

The aims of Section 6 are two aspects. One is to establish the parabolic weighted boundedness
of the parabolic Riesz potentials introduced in [42] for a special class of parabolic Muckenhoupt
weights with time lag; see Theorem 6.4. Applying this, we establish a parabolic weighted Sobolev
embedding theorem and obtain a priori estimate for the solution of the heat equation; see, respec-
tively, Corollaries 6.6 and 6.7.

At the end of this introduction, we make some conventions on notation. Throughout this article,
let N := {1, 2, . . .}, Z+ := N ∪ {0}, andRn+1

+ := Rn × (0,∞). For anys ∈ R, the symbol⌈s⌉
denotes the smallest integer not less thans. For anyr ∈ [1,∞], let r′ be the conjugate number
of r, that is, 1

r +
1
r ′ = 1. For anyx := (x1, . . . , xn) ∈ Rn, let ‖x‖∞ := max{|x1|, . . . , |xn|} and

|x| :=
√
|x1|2 + · · · + |xn|2. For anyA ⊂ Rn+1, let

prx(A) := {x ∈ Rn : there existst ∈ R such that (x, t) ∈ A}

and

prt(A) := {t ∈ R : there existsx ∈ Rn such that (x, t) ∈ A}

be the projections ofA, respectively, onto the spaceRn and the time axisR. Let 0 denote the
origin of Rn. For anyA ⊂ Rn+1 anda ∈ R, let A − (0, a) := {(x, t − a) : (x, t) ∈ A}. For any
measurable setA ⊂ Rn+1, we denote by|A| its (n + 1)-dimensional Lebesgue measure. For any
R ∈ Rn+1

p , denote by (xR, tR) its center and byl(R) its edge length. Thetop of R ∈ Rn+1
p means

Q(xR, l(R)) × {tR + [l(R)]p} and thebottomof R meansQ(xR, l(R)) × {tR − [l(R)]p}. Let L1
loc(R

n+1)
(resp.L1

loc(R
n+1
+ )) be the set of all locally integrable functions onRn+1 (resp.Rn+1

+ ). The symbol
f . g means that there exists a positive constantC such thatf ≤ Cg and, if f . g . f , we then
write f ∼ g. Finally, when we show a theorem (and the like), in its proof we always use the same
symbols as those appearing in the statement itself of that theorem (and the like).
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2 Parabolic Muckenhoupt Two-Weight Classes with Time Lag

In this section, we introduce the concept of parabolic Muckenhoupt two-weight classes with
time lag and present their several basic properties. We begin with the following definition.

Definition 2.1. Let γ ∈ [0, 1).

(i) Let 1 < r ≤ q < ∞. Theparabolic Muckenhoupt two-weight class TA+r,q(γ) with time lagis
defined to be the set of all pairs (u, v) of nonnegative functions onRn+1 such that

[u, v]T A+r,q(γ) := sup
R∈Rn+1

p

?
R−(γ)

uq
[?

R+(γ)
v−r ′

] q
r′

< ∞.

If the above condition holds with the time axis reversed, that is,

[u, v]T A−r,q(γ) := sup
R∈Rn+1

p

?
R+(γ)

uq
[?

R−(γ)
v−r ′

] q
r′

< ∞,

then (u, v) ∈ TA−r,q(γ) which is also called theparabolic Muckenhoupt two-weight class with
time lagand consists of all such (u, v).

(ii) Let q ∈ [1,∞). The parabolic Muckenhoupt two-weight class TA+1,q(γ) with time lag is

defined to be the set of all pairs (u, v) of nonnegative functions onRn+1 such that

[u, v]T A+1,q(γ) := sup
R∈Rn+1

p

?
R−(γ)

uq
[

ess inf
(x,t)∈R+(γ)

v(x, t)

]−q

< ∞.

If the above condition holds with the time axis reversed, that is,

[u, v]T A−1,q(γ) := sup
R∈Rn+1

p

?
R+(γ)

uq
[

ess inf
(x,t)∈R−(γ)

v(x, t)

]−q

< ∞,

then (u, v) ∈ TA−1,q(γ) which is also called theparabolic Muckenhoupt two-weight class with
time lagand consists of all such (u, v).

Remark 2.2. (i) Let γ ∈ [0, 1) and 1< r ≤ q < ∞. Recall that theparabolic Muckenhoupt
class A+r,q(γ) with time lag, introduced in [61], is defined to be the set of all nonnegative
functionsω onRn+1 such that

sup
R∈Rn+1

p

?
R−(γ)
ωq

[?
R+(γ)
ω−r ′

] q
r′

< ∞

and theparabolic Muckenhoupt class A+1(γ) with time lag, introduced in [45, 50], is defined
to be the set of all nonnegative functionsω onRn+1 such that

sup
R∈Rn+1

p

?
R−(γ)
ω

[
ess inf

(x,t)∈R+(γ)
ω(x, t)

]−1

< ∞.

Then we are easy to prove that, ifω ∈ A+r,q(γ), then (ω,ω) ∈ TA+r,q(γ) and, if w ∈ A+1(γ),

then, for anys∈ [1,∞), (w
1
s ,w

1
s ) ∈ TA+1,s(γ). Thus, the parabolic Muckenhoupt two-weight

class with time lag in Definition 2.1 is indeed a generalization of bothA+r,q(γ) andA+1 (γ).

(ii) Let 0 ≤ γ1 ≤ γ2 < 1 and 1≤ r ≤ q < ∞. ThenTA+r,q(γ1) ⊂ TA+r,q(γ2). Moreover, for any

(u, v) ∈ TA+r,q(γ1), [u, v]T A+r,q(γ2) ≤ (1−γ1
1−γ2

)1+ q
r′ [u, v]T A+r,q(γ1).
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For the parabolic Muckenhoupt two-weight class with time lag, we have the following nested
property which can be directly deduced from Definition 2.1 and the Hölder inequality.

Proposition 2.3. Letγ ∈ [0, 1).

(i) Let 1 ≤ r̃ < r ≤ q < ∞. Then TA+r̃ ,q(γ) ⊂ TA+r,q(γ). Moreover, for any(u, v) ∈ TA+r̃,q(γ),
[u, v]T A+r,q(γ) ≤ [u, v]T A+r̃ ,q(γ).

(ii) Let 1 ≤ r ≤ q̃ < q < ∞. Then TA+r,q(γ) ⊂ TA+r,̃q(γ). Moreover, for any(u, v) ∈ TA+r,q(γ),

[u, v]T A+r,̃q(γ) ≤ [u, v]
q̃
q

T A+r,q(γ).

Next, we introduce the uncentered parabolic fractional maximal function with time lag.

Definition 2.4. Let γ, β ∈ [0, 1). For anyf ∈ L1
loc(R

n+1), theuncentered forward in time parabolic
fractional maximal function Mγ+β ( f ) with time lagand theuncentered back in time parabolic frac-

tional maximal function Mγ−β ( f ) with time lagof f are defined, respectively, by setting, for any

(x, t) ∈ Rn+1,

Mγ+β ( f )(x, t) := sup
R∈Rn+1

p
(x,t)∈R−(γ)

∣∣∣R+(γ)
∣∣∣β
?

R+(γ)
| f |

and

Mγ−β ( f )(x, t) := sup
R∈Rn+1

p
(x,t)∈R+(γ)

∣∣∣R−(γ)
∣∣∣β
?

R−(γ)
| f |.

Notice that, for anyγ ∈ [0, 1), Mγ+0 coincides with the uncentered parabolic parabolic forward
in time maximal operatorMγ+ with time lag introduced in [45, Definition 2.2]. We present the
following characterization of the parabolic Muckenhoupt two-weight classTA+1,q(γ) in terms of

the uncentered back in time parabolic maximal operatorMγ−0 .

Proposition 2.5. Letγ ∈ [0, 1), q ∈ [1,∞), and(u, v) be a pair of nonnegative functions onRn+1.
Then(u, v) ∈ TA+1,q(γ) if and only if there exists C∈ (0,∞) such that, for almost every(x, t) ∈ Rn+1,

Mγ−0 (uq)(x, t) ≤ C[v(x, t)]q.(2.1)

Proof. We first show the sufficiency. Assume that (u, v) satisfies (2.1). By this and Definition 2.4,
we find that, for anyR ∈ Rn+1

p and for almost every (x, t) ∈ R+(γ),

?
R−(γ)

uq ≤ Mγ−0 (uq)(x, t) ≤ C[v(x, t)]q.

Taking the essential infimum over all (x, t) ∈ R+(γ), we then obtain

?
R−(γ)

uq ≤ C

[
ess inf

(x,t)∈R+(γ)
v(x, t)

]q

and hence (u, v) ∈ TA+1,q(γ) with [u, v]T A+1,q(γ) ≤ C. This finishes the proof of the sufficiency.

Now, we prove the necessity. Assume that (u, v) ∈ TA+1,q(γ) and let

N :=
{
(x, t) ∈ Rn+1 : Mγ−0

(
uq) (x, t) > [u, v]T A+1,q(γ)[v(x, t)]q

}
.
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To show that (2.1) holds almost everywhere for someC ∈ (0,∞), it suffices to prove that|N| = 0.
Indeed, from Definition 2.4, we infer that, for any given (x, t) ∈ N , there existR(x,t) ∈ Rn+1

p and
ǫ ∈ (0,∞) such that (x, t) ∈ R+(x,t)(γ) and

?
R−(x,t)(γ)

uq >
1

|R−(x,t)(γ)| + ǫ

∫

R−(x,t)(γ)
uq > [u, v]T A+1,q(γ)[v(x, t)]q.(2.2)

Since prt(R
+
(x,t)(γ)) is an open interval and (x, t) ∈ R+(x,t)(γ), it follows that there exists̃R(x,t) :=

Q(x0, L0) × (t0 − Lp
0, t0 + Lp

0) ∈ Rn+1
p with (x0, t0) ∈ Rn+1 andL0 ∈ (0,∞) such that the following

statements hold:

(i) (x, t) ∈ R̃+(x,t)(γ);

(ii) R−(x,t)(γ) ⊂ R̃−(x,t)(γ) and|R̃−(x,t)(γ) \ R−(x,t)(γ)| < ǫ;

(iii) all the vertices ofQ(x0, L0) belong toQn andt0 − Lp
0 ∈ Q.

Combining (2.2), (ii), and (u, v) ∈ TA+1,q(γ), we conclude that

[u, v]T A+1,q(γ)[v(x, t)]q <
1

|R−(x,t)(γ)| + ǫ

∫

R−(x,t)(γ)
uq

<

?
R̃−(x,t)(γ)

uq ≤ [u, v]T A+1,q(γ)

 ess inf
(y,s)∈R̃+(x,t)(γ)

v(y, s)



q

,

which further implies that

v(x, t) < ess inf
(y,s)∈R̃+(x,t)(γ)

v(y, s).(2.3)

Let {Rk}k∈N be the sequence of allR := Q(z, L) × (r − Lp, r + Lp) ∈ Rn+1
p with (z, r) ∈ Rn+1 and

L ∈ (0,∞) such that all the vertices ofQ(z, L) belong toQn andr − Lp ∈ Q and, for anyk ∈ N, let

Nk :=

(x, t) ∈ R+k (γ) : v(x, t) < ess inf
(y,s)∈R+k (γ)

v(y, s)

 .

Then |Nk| = 0 for anyk ∈ N. Moreover, from (i), (iii), and (2.3), it follows thatN ⊂ ⋃
k∈NNk,

which further implies that|N| ≤ ∑
k∈N |Nk| = 0. This finishes the proof of the necessity and hence

Proposition 2.5. �

Throughout this article, wealways omitthe variables (x, t) in the notation if there is no am-
biguity and, for instance, for anyA ⊂ Rn+1, any function f on Rn+1, and anyλ ∈ R, we simply
write

A∩ { f > λ} := {(x, t) ∈ A : f (x, t) > λ} .

The following proposition indicates that the parabolic Muckenhoupt two-weight class is closed
under taking the maximum and the minimum.

Proposition 2.6. Letγ ∈ [0, 1) and1 ≤ r ≤ q < ∞. Then, for any(u, v), (̃u, ṽ) ∈ TA+r,q(γ),

(i) (max{u, ũ},max{v, ṽ}) ∈ TA+r,q(γ) and

[
max{u, ũ},max{v, ṽ}]T A+r,q(γ) ≤ [u, v]T A+r,q(γ) + [ũ, ṽ]T A+r,q(γ).
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(ii) (min{u, ũ},min{v, ṽ}) ∈ TA+r,q(γ). Moreover, if r= 1, then

[
min{u, ũ},min{v, ṽ}]T A+1,q(γ) ≤ max

{
[u, v]T A+1,q(γ), [ũ, ṽ]T A+1,q(γ)

}

and, if r ∈ (1,∞), then[min{u, ũ},min{v, ṽ}]T A+r,q(γ) ≤ [u, v]T A+r,q(γ) + [ũ, ṽ]T A+r,q(γ).

Proof. Let (u, v), (̃u, ṽ) ∈ TA+r,q(γ). We first show (i). LetW1 := max{u, ũ} andW2 := max{v, ṽ}.
We consider the following two cases forr.

Case 1) r= 1. In this case, by Definition 2.1(ii), we find that, for any givenR∈ Rn+1
p ,

?
R−(γ)

Wq
1 ≤
?

R−(γ)
uq +

?
R−(γ)

ũq

≤ [u, v]T A+1,q(γ)

[
ess inf

(x,t)∈R+(γ)
v(x, t)

]q

+ [ũ, ṽ]T A+1,q(γ)

[
ess inf

(x,t)∈R+(γ)
ṽ(x, t)

]q

≤
{
[u, v]T A+1,q(γ) + [ũ, ṽ]T A1,q(γ)

} [
ess inf

(x,t)∈R+(γ)
W2(x, t)

]q

.

Taking the supremum over allR ∈ Rn+1
p , we conclude that (W1,W2) ∈ TA+1,q(γ) and

[W1,W2]T A+1,q(γ) ≤ [u, v]T A+1,q(γ) + [ũ, ṽ]T A+1,q(γ).

Case 2) r∈ (1,∞). In this case, from Definition 2.1(i), we deduce that, for any givenR ∈ Rn+1
p ,

?
R−(γ)

Wq
1

[?
R+(γ)

W−r ′
2

] q
r′

≤
[?

R−(γ)
uq +

?
R−(γ)

ũq
] [?

R+(γ)
W−r ′

2

] q
r′

≤
?

R−(γ)
uq

[?
R+(γ)

v−r ′
] q

r′

+

?
R−(γ)

ũq
[?

R+(γ)
ṽ−r ′

] q
r′

≤ [u, v]T A+r,q(γ) + [ũ, ṽ]T A+r,q(γ).

Taking the supremum over allR ∈ Rn+1
p , we obtain (W1,W2) ∈ TA+r,q(γ) and

[W1,W2]T A+r,q(γ) ≤ [u, v]T A+r,q(γ) + [ũ, ṽ]T A+r,q(γ).

Combining the above two cases, we then finish the proof of (i).
Next, we prove (ii). Letw1 := min{u, ũ} andw2 := min{v, ṽ}. Similarly to the proof of (i), we

consider the following two cases forr.
Case 1) r= 1. In this case, using Definition 2.1(ii), we conclude that, for anyR ∈ Rn+1

p ,

?
R−(γ)

wq
1 ≤ min

{?
R−(γ)

uq,

?
R−(γ)

ũq
}

≤ min

{
[u, v]T A+1,q(γ)

[
ess inf

(x,t)∈R+(γ)
v(x, t)

]q

,

[ũ, ṽ]T A+1,q(γ)

[
ess inf

(x,t)∈R+(γ)
ṽ(x, t)

]q}

≤ max
{
[u, v]T A+1,q(γ), [ũ, ṽ]T A+1,q(γ)

} [
ess inf

(x,t)∈R+(γ)
w2(x, t)

]q

.
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Taking the supremum over allR ∈ Rn+1
p , we find that (w1,w2) ∈ TA+1,q(γ) and

[w1,w2]T A+1,q(γ) ≤ max
{
[u, v]T A+1,q(γ), [ũ, ṽ]T A+1,q(γ)

}
.

Case 2) r∈ (1,∞). In this case, from Definition 2.1(i), we infer that, for anyR ∈ Rn+1
p ,

?
R−(γ)

wq
1

[?
R+(γ)

w−r ′
2

] q
r′

≤
?

R−(γ)
wq

1

[
1

|R+(γ)|

∫

R+(γ)∩{v>̃v}
ṽ−r ′

] q
r′

+

?
R−(γ)

wq
1

[
1

|R+(γ)|

∫

R+(γ)∩{v≤̃v}
v−r ′

] q
r′

≤
?

R−(γ)
ũq

[?
R+(γ)

ṽ−r ′
] q

r′

+

?
R−(γ)

uq
[?

R+(γ)
v−r ′

] q
r′

≤ [ũ, ṽ]T A+r,q(γ) + [u, v]T A+r,q(γ).

