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On generation of the coefficient field
of a primitive Hilbert modular form
by a single Fourier coefficient
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Abstract. Let f be a primitive Hilbert modular form over F of weight k with coefficient field Ef,
generated by the Fourier coefficients C(p, f) for p € Spec(Of). Under certain assumptions on the
image of the residual Galois representations attached to f, we calculate the Dirichlet density of
{p € Spec(OF)|Ef = Q(C(p, f))}. For k = 2, we show that those assumptions are satisfied when
[Ef: Q] = [F: Q] is an odd prime. We also study analogous results for Fy, the fixed field of E; by
the set of all inner twists of f. Then, we provide some examples of f to support our results. Finally, we
compute the density of {p € Spec(Or)|C(p, f) € K} for fields K with Ff ¢ K ¢ Ey.

1 Introduction

The study of the Fourier coefficients of modular forms is an active area of research
in number theory. It is well known that, for any primitive form f over Q, the Fourier
coefficients of f generate a number field E . In [KSW08], Koo, Stein, and Wiese proved
that the set of primes p for which the pth Fourier coefficient of f generates E; has
density 1, if f does not have any nontrivial inner twists. To the best of the authors’
knowledge, the analogous question is still open for Hilbert modular forms, which is
the objective of our study in this article.

For a primitive form f over a totally real number field F, let E; denote the number
field generated by the Fourier coefficients C(p, f)(p € P) of f, where P = Spec(OF),
the set of all prime ideals of O (cf. [Shi78]). We first state a result, for primitive forms
f over F of weight 2, the set of p € P with Q(C(p, f)) = Ey has Dirichlet density 1, if
[F: Q] =[Ef: Q]isan odd prime (cf. Theorem 3.1). We then state and prove a general
result for primitive forms f of weight k (cf. Theorem 3.6), under some assumptions on
the image of the residual Galois representations f ) attached to f and A € Spec(Og,)
(cf. equation (2.2)). We then show that these assumptions on the image of p ) are
satisfied for primitive forms f over F of weight 2, if [F : Q] = [E : Q] is an odd prime
(cf. Theorem 3.1). The proof of Theorem 3.1 depends on the works of Dimitrov (cf.
[Dim05]), Dimitrov and Dieulefait (cf. [DD06]). We continue a similar study for Fy,
the fixed field of E; by the set of all inner twists of f, and show that the set of p € P
with Q(C*(p, f)) = Fs has density 1 (cf. Section 2.1 for the definition of C*(p, f)).
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This article builds on the ideas of Koo et al. in [KSW08] for primitive forms over Q.
One of the vital ingredients in the proof of [KSW08, Theorem 1.1] is a theorem of Ribet
(cf. [Rib85, Theorem 3.1]), where he explicitly described the image of /-adic residual
Galois representation p s ; attached to primitive form f and a prime . This result played
a crucial role in obtaining certain sharp bounds for the images of p;, which was
helpful in their proof. Unfortunately, in our context, an analog of Ribet’s result does
not seem to exist in the literature. In order to get a similar sharp bound for the images
of p 7.1, we have to work with some assumptions (cf. equation (3.1)). This explains the
reason for our assumptions in Theorems 3.1 and 3.6. Using L-functions and modular
forms database (LMFDB), we produce examples of primitive forms f of parallel weight
2 in support of Theorem 3.1 (cf. Examples 4-6).

We also calculate the density of p € P for which C(p, f) € K, where K ¢ Ef is a
subfield. This density depends on whether F¢ ¢ K or not. If Fy ¢ K, then it is zero (cf.
Lemma 4.1); otherwise, it is nonzero and completely determined by the inner twists
of f associated with K (cf. Proposition 4.3).

1.1 Structure of the article

The article is organized as follows. In Section 2, we collate all the preliminaries that are
required to prove our main theorems (cf. Theorems 3.1 and 3.6). We also introduce
the notion of inner twists and study their properties quite elaborately. In Section 3,
we state and prove Theorem 3.1 and its generalization (cf. Theorem 3.6) for primitive
forms f over F of parallel weight 2 and weight k, respectively. We also prove analogous
results for Fy and study their consequences. In Section 4, we calculate the Dirichlet
density of p € P with C(p, f) € K for any field K with K ¢ E;.