Taking the supremum over allR ∈ Rn+1
p , we obtain (w1,w2) ∈ TA+r,q(γ) and

[w1,w2]T A+r,q(γ) ≤ [u, v]T A+r,q(γ) + [ũ, ṽ]T A+r,q(γ).

Combining the above two cases then completes the proof of (ii) and hence Proposition 2.6. �

The following duality property follows directly from Definition 2.1(i); we omit the details.

Proposition 2.7. Let γ ∈ [0, 1) and 1 < r ≤ q < ∞. Assume that(u, v) is a pair of positive
functions onRn+1. Then(u, v) ∈ TA+r,q(γ) if and only if(v−1, u−1) ∈ TA−q′,r ′(γ).

At the end of this section, we give a characterization of the diagonal parabolic Muckenhoupt
two-weight class in terms of a forward in time doubling condition. In what follows, for any
nonnegative functionf ∈ L1

loc(R
n+1) and any measurable setE ⊂ Rn+1, we denote

∫
E

f by f (E).

Proposition 2.8. Let γ ∈ [0, 1) and (u, v) be a pair of positive functions onRn+1. Then the
following statements are equivalent.

(i) There exists q∈ (1,∞) such that(u, v) ∈ TA+q,q(γ).

(ii) There exist C∈ (0,∞), δ ∈ (0, 1), and r ∈ (1
δ ,∞) such that, for any R∈ Rn+1

p and any
measurable set E⊂ R+(γ),

|E|
|R+(γ)| ≤ C

[
(vr )(E)

(ur )(R−(γ))

]δ
.(2.4)

Proof. We first show (i)=⇒ (ii). Assume that (u, v) ∈ TA+q,q(γ) for someq ∈ (1,∞). Then, from
the Hölder inequality, we deduce that, for anyR ∈ Rn+1

p and any measurable setE ⊂ R+(γ),

|E|
|R+(γ)| =

?
R+(γ)

1E =

?
R+(γ)

v−1v1E ≤
[?

R+(γ)
vq1E

] 1
q
[?

R+(γ)
v−q′

] 1
q′

≤
[?

R+(γ)
vq1E

] 1
q

[u, v]
1
q

T A+q,q(γ)

[?
R−(γ)

uq
]− 1

q
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= [u, v]
1
q

T A+q,q(γ)

[
(vq)(E)

(uq)(R−(γ))

] 1
q

,

which further implies that (2.4) withr := q, δ ∈ (0, 1
q], andC := [u, v]δ

T A+q (γ) holds. This finishes

the proof of (i)=⇒ (ii).
Now, we prove (ii)=⇒ (i). Assume that (ii) holds. According to (2.4), we concludethat, for

anyR ∈ Rn+1
p and any measurable setE ⊂ R+(γ),

C−
1
δ
(
ur ) (R−(γ))

[
|E|
|R+(γ)|

] 1
δ

≤ (
vr ) (E).(2.5)

Fix R ∈ Rn+1
p and, for any givenλ ∈ (0,∞), let Eλ := R+(γ) ∩ {v−r > λ}. Then (vr )(Eλ) ≤ |Eλ|/λ.

Combining this and (2.5), we find that, for anyλ ∈ (0,∞),

C−
1
δ
(
ur ) (R−(γ))

[
|Eλ|
|R+(γ)|

] 1
δ

≤ (
vr) (Eλ) ≤

|Eλ|
λ
,

which further implies that

|Eλ| ≤
C

1
1−δ |R−(γ)| 1

1−δ

λ
δ

1−δ [(ur )(R−(γ))]
δ

1−δ
.(2.6)

Sincer ∈ (1
δ ,∞), it follows that r ′

r ∈ (0, δ1−δ ). From the Cavalieri principle (see, for example, [34,
Proposition 1.1.4]), the obvious fact thatEλ ⊂ R+(γ) for anyλ ∈ (0,∞), and (2.6), we infer that

∫

R+(γ)
v−r ′ =

r′

r

∫ ∞

0
λ

r′
r −1

∣∣∣R+(γ) ∩ {
v−r > λ

}∣∣∣ dλ

=
r′

r



∫ 1
(ur )R−(γ)

0
+

∫ ∞

1
(ur )R−(γ)

 λ
r′
r −1|Eλ|dλ

≤ r′

r

∣∣∣R+(γ)
∣∣∣
∫ 1

(ur )R−(γ)

0
λ

r′
r −1 dλ

+
r′

r
C

1
1−δ |R−(γ)| 1

1−δ

[(ur )(R−(γ))]
δ

1−δ

∫ ∞

1
(ur )R−(γ)

λ
r′
r −

1
1−δ dλ

.

∣∣∣R+(γ)
∣∣∣
[?

R−(γ)
ur

]− r′
r

,

where the implicit positive constant depends only onC, r, andδ. Taking the supremum over all
R ∈ Rn+1

p , we conclude that (u, v) ∈ TA+r,r(γ), which completes the proof of the sufficiency and
hence Proposition 2.8. �

3 Independence of Choices of Time Lag
and Self-improving Property of TA+r,q(γ)

In this section, under an additional mild assumption (whichis not necessary for one-weight
case), we show that the parabolic Muckenhoupt two-weight class is independent of the time lag
and the distance between the upper and the lower parts of parabolic rectangles. As an application,
we prove that the parabolic Muckenhoupt two-weight class has the self-improving property. Recall
that, for anyγ ∈ [0, 1), A+∞(γ) :=

⋃
q∈(1,∞) A+q (γ) and, for anyA ⊂ Rn+1 anda ∈ R, A − (0, a) :=

{(x, t − a) : (x, t) ∈ A}.
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Theorem 3.1. Let 0 < γ < α < 1, τ ∈ [1,∞), and (u, v) be a pair of nonnegative functions on
Rn+1. Assume that u∈ A+∞(γ). Then the following statements hold.

(i) If 1 < r ≤ q < ∞, then(u, v) ∈ TA+r,q(γ) if and only if there exists a positive constant C such
that, for any R∈ Rn+1

p ,

?
R+(α)−(0,τ(1+α)[l(R)]p)

uq
[?

R+(α)
v−r ′

] q
r′

≤ C.(3.1)

(ii) If q ∈ [1,∞), then(u, v) ∈ TA+1,q(γ) if and only if there exists a positive constant C such that,

for any R∈ Rn+1
p ,

?
R+(α)−(0,τ(1+α)[l(R)]p)

uq
[

ess inf
(x,t)∈R+(α)

v(x, t)

]−q

≤ C.(3.2)

Proof. We first show the necessity of (i) and (ii). Assume that (u, v) ∈ TA+r,q(γ). Fix R :=
R(x, t, L) ∈ Rn+1

p with (x, t) ∈ Rn+1 andL ∈ (0,∞). Let

P := R

x, t − (τ − 1)(1+ α)Lp

2
,

[
1+

(τ − 1)(1+ α)
2

] 1
p

L

 .

Then

R+(α) ⊂ P+(α̃) and R+(α) − (0, τ(1+ α)Lp) ⊂ P−(α̃),(3.3)

whereα̃ := 2α+(τ−1)(1+α)
2+(τ−1)(1+α) ∈ (γ, 1). Moreover, we have

∣∣∣P±(α̃)
∣∣∣ = 2n

[
1+

(τ − 1)(1+ α)
2

] n
p ∣∣∣R±(α)

∣∣∣ .(3.4)

From Remark 2.2(ii), we deduce that (u, v) ∈ TA+r,q(α̃), which, combined with (3.3) and (3.4),
further implies that

?
R+(α)−(0,τ(1+α)Lp)

uq
[?

R+(α)
v−r ′

] q
r′

≤
2n

[
1+

(τ − 1)(1+ α)
2

] n
p


1+ q
r′ ?

P−(α̃)
uq

[?
P+(α̃)

v−r ′
] q

r′

≤
2n

[
1+

(τ − 1)(1+ α)
2

] n
p


1+ q
r′

[u, v]T A+r,q(α̃).

This finishes the proof of the necessity of (i). Lettingr → 1+ in the above argument, we find that
the necessity of (ii) holds. Here and thereafter,r → 1+ means thatr ∈ (1,∞) andr → 1.

Then we prove the sufficiency of (i) by the chaining argument. Suppose that (3.1) holds. Fix
R ∈ Rn+1

p . Without loss of generality, we may suppose thatR is centered at the origin (0, 0). Let
m ∈ N be such that there existsǫ ∈ [0, 1) satisfying

m= log2

[
τ(1+ α)

1− α

]
+

1
p− 1

{
1+ log2

[
τ(1+ α)
γ

]}
+ 2+ ǫ.(3.5)

Partition each spatial edge ofR+(γ) into 2m equally long intervals and divide the temporal edge of
R+(γ) into J := ⌈(1− γ)2pm/(1−α)⌉ equally long intervals. Then we obtain 2nmJ subrectangles of
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R+(γ) and denote them by{V+i, j}i∈N∩[1,2nm], j∈N∩[1,J] . Fix i ∈ N ∩ [1, 2nm] and j ∈ N ∩ [1, J]. Notice

that there existsRi, j ∈ Rn+1
p such that the tops of bothRi, j andV+i, j coincide,V+i, j ⊂ R+i, j(α), and

|V+i, j |
|R+i, j(α)|

=
(1− γ)2pm

(1− α)J .(3.6)

Divide R−(γ) in the same manner as we partitionR+(γ). Then we obtain 2nmJ subrectangles of
R−(γ) and denote them by{U−k,ι}k∈N∩[1,2nm],ι∈N∩[1,J] . Fix k ∈ N∩ [1, 2nm] andι ∈ N∩ [1, J]. Observe

that there exists̃Rk,ι ∈ Rn+1
p such that the bottoms of both̃R+k,ι(α) − (0, τ(1 + α)[l(R̃k,ι)]p) andU−k,ι

coincide,U−k,ι ⊂ R̃+k,ι(α) − (0, τ(1+ α)[l(R̃k,ι)]p), and

|U−k,ι|

|R̃+k,ι(α) − (0, τ(1+ α)[l(R̃k,ι)]p)|
=

(1− γ)2pm

(1− α)J .(3.7)

We claim that there existsR ∈ Rn+1
p satisfying that, for anyi, k ∈ N ∩ [1, 2nm] and j, ι ∈

N∩[1, J], there existN j , Ñι ∈ N and chains{Pi, j
d }

Nj

d=0 and{P̃k,ι
d }

Ñι
d=0 consisting of congruent parabolic

rectangles such that the following statements hold.

(i) R ⊂ R+(0) andR+(α) − (0, τ(1+ α)[l(R)]p) ⊂ R+(0).

(ii) For any i ∈ N∩ [1, 2nm] and j ∈ N∩ [1, J], Pi, j
0 = Ri, j andPi, j

Nj
= R. For anyk ∈ N∩ [1, 2nm]

andι ∈ N ∩ [1, J], P̃k,ι
0 = R̃k,ι andP̃k,ι

Ñι
= R.

(iii) For any j ∈ N ∩ [1, J],

N j ≤ 2
p

p−1+3p+1
[
τ(1+ α)

1− α

]p [
τ(1+ α)
γ

] p
p−1

=: C1.

For anyι ∈ N ∩ [1, J], Ñι ≤ 2C1.

(iv) For anyi ∈ N ∩ [1, 2nm], j ∈ N ∩ [1, J], andd ∈ N ∩ [1,N j ],

|(Pi, j
d )+(α) ∩ (Si, j

d−1)−(α)|
|(Pi, j

d )+(α)|
∈

[
1

2n+1
, 1

]
,

where (Si, j
h )−(α) := (Pi, j

h )+(α) − (0, τ(1 + α)[l(Pi, j
h )]p) for anyh ∈ Z+ ∩ [0,N j ]. Moreover,

for anyk ∈ N ∩ [1, 2nm], ι ∈ N ∩ [1, J], andd ∈ N ∩ [1, Ñι],

|(S̃k,ι
d )−(α) ∩ (P̃k,ι

d−1)+(α)|
|(S̃k,ι

d )−(α)|
∈

[
1

2n+1
, 1

]
,

where (̃Sk,ι
h )−(α) := (P̃k,ι

h )+(α) − (0, τ(1+ α)[l(P̃k,ι
h )]p) for anyh ∈ Z+ ∩ [0, Ñι].

Indeed, fixi ∈ N ∩ [1, 2nm] and j ∈ N ∩ [1, J]. We will specifyR andN j and construct the chain

{Pi, j
d }

Nj

d=0 in the following two steps.
Step 1. In this step, we construct the chain corresponding to spatial variables. Assume that

Ri, j = Q(xi , l) × (t j − 2lp, t j) with (xi , t j) ∈ Rn+1 and l := l(R)/2m. Let Qi
0 := Q(xi , l). For any

d ∈ N ∩ [1,Mi ] with Mi ∈ N determined later, let

Qi
d := Qi

d−1 −
xi

|xi |
θi l
2
,(3.8)
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whereθi ∈ [1,
√

n], depending only on the angle betweenxi and the spatial axes, is such that
the center ofQi

d belongs to the boundary ofQi
d−1. Notice that there existsbi ∈ N ∩ [1, 2m − 1],

depending only on|xi |, such that

|xi | =
θi
2

[l(R) − bi l].(3.9)

From this and (3.8), it follows that, to ensure thatQi
Mi
= Q(0, l), we need to choose

Mi :=
2|xi |
θi l
=

l(R)
l
− bi = 2m − bi .(3.10)

Observe that, for anyd ∈ N ∩ [1,Mi],

1
2n ≤

|Qi
d ∩ Qi

d−1|
|Qi

d|
≤ 1

2
.(3.11)

Then{Qi
d}

Mi
d=0 forms a chain inRn starting fromQ(xi , l) and ending withQ(0, l).

Step 2.In this step, we specifyR andN j and construct the chain{Pi, j
d }

Nj

d=0 based on the chains
in Step 1. For anyd ∈ Z+ ∩ [0,Mi ], let

Pi, j
d := Qi

d ×
(
t j − dτ(1+ α)lp − 2lp, t j − dτ(1+ α)lp

)
.

Then Pi, j
0 = Ri, j and prx(P

i, j
Mi

) = Q(0, l). To determineR, we first assume thatj = 1 and i ∈
N ∩ [1, 2nm] such thatQ(xi , l) intersects with the boundary of prx(R) = Q(0, l(R)). From (3.9) and
(3.10), we infer thatbi = 1 and henceMi = 2m− 1 in this case. LetN := 2m− 1 andR := Pi,1

N . We
show that (i) holds. Indeed, on the one hand, notice that

QN = Q(0, l) ⊂ Q(0, l(R)) and t1 − Nτ(1+ α)lp < t1 < [l(R)]p.(3.12)

On the other hand, by (3.5), we obtain

m≥ 1
p− 1

{
1+ log2

[
τ(1+ α)
γ

]}
,

which further implies that 2(p−1)m ≥ 2τ(1+α)
γ and henceγ − 2τ(1+α)

2(p−1)m ≥ 0. From this, the definitions
of both J andl, and the fact that⌈s⌉ ≤ 2s for anys ∈ [1,∞), we deduce that

t1 − (N + 1)τ(1+ α)lp − (1− α)lp

=

[
γ +

1− γ
⌈(1− γ)2pm/(1− α)⌉ −

(N + 1)τ(1+ α)
2pm − (1− α)

2pm

]
[l(R)]p

≥
[
γ +

1− γ
(1− γ)2pm+1/(1− α)

− (N + 1)τ(1+ α)
2pm − (1− α)

2pm

]
[l(R)]p

=

[
γ − 1− α

2pm+1
− τ(1+ α)

2(p−1)m

]
[l(R)]p ≥

[
γ − 2τ(1+ α)

2(p−1)m

]
[l(R)]p ≥ 0.

This, together with both the fact that the bottom ofR+(α) − (0, τ(1+ α)[l(R)]p) is

Q(0, l) × {
t1 − (N + 1)τ(1+ α)lp − (1− α)lp}

and (3.12), further implies that (i) holds.
Then we suppose thatj = 1 and i ∈ N ∩ [1, 2nm] such thatQ(xi , l) does not intersect with

the boundary of prx(R) = Q(0, l(R)). In this case,bi , 1 and henceMi ∈ N ∩ [1,N). For any
d ∈ N ∩ [Mi ,N − 1], let Pi, j

d+1 := Pi, j
d − (0, τ(1+ α)lp). Then we are easy to see thatPi, j

N = R.
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Now, we consider the residual situationj ∈ N ∩ [2, J] and i ∈ N ∩ [1, 2nm]. In this case,
we first extend the chain{Pi, j

d }
Mi
d=0 to the chain{Pi, j

d }
N
d=0 in the same way as we did in the above

case. Then we can easily verify that prx(P
i, j
N ) = prx(P

i,1
N ). However, in the temporal variable, the

distance between the top ofPi, j
N and that ofPi,1

N is ( j − 1)(1− γ)[l(R)]p/J. We can shift everyPi, j
d

for d ∈ N∩ [1, 2m−1] and addM̃ j parabolic rectangles into the chain to guarantee that the eventual
parabolic rectangle isR. To be specific, we can chooseβ j ∈ [0, 1) andM̃ j ∈ Z+ such that

2m−1β j(1− α)[l(R)]p

2pm +
M̃ jτ(1+ α)[l(R)]p

2pm =
( j − 1)(1− γ)[l(R)]p

J
.(3.13)

Indeed, notice that there existsη ∈ [1, 2) such that

J =

⌈
(1− γ)2pm

1− α

⌉
=
η(1− γ)2pm

1− α

and hence we can rewrite (3.13) as

2m−1β j(1− α) + M̃ jτ(1+ α) =
( j − 1)(1− α)

η
.(3.14)

ChooseM̃ j ∈ Z+ such that

M̃ jτ(1+ α) ≤
( j − 1)(1− α)

η
< (M̃ j + 1)τ(1+ α).