2 Preliminaries

Let F be a totally real number field of degree n. Let Op, n, and ® denote the ring of
integers, an ideal, and the absolute different of F, respectively.

2.1 Notations

Throughout this article, we fix to use the following notations.

o Let P denote the set of all primes in Z, P = Spec(OF).

o Let k= (ky, kz,...,ky) € Z" such that k; >2 and k; =k, =+~ = k,(mod 2). Let
k() = max{kl, kz, ey kn}, nog = k() -2.

« For any number field K, denote G := Gal(K/K). Let L be a subfield of K. For a
prime ideal q in K lying above p = qn L in L, let e(q/p) and f(q/p) denote the
ramification degree and inertia degree of q over p, respectively.

For any Hecke character ¥ of F with conductor dividing n and infinity-type 2 — ko,
let Sx.(n, ¥) denote the space of all Hilbert modular newforms over F of weight k, level
n, and character ¥. A primitive form is a normalized Hecke eigenform in the space
of newforms. The ideal character corresponding to ¥ of F is denoted by ¥*.

For a primitive form f € Sx(n,¥), let C(b, f) denote the Fourier coefficient of

f corresponding to an integral ideal b of Op and C*(b, f) := CNISE(Q)Z for all ideal b

https://doi.org/10.4153/50008439522000558 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439522000558

On generation of the coefficient field by a Fourier coefficient 589

with (b,n) = 1. Write Ef = Q(C(b, f)), Ff = Q(C*(b, f)), where b runs over all the
integral ideals of O with (b,n) =1. Let Pf := Spec(Ok, ), the set of all prime ideals
of Og;,. For any two subfields F, F, such that Q € F, € F; € Ey, we let

frrp = f(ANF/ANE,)

for A € Py. The following proposition describes some properties of E.

Proposition 2.1 [Shi78]  Let f € Sy (n, V) be a primitive form of weight k, level n, and
character ¥ with coefficient field Ey. Then:

(1)  Ey is a finite Galois extension of Q.

(2) ¥*(m) € Ey, for all ideals m < OF.

(3) Ey is either a totally real or a complex multiplication (CM) field.

(4) Ef=Q({C(p, f)}pes), where S c P with S is finite.

() C(p, f) =¥*(p) "' C(p, f) for all p € P with (p,n) = 1.

2.2 Galois representations attached to f

Let f € Sg(n,¥) be a primitive form of weight k, level n, and character ¥ with
coefficient field E¢. For A € Py, by the works of Ohta, Carayol, Blasius-Rogawski, and
Taylor (cf. [Tay89] for more details), there exists a continuous Galois representation

pra: Gr = GLy(Ef ),

which is absolutely irreducible, totally odd, and unramified outside nq, where g € P
is the rational prime lying below A. Here, E,) denote the completion of Ey at A. For
all primes p of O with (p,nq) =1, we have

(2.1) tr(psa(Froby)) = C(p, f) and det(py,a(Froby,)) = ‘I’*(p)N(p)k"_1

(cf. [Car86]). By taking a Galois stable lattice, we define

(22) prai=pra(mod A): Gp - GLy(F))

whose semi-simplification is independent of the choice of a lattice. We conclude this

section by recalling the Chebotarev density theorem (cf. [Ser81]).

Theorem 2.2 Let C be a conjugacy class of G := p51(G). The natural density of
{peP:[psar(Froby)]c =C}is %

2.3 Inner twists and its properties

We now define inner twists associated with a primitive form and describe some of its
properties. This notion is quite useful in Section 4.

Let f € Sx(n,¥) be a primitive form defined over F. For any Hecke character @
of F, let fo denote the twist of f by @ (cf. [SW93, Section 5]). The Fourier coeflicients
of f and fq are related as follows.
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Proposition 2.3 [SW93, Proposition 5.1]  Let f, fo be as above. If ng and my are
the conductors of ¥ and ®, respectively, then fq¢ € Sk(lcm(n, mono,m[z)),‘I’CDz) and
C(m, fo) = @*(m)C(m, f) for all ideals m of OF.

Definition 2.4 We say a primitive form f is said to be of CM type, if there exists a
nontrivial Hecke character @ of F such that C(p, f) = @*(p)C(p, f) for almost all
prime ideals p of Op. We say that f is non-CM if f is not of CM type.

We are now ready to define inner twists.

Definition 2.5 (Inner twists)  Let f € Sg(n, ¥) be a non-CM primitive form over F.
For any Hecke character @ of F, we say that the twist fo of f is inner if there exists a
field automorphism y : Ef — Ef such that y(C(, f)) = C(p, fo) for almost all prime
ideals p of Op.

Remark 2.6  For any primitive form f, the identity map id: Ef - Ef induces an
inner twist of f and we refer to it as the trivial inner twist of f.

Let I' < Aut(E() denote the subgroup of y associated with all the inner twists of f.
Let Ff := E;, the fixed field of E; by I'. By Galois theory, Ef is a finite Galois extension
of Fy. Some properties of Fy are given below.

Lemma 2.7  The field Fy is totally real and C*(p, f) € Q(C(p, f))-

Proof By Proposition 2.1, we have C*(p, f) = C(p, f)C(p, f). This shows that Fy

is totally real. By Proposition 2.1, if E is totally real, then C*(p, f) = C(p, f ) e
Q(C(p,f)). If Ef is a CM field, then Q(C(p, f)) is preserved under complex

conjugation. Hence, C*(p, f) = C(p, f)C(p, f) € Q(C(p, f))- |
We now examine the existence of trivial, nontrivial inner twists for any primitive
form f.

Lemma 2.8 If f € Sg(n,¥) is a non-CM primitive form over F with a nontrivial
Hecke character \Y, then f has a nontrivial inner twist.

Proof Let 0: Ef — E; be an automorphism defined by o(x) =X, for all x € Ej.

By Proposition 2.1, we have o(C(p, f)) = ¥*(p) " C(p, f) for all p with (p,n) =1.
By Proposition 2.3, f has a nontrivial inner twist given by (¥*)~". ]

We now give some examples of primitive forms with a nontrivial inner twist.

Example 1 Consider a non-CM primitive form f labeled as 2.2.8.1-41.1-a
in [LMFDB], defined over F = Q(/2) of weight (2,2), level [41, 41, 21/2 - 7], and
with trivial character. The coefficient field E; = Q(+/2) and Fy = Q.

Example 2 Consider a non-CM primitive form f labeledas2.2.12.1-13.1-a

in [LMFDB], defined over F = Q(v/3) of weight (2,2), level [13, 13, /3 + 4], and
with trivial character. The coefficient field E; = Q(+/2) and F; = Q.
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Example3  Consider anon-CM primitive form f labeledas2.2.24.1-9.1-ain
[LMFDB], defined over F = Q(1/6) of weight (2,2), level [9, 3, 3], and with trivial
character. The coefficient field E; = Q(\/6) and F; = Q.

In Examples 1-3, the coefficient field E # F. Hence, these primitive forms f have
a nontrivial inner twist.

Lemma 2.9  Suppose f € S(n, V) is a non-CM primitive form over F with [E : Q]
is an odd prime. If E is totally real, then f does not have any nontrivial inner twists. If
W =W, is a trivial character, then Ey is totally real.

Proof Let p € P be a prime with (p,n) = 1. Since Ey is totally real, Clp, f) e Fy.
Since [Ej : Q] is prime, the field Fy is either Qor E¢. If Fs = Q, then [Q(C(p, f)) : Q]
is either 1 or 2. This contradicts to that [Ef : Q] is an odd prime. Therefore, Fs = E.
Hence, f does not have any nontrivial inner twists. [ ]

3 Statement and proof of the main theorem
In this section, we shall state and prove the main theorem of this article.

Theorem 3.1 (Main Theorem) Let f € Sx(n, V) be a primitive form defined over F of
parallel weight 2, level n, and character ¥, which is not a theta series. Let E¢ denote the
coefficient field of f. Suppose [F : Q] = [Ey : Q] is an odd prime. Then,

oo ({p e P:Q(C(p, 1)) = Ef}) =1,
where 8p(S) denotes the Dirichlet density of S € P.