That is, letM̃ j ∈ Z+ be such that

( j − 1)(1− α)
2τ(1+ α)

− 1 ≤ ( j − 1)(1− α)
ητ(1+ α)

− 1 < M̃ j(3.15)

≤ ( j − 1)(1− α)
τ(1+ α)

≤ ( j − 1)(1− α)
τ(1+ α)

.

Let ξ j := ( j−1)(1−α)
η − M̃ j(1 + α). Using this and the choice of̃M j, we find thatξ j ∈ [0, τ(1 + α)).

Selectβ j ∈ [0,∞) such thatξ j = 2m−1β j(1− α). From this and (3.5), we infer that

β j = 2
−1
p−1−1−ǫ

(
γ

1+ α

) 1
p−1 ξ j

τ(1+ α)
.

By this andξ j ∈ [0, τ(1+ α)), we conclude that

0 ≤ β j < 2−1
(
γ

1+ α

) 1
p−1
<

1
2
,

which, together with the choices of both̃M j andβ j, further implies that (3.14) holds. Finally, for
anyd ∈ N ∩ [1, 2m−1], we modify the definition ofPi, j

d by setting

Pi, j
d :=Qi

d ×
(
t j − d

[
τ(1+ α) + β j(1− α)

]
lp − 2lp,

t j − d
[
τ(1+ α) + β j(1− α)

]
lp
)
.

If M̃ j ∈ N, then, for anyd ∈ N∩[N,N+M̃ j−1], let Pi, j
d+1 := Pi, j

d −(0, τ(1+ α)lp). ThenPi, j

N+M̃ j
= R.

For convenience, let̃M1 := 0.
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In conclusion, for anyi ∈ N∩ [1, 2nm] and j ∈ N∩ [1, J], we have constructed a chain{Pi, j
d }

N+M̃ j

d=0

starting fromRi, j and ending withR. Let N j := N + M̃ j. Applying the definitions of bothN and
J, (3.15), and (3.5), we obtain

N j = 2m − 1+ M̃ j ≤ 2m+
( j − 1)(1− α)
τ(1+ α)

≤ 2m +
(J − 1)(1− α)
τ(1+ α)

≤ 2m +
(1− γ)2pm

1− α
1− α
τ(1+ α)

≤ 2pm+1 ≤ 2
p

p−1+3p+1
[
τ(1+ α)

1− α

]p [
τ(1+ α)
γ

] p
p−1

.

From (3.11), the fact thatβ j ∈ [0, 1
2), and the construction of{Pi, j

d }
Nj

d=0, we deduce that, for any
i ∈ N ∩ [1, 2nm], j ∈ N ∩ [1, J], andd ∈ N ∩ [1,N j ],

|(Pi, j
d )+(α) ∩ (Si, j

d−1)−(α)|
|(Pi, j

d )+(α)|
∈

[
1

2n+1
, 1

]
,

Similarly, for anyk ∈ N ∩ [1, 2nm] and ι ∈ N ∩ [1, J], we can construct a chain{P̃k,ι
d }

Ñι
d=0 such

that Ñι ∈ N ∩ [1, 2C1], P̃k,ι
0 = R̃k,ι, P̃k,ι

Ñι
= R, and

|(S̃k,ι
d )−(α) ∩ (P̃k,ι

d−1)+(α)|
|(S̃k,ι

d )−(α)|
∈

[
1

2n+1
, 1

]

for anyd ∈ N ∩ [1, Ñι]. This finishes the proof of (ii)-(iv) and hence the above claim.
Next, based on (i)-(iv), we can build a chain connectingRi, j andR̃k,ι for any i, k ∈ N ∩ [1, 2nm]

and j, ι ∈ N ∩ [1, J]. More precisely, for anyi, k ∈ N ∩ [1, 2nm], j, ι ∈ N ∩ [1, J], and d ∈
Z+ ∩ [0, Ñι + N j ], let

Pi, j,k,ι
d :=


P̃k,ι

d if d ∈ Z+ ∩
[
0, Ñι

]
,

Pi, j

Ñι+Nj−d
if d ∈ Z+ ∩

[
Ñι + 1, Ñι + N j

]

and (Si, j,k,ι
d )−(α) := (Pi, j,k,ι

d )+(α) − (0, τ(1 + α)[l(Pi, j,k,ι
d )]p). Then, for anyi, k ∈ N ∩ [1, 2nm]

and j, ι ∈ N ∩ [1, J], we have constructed a chain{Pi, j,k,ι
d }Ñι+Nj

d=0 consisting of congruent parabolic
rectangles. From (i) through (iv), it follows that the following statements hold.

(v) For anyi, k ∈ N ∩ [1, 2nm], j, ι ∈ N ∩ [1, J], andd ∈ Z+ ∩ [0, Ñι + N j], Pi, j,k,ι
d ⊂ R.

(vi) For anyi, k ∈ N ∩ [1, 2nm] and j, ι ∈ N ∩ [1, J], Pi, j,k,ι
0 = R̃k,ι andPi, j,k,ι

Ñι+Nj
= Ri, j.

(vii) For any i, k ∈ N ∩ [1, 2nm], j, ι ∈ N ∩ [1, J], andd ∈ N ∩ [1, Ñι + N j ],

|(Si, j,k,ι
d )−(α) ∩ (Pi, j,k,ι

d−1 )+(α)|

|(Si, j,k,ι
d )−(α)|

∈
[

1

2n+1
, 1

]
.

Now, we prove that there exists a positive constantC2 such that, for any giveni, k ∈ N∩ [1, 2nm]
and j, ι ∈ N ∩ [1, J],

?
R̃+k,ι(α)−(0,τ(1+α)[l(R̃k,ι )]p)

uq ≤ C2

?
R+i, j (α)−(0,τ(1+α)[l(Ri, j )]p)

uq.(3.16)
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Indeed, by [50, Lemma 7.4], [45, Theorems 3.1 and 4.1], and the assumption thatu ∈ A+∞(γ), we
find that there existK, δ ∈ (0,∞) such that, for anyR ∈ Rn+1

p and any measurable setE ⊂ R+(α),

(
uq) (R+(α) − (0, τ(1+ α)l(R)p)

) ≤ K

[
|R+(α)|
|E|

]δ (
uq) (E).

From this and (vii), we infer that, for anyd ∈ N ∩ [1, Ñι + N j ],

?
(Si, j,k,ι

d−1 )−(α)
uq =

1

|(Si, j,k,ι
d−1 )−(α)|

(
uq)

((
Si, j,k,ι

d−1

)−
(α)

)

≤ K

|(Si, j,k,ι
d−1 )−(α)|


|(Pi, j,k,ι

d−1 )+(α)|

|(Si, j,k,ι
d )−(α) ∩ (Pi, j,k,ι

d−1 )+(α)|



δ

× (
uq)

((
Si, j,k,ι

d

)−
(α) ∩

(
Pi, j,k,ι

d−1

)+
(α)

)

≤ 2(n+1)δK
?

(Si, j,k,ι
d )−(α)

uq.

Iterating this inequality and using (vi) and (iii), we obtain
?

R̃+k,ι(α)−(0,τ(1+α)[l(R̃k,ι )]p)
uq =

?
(Si, j,k,ι

0 )−(α)
uq

≤
[
2(n+1)δK

]Ñι+Nj

?
(Si, j,k,ι

Ñι+Nj
)−(α)

uq

≤
[
2(n+1)δK

]3C1

?
R+i, j (α)−(0,τ(1+α)[l(Ri, j )]p)

uq.

Hence (3.16) holds withC2 := [2(n+1)δK]3C1.
To show (u, v) ∈ TA+r,q(γ), we still need the following estimate. From the fact that⌈s⌉ ≤ 2s for

anys∈ [1,∞), (3.5), and the definition ofJ, we deduce that

2nmJ = 2nm
⌈
(1− γ)2pm

1− α

⌉
≤ 1− γ

1− α2(n+p)m+1(3.17)

≤ 1− γ
1− α

(
1+ α
1− α

)n+p (
1+ α
γ

)n+p

2
n+p
p−1+3(n+p)+1

=: C3.

Applying the obvious facts that

R+(γ) =
2nm⋃

i=1

J⋃

j=1

V+i, j and R−(γ) =
2nm⋃

k=1

J⋃

ι=1

U−k,ι,

V+i, j ⊂ R+i, j(α) for any i ∈ N ∩ [1, 2nm] and j ∈ N ∩ [1, J], (3.6),U−k,ι ⊂ R̃+k,ι(α) − (0, τ(1+ α)l(R̃k,ι)p)
for anyk ∈ N ∩ [1, 2nm] and ι ∈ N ∩ [1, J], (3.7), (3.16), (3.17), (3.1), the definition ofJ, and the
fact that⌈s⌉ ≤ 2s for any s∈ [1,∞), we conclude that

?
R−(γ)

uq
[?

R+(γ)
v−r ′

] q
r′

(3.18)

≤


2nm∑

k=1

J∑

ι=1

|U−k,ι|
|R−(γ)|

?
U−k,ι

uq




2nm∑

i=1

J∑

j=1

|V+i, j |
|R+(γ)|

?
V+i, j

v−r ′



q
r′
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18 Weiyi Kong, Dachun Yang, Wen Yuan and Chenfeng Zhu

≤
(

1
2nmJ

)1+ q
r′

[
(1− α)J

2pm(1− γ)

]1+ q
r′

×


2nm∑

k=1

J∑

ι=1

?
R̃+k,ι(α)−(0,τ(1+α)[l(R̃k,ι )]p)

uq




2nm∑

i=1

J∑

j=1

?
R+i, j (α)

v−r ′



q
r′

≤
(

1
2nmJ

)1+ q
r′

[
(1− α)J

2pm(1− γ)

]1+ q
r′

max
{
1,

(
2nmJ

) q
r′ −1

}

×
2nm∑

i,k=1

J∑

j,ι=1

?
R̃+k,ι(α)−(0,τ(1+α)[l(R̃k,ι )]p)

uq


?

R+i, j (α)
v−r ′



q
r′

≤
(

1
2nmJ

)1+ q
r′

[
(1− α)J

2pm(1− γ)

]1+ q
r′

max
{
1,

(
2nmJ

) q
r′ −1

}
C2

×
2nm∑

i,k=1

J∑

j,ι=1

?
R+i, j (α)−(0,τ(1+α)[l(Ri, j )]p)

uq


?

R+i, j (α)
v−r ′



q
r′

≤ 21+ q
r′ max

{
1, C

1− q
r′

3

}
C2C.

Taking the supremum over allR ∈ Rn+1
p , we obtain (u, v) ∈ TA+r,q(γ) and

[u, v]T A+r,q(γ) ≤ 21+ q
r′ max

{
1, C

1− q
r′

3

}
C2C,

which completes the proof of the sufficiency of (i).
Finally, to prove the present theorem, it remains to show thesufficiency of (ii). Indeed, using

[34, Exercises 1.1.3(a)] and lettingr → 1+ in (3.18) with the assumption therein replaced by (3.2),
we find that the sufficiency of (ii) holds, which then completes the proof of Theorem 3.1. �

Remark 3.2. (i) The assumption thatu ∈ A+∞(γ) is only used to prove the sufficiency of Theo-
rem 3.1.

(ii) Theorem 3.1 when bothr = q andu = v coincides with [45, Theorem 3.1].

The following is a direct consequence of Theorem 3.1.

Corollary 3.3. Let γ ∈ (0, 1), 1 ≤ r ≤ q < ∞, and (u, v) be a pair of nonnegative functions on
Rn+1. Assume that u∈ A+∞(γ). Then the following statements hold.

(i) For anyα ∈ (0, 1), (u, v) ∈ TA+r,q(γ) if and only if(u, v) ∈ TA+r,q(α).

(ii) (u, v) ∈ TA+r,q(γ) if and only if there exists a positive constant C such that, for any R∈ Rn+1
p ,

?
R−−(γ)

uq
[?

R+(γ)
v−r ′

] q
r′

≤ C,

where R−−(γ) := R−(γ) − (0, (1+ γ)[l(R)]p).

Remark 3.4. Corollary 3.3 whenu = v coincides with [61, Lemma 2.1(3)].

Using Corollary 3.3, we obtain the following self-improving property of the parabolic Muck-
enhoupt two-weight class with time lag.

Corollary 3.5. Let γ ∈ (0, 1), 1 < r ≤ q < ∞, and (u, v) ∈ TA+r,q(γ). If u ∈ A+∞(γ), then there
existsδ0 ∈ (0,∞), depending only on n, p,γ, r, q, and[u, v]T A+r,q(γ), such that, for anyδ ∈ (0, δ0),
(u, v) ∈ TA+r,q+δ(γ).
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Proof. From the assumption thatu ∈ A+∞(γ) and [50, Lemma 7.4], it follows that there exists
qu ∈ (1,∞) such thatuq ∈ A+qu

(γ). By this and [45, Corollary 5.3], we conclude that there exist
positive constantsC andδ0, depending only onn, p, γ, q, and the weight constant ofuq, such that,
for anyR ∈ Rn+1

p ,

[?
R−(γ)

uq(1+δ0)
] 1

1+δ0
≤ C
?

R+(γ)
uq,

which further implies that

[?
R−−(γ)

uq(1+δ0)
] 1

q(1+δ0)
[?

R+(γ)
v−r ′

] 1
r′

≤ C

[?
R−(γ)

uq
] 1

q
[?

R+(γ)
v−r ′

] 1
r′

≤ C[u, v]
1
q

T A+r,q(γ).

From this and Corollary 3.3(ii), we infer that (u, v) ∈ TA+r,q+δ0(γ). This, together with Proposition
2.3(ii), further implies that, for anyδ ∈ (0, δ0), (u, v) ∈ TA+r,q+δ(γ). This finishes the proof of
Corollary 3.5. �

4 Characterizations of Weighted Boundedness of
Parabolic Fractional Maximal Operators with Time Lag

In this section, we characterize the parabolic Muckenhoupt(two-weight) class with time lag
in terms of the (weak-type) weighted boundedness of the parabolic fractional maximal operator.
Recall that, for any givenq ∈ [1,∞) and any nonnegative locally integrable functionω onRn+1, the
weighted weak Lebesgue space Lq,∞(Rn+1, ω) is defined to be the set of all measurable functions
f onRn+1 such that

‖ f ‖Lq,∞(Rn+1,ω) := sup
λ∈(0,∞)

λ
[
ω({| f | > λ})]

1
q < ∞.

Specifically, ifω ≡ 1, thenLq,∞(Rn+1, 1) is exactly theweak Lebesgue spaceand we simply write
Lq,∞(Rn+1) := Lq,∞(Rn+1, 1). The following theorem is the main result of this section.We borrow
some ideas and techniques from [29, 45].

Theorem 4.1. Let γ ∈ (0, 1), β ∈ [0, 1), 1 ≤ r ≤ q < ∞, β = 1
r −

1
q, and (u, v) be a pair of

nonnegative functions onRn+1. If u ∈ A+∞(γ), then(u, v) ∈ TA+r,q(γ) if and only if there exists a
positive constant C such that, for any f∈ Lr(Rn+1, vr ),

∥∥∥∥Mγ+β ( f )
∥∥∥∥

Lq,∞(Rn+1,uq)
≤ C‖ f ‖Lr (Rn+1,vr ).(4.1)

Proof. We first show the sufficiency. Assume that (4.1) holds for anyf ∈ Lr (Rn+1, vr ). Fix
R ∈ Rn+1

p . From Definition 2.4, we deduce that, for anyλ ∈ (0, |R+(γ)|β(v−r ′)R+(γ)) and for almost
every (x, t) ∈ R−(γ),

λ <
∣∣∣R+(γ)

∣∣∣β
(
v−r ′

)
R+(γ)

=
∣∣∣R+(γ)

∣∣∣β
?

R+(γ)
v−r ′ ≤ Mγ+β

(
v−r ′1R+(γ)

)
(x, t),

which further implies thatR−(γ) ⊂ {Mγ+β (v−r ′1R+(γ)) > λ} up to a set of measure zero. Combining
this and (4.1), we obtain

∫

R−(γ)
uq ≤ (

uq) ({Mγ+β
(
v−r ′1R+(γ)

)
> λ

})
≤ C
λq

[∫

R+(γ)
v−r ′

] q
r

.
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Lettingλ→ |R+(γ)|β(v−r ′)R+(γ), dividing both sides by|R+(γ)|, and using1
r −

1
q = β, we find that

?
R−(γ)

uq
[?

R+(γ)
v−r ′

] q
r′

≤ C.

Taking the supremum over allR ∈ Rn+1
p , we conclude that (u, v) ∈ TA+r,q(γ) and [u, v]T A+r,q(γ) ≤ C,

which completes the proof of the sufficiency.
Next, we prove the necessity. Let (u, v) ∈ TA+r,q(γ), f ∈ Lr (Rn+1, vr), andλ ∈ (0,∞). We need

to show that (4.1) holds. To this end, we divide the proof intothe following five steps.
Step 1.In this step, we make the following simplification.

(i) We may assume thatf is bounded and has compact support. Indeed, for anyk ∈ N, let

fk := max{| f |, k} 1R(0,0,k).

Then, for anyk ∈ N, fk is bounded and has compact support andfk → f almost everywhere
onRn+1 ask→ ∞. From this and the monotone convergence theorem, it followsthat

∫

Rn+1
| fk|rvr →

∫

Rn+1
| f |rvr(4.2)

ask→ ∞. In addition, by an argument similar to that used in the proofof [18, Lemma 3.30]
and the monotone convergence theorem again, we find that

(
uq) ({Mγ+β ( fk) > λ

})
→ (

uq) ({Mγ+β ( f ) > λ
})

ask→ ∞. From this and (4.2), we deduce that, to prove (4.1) forf , it suffices to show that
(4.1) holds for anyfk with k ∈ N and the positive constantC independent ofk, λ, and f .

(ii) We may assume that bothuq andvr have a lower boundA for someA ∈ (0,∞). Indeed,

applying Proposition 2.6, we conclude that (max{u, A
1
q },max{v, A

1
r }) ∈ TA+r,q(γ). If we

have

(
max{uq, A})

({
Mγ+β ( f ) > λ

})
.

1
λq

[∫

Rn+1
| f |r max

{
vr , A

}
] q

r

,

where the implicit positive constant is independent ofA, λ, and f , then we obtain (4.1) by
letting A→ 0 and taking the supremum overλ ∈ (0,∞).

(iii) Fix a ∈ (0, 1). Let Mγ+β,a denote thetruncated uncentered parabolic forward in time maximal

operator, that is, for anyg ∈ L1
loc(R

n+1) and (x, t) ∈ Rn+1,

Mγ+β,a(g)(x, t) := sup
R∈Rn+1

p
(x,t)∈R−(γ), l(R)∈[a,∞)

∣∣∣R+(γ)
∣∣∣β
?

R+(γ)
|g|.

To prove (4.1), we only need to show that

(
uq) ({Mγ+β,a( f ) > λ

})
.

1
λq

(∫

Rn+1
| f |rvr

) q
r

,(4.3)

where the implicit positive constant is independent ofa, λ, and f . Indeed, in (4.3), letting
a→ 0 and taking the supremum overλ ∈ (0,∞), we then obtain (4.1).
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(iv) To prove (4.3), it suffices to show that

(
uq) ({λ < Mγ+β,a( f ) ≤ 2λ

})
≤ 1
λq

(∫

Rn+1
| f |rvr

) q
r

,(4.4)

where the implicit positive constant is independent ofa, λ, and f . Indeed, from (4.4), we
infer that

(
uq) ({Mγ+β,a( f ) > λ

})
≤

∑

k∈Z+

(
uq) ({2kλ < Mγ+β,a( f ) ≤ 2k+1λ

})

.

∑

k∈Z+

1

2kqλq

(∫

Rn+1
| f |rvr

) q
r

∼ 1
λq

(∫

Rn+1
| f |rvr

) q
r

and hence (4.3) holds.

(v) Fix any compact setK ⊂ {λ < Mγ+β,a( f ) ≤ 2λ}. Then, to prove (4.4), it suffices to show

(
uq) (K) .

1
λq

(∫

Rn+1
| f |rv

) q
r

,(4.5)

where the implicit positive constant is independent ofK, a, λ, and f . Indeed, using the inner
regularity of the Lebesgue measure (see, for example, [83, Theorem 2.14(d)]) and taking
the supremum over all compact subsets of{λ < Mγ+β,a( f ) ≤ 2λ}, we then obtain (4.4).

Step 2.In this step, we aim to prove that there existN ∈ N and a sequence{Pi}Ni=1 of parabolic
rectangles such that

(
uq) (K) ≤ 2

N∑

i=1

(
uq) (P−i (α)

)
,(4.6)

whereα := γ
5p . To begin with, from the definitions of bothK andMγ+β,a, we deduce that, for any

given (x, t) ∈ K, there existsR(x,t) ∈ Rn+1
p such that (x, t) ∈ R−(x,t)(γ), l(R(x,t)) ∈ [a,∞), and

λ <
∣∣∣R+(x,t)(γ)

∣∣∣β
?

R+(x,t)(γ)
| f | ≤ 2λ.(4.7)

Using the assumption onf in (i) of Step 1, we find thatf ∈ L1(Rn+1). This, together with (4.7),
further implies that

2n(1− γ) [l(R(x,t))
]n+p
=

∣∣∣R+(x,t)(γ)
∣∣∣ <


1
λ

∫

R+(x,t)(γ)
| f |



1
1−β

≤
[‖ f ‖L1(Rn+1)

λ

] 1
1−β
< ∞.

Combining this and the fact thatl(R(x,t)) ∈ [a,∞), we conclude that

a ≤ l
(
R(x,t)

) ≤
[‖ f ‖L1(Rn+1)

λ

] 1
(n+p)(1−β)

[
1

2n(1− γ)

] 1
n+p

.(4.8)
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Let P(x,t) := 5R(x,t). Here and thereafter, for anyR :=
∏n

i=1[yi −Li , yi +Li ]× (s−Lp, s+Lp) ⊂ Rn+1

with {yi}ni=1 ⊂ R, {Li}ni=1 ⊂ (0,∞), s ∈ R, andL ∈ (0,∞) and for anyΛ ∈ (0,∞), defineΛR :=∏n
i=1[yi −ΛLi , yi +ΛLi ] × (s− (ΛL)p, s+ (ΛL)p). Then it is easy to verify thatR+(x,t)(γ) ⊂ P+(x,t)(α)

andR−(x,t)(γ) ⊂ P−(x,t)(α). In addition, from the fact thatK is compact and (4.8), it follows that⋃
(x,t)∈K P(x,t) is bounded and henceuq is integrable on

⋃
(x,t)∈K P(x,t). Applying this, the absolute

continuity of the Lebesgue integral, (4.8), and (ii) in Step1, we find that there existsǫ ∈ (0, 1)
such that, for any (x, t) ∈ K,

(
uq) ((1+ ǫ)P−(x,t)(α) \ P−(x,t)(α)

)

≤ A2n5n+pan+p(1− α) ≤ A
∣∣∣P−(x,t)(α)

∣∣∣ ≤ (uq)
(
P−(x,t)(α)

)
,

which further implies that
(
uq) ((1+ ǫ)P−(x,t)(α)

)
≤ 2

(
uq) (P−(x,t)(α)

)
.(4.9)

On the other hand, let

ǫ̃ := min



(
1− α

2

) 1
p [

(1+ ǫ)p − 1
] 1

p , ǫ

 .(4.10)

From the finite covering theorem and the fact that

K ⊂
⋃

(x,t)∈K
int (R(x, t, 5ãǫ)),

we deduce that there existN1 ∈ N and{(xk, tk)}N1
k=1 ⊂ K such that

K ⊂
N1⋃

k=1

int (R(xk, tk, 5ãǫ)) ⊂
N1⋃

k=1

R(xk, tk, 5ãǫ),(4.11)

where, for anyE ⊂ Rn+1, int (E) denotes the interior ofE.
Now, we select a subsequence of{R(xk,tk)}N1

k=1 by two steps. Assume that, for anyk ∈ N∩ [1,N1],
R(xk,tk) := R(yk, sk, Lk) with (yk, sk) ∈ Rn+1 andLk ∈ (0,∞). Without loss of generality, we may
assume that the tops of{R(xk,tk)}N1

k=1 are monotonically descending, that is, for anyk, j ∈ N∩ [1,N1]

with k ≤ j, sk+Lp
k ≥ sj +Lp

j ; otherwise, we can rearrange{R(xk,tk)}N1
k=1 in terms of thet-coordinates

of their tops.
Then we make the first selection inductively. SelectR(x1,t1) and denote it byR(xk1 ,tk1). Suppose

that we have selected the subsequence{R(xki ,tki )
}mi=1 of {R(xk,tk)}N1

k=1, wherem ∈ N ∩ [1,N1) and
km < N1. Let

jm := min

 j ∈ N : km + j ≤ N1 and
(
xkm+ j , tkm+ j

)
<

m⋃

i=1

P−(xki ,tki )
(α)



with the convention inf∅ = ∞. If jm ∈ N, then selectR(xkm+ jm,tkm+ jm) and denote it byR(xkm+1 ,tkm+1);
otherwise, we terminate the selection process. In this manner, we have obtained a subsequence
{R(xki ,tki )

}N2
i=1 of {R(xk,tk)}N1

k=1, whereN2 ∈ N∩ [1,N1]. This finishes the first step of selection process.

Without loss of generality, we may assume that the edge lengths of {R(xki ,tki )
}N2
i=1 are monotoni-

cally decreasing; otherwise, we can rearrange{R(xki ,tki )
}N2
i=1 in terms of their edge lengths. Then we

make the second selection inductively. SelectR(xk1 ,tk1) and denote it byR(xkr1
,tkr1

). Assume that we

have selected the subsequence{R(xkri
,tkri

)}mi=1 of {R(xki ,tki )
}N2
i=1, wherem ∈ N ∩ [1,N2) andkrm < N2.

Let

jrm :=min

{
j ∈ N : krm + j ≤ N2 and
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P−(xkrm+ j ,tkrm+ j )
(α) 1

m⋃

i=1

P−(xkri
,tkri

)(α)



with the convention inf∅ = ∞. If jrm ∈ N, then selectR(xkrm++ jrm ,tkrm+ jrm ) and denote it by
R(xkrm+1

,tkrm+1
); otherwise, we stop the selection process. By this way, we have obtained a sub-

sequence{R(xkri
,tkri

)}Ni=1 of {R(xki ,tki )
}N2
i=1, whereN ∈ N ∩ [1,N2], which completes the second step

of selection process. For convenience, for anyi ∈ N ∩ [1,N], we simply writeR(xkri
,tkri

) asRi. In

conclusion, we have selected a subsequence{Ri}Ni=1 of {R(xk,tk)}N1
k=1.

According to the above selection, we conclude that the following statements hold.

(i) For any i, j ∈ N ∩ [1,N] with i , j, R−i (γ) 1 R−j (γ), which is a direct consequence of the
first selection.

(ii) For any k ∈ N ∩ [1,N1], there existsi ∈ N ∩ [1,N] such that (xk, tk) ∈ P−i (α). Indeed, if
R(xk,tk) < {R(xki ,tki )

}N2
i=1, then, based on the first selection, there existsi ∈ N ∩ [1,N2] such that

(xk, tk) ∈ P−(xki ,tki )
(α). If R(xki ,tki )

< {Ri}Ni=1, then, in light of the second selection, we have

P−(xki ,tki )
(α) ⊂ ⋃N

i=1 P−i (α).

(iii) For anyk ∈ N ∩ [1,N2], there existsi ∈ N ∩ [1,N] such that

R(xk, tk, 5ãǫ) ⊂ (1+ ǫ)P−i (α).(4.12)

Indeed, leti ∈ N ∩ [1,N] be such that

(xk, tk) ∈ P−i (α) = P−(xkri
,tkri

)(α)

= Q
(
ykri
, 5Lkri

)
×

(
skri
−

(
5Lkri

)p
, skri
− α

(
5Lkri

)p)
.

Then‖xk−ykri
‖∞ ∈ [0, 5Lkri

] andskri
− tk ∈ (α(5Lkri

)p, (5Lkri
)p). From this, (4.8), and (4.10),

we infer that, for any (y, s) ∈ R(xk, tk, 5ãǫ),

s< tk + (5a)pǫ̃p < skri
− α

(
5Lkri

)p
+ (5a)pǫ̃p

≤ skri
+ (̃ǫp − α)

(
5Lkri

)p

≤ skri
− 1+ α

2

(
5Lkri

)p
+

1− α
2

(1+ ǫ)p
(
5Lkri

)p
,

s> tk − (5a)pǫ̃p > skri
−

(
5Lkri

)p
− (5a)pǫ̃p

≥ skri
−

(
5Lkri

)p
(1+ ǫ̃p)

≥ skri
− 1+ α

2

(
5Lkri

)p − 1− α
2

(1+ ǫ)p
(
5Lkri

)p
,

and

∥∥∥y− ykri

∥∥∥
∞ ≤ ‖y− xk‖∞ +

∥∥∥xk − ykri

∥∥∥
∞

≤ 5ãǫ + 5Lkri
≤ 5Lkri

(1+ ǫ),

which further implies that (y, s) ∈ (1 + ǫ)P−i (α). By the arbitrariness of (y, s), we obtain
R(xk, tk, 5ãǫ) ⊂ (1+ ǫ)P−i (α).
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(iv) For any givenk ∈ Z andRi ,Rj ∈ {Ri}Ni=1 with l(Ri), l(Rj) ∈ ( 1
2k+1 ,

1
2k ], we have

R−i (γ) ∩ R−j (γ) = ∅.(4.13)

We show this by contradiction. Indeed, from the first selection, we deduce thatR−i (γ) 1
P−j (α) or R−j (γ) 1 P−i (α). Without loss of generality, we may assume thatR−i (γ) 1 P−j (α).

Suppose that there existk0 ∈ Z andRi ,Rj ∈ {Ri}Ni=1 satisfyingl(Ri), l(Rj) ∈ ( 1
2k0+1 ,

1
2k0

] and
R−i (γ)∩R−j (γ) , ∅. Fix (y0, s0) ∈ R−i (γ)∩R−j (γ). Then, for any (y, s) ∈ R−i (γ) = R−(xkri

,tkri
)(γ),

skr j
− s≥ γ

(
Lkr j

)p
= α

(
5Lkr j

)p
,

s− skr j
= s− s0 + s0 − skr j

> s− s0 −
(
Lkr j

)p

> −(1− γ)
(
Lkri

)p
−

(
Lkr j

)p

≥ − (
2p(1− γ) + 1

) (
Lkr j

)p
> −

(
5Lkr j

)p
,

and
∥∥∥∥y− ykr j

∥∥∥∥∞ ≤ ‖y− y0‖∞ +
∥∥∥∥y0 − ykr j

∥∥∥∥∞ ≤ 2Lkri
+ Lkr j

≤ 5Lkr j
,

which implies thatR−i (γ) ⊂ P−j (α). This contradictsR−i (γ) 1 P−j (α). Thus, (4.13) holds.

Using (4.11) and (4.12), we conclude that

K ⊂
N1⋃

k=1

R(xk, tk, 5ãǫ) ⊂
N⋃

i=1

(1+ ǫ)P−i (α),

which, combined with (4.9), completes the proof of (4.6) andhence Step 2.
Step 3. In this step, we prove that there exists a positive constantC such that, for anyi ∈

N ∩ [1,N],

∑

j∈Γi


∫

R+j (γ)
| f |



1
1−β

≤ C1


∫

R+i (γ)
| f |



1
1−β

,(4.14)

whereΓi := { j ∈ N ∩ [1,N] : R+i (γ) ∩ R+j (γ) , ∅, l(Rj) < l(Ri)}. Fix i ∈ N ∩ [1,N] and let

Γi,1 :=
{
j ∈ Γi : R+j (γ) 1 R+i (γ)

}
and Γi,2 :=

{
j ∈ Γi : R+j (γ) ⊂ R+i (γ)

}
.

ThenΓi,1∪Γi,2 = Γi andΓi,1∩Γi,2 = ∅. To show (4.14), it suffices to prove that there exist positive
constantsC2 andC3, depending only onn, p, andγ, such that, for anyh ∈ {1, 2},

∑

j∈Γi,h

∣∣∣R+j (γ)
∣∣∣ ≤ Ch+1

∣∣∣R+i (γ)
∣∣∣ .(4.15)

Indeed, from this and (4.7), we infer that

∑

j∈Γi


∫

R+j (γ)
| f |



1
1−β

=


∑

j∈Γi,1

+
∑

j∈Γi,2




∫

R+j (γ)
| f |



1
1−β

≤ (2λ)
1

1−β


∑

j∈Γi,1

+
∑

j∈Γi,2


∣∣∣R+j (γ)

∣∣∣
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≤ (C2 +C3)(2λ)
1

1−β
∣∣∣R+i (γ)

∣∣∣

≤ (C2 +C3)2
1

1−β


∫

R+i (γ)
| f |



1
1−β

and hence (4.14) holds withC1 := (C2 +C3)2
1

1−β .
Next, we turn to show (4.15). Letk0 ∈ Z be such thatl(Ri) ∈ ( 1

2k0+1 ,
1

2k0
]. We first consider the

caseh = 1. We claim that, for anyk ∈ Z ∩ [k0,∞), there exists a measurable setEk ⊂ Rn+1 such
that

⋃

j∈Γi,1, l(Rj )∈( 1
2k+1 ,

1
2k ]

Rj ⊂ Ek

and

|Ek| ≤
2× 3n(3− γ)

2kp
[l(Ri)]

n +
233n−1(2− γ)n

2k
[l(Ri)]

n−1+p.