3.1 Images of the residual Galois representations

We now determine the images of the residual Galois representations attached to
primitive forms of parallel weight 2. The work of Dimitrov in [Dim05] is quite
influential in this section.

Let f € Sg(n, ¥) be a primitive form defined over F of weight k = (ki, ka, ..., k),
level n, and character . Recall that ko = max{ky,...,k,} and w, is the mod g
cyclotomic character. Then, Ww,*~2 is a character on Gg. Let E' be the compositum
of the Galois closure of F in Q and the subfield of Q given by (F )K”(\P‘”qkoiz). Then,
F is a Galois extension of F and G4 9 Gy. A combination of Propositions 3.8 and 3.9
in [Dim05] would imply the following proposition.

Proposition 3.2 Let f be a primitive form which is not a theta series. For almost all
q € P, there exists a power § of q such that either

pra(Gp) = {g € GLy(Fy) - det(g) € (F;)" '}

or

ﬁf’,\(Gﬁ) ~ {g € F;;GLz(Fq) : det(g) € (F;)ko_l}
holds.
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3.2 Key proposition in the proof of Theorem 3.1

We will now determine the image of s ) for primitive forms f in Theorem 3.1. More
precisely, we have

Proposition 3.3 Let f € Sy(n,'¥) be as in Theorem 3.1. For any A € Spec(Og, ) lying
above q, we have

pf,A(GF) ~{ye GLz(qu) s det(y) € IF;},

for infinitely many q € P with d = f(1/q).
Before we start the proof of Proposition 3.3, we recall some necessary results.

Proposition 3.4 [Mar77] Let K/Q be a cyclic Galois extension of degree n. For
1<r|n, let S,:={qeP:e(Aq) =1 & f(A/q) = r for some prime ideal A|q}. Then,
S (S,) = 242,

Corollary 3.5 Let f be as in Theorem 3.1. Then, there exists infinitely many primes
q € P which are inert in both F and Ey.

For g € P, let A be a prime ideal of O, lying above g.

Proof of Proposition 3.3  We adopt the technique in [DD06, Theorem 3.1] to
prove this proposition. In our case, ko =2, ¥ = Wiy, and hence Gy = Gp. By
Proposition 3.2, for all primes g >> 1, there exists a power § of ¢, and we have either
pra(Gr) = {g e GLy(F;) : det(g) € F;}, orpra(Gr) = {ge F5GLy (Fy) : det(g) €
F3 } We now show that the latter case will not occur.

Suppose that p7,1(Gr) = {y € F7,GL2(Fy) : det(y) € F} for some prime power
q of q with g > 1. By the argument in the proof of [Dim05, Proposition 3.9], we get
that I, ¢ F;> ¢ IF). However, this cannot happen because d is odd and 2|[F) : F,].
Therefore,

p-f),{(Gp) ~ {g € GLz(FqA) : det(g) € F;}

for g € P with g > 1. Now, choose a prime g € P which is inert in both F and Ey. Let
v € P be the unique prime in F that lying above g, and let I, be the inertia group
at v. By [Dim05, Corollary 2.13] or by the discussion before [DD06, Proposition 1],
the possible tame characters for 7 ;|I, are of level d or 2d, since d = f(v|q). Hence,
we have F a € Fy € IF). By Corollary 3.5, there exists infinitely many such primes.
Since f(A|q) = d, the tame characters of level 2d cannot occurin j s ;|I,,, and therefore
F g4 = F; = IF). Therefore, we have

pf,}L(GF) o {g € GLZ(]qu) :det(g) € ]F;}

for infinitely many g € P with f(1/q) = f(v/q) = d. We are done with the proof. =
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3.3 A result for primitive forms of weight k

In this section, we prove Theorem 3.1 for primitive forms of weight k. If k is of parallel
weight 2 and [F : Q] = [E : Q] is an odd prime, then we show that the assumptions
in Theorem 3.6 are satisfied. Hence, Theorem 3.1 is a consequence of Theorem 3.6.