Indeed, fixk ∈ Z∩ [k0,∞). Denote the 2n+2 faces ofR+i (γ) by {Sm}2n+2
m=1 , whereS1 andS2 denote,

respectively, the top and the bottom ofR+i (γ). For any givenj ∈ Γi,1 such thatl(Rj) ∈ ( 1
2k+1 ,

1
2k ],

sinceR+j (γ) 1 R+i (γ) andR+j (γ) ∩ R+i (γ) , ∅, it follows thatR+j (γ) intersects with the boundary of
R+i (γ), that is,

R+j (γ) ∩

2n+2⋃

m=1

Sm

 , ∅.(4.16)

For anySm with m ∈ N ∩ [1, 2n+ 2], there exists a rectangleEk,m ⊂ Rn+1 such that
⋃

j∈Γi,1, l(Rj )∈( 1
2k+1 ,

1
2k ],R+j (γ)∩Sm,∅

Rj ⊂ Ek,m

and

∣∣∣Ek,m

∣∣∣ =



(3− γ)
[
l(Ri) + 2l(Rj)

]n
[l(Rj)]p if m ∈ {1, 2},

2l(Rj)
[
l(Ri) + 2l(Rj)

]n−1 {
(1− γ)

×[l(Ri)]p + (3− γ)[l(Rj )]p
}

if m ∈ N ∩ [3, 2n+ 2].

Applying this, (4.16),l(Rj) < l(Ri), andl(Rj) ∈ ( 1
2k+1 ,

1
2k ], we find that

⋃

j∈Γi,1
l(Rj )∈( 1

2k+1 ,
1

2k ]

Rj =

2n+2⋃

m=1

⋃

j∈Γi,1
l(Rj )∈( 1

2k+1 ,
1

2k ],R+j (γ)∩Sm,∅

Rj ⊂
2n+2⋃

m=1

Ek,m =: Ek

and

|Ek| ≤
2n+2∑

m=1

∣∣∣Ek,m

∣∣∣

≤ 2[3l(Ri )]
n 3− γ

2kp
+ 2n

2

2k
[3l(Ri)]

n−1(4− 2γ)[l(Ri )]
p

=
2× 3n(3− γ)

2kp
[l(Ri)]

n +
233n−1(2− γ)n

2k
[l(Ri)]

n−1+p.
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This finishes the proof of the above claim.
Observe that, for anyj ∈ Γi,1, l(Rj) < l(Ri) and hence

Γi,1 =

∞⋃

k=k0

{
j ∈ Γi,1 : l

(
Rj

)
∈

(
1

2k+1
,

1

2k

]}
.

From this, (iv) in Step 2, the above claim, andl(Ri) ∈ ( 1
2k0+1 ,

1
2k0

], we deduce that

∑

j∈Γi,1

∣∣∣R+j (γ)
∣∣∣ =

∞∑

k=k0

∑

{ j∈Γi,1: l(Rj )∈( 1
2k+1 ,

1
2k ]}

∣∣∣R+j (γ)
∣∣∣(4.17)

=

∞∑

k=k0

∑

{ j∈Γi,1: l(Rj )∈( 1
2k+1 ,

1
2k ]}

∣∣∣R−j (γ)
∣∣∣ ≤

∞∑

k=k0

|Ek|

≤
∞∑

k=k0

{
3n(3− γ)

2kp−1
+

3n−1(2− γ)n
2k−3

[l(Ri)]
p−1

}
[l(Ri)]

n

=

{
22p+13n(3− γ)

2p − 1
1

2(k0+1)p

+253n−1(2− γ)n[l(Ri )]
p−1 1

2k0+1

}
[l(Ri )]

n

≤
[
22p+13n(3− γ)

2p − 1
+ 253n−1(2− γ)n

]
[l(Ri)]

n+p

=
22p+13n(3− γ) + 253n−1(2− γ)(2p − 1)n

2n(1− γ)(2p − 1)

∣∣∣R+i (γ)
∣∣∣

=: C2

∣∣∣R+i (γ)
∣∣∣ ,

which completes the proof of (4.15) whenh = 1.
Now, we prove (4.15) in the caseh = 2. Let

Ωk0 :=

{
j ∈ Γi,2 : l(Rj) ∈

(
1

2k0+1
,

1

2k0

]}
.

For anyk ∈ N ∩ [k0 + 1,∞), we defineΩk inductively by setting

Ωk :=

{
j ∈ Γi,2 : l(Rj) ∈

(
1

2k+1
,

1

2k

]
and

R−j (γ) ∩
k−1⋃

d=k0

⋃

m∈Ωd

R−m(γ) = ∅


.

LetΩ :=
⋃∞

k=k0
Ωk. Notice that{Ωk}∞k=k0

are pairwise disjoint. In addition, for anyj ∈ Ω, we have
R+j (γ) ⊂ R+i (γ) and henceR−j (γ) ⊂ Ri. From these two facts and (iv) of Step 2, it follows that

∑

j∈Ω

∣∣∣R+j (γ)
∣∣∣ =

∞∑

k=k0

∑

j∈Ωk

∣∣∣R+j (γ)
∣∣∣ =

∞∑

k=k0

∑

j∈Ωk

∣∣∣R−j (γ)
∣∣∣(4.18)

=

∞∑

k=k0

∣∣∣∣∣∣∣∣

⋃

j∈Ωk

R−j (γ)

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣

∞⋃

k=k0

⋃

j∈Ωk

R−j (γ)

∣∣∣∣∣∣∣∣

≤

∣∣∣∣∣∣∣∣

⋃

j∈Γi,2

R−j (γ)

∣∣∣∣∣∣∣∣
≤

∣∣∣R−i (γ)
∣∣∣ =

∣∣∣R+i (γ)
∣∣∣ .
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Next, we show that, for anym ∈ Γi,2 \ Ω, there existsj ∈ Ω such thatR−j (γ) ∩ R−m(γ) , ∅,
R−m(γ) 1 R−j (γ), and l(Rj) ∈ (l(Rm),∞). Indeed, letkmin ∈ [k0,∞) be the smallest integer such
that there existsj ∈ Ωkmin satisfyingR−m(γ) ∩ R−j (γ) , ∅. From (i) and (iv) in Step 2, we deduce
thatkmin > k0 andR−m(γ) 1 R−j (γ). Moreover,l(Rj) ∈ (l(Rm),∞). Otherwise, by the definition of
kmin and (iv) in Step 2, we conclude that there existsk′ ∈ N ∩ [k0, kmin) such thatm ∈ Ωk′ , which
contradicts the assumption thatm ∈ Γi,2 \Ω. Thus,l(Rj) ∈ (l(Rm),∞).

For any j ∈ Ω, define

Ω̃ j :=
{
m ∈ Γi,2 \ Ω : R−m(γ) ∩ R−j (γ) , ∅, R−m(γ) 1 R−j (γ), andl(Rm) < l(Rj)

}
.

Let j ∈ Ω. Then there exists̃k ∈ Z ∩ [k0,∞) such thatl(Rj) ∈ ( 1
2̃k+1
, 1

2̃k
]. We claim that, for any

k ∈ Z ∩ [̃k,∞), there exists a measurable setẼk ⊂ Rn+1 such that
⋃

m∈Ω̃ j , l(Rm)∈( 1
2k+1 ,

1
2k ]

R−m(γ) ⊂ Ẽk(4.19)

and

∣∣∣Ẽk

∣∣∣ ≤ 223n(1− γ)
2kp

[l(Rj)]
n +

223n(1− γ)n
2k

[l(Rj)]
n−1+p.(4.20)

Indeed, fixk ∈ Z ∩ [̃k,∞). Denote the 2n+ 2 faces ofR−j (γ) by {S̃d}2n+2
d=1 , whereS̃1 andS̃2 denote,

respectively, the top and the bottom ofR−j (γ). For any givenm ∈ Ω̃ j such thatl(Rm) ∈ ( 1
2k+1 ,

1
2k ],

sinceR−m(γ) 1 R−j (γ) andR−m(γ) ∩ R−j (γ) , ∅, it follows thatR−m intersects with the boundary of
R−j (γ), that is,

R−m(γ) ∩


2n+2⋃

d=1

S̃d

 , ∅.(4.21)

For anyS̃d with d ∈ N ∩ [1, 2n+ 2], there exists a rectanglẽEk,d ⊂ Rn+1 such that
⋃

m∈Ω̃ j

l(Rm)∈( 1
2k+1 ,

1
2k ],R−m(γ)∩Sd,∅

R−m(γ) ⊂ Ẽk,d

and

∣∣∣Ẽk,d

∣∣∣ =



[
l(Rj) + 2l(Rm)

]n
2(1− γ)[l(Rm)]p if d ∈ {1, 2},

2l(Rm)
[
l(Rj) + 2l(Rm)

]n−1 {
(1− γ)

×[l(Rj)]p + 2(1− γ)[l(Rm)]p
}

if d ∈ N ∩ [3, 2n+ 2].

Applying this, (4.21),l(Rm) < l(Rj), andl(Rm) ∈ ( 1
2k+1 ,

1
2k ], we obtain

⋃

m∈Ω̃ j

l(Rm)∈( 1
2k+1 ,

1
2k ]

R−m(γ) =
2n+2⋃

d=1

⋃

m∈Ω̃ j

l(Rm)∈( 1
2k+1 ,

1
2k ],R−m(γ)∩Sd,∅

R−m(γ)

⊂
2n+2⋃

d=1

Ẽk,d =: Ẽk

and

∣∣∣Ẽk

∣∣∣ ≤
2n+2∑

d=1

∣∣∣Ẽk,d

∣∣∣
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≤ 2
[
3l(Rj )

]n 2(1− γ)
2kp

+ 2n
2

2k

[
3l(Rj)

]n−1
3(1− γ)

[
l(Rj)

]p

=
223n(1− γ)

2kp
[l(Rj)]

n +
223n(1− γ)n

2k
[l(Rj)]

n−1+p.

This finishes the proofs of (4.19) and (4.20). From this, the fact that

Ω̃k =

∞⋃

k=̃k

{
m ∈ Ω̃k : l(Rm) ∈

(
1

2k+1
,

1

2k

]}
,

(iv) in Step 2, andl(Rj) ∈ ( 1
2̃k+1
, 1

2̃k
], we infer that

∑

m∈Ω̃ j

∣∣∣R+m(γ)
∣∣∣ =

∞∑

k=̃k

∑

{m∈Ω̃ j : l(Rm)∈( 1
2k+1 ,

1
2k ]}

∣∣∣R+m(γ)
∣∣∣

=

∞∑

k=̃k

∑

{m∈Ω̃ j : l(Rm)∈( 1
2k+1 ,

1
2k ]}

∣∣∣R−m(γ)
∣∣∣ ≤

∞∑

k=̃k

∣∣∣Ẽk

∣∣∣

≤
∞∑

k=̃k

{
3n(1− γ)

2kp−2
+

3n(1− γ)n
2k−2

[l(Rj)]
p−1

}
[l(Rj)]

n

=

{
22p+23n

2p − 1
1

2(̃k+1)p
+ 243nn[l(Rj)]

p−1 1

2̃k+1

}
[l(Rj)]

n

≤
[
22p+23n(1− γ)

2p − 1
+ 243n(1− γ)n

]
[l(Rj)]

n+p

=
22p+23n(1− γ) + 243n(1− γ)(2p − 1)n

2n(1− γ)(2p − 1)

∣∣∣R+j (γ)
∣∣∣

=: C̃3

∣∣∣R+j (γ)
∣∣∣ .

Combining this and (4.18), we conclude that

∑

j∈Γi,2

∣∣∣R+j (γ)
∣∣∣ =


∑

j∈Ω
+

∑

m∈Γi,2\Ω


∣∣∣R+j (γ)

∣∣∣

≤
∑

j∈Ω

∣∣∣R+j (γ)
∣∣∣ +

∑

j∈Ω

∑

m∈Ω̃ j

∣∣∣R+m(γ)
∣∣∣

≤
∑

j∈Ω

∣∣∣R+j (γ)
∣∣∣ + C̃3

∑

j∈Ω

∣∣∣R+j (γ)
∣∣∣ =

(
C̃3 + 1

)∑

j∈Ω

∣∣∣R+j (γ)
∣∣∣

≤
(
C̃3 + 1

) ∣∣∣R+i (γ)
∣∣∣ =: C3

∣∣∣R+i (γ)
∣∣∣ ,

which completes the proof of (4.15) whenh = 2. This, together with (4.17), further implies that
(4.15) holds and hence (4.14).

Step 4.In this step, we prove that there exists a positive constantC4, depending only onn and
p, such that, for anyi ∈ N ∩ [1,N], there exists a measurable setFi ⊂ R+i (γ) such that

1

|R+i (γ)|1−β

∫

Fi

| f | ∈
(λ
2
,∞

)
(4.22)

and

N∑

i=1

1Fi ≤ C4.(4.23)
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In what follows, for any finite subsetA ⊂ N, we denote the cardinality ofA by ♯A. For any given
i ∈ N ∩ [1,N], we defineFi by considering the following two cases for♯Γi.

Case 1)♯Γi ≤ 2
1

1−β ⌈C1⌉. In this case, letFi := R+i (γ).

Case 2)♯Γi > 2
1

1−β ⌈C1⌉. In this case, for anyk ∈ N, let

Ek
i := R+i (γ) ∩



∑

j∈Γi

1R+j (γ) ∈ [k,∞)


.

Notice that, for anyk, k′ ∈ N with k < k′, we have

Ek′
i ⊂ Ek

i(4.24)

and, for any (x, t) ∈ R+i (γ),

♯Γi∑

k=1

1Ek
i
(x, t) =

∑

j∈Γi

1R+j (γ)(x, t).(4.25)

Then we defineFi := R+i (γ) \ E2⌈C1⌉
i .

We show that, for anyi ∈ N ∩ [1,N], Fi satisfies (4.22). We consider the following two cases
for ♯Γi.

Case 1)♯Γi ≤ 2
1

1−β ⌈C1⌉. In this case, from the definition ofFi = R+i (γ) and (4.7), it follows that

1

|R+i (γ)|1−β

∫

Fi

| f | =
∣∣∣R+i (γ)

∣∣∣β
?

R+i (γ)
| f | ∈ (λ,∞).

Case 2)♯Γi > 2
1

1−β ⌈C1⌉. In this case, using (4.24),Ek
i ⊂ R+i (γ) for anyk ∈ N ∩ [1, ♯Γi], (4.25),

and (4.14), we obtain

(♯Γi)
β

1−β2
1

1−β ⌈C1⌉

∫

E
2⌈C1⌉
i

| f |


1
1−β

≤


♯Γi∑

k=1

∫

Ek
i

| f |



1
1−β

=



∫

R+i (γ)
| f |
♯Γi∑

k=1

1Ek
i



1
1−β

=



∫

R+i (γ)
| f |

∑

j∈Γi

1R+j (γ)



1
1−β

≤ (♯Γi)
β

1−β
∑

j∈Γi


∫

R+j (γ)
| f |



1
1−β

≤ (♯Γi)
β

1−β ⌈C1⌉

∫

R+i (γ)
| f |



1
1−β

,

which, together with (4.7) and the definition ofFi, further implies that
∫

Fi

| f | =
∫

R+i (γ)
| f | −

∫

E
2⌈C1⌉
i

| f | ≥ 1
2

∫

R+i (γ)
| f | > λ

2

∣∣∣R+i (γ)
∣∣∣1−β .

Combing the above two cases, we complete the proof of (4.22).
Now, we turn to prove (4.23). To this end, we first show that, for any (x, t) ∈ Fi ,

∑

j∈Γi

1R+j (γ)(x, t) ≤ 2
1

1−β ⌈C1⌉.(4.26)
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Indeed, if♯Γi ≤ 2
1

1−β ⌈C1⌉, then, for any (x, t) ∈ Fi ,

∑

j∈Γi

1R+j (γ)(x, t) ≤ ♯Γi ≤ 2
1

1−β ⌈C1⌉.(4.27)

If ♯Γi > 2
1

1−β ⌈C1⌉, then, from (4.25), we deduce that, for any (x, t) ∈ Fi,

∑

j∈Γi

1R+j
(x, t) =

2⌈C1⌉∑

k=1

1Ek
i
(x, t) ≤ 2

1
1−β ⌈C1⌉,

which, together with (4.27), completes the proof of (4.26).
Then we prove that there exists a positive constantC̃4, depending only onn, p, andγ, such that,

for any given (x, t) ∈ Rn+1 andk ∈ Z,
∑

i∈N∩[1,N], l(Ri )∈( 1
2k+1 ,

1
2k ]

1R+i (γ)(x, t) ≤ C̃4.(4.28)

To do this, let

Ik
(x,t) :=

{
i ∈ N ∩ [1,N] : l(Ri) ∈

(
1

2k+1
,

1

2k

]
and (x, t) ∈ R+i (γ)

}

and

S(x,t) := Q

(
x,

1

2k−1

)
×

(
t − 1

2kp−1
, t +

1

2kp−1

)
.