Theorem 3.6  Let f € S;.(n,¥) be a primitive form defined over F of weight k, level n,
and character Y. For any subfield Q € L ¢ Ey, assume that

(3.1) Pra(Gg) 2{y € GLy(Fyr) : det(y) € (F;)k"_l} with f = f(|q),
for infinitely many A € P with f) g, 1 > 1, where q € P lying below A. Then,

op ({peP: C(p,f)eL})=0
for all proper subfields L of Ey.

The following proposition (cf. [KSW08, Proposition 2.1(c)]) is helpful in the proof
of Theorem 3.6.

Proposition 3.7 Let RS R be two subgroups of Fy- for some q€P and reN.
Let G ¢ {geGLy(Fy): det(g) € R} < GLy(F,). Let P(x) =x*—ax +b e Fy[x].
Then, ¢ |C| < 2|R/R|(q* + q), where the sum carries over all the conjugacy classes C
of G with characteristic polynomial equals to P(x).

Proof of Theorem 3.6 Let O, 01 denote the ring of integers of E, L, respectively.
Let T be the set of all 1 € Spec(Op, ) such that equation (3.1) holds. By assumption, T
is an infinite set. For any Q € T, let Qp, g be the prime ideals of Oy, Z lying below Q,
respectively. Let Fgr = O /Qr, Fgm = Og,/Q for some r > 1,m > 2.

Let R := (F;)k"‘l, W <FJ. denote the image of ¥* mod Q and R:= (R, W),
the subgroup of .. generated by R and W. Then, |[R|<q -1, [W|<|(Og/n)*|,
and hence |R| < |R||W|. Let G := p7,o(Gr) be the image of residual Q-adic Galois
representation p . By equations (2.1) and (2.2), G < {g € GLy(Fym) : det(g) € R}
is a subgroup.

Let Mq :=Lic{p € P: [pf,q(Frob,)]c = C}, where C carries over all the con-
jugacy classes of G with characteristic polynomial x* — ax + b € Fgrm[x] such that
aeF, and b € R. There are at most g"|R||W/| such polynomials. By equation (2.1),
we have a = C(p, f)(mod Q). Since a € F,r, we get C(p, f)(mod Q) € Fyr. Hence,

(3.2) Mqo2{peP: C(p,f)(mod Q) eFy}.
By Theorem 2.2, we have 8p(Mq) = 3¢ % Now, by Proposition 3.7, we get

q'|RIW| < 2IR/R|(¢* +q) _2[R[W[*q"(4* +q)

33 Op(Mqg) <
G i) g g

Since Gr 2 G, by equation (3.1), we get a lower bound to |G| as

(3.4) |G| > [R] x [SLa(F grm)|.
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Combine equations (3.4) and (3.3) to get

2W2R r 2+ zw2 r+3
8n(Mg) < (WPIR|g" (4" +q) _ 3Irmlq _
R x [SLy(Fgrm)|  g*™(q—1)

Sincem > 2,7 > 1, weget6p(Mq) <O (q—lz) Since T is an infinite set, g is unbounded.
The inclusion of the sets in equation (3.2) implies {p eP: C(p,f) e L} € Nger Mq.
Therefore, we have

Sp({peP: C(p.f)eL})=0.
This completes the proof of Theorem 3.6. [ ]

The above theorem holds even if the inclusion in equation (3.1) holds up to
conjugation.

Corollary 3.8  Let fbe as in Theorem 3.6, which satisfies equation (3.1) for any subfield
Q< LgEy Then, 8p ({peP:Q(C(p.f)) = Ef}) =1

Proof Let p € P be a prime ideal with Q(C(p, f)) ¢ Ey. Then, C(p, f) € L for
some proper subfield L of Ey. Since [E: Q] is a finite separable extension, there
are only finitely many subfields between Q and E;. By Theorem 3.6, we have

8p ({peP:Q(C(p,f)) € Er}) = 0. This completes the proof of the corollary. ~ m

We have some remarks to make.

« Bythe definition of a CM primitive form f, the density of p € P for which C(p, f) =0
is at least 7.

o For a non-CM primitive form f, the density of primes p for which C(p, f) = 0is 0.
This is a special case of the famous Sato-Tate equidistribution theorem of Barnet-
Lamb, Gee, and Geraghty [BGGII, Corollary 7.17] (cf. [DK20, Theorem 4.4] for

more details).