Then, for any (x, t) ∈ Rn+1,
⋃

i∈Ik
(x,t)

R−i (γ) ⊂ S(x,t).(4.29)

Indeed, by the definition ofIk
(x,t), we find that, for anyi ∈ Ik

(x,t) and (y, s) ∈ R−i (γ),

‖y− x‖∞ ≤ 2l(Ri) ≤
1

2k−1
and |t − s| ≤ 2[l(Ri )]

p ≤ 1

2kp−1
.

Therefore, (y, s) ∈ S(x,t) and hence (4.29) holds. From the definitions ofIk
(x,t) andS(x,t), (iv) in Step

2, and (4.29), we infer that

∑

i∈N∩[1,N]

l(Ri )∈( 1
2k+1 ,

1
2k ]

1R+i (γ)(x, t) =
∑

i∈Ik
(x,t)

1 =
∑

i∈Ik
(x,t)

|R−i (γ)|
2n(1− γ)[l(Ri )]n+p

≤ 2(k+1)(n+p)−n

1− γ

∣∣∣∣∣∣∣∣∣

⋃

i∈Ik
(x,t)

R−i (γ)

∣∣∣∣∣∣∣∣∣

≤ 2(k+1)(n+p)−n

1− γ
∣∣∣S(x,t)

∣∣∣

=
2(k+1)(n+p)−n

1− γ

(
2

2k−1

)n 2

2kp−1

=
22n+p+2

1− γ =: C̃4,
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which completes the proof of (4.28).
Finally, we show (4.23). For any (x, t) ∈ ⋃N

i=1 Fi, there existsi0 ∈ N∩[1,N] such that (x, t) ∈ Fi0
andRi0 is the largest parabolic rectangle in the following sense: for anyi ∈ N ∩ [1,N] satisfying
(x, t) ∈ Fi , |Ri | ≤ |Ri0|. Let k0 ∈ Z be such thatl(Ri0) ∈ ( 1

2k0+1 ,
1

2k0
]. Applying the construction ofi0,

Fi ⊂ R+i (γ) for any i ∈ N ∩ [1,N], the definition ofΓi0, (4.26), and (4.28), we obtain

N∑

i=1

1Fi =



∑

i∈N∩[1,N]

l(Ri )∈( 1
2k0+1 ,

1
2k0

]

+
∑

i∈N∩[1,N]

l(Ri )∈( 1
2k+1 ,

1
2k ]


1Fi

≤



∑

i∈N∩[1,N]

l(Ri )∈( 1
2k0+1 ,

1
2k0

]

+
∑

i∈Γi0


1R+i (γ) ≤ C̃4 + 2

1
1−β ⌈C1⌉ =: C4.

This finishes the proof of (4.23) and hence Step 4.
Step 5.In this step, we prove (4.5) by considering the following twocases forr.
Case 1) r∈ (1,∞). In this case, from (4.6), (4.22), the Hölder inequality,Fi ⊂ R+i (γ), α = γ

5p ,
Pi = 5Ri for any i ∈ N ∩ [1,N], 1

r −
1
q = β, Definition 2.1(i), and (4.23), we deduce that

(
uq) (K) ≤ 2

N∑

i=1

(
uq) (P−i (α)

)
(4.30)

≤ 2q+1

λq

N∑

i=1

(
uq) (P−i (α)

) [ 1
|R+i (γ)|1−β

∫

Fi

| f |
]q

≤ 2q+1

λq

N∑

i=1

1
|R+i (γ)|q−βq

∫

P−i (α)
uq

(∫

Fi

v−r ′
) q

r′
(∫

Fi

| f |rvr
) q

r

≤ 2q+15(n+p)(1+ q
r′ )(1− α)1+ q

r′

(1− γ)1+ q
r′ λq

×
N∑

i=1

?
P−i (α)

uq


?

P+i (α)
v−r ′



q
r′ (∫

Fi

| f |rvr
) q

r

≤
2q+15(n+p)(1+ q

r′ )(1− α)1+ q
r′ [u, v]T A+r,q(α)

(1− γ)1+ q
r′ λq

×
N∑

i=1

(∫

Fi

| f |rvr
) q

r

≤
2q+15(n+p)(1+ q

r′ )(5p − γ)1+ q
r′ [u, v]T A+r,q(α)C

q
r
4

(1− γ)1+ q
r′ 5p(1+ q

r′ )λq

×
(∫

Rn+1
| f |rvr

) q
r

.

This, together with Corollary 3.3, finishes the proof of (4.5) in this case.
Case 2) r= 1. In this case, by (4.6), (4.22),α = γ

5p , Pi = 5Ri for any i ∈ N ∩ [1,N], 1
r −

1
q = β,

Definition 2.1(ii), and (4.23), we conclude that

(
uq) (K) ≤ 2

N∑

i=1

(
uq) (P−i (α)

)
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≤ 2q+1

λq

N∑

i=1

(
uq) (P−i (α)

) [ 1
|R+i (γ)|1−β

∫

Fi

| f |
]q

≤ 2q+15n+p(1− α)
(1− γ)λq

N∑

i=1

(
uq)

P−i (α)

(∫

Fi

| f |
)q

≤
2q+15n+p(1− α)[u, v]T A+1,q(α)

(1− γ)λq

N∑

i=1

(∫

Fi

| f |v
)q

≤
2q+15n+p(5p − γ)[u, v]T A+1,q(α)C

q
4

5pλq

(∫

Rn+1
| f |v

)q

.

This, together with Corollary 3.3, finishes the proof of (4.5) in this case. Combining this and
(4.30), we obtain (4.5). This finishes the proof of the necessity and hence Theorem 4.1. �

Remark 4.2. Theorem 4.1 when bothr = q andu = v coincides with [45, Theorem 6.1].

The proof of Theorem 4.1 also works for the caseγ = 0 and we present this result as follows.

Theorem 4.3. Let β ∈ [0, 1), 1 ≤ r ≤ q < ∞, β = 1
r −

1
q, and (u, v) be a pair of nonnega-

tive functions onRn+1. Then(u, v) ∈ TA+r,q(0) if and only M0+
β is bounded from Lr (Rn+1, vr ) to

Lq,∞(Rn+1, uq).

Notice that the conditionu ∈ A+∞(γ) is only used to show the necessity of Theorem 4.1. More-
over, using [61, Lemma 2.1 (1)] and [49, Lemma 7.4], we find that, for any 1≤ r ≤ q < ∞ and
any nonnegative functionω onRn+1, ω ∈ A+r,q(γ) implies thatω ∈ A+∞(γ). These, combined with
Theorem 4.1 withu = v, the self-improving property ofA+r,q(γ) with 1 < r ≤ q < ∞ (see [61,
Lemma 2.2]), and the Stein–Weiss interpolation theorem (see, for example, [7, Corollary 5.5.2]),
further implies the following corollary. We omit the details.

Corollary 4.4. Let γ ∈ (0, 1), β ∈ [0, 1), 1 < r ≤ q < ∞, β = 1
r −

1
q, andω be a weight onRn+1.

Thenω ∈ A+r,q(γ) if and only if Mγ+β is bounded from Lr (Rn+1, ωr ) to Lq(Rn+1, ωq).

Remark 4.5. Corollary 4.4 when bothr = q andu = v coincides with [45, Theorem 6.2].

The following definition of centered parabolic fractional maximal operators can be found in
[61, p. 187].

Definition 4.6. Let γ, β ∈ [0, 1). For anyf ∈ L1
loc(R

n+1), thecentered forward in time parabolic
fractional maximal functionMγ+β ( f ) with time lagand thecentered back in time parabolic frac-

tional maximal functionMγ−β ( f ) with time lagof f are defined, respectively, by setting, for any

(x, t) ∈ Rn+1,

Mγ+β ( f )(x, t) := sup
L∈(0,∞)

∣∣∣R(x, t, L)+(γ)
∣∣∣β
?

R(x,t,L)+(γ)
| f |

and

Mγ−β ( f )(x, t) := sup
L∈(0,∞)

∣∣∣R(x, t, L)−(γ)
∣∣∣β
?

R(x,t,L)−(γ)
| f |.

At the end of this section, we prove the following weak-type parabolic two-weighted bounded-
ness of centered parabolic fractional maximal operators with time lag.

Theorem 4.7. Let γ, β ∈ [0, 1), 1 < r ≤ q < ∞, β = 1
r −

1
q, and (u, v) be a pair of nonnegative

functions onRn+1.
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(i) If γ ∈ (0, 1) and u ∈ A+∞(γ), then (u, v) ∈ TA+r,q(γ) if and only ifMγ+β is bounded from

Lr (Rn+1, vr ) to Lq,∞(Rn+1, uq).

(ii) (u, v) ∈ TA+r,q(0) if and only ifM0+
β is bounded from Lr(Rn+1, vr ) to Lq,∞(Rn+1, uq).

Proof. We first show the sufficiency of both (i) and (ii). Letγ ∈ [0, 1). AssumeMγ+β is bounded

from Lr (Rn+1, vr) to Lq,∞(Rn+1, uq). Fix R := R(x, t, L) ∈ Rn+1
p with (x, t) ∈ Rn+1 andL ∈ (0,∞).

DefineS+(γ) := R−(γ)+ (1−γ)Lp+2pγLp and, for anyǫ ∈ (0,∞), let fǫ := (v+ ǫ)−r ′1S+(γ). Then,
for any (y, s) ∈ R−(γ), S+(γ) ⊂ R(y, s, 2L)+(γ) and |R(y, s, 2L)+(γ)| = 2n+p|S+(γ)|. From this and
Definition 2.4, it follows that, for anyλ ∈ (0, 2(n+p)(β−1)|S+(γ)|β( fǫ)S+(γ)) and (y, s) ∈ R−(γ),

λ < 2(n+p)(β−1)
∣∣∣S+(γ)

∣∣∣β ( fǫ)S+(γ)

≤
∣∣∣R(y, s, 2L)+(γ)

∣∣∣β
?

R(y,s,2L)+(γ)
fǫ ≤ Mγ+β ( fǫ)(y, s),

which further implies thatR−(γ) ⊂ {Mγ+β ( fǫ) > λ}. Combining this and the assumption thatMγ+β
is bounded fromLr (Rn+1, vr) to Lq,∞(Rn+1, uq), we obtain

∫

R−(γ)
uq = (uq)(R−(γ)) ≤ (uq)

({
Mγ+β ( fǫ ) > λ

})

≤ C
λq

(∫

Rn+1
f r
ǫ v

r
) q

r

=
C
λq

[∫

S+(γ)
(v+ ǫ)−r ′rvr

] q
r

.

Lettingλ → 2(n+p)(β−1)|S+(γ)|β( fǫ )S+(γ) andǫ → 0, dividing both sides of the above inequality by
|R+(γ)|, using 1

r −
1
q = β, and taking the supremum over allR ∈ Rn+1

p , we find that

sup
R∈Rn+1

p

?
R−(γ)

uq
[?

S+(γ)
v−r ′

] q
r′

≤ C

2(n+p)(β−1)q
.

Thus, ifγ = 0, this and Definition 2.1(i) imply (u, v) ∈ TA+r,q(0) and, ifγ ∈ (0, 1), then applying this
and Theorem 3.1 [here we use the assumption thatu ∈ A+∞(γ)] we also conclude (u, v) ∈ TA+r,q(γ),
which then completes the proof of the sufficiency of both (i) and (ii).

Next, we prove the necessity of (i). Letf ∈ L1
loc(R

n+1). From Corollary 3.3(i) and Theorem
4.1, we infer that, to show thatMγ+β is bounded fromLr(Rn+1, vr ) to Lq,∞(Rn+1, uq), it remains to
prove that there exists a positive constantK, depending only onn, p, γ, andβ, such that, for any
(x, t) ∈ Rn+1,

Mγ+β ( f )(x, t) ≤ KM
γ
4+

β ( f )(x, t).(4.31)

Indeed, fixL ∈ (0,∞) and letP := R(x, t + γL
p

2 , L). Then we are easy to show that (x, t) ∈ P−(γ4),

R(x, t, L)+(γ) ⊂ P+(γ4), and|P+(γ4)| = 1− γ4
1−γ |R(x, t, L)+(γ)|. This further implies that

∣∣∣R(x, t, L)+(γ)
∣∣∣β
?

R(x,t,L)+(γ)
| f |

≤

1− γ
1− γ4


β−1 ∣∣∣∣∣P

+
(
γ

4

)∣∣∣∣∣
β ?

P+( γ4 )
| f | ≤


1− γ
1− γ4


β−1

M
γ
4+

β ( f )(x, t).

Taking the supremum over allL ∈ (0,∞), we obtain (4.31), which completes the proof of necessity
of (i).

The proof of the necessity of (ii) is a slight modification of that of (i) with Theorem 4.1 replaced
by Theorem 4.3; we omit the details. This finishes the proof ofTheorem 4.7. �
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Remark 4.8. In the caseu = v, Theorem 4.7 whenr = q coincides with [50, Lemma 4.2] and
whenr < q coincides with [61, Theorem 1.1].

The following is a simple corollary of Theorem 4.7 withu = v, the self-improving property of
A+r,q(γ) with 1 < r ≤ q < ∞, and the Stein–Weiss interpolation theorem, which has beenobtained
in [50, Theorem 5.4] whenβ = 0 and in [61, Theorem 1.3] whenβ ∈ (0, 1).

Corollary 4.9. Letγ, ρ ∈ (0, 1), β ∈ [0, 1), 1 < r ≤ q < ∞, β = 1
r −

1
q, andω be a weight onRn+1.

Thenω ∈ A+r,q(γ) if and only ifMρ+β is bounded from Lr(Rn+1, ωr) to Lq(Rn+1, ωq).

5 Characterizations of Weighted Boundedness of
Parabolic Fractional Integrals with Time Lag

In this section, we introduce the parabolic forward in time and back in time fractional integral
operators with time lag. Then we give the weak-type parabolic two-weighted inequality and the
strong-type parabolic weighted inequality for such operators. Recall that theparabolic distance
dp onRn+1 × Rn+1 is defined by setting, for any (x, t), (y, s) ∈ Rn+1,

dp((x, t), (y, s)) := max
{
‖x− y‖∞, |t − s|

1
p

}
.

We then introduce the definitions of parabolic forward in time fractional integrals with time lag
and parabolic back in time fractional integrals with time lag as follows.

Definition 5.1. Let γ, β ∈ [0, 1). For anyf ∈ L1
loc(R

n+1), theparabolic forward in time fractional
integral Iγ+β ( f ) with time lagand theparabolic back in time fractional integral Iγ−β ( f ) with time

lag of f are defined, respectively, by setting, for any (x, t) ∈ Rn+1,

Iγ+β ( f )(x, t) :=
∫

⋃
L∈(0,∞) R(0,0,L)+(γ)

f (x− y, t − s)

[dp((y, s), (0, 0))](n+p)(1−β) dy ds

and

Iγ−β ( f )(x, t) :=
∫

⋃
L∈(0,∞) R(0,0,L)−(γ)

f (x− y, t − s)

[dp((y, s), (0, 0))](n+p)(1−β) dy ds.

Remark 5.2. The integral domain
⋃

L∈(0,∞) R(0, 0, L)+(γ) in Definition 5.1 is the area above the
surfacet = γ‖x‖p∞. In particular, whenn = 1, the integral domain is exactly the area above the
parabolat = γ|x|p; see the following figure.

t = γxp

R(0, 0, L)+(γ)

(L, 0)(−L, 0)
x

t

(0, 0)
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We have the following relation between the parabolic fractional integral with time lag and the
centered parabolic fractional maximal operator with time lag.

Lemma 5.3. Letγ, β ∈ [0, 1). Then there exists a positive constant C, depending only on n, γ, and
β, such that, for any f∈ L1

loc(R
n+1) and(x, t) ∈ Rn+1,

Mγ+β ( f )(x, t) ≤ CIγ+β (| f |)(x, t).(5.1)

Proof. Let (x, t) ∈ Rn+1 andL0 ∈ (0,∞). Simply denoteR(x, t, L0) by R. Observe that, for any
(y, s) ∈ R+(γ), dp((x, t), (y, s)) ≤ L. From this, the fact that|R+(γ)| = 2n(1− γ)Ln+p, and Definition
5.1, we deduce that

∣∣∣R+(γ)
∣∣∣β
?

R+(γ)
| f | ≤ 2n(β−1)(1− γ)β−1

×
∫

R+(γ)

| f (y, s)|
[dp((x, t), (y, s))](n+p)(1−β) dy ds

≤ 2n(β−1)(1− γ)β−1Iγ+β (| f |)(x, t).

Taking the supremum over allL0 ∈ (0,∞), we conclude that (5.1) withC := 2n(β−1)(1 − γ)β−1

holds, which completes the proof of Lemma 5.3. �

The following lemma is a Welland type inequality in the parabolic setting. For the Welland
inequality in the elliptic setting, see [92, (2.3)] and [6, (1.2)].

Lemma 5.4. Let γ, β ∈ (0, 1) and ǫ ∈ (0,min{β, 1 − β}). Then there exists a positive constant C,
depending only on n, p,γ, β, andǫ, such that, for any f∈ L1

loc(R
n+1) and (x, t) ∈ Rn+1,

Iγ+β (| f |)(x, t) ≤ C
[
Mγ

2+

β−ǫ ( f )(x, t)Mγ
2+

β+ǫ ( f )(x, t)
] 1

2
.(5.2)

Proof. Let f ∈ L1
loc(R

n+1), (x, t) ∈ Rn+1, andΩγ+(x,t) :=
⋃

L∈(0,∞) R(x, t, L)+(γ). Without loss of

generality, we may assume thatMγ
2+

β−ǫ ( f )(x, t)Mγ
2+

β+ǫ ( f )(x, t) ∈ (0,∞); otherwise, (5.2) holds auto-
matically. Fixδ ∈ (0,∞) (which will be determined later) and define

Ω1 :=
{
(y, s) ∈ Ωγ+(x,t) : dp((x, t), (y, s)) ∈ [0, δ)

}

andΩ2 := Ωγ+(x,t) \Ω1. Then

Iγ+β (| f |)(x, t) =
∫

Ω1

| f (y, s)|dy ds

[dp((x, t), (y, s))](n+p)(1−β) +

∫

Ω2

. . .(5.3)

=: I (x, t) + II (x, t).

We first estimateI (x, t). Let η := (1
γ )

1
p and, for anyi ∈ N,

V+i := Q
(
x, η−i+2δ

)
×

(
t + γiδp, t + γi−1δp

)
.

Then the following four statements hold obviously:

(i) For anyi ∈ N and (y, s) ∈ V+i , dp((x, t), (y, s)) ≥ (γiδp)
1
p = η−iδ.

(ii) For any i, j ∈ N with i , j, V+i ∩ V+j = ∅.

(iii) For any i ∈ N, the bottom ofV+i contains the top ofV+i+1.
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(iv) Ω1 ⊂
⋃

i∈N V+i .

For anyi ∈ N, let Ri := R(x, t, η−i+2δ). ThenV+i ⊂ R+i (γ2) and|V+i | =
γ

1+γ |R
+
i (γ2)|. From this, the

monotone convergence theorem, (i) through (iv), and the fact that
∣∣∣∣R+i

(
γ2

)∣∣∣∣ = 2n
(
1− γ2

)
η2(n+p)

(
η−iδ

)n+p
,

it follows that

I (x, t) ≤
∑

i∈N

∫

V+i

| f (y, s)|
[dp((x, t), (y, s))](n+p)(1−β) dy ds(5.4)

≤
∑

i∈N

(
η−iδ

)(n+p)(β−1)
∫

V+i

| f |

≤ 2n(1+ǫ−β)
(
1− γ2

)1+ǫ−β
η2(n+p)(1+ǫ−β)

×
∑

i∈N

(
η−iδ

)(n+p)ǫ ∣∣∣R+i (γ2)
∣∣∣β−ǫ−1

∫

R+i (γ2)
| f |

≤ 2n(1+ǫ−β)(1− γ2)1+ǫ−βη2(n+p)(1+ǫ−β)

η(n+p)ǫ − 1
δ(n+p)ǫMγ

2+

β−ǫ ( f )(x, t).

Now, we estimateII (x, t) similarly. For anyi ∈ N, let

U+j := Q
(
x, η jδ

)
×

(
t + γ− j+2δp, t + γ− j+1δp

)
.

Then the following other four statements hold obviously:

(v) For any j ∈ N and (y, s) ∈ U+j , dp((x, t), (y, s)) ≥ (γ− j+2δp)
1
p = η j−2δ.

(vi) For any j, k ∈ N with j , k, U+j ∩ U+k = ∅.

(vii) For any j ∈ N, the bottom ofU+j+1 contains the top ofU+j .

(viii) Ω2 ⊂
⋃

j∈NU+j .

For any j ∈ N, let Pi := R(x, t, η jδ). ThenU+j ⊂ P+j (γ
2) and |U+j | =

γ
1+γ |P+j (γ2)|. From this, the

monotone convergence theorem, (v) through (viii), and the fact that
∣∣∣∣P+j

(
γ2

)∣∣∣∣ = 2n
(
1− γ2

)
η2(n+p)

(
η j−2δ

)n+p
,

we deduce that

II (x, t) ≤
∑

j∈N

∫

U+j

| f (y, s)|
[dp((x, t), (y, s))](n+p)(1−β) dy ds

≤
∑

j∈N

(
η j−2δ

)(n+p)(β−1)
∫

U+j

| f |

≤ 2n(1−ǫ−β) (1− γ2
)1−ǫ−β

η2(n+p)(1−ǫ−β)

×
∑

j∈N

(
η j−2δ

)−(n+p)ǫ ∣∣∣P+j (γ2)
∣∣∣β+ǫ−1

∫

P+j (γ2)
| f |

≤ 2n(1−ǫ−β)(1− γ2)1−ǫ−βη2(n+p)(1−ǫ−β)

η(n+p)ǫ − 1
δ−(n+p)ǫMγ

2+

β+ǫ ( f )(x, t).
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Combining this, (5.3), and (5.4) and choosing

δ :=


Mγ

2+

β+ǫ ( f )(x, t)

Mγ
2+

β−ǫ ( f )(x, t)



1
2(n+p)ǫ

,

we then obtain (5.2) and hence finish the proof of Lemma 5.4. �

Next, we are ready to present the first main result of this section.

Theorem 5.5. Let γ, β ∈ (0, 1), 1 ≤ r < q < ∞, β = 1
r −

1
q, and (u, v) be a pair of nonnegative

functions onRn+1. If u ∈ A+∞(γ), then(u, v) ∈ TA+r,q(γ) if and only if there exists a positive constant
C such that, for any f∈ Lr (Rn+1, vr ),

∥∥∥∥Iγ+β ( f )
∥∥∥∥

Lq,∞(Rn+1,uq)
≤ C‖ f ‖Lr (Rn+1,vr ).(5.5)

Proof. We first prove the sufficiency. Assume that (5.5) holds. By this, Lemma 5.3, and Theorem
4.7(i), we conclude that (u, v) ∈ TA+r,q(γ), which completes the proof of the sufficiency.

Then we show the necessity. Assume that (u, v) ∈ TA+r,q(γ). Let f ∈ L1
loc(R

n+1) andλ ∈ (0,∞).
From Corollary 3.5, we infer that there existsδ0 ∈ (0,∞) such that (u, v) ∈ A+r,q+δ(γ) for any
δ ∈ (0, δ0). Chooseǫ ∈ (0,min{β, 1− β}) such that

1
1
r − (β + ǫ)

− q ∈ (0, δ0)(5.6)

and letq1, q2 ∈ (1,∞) satisfy

1
q1
=

1
r
− (β − ǫ) and

1
q2
=

1
r
− (β + ǫ).(5.7)

Then 1< q1 < q < q2 < q+ δ0 < ∞. Applying Lemma 5.4 and (4.31), we find that there exists a
positive constantC, depending only onn, p, γ, β, andǫ, such that

{∣∣∣∣Iγ+β ( f )
∣∣∣∣ > λ

}
⊂

{
Iγ+β (| f |) > λ

}
⊂


C

[
M
γ2

4 +

β−ǫ ( f )M
γ2

4 +

β+ǫ ( f )

] 1
2

> λ



⊂
{

M
γ2

4 +

β−ǫ ( f ) >
λ

C

}
∪

{
M
γ2

4 +

β+ǫ ( f ) >
λ

C

}

and hence

(
uq)

({∣∣∣∣Iγ+β ( f )
∣∣∣∣ > λ

})
≤ (

uq)
({

M
γ2

4 +

β−ǫ ( f ) >
λ

C

})
(5.8)

+
(
uq)

({
M
γ2

4 +

β+ǫ ( f ) >
λ

C

})
.

On the one hand, according to the proven conclusion thatq1 < q, Proposition 2.3(ii), and

Corollary 3.3(i), we obtain (u, v) ∈ TA+r,q1
(γ

2

4 ), which, together with (5.7) and Theorem 4.1, further
implies that there exists a positive constantK1, depending only onn, p, r, q, β, ǫ, and [u, v]

T A+r,q1
( γ

2

4 )
,

such that

(
uq)

({
M
γ2

4 +

β−ǫ ( f ) >
λ

C

})
≤ K1

λq

(∫

Rn+1
| f |rvr

) q
r

.(5.9)
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On the other hand, from the proven conclusions thatq < q2 < q + δ0 and (u, v) ∈ TA+r,q+δ(γ) for

anyδ ∈ (0, δ0) and from Corollary 3.3(i), it follows that (u, v) ∈ TA+r,q2
(γ

2

4 ), which, combined with
(5.7) and Theorem 4.1, further implies that there exists a positive constantK2, depending only on
n, p, r, q, β, ǫ, and [u, v]

T A+r,q1
( γ

2

4 )
, such that

(
uq)

({
M
γ2

4 +

β+ǫ ( f ) >
λ

C

})
≤ K2

λq

(∫

Rn+1
| f |rvr

) q
r

.

By this, (5.8), and (5.9), we find that

(
uq)

({∣∣∣∣Iγ+β ( f )
∣∣∣∣ > λ

})
≤ K1 + K2

λq

(∫

Rn+1
| f |rvr

) q
r

.

Taking the supremum over allλ ∈ (0,∞), we then conclude that (5.5) holds. This finishes the
proof of the necessity and hence Theorem 5.5. �

For any givenq ∈ [1,∞), let A+1,q(γ) be the set of all nonnegative functionsω onRn+1 such that

[ω]A+1,q(γ) := [ω
1
q , ω

1
q ]T A+1,q(γ) < ∞. The following is a direct consequence of Theorem 5.5 when

bothu = v andr = 1; we omit the details.

Corollary 5.6. Letγ ∈ (0, 1), q ∈ (1,∞), β := 1− 1
q, andω be a weight onRn+1. Thenω ∈ A+1,q(γ)

if and only Iγ+β is bounded from L1(Rn+1, ω) to Lq,∞(Rn+1, ωq).

The second main result of this section is the following strong type parabolic weighted inequal-
ities for parabolic fractional integrals with time lag.

Theorem 5.7. Let γ, β ∈ (0, 1), 1 < r < q < ∞, β = 1
r −

1
q, andω be a weight onRn+1. Then

ω ∈ A+r,q(γ) if and only if Iγ+β is bounded from Lr(Rn+1, ωr) to Lq(Rn+1, ωq).

Proof. To show the sufficiency, assume thatIγ+β is bounded fromLr(Rn+1, ωr) to Lq(Rn+1, ωq).

Then, by Lemma 5.3, we find thatMγ+β is bounded fromLr (Rn+1, ωr) to Lq(Rn+1, ωq), which,
together with Corollary 4.9, implies thatω ∈ A+r,q(γ). This finishes the proof of the sufficiency.

Now, we prove the necessity. Assume thatω ∈ A+r,q(γ). Using Corollary 3.5, we conclude that
there existsδ0 ∈ (0,∞) such thatω ∈ A+r,q+δ(γ) for anyδ ∈ (0, δ0). Fix ǫ ∈ (0,min{β, 1− β}) such
that (5.6) holds and letq1, q2 ∈ (1,∞) satisfy (5.7). Then 1< q1 < q < q2 < q+ δ0 < ∞ and

1
2q1
+

1
2q2
=

1
q
.

From this, Lemma 5.4, and the Hölder inequality, we infer that, for any f ∈ Lr(Rn+1, ωr),

[∫

Rn+1

∣∣∣∣Iγ+β ( f )
∣∣∣∣
q
ωq

] 1
q

(5.10)

.

{∫

Rn+1

[
Mγ

2+

β−ǫ ( f )
] q

2
ω

q
2

[
Mγ

2+

β+ǫ ( f )
] q

2
ω

q
2

} 1
q

≤
{∫

Rn+1

[
Mγ

2+

β−ǫ ( f )
]q1

ωq1

} 1
2q1

{∫

Rn+1

[
Mγ

2+

β+ǫ ( f )
]q2

ωq2

} 1
2q2

=: I × II .

To estimate I, by the fact thatq1 < q and Proposition 2.3(ii), we find thatω ∈ A+r,q1
(γ). From this,

(5.7), and Corollary 4.9, we deduce that

I .

(∫

Rn+1
| f |rωr

) 1
2r

.(5.11)
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To estimate II, by the proven conclusions thatq2−q ∈ (0, δ0) andω ∈ A+r,q+δ(γ) for anyδ ∈ (0, δ0),
we obtainω ∈ A+r,q2

(γ). From this, (5.7), and Corollary 4.9, it follows that

II .

(∫

Rn+1
| f |rωr

) 1
2r

.

Combining this, (5.11), and (5.10), we find thatIγ+β is bounded fromLr(Rn+1, ωr) to Lq(Rn+1, ωq),
which completes the proof of the necessity and hence Theorem5.7. �

The following theorem is a direct consequence of Corollary 3.3(i) and Theorems 4.1 and 5.5;
we omit the details.

Theorem 5.8. Let β ∈ (0, 1) and 1 ≤ r < q < ∞ satisfyβ = 1
r −

1
q. Let {γi}3i=1 be a sequence

of (0, 1) and (u, v) be a pair of nonnegative functions onRn+1. Assume that u∈ A+∞(γ). Then the
following statements are mutually equivalent.

(i) (u, v) ∈ TA+r,q(γ1).

(ii) Mγ2+

β is bounded from Lr (Rn+1, vr ) to Lq,∞(Rn+1, uq).

(iii) Iγ3+

β is bounded from Lr (Rn+1, vr) to Lq,∞(Rn+1, uq).

Remark 5.9. Whenr ∈ (1,∞), if we replace the uncentered fractional maximal operatorMγ2+

β in

Theorem 5.8(ii) by the centered fractional maximal operatorMγ2+

β , then Theorem 5.8 still holds.

The following theorem is a direct consequence of Theorems 4.1, 4.7(i), 5.5, and 5.7 and Corol-
laries 3.3(i), 4.4, and 4.9; we omit the details.

Theorem 5.10. Let β ∈ (0, 1) and1 < r < q < ∞ satisfyβ = 1
r −

1
q. Let {γi}7i=1 be a sequence of

(0, 1) andω be a weight onRn+1. Then the following statements are mutually equivalent.

(i) ω ∈ A+r,q(γ1).

(ii) Mγ2+

β is bounded from Lr (Rn+1, ωr ) to Lq,∞(Rn+1, ωq).

(iii) Mγ3+

β is bounded from Lr (Rn+1, ωr ) to Lq(Rn+1, ωq).

(iv) Mγ4+

β is bounded from Lr (Rn+1, ωr) to Lq,∞(Rn+1, ωq).

(v) Mγ5+

β is bounded from Lr (Rn+1, ωr) to Lq(Rn+1, ωq).

(vi) Iγ6+

β is bounded from Lr (Rn+1, ωr) to Lq,∞(Rn+1, ωq).

(vii) Iγ7+

β is bounded from Lr (Rn+1, ωr) to Lq(Rn+1, ωq).

6 Applications to Parabolic Weighted Sobolev Embeddings

In this section, we establish the weighted boundedness of the parabolic Riesz potentials and the
parabolic Bessel potentials in [4, 5, 33] for some special parabolic Muckenhoupt weights. Then
we apply the results to show the corresponding parabolic Sobolev embeddings.

Let p ∈ [2,∞) andβ ∈ (0, n+ p). For any (x, t) ∈ Rn+1, let

hβ(x, t) := t
β−n−p
p(p−1)e−

p−1
p ( |x|

p

pt )
1

p−1
1(0,∞)(t).
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As noted in [47],hp is a solution of the doubly nonlinear parabolic partial differential equation
(1.3) inRn+1

+ . In particular, ifp = β = 2, thenh2 is the fundamental solution of the heat equation
∂u
∂t −∆u = 0 inRn+1

+ . Notice that, for any givenγ ∈ (0, 1) and for any (y, s) ∈ ⋃
L∈(0,∞) R(0, 0, L)+(γ),

∣∣∣hβ(y, s)
∣∣∣ ∼ 1

[dp((y, s), (0, 0))](n+p)(1−β̃)
(6.1)

with the positive equivalence constants depending only onn, p, γ, andβ, where

β̃ := 1− n+ p− β
(p− 1)(n+ p)

∈ (0, 1).

Let γ ∈ [0, 1). Theparabolic Riesz potentialIγ+β with time lag is defined by setting, for any

f ∈ L1
loc(R

n+1) and (x, t) ∈ Rn+1,

Iγ+β ( f )(x, t) :=
∫

⋃
L∈(0,∞) R(0,0,L)+(γ)

f (x− y, t − s)hβ(y, s) dy ds.

According to (6.1) and Theorem 5.7, we easily obtain the following proposition.

Proposition 6.1. Let p∈ [2,∞), γ ∈ (0, 1), β ∈ (0, n+ p), 1 < r < q < ∞ with

1
r
− 1

q
= 1− n+ p− β

(p− 1)(n+ p)
,(6.2)

andω be a weight onRn+1. Thenω ∈ A+r,q(γ) if and only ifIγ+β is bounded from Lr (Rn+1, ωr) to

Lq(Rn+1, ωq).

For any measurable functionsf , g onRn+1, theconvolution f∗g of f andg is defined by setting,
for any (x, t) ∈ Rn+1,

( f ∗ g)(x, t) :=
∫

Rn+1
f (x− y, t − s)g(y, s) dy ds.

Recall that, for anyβ ∈ (0, n + p) and f ∈ L1
loc(R

n+1), the parabolic Riesz potentialhβ ∗ f of f
coincides withI0+

β ( f ). It was proved in [33] (see also [4, 5]) that, for any 1≤ r < q < ∞ satisfying

(6.2),I0+
β is bounded fromLr (Rn+1) to Lq(Rn+1) if r ∈ (1,∞) and is bounded fromLr(Rn+1) to

Lq,∞(Rn+1) if r = 1.
Next, we consider the parabolic weighted boundedness of theparabolic Riesz potential operator

I0+
β . Observe that, for anyγ ∈ (0, 1), β ∈ (0, n+ p), and f ∈ L1

loc(R
n+1), I0+

β (| f |) ≥ Iγ+β (| f |), which,
together with Proposition 6.1, further implies the following proposition.

Proposition 6.2. Let p∈ [2,∞), γ ∈ (0, 1), β ∈ (0, n + p), 1 < r < q < ∞ satisfy(6.2), andω be
a weight onRn+1. If the parabolic Riesz potential operatorI0+

β is bounded from Lr(Rn+1, ωr) to

Lq(Rn+1, ωq), thenω ∈ A+r,q(γ).

Remark 6.3. Let p, γ, β, r, q, andω be the same as in Proposition 6.2. An interesting question
is whether or not the converse of Proposition 6.2 holds, thatis, whether or notω ∈ A+r,q(γ) implies
thatI0+

β is bounded fromLr(Rn+1, ωr) to Lq(Rn+1, ωq).

Let 1 < r ≤ q < ∞. Recall that, for any givenE ⊂ R theone-sided off-diagonal Muckenhoupt
class A+r,q(E) is defined to be the set of all nonnegative locally integrable functionsω on E such
that

[ω]A+r,q(E) := sup
x∈R,h∈(0,∞)
[x−h,x+h]∈E

1
h

∫ x

x−h

[
ω(y)

]q dy

{
1
h

∫ x+h

x

[
ω(y)

]−r ′ dy

} q
r′
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is finite; see, for example, [6, (1.5)] whenE := (0,∞). It can be easily verified that, ifω ∈ A+r,q(R),
then, for anyγ ∈ (0, 1),

sup
x∈R

h∈(0,∞)

1
1− γh

∫ x−γh

x−h

[
ω(y)

]q dy

{
1

1− γh

∫ x+h

x+γh

[
ω(y)

]−r ′ dy

} q
r′

(6.3)

. [ω]A+r,q(R)

with the implicit positive constant depending only onγ, r, and q. Note that the off-diagonal
Muckenhoupt classAr,q(Rn) is defined in (1.5). We provide a partial answer to the question in
Remark 6.3 as follows.

Theorem 6.4. Let p∈ [2,∞), β ∈ (0, n+ p), 1 < r < q < ∞ with

1
r
− 1

q
= 1− n+ p− β

(p− 1)(n+ p)
=: β̃,

andω be a weight onRn+1. Let u ∈ Ar,q(Rn), v ∈ A+r,q(R), and, for any(x, t) ∈ Rn+1, ω(x, t) =
u(x)v(t). Then the parabolic Riesz potentialI0+

β is bounded from Lr (Rn+1, ωr) to Lq(Rn+1, ωq).

Proof. Fix γ ∈ (0, 1) and f ∈ Lr (Rn+1, ωr ). From the self-improving property ofAr,q(Rn) (see, for
example, [60, Lemma 3.4.2]), we deduce that there existsδ0 ∈ (0,∞), depending only onn, r, q,
and [u]Ar,q(Rn), such that, for anyδ ∈ (0, δ0), u ∈ Ar,q+δ(Rn). Chooseǫ ∈ (0,min{̃β, 1− β̃}) such that

1
1
r − (̃β + ǫ)

− q ∈ (0, δ0)

and letq1, q2 ∈ (0,∞) satisfy

1
q1
=

1
r
− (̃β − ǫ) and

1
q2
=

1
r
− (̃β + ǫ).

Then 1< q1 < q < q2 < q + δ0 < ∞. Therefore,u ∈ Ar,q2(R
n). On the other hand, by the

Hölder inequality, we conclude thatu ∈ Ar,q1(R
n). Combining these and (6.3), we find that, for

anyρ ∈ (0, γ],

ω ∈ A+r,q1
(ρ) ∩ A+r,q(ρ) ∩ A+r,q2

(ρ).(6.4)

For any j ∈ Z+, define

Ω j :=
⋃

L∈(0,∞)

R(0, 0, L)+
( γ
2 j

)
.

From Remark 5.2, it follows that, for anyj ∈ N and (y, s) ∈ Ω j \ Ω j−1,

γ

n
p
2 2 j
|y|p ≤ γ

2 j
‖y‖p∞ < s≤ γ

2 j−1
‖y‖p∞ ≤

γ

2 j−1
|y|p

and hence

hβ(y, s) = s
β−n−p
p(p−1)e−

p−1
p ( |y|

p

ps )
1

p−1

≤

(
2 j

γ

) 1
p

+ 1



n+p−β
p−1

1

[dp((y, s), (0, 0))]
n+p−β

p−1

e−
p−1

p ( 2 j−1
pγ )

1
p−1
,
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which, together with the monotone convergence theorem and (6.1), further implies that, for any
(x, t) ∈ Rn+1,

I0+
β (| f |)(x, t) = Iγ+β (| f |)(x, t)(6.5)

+
∑

j∈N

∫

Ω j\Ω j−1

| f (y, s)|hβ(x− y, t − s) dy ds

≤

(
1
γ

) 1
p

+ 1



n+p−β
p−1

Iγ+
β̃

(| f |)(x, t)

+
∑

j∈N


(
2 j

γ

) 1
p

+ 1



n+p−β
p−1

e−
p−1

p ( 2 j
2pγ )

1
p−1

I
γ

2 j +

β̃
(| f |)(x, t).

Combining this, (6.4), and Theorem 5.7, we conclude that, toshow thatI0+
β is bounded from

Lr(Rn+1, ωr) to Lq(Rn+1, ωq), it suffices to prove that there exists a positive constantC, independent
of f , such that

∑

j∈N


(
2 j

γ

) 1
p

+ 1



n+p−β
p−1

e−
p−1

p ( 2 j
2pγ )

1
p−1

∥∥∥∥∥I
γ

2 j +

β̃
(| f |)

∥∥∥∥∥
Lq(Rn+1,ωq)

(6.6)

≤ C‖ f ‖Lr (Rn+1,ωr ).

To show (6.6), fixj ∈ N. From an argument similar to that used in the proof of Lemma 5.4 with
γ therein replaced byγ2j , we infer that, for any (x, t) ∈ Rn+1,

I
γ

2 j +

β̃
(| f |)(x, t) ≤ 2n(1+ǫ−β̃)+1

( γ2j )
2(n+p)(1+ǫ−β̃)

p [( γ2j )
− (n+p)ǫ

p − 1]

×M
( γ

2 j )2+

β̃−ǫ
( f )(x, t)M

( γ
2 j )2+

β̃+ǫ
( f )(x, t),

which, together with the Hölder inequality and an argumentsimilar to that used in the proof of
(4.31), further implies that

∥∥∥∥∥I
γ

2 j +

β̃
(| f |)

∥∥∥∥∥
Lq(Rn+1,ωq)

(6.7)

≤ 2n(1+ǫ−β̃)+1
(2j

γ )
2(n+p)(1+ǫ−β̃)

p

(2j

γ )
(n+p)ǫ

p − 1

∥∥∥∥∥M
( γ

2 j )2+

β̃−ǫ
( f )M

( γ
2 j )2+

β̃+ǫ
( f )

∥∥∥∥∥
Lq(Rn+1,ωq)

≤ 2n(1+ǫ−β̃)+1
(2j

γ )
2(n+p)(1+ǫ−β̃)

p

(2j

γ )
(n+p)ǫ

p − 1

×
∥∥∥∥∥M

( γ
2 j )2+

β̃−ǫ
( f )

∥∥∥∥∥
1
2

Lq1(Rn+1,ωq1)

∥∥∥∥∥M
( γ

2 j )2+

β̃+ǫ
( f )

∥∥∥∥∥
1
2

Lq2(Rn+1,ωq2)

≤ 2n(1+ǫ−β̃)+1


1−

( γ
2 j )2

4

1− ( γ2j )2



[1−(β̃−ǫ)]+[1−(β̃+ǫ)]
(2j

γ )
2(n+p)(1+ǫ−β̃)

p

(2j

γ )
(n+p)ǫ

p − 1

×
∥∥∥∥∥∥∥
M

( γ
2 j )2

4 +

β̃−ǫ
( f )

∥∥∥∥∥∥∥

1
2

Lq1(Rn+1,ωq1)

∥∥∥∥∥∥∥
M

( γ
2 j )2

4 +

β̃+ǫ
( f )

∥∥∥∥∥∥∥

1
2

Lq2(Rn+1,ωq2)

https://doi.org/10.4153/S0008414X25000185 Published online by Cambridge University Press

https://doi.org/10.4153/S0008414X25000185


Parabolic Fractional Integrals with Time Lag 43

≤ 2n(1+ǫ−β̃)+1
[

4− γ2

4− 4γ2

]2 (2j

γ )
2(n+p)(1+ǫ−β̃)

p

(2j

γ )
(n+p)ǫ

p − 1

×
∥∥∥∥∥∥∥
M

( γ
2 j )2

4 +

β̃−ǫ
( f )

∥∥∥∥∥∥∥

1
2

Lq1(Rn+1,ωq1)

∥∥∥∥∥∥∥
M

( γ
2 j )2

4 +

β̃+ǫ
( f )

∥∥∥∥∥∥∥

1
2

Lq2(Rn+1,ωq2)

.

Applying (6.4) and an argument similar to that used in the proof of Corollary 4.4, we find that
there exists a positive constantC1, depending only onn, p, γ, r, q, [u]Ar,q(Rn), and [v]A+r,q(R), such
that

max



∥∥∥∥∥∥∥
M

(
γ

2 j )2

4 +

β̃−ǫ
( f )

∥∥∥∥∥∥∥
Lq1(Rn+1,ωq1)

,

∥∥∥∥∥∥∥
M

(
γ

2 j )2

4 +

β̃+ǫ
( f )

∥∥∥∥∥∥∥
Lq2(Rn+1,ωq2)



≤ C1‖ f ‖Lr (Rn+1,ωr ).

Combining this and (6.7), we obtain

∥∥∥∥∥I
γ

2 j +

β̃
(| f |)

∥∥∥∥∥
Lq(Rn+1,ωq)

.

(2j

γ )
2(n+p)(1+ǫ−β̃)

p

(2j

γ )
(n+p)ǫ

p − 1
‖ f ‖Lr (Rn+1,ωr ),

where the implicit positive constant is independent off and j. From this and (6.7), we deduce that

∑

j∈N


(
2 j

γ

) 1
p

+ 1



n+p−β
p−1

e−
p−1

p ( 2 j
2pγ )

1
p−1

∥∥∥∥∥I
γ

2 j +

β̃
(| f |)

∥∥∥∥∥
Lq(Rn+1,ωq)

.

∑

j∈N


(
2 j

γ

) 1
p

+ 1



n+p−β
p−1 (2j

γ )
2(n+p)(1+ǫ−β̃)

p

(2j

γ )
(n+p)ǫ

p − 1
e−

p−1
p ( 2 j

2pγ )
1

p−1 ‖ f ‖Lr (Rn+1,ωr )

. ‖ f ‖Lr (Rn+1,ωr ),

and hence (6.6) holds, which completes the proof of Theorem 6.4. �

Remark 6.5. (i) Theorem 6.4 whenω ≡ 1 coincides with [33, Theorem 3.1] .

(ii) For any givenE ⊂ Rn+1 and 1< r < q < ∞, defineAr,q(E) to be the set of all nonnegative
locally integrable functionsω on E such that

[ω]Ar,q(E) := sup
R∈Rn+1

p
R⊂E

?
R
ω

(?
R
ω−r ′

) q
r′

< ∞.

Obviously,Ar,q(Rn+1) ⊂ A+r,q(R
n+1). By (6.5), the fact that (Rn+1, dp, | · |) is a space of

homogeneous type, and the weighted boundedness of fractional integrals on spaces of ho-
mogeneous type (see, for example, [43, Theorem 3.3]), we conclude that, if we replace
the condition that there existu ∈ Ar,q(Rn) andv ∈ A+r,q(R) satisfyingω(x, t) = u(x)v(t) by
ω ∈ Ar,q(Rn+1), then the conclusion of Theorem 6.4 still holds, that is, both I0+

β andG0+
β

are bounded fromLr (Rn+1, ωr) to Lq(Rn+1, ωq).

In what follows, we fixp = 2. Letβ ∈ (0, n + 2), q ∈ [1,∞), andω be a weight onRn+1. The
weighted parabolic Sobolev space Wβ,q(Rn+1, ω) is defined by setting

Wβ,q(Rn+1, ω) :=
{
hβ ∗ g : g ∈ Lq(Rn+1, ω)

}
.
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For any f ∈Wβ,q(Rn+1, ω), define‖ f ‖Wβ,q(Rn+1,ω) := ‖g‖Lq(Rn+1,ω), whereg ∈ Lq(Rn+1, ω) satisfying
that f = hβ ∗ g. Theorem 6.4 and Remark 6.5(ii) immediately imply the following parabolic
weighted Sobolev embedding result and we omit the details.

Corollary 6.6. Letβ ∈ (0, n+ 2), 1 < r < q < ∞ with 1
r −

1
q =

β
n+2, andω be a weight onRn+1. If

either of the following two conditions holds:

(i) there exist u∈ Ar,q(Rn) and v∈ A+r,q(R) such thatω(x, t) = u(x)v(t);

(ii) ω ∈ Ar,q(Rn+1),

then Wβ,r(Rn+1, ωr) ⊂ Lq(Rn+1, ωq). Moreover, there exists a positive constant C such that, for
any f ∈Wβ,r(Rn+1, ωr),

‖ f ‖Lq(Rn+1,ωq) ≤ C‖ f ‖Wβ,r (Rn+1,ωr ).

We denote byS(Rn+1) the space of allSchwartz functionsonRn+1 equipped with a well-known
topology determined by a countable family of norms and byS′(Rn+1) the space of alltempered
distributionsendowed with the weak-∗ topology. In addition, letS′(Rn+1

+ ) := S′(Rn+1)|Rn+1
+

, that

is, the restriction ofS′(Rn+1) on Rn+1
+ . Using both the Fourier transform formula ofhβ with

β ∈ (0, n + 2) (see [33, (2.4)]) and several elementary properties of the Fourier transform and
replacingω and f , respectively, byω(x, t)1(0,∞)(t) and f (x, t)1(0,∞)(t) in Theorem 6.4 and Remark
6.5(ii), we obtain the following application of Theorem 6.4, which presents a priori estimate for
the nonhomogeneous heat equations. We omit the details.

Corollary 6.7. Let1 < r < q < ∞ with 1
r −

1
q =

2
n+2,ω be a weight onRn+1

+ , and f ∈ Lr (Rn+1
+ , ω

r).
If either of the following two conditions holds:

(i) there exist u∈ Ar,q(Rn) and v∈ A+r,q(R+) such thatω(x, t) = u(x)v(t),

(ii) ω ∈ Ar,q(Rn+1
+ )

and if g∈ S′(Rn+1
+ ) ∩ L1

loc(R
n+1
+ ) satisfies



∂g
∂t

(x, t) − ∆g(x, t) = f (x, t), ∀ (x, t) ∈ Rn+1
+ ,

lim
t→0+

g(x, t) = 0, ∀ x ∈ Rn,

then g∈ Lq(Rn+1
+ , ω

q). Moreover, there exists a positive constant C such that

‖g‖Lq(Rn+1
+ ,ω

q) ≤ C‖ f ‖Lr (Rn+1
+ ,ω

r ).
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