The assumption (3.1) of Theorem 3.6 implies E; # Q and the set of p € P with

Q(C(p, f)) = Ey has density 1 (cf. Corollary 3.8) implies that the form f has to be
non-CM.

3.4 The proof of Theorem 3.1 with supporting examples

In this section, we give a proof of Theorem 3.1 and provide some examples of f in
support of it.

Proof of Theorem 3.1  Since [E; : Q] is an odd prime, the only proper subfield L of
Ef is Q. By Proposition 3.3, f satisfies the assumption (3.1) of Theorem 3.6. Hence, by
Corollary 3.8, the proof of Theorem 3.1 follows. |

We now give some examples of primitive forms f in support of Theorem 3.1.
Example 4 Consider a non-CM primitive form f defined over F = Q({;)* with

generator w having minimal polynomial x* — x* — 2x + 1, with weight (2,2,2), level
[167, 167, w* + w — 8], and with trivial character. This Hilbert modular form f is
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labeledas 3.3.49.1-167.1-ain [LMFDB]. The coeflicient field E of f is Q(«),
where « is a root of the irreducible polynomial x* — x? — 4x — 1 € Q[x].

Example 5 Consider a non-CM primitive form f defined over F = Q({y)* with
generator @ having minimal polynomial x* - 3x — 1, with weight (2,2,2), level
[71, 71, W+ w-— 7], and with trivial character. This Hilbert modular form f is labeled
as3.3.81.1-71.1-ain [LMFDB]. The coefficient field Ef of f is Q(j3), where 8
is a root of the irreducible polynomial x* — x? — 4x + 3 € Q[x].

Example 6 Consider a non-CM primitive form f defined over F = Q({;)* with
generator @ having minimal polynomial x* — x? — 2x + 1, with weight (2,2, 2), level
[239, 239, 6w? — 5w — 7], and with trivial character. This Hilbert modular form f is
labeledas 3.3.49.1-239.1-ain [LMFDB]. The coefficient field E of f is Q(0),
where 6 is a root of the irreducible polynomial x> — 12x — 8 € Q[x].

The primitive forms f in Examples 4-6 are of parallel weight 2 with [F: Q] =
[Ef: Q] = 3, and hence they satisfy the hypothesis of Theorem 3.1. Moreover, E is
totally real, so by Lemma 2.9, these primitive forms f do not have any nontrivial inner
twists.

3.5 Computation of some Dirichlet density for F;

In this section, we shall state and prove a variant of Theorem 3.6 and Corollary 3.8 for
Fy. In fact, we compute the Dirichlet density of the set {p eP: Q(C*(p.f)) = Ff}.

Theorem 3.9  Let f € Si(n, V) be a primitive form defined over F of weight k, level n,
and character Y. For any subfield Q € L ¢ Fy, assume that

(3.5) pra(Gp) 2 {y € GLy(F ) : det(y) € (F;)k"*l} withf =1f, p o,

for infinitely many A € Py with f) .1 > 1, where g € P lying below A. Then,

Sp({peP:C*(p.f)eL})=0.
The above theorem holds even if the inclusion in equation (3.5) holds up to

conjugation.

Proof In this proof, we follow the notations as in Theorem 3.6. Let Of, be the
ring of integers of Fy. For any Q € T, let Qr be the prime ideal of OF, lying below Q.
Let 01/Qr = qu,OFf/Qp =Fgm, and OEf/Q =Fgms for some r>1, m>2, and
s>1 Then, G c {ge GLy(Fym:):det(g) € R}. Now, arguing as in the proof of
Theorem 3.6, we get dp(Mq) < AWP™ Gince m>2,r>1, we get 6p(Mqg) <

7> (q-1)
(0] (% ) Therefore, we have

Sp({peP: C*(p.f)eL})=0.

This completes the proof of Theorem 3.9. ]
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Corollary 3.10 Let f be as in Theorem 3.9, which satisfies equation (3.5) for any
subfield Q € L ¢ Fy. Then,

op ({peP:Q(C*(p.f)) =Ff}) =1L

Proof Supposep € PisaprimesuchthatL = (@(C* (p, f)) ¢ Fyisaproper subfield
of Fy. Since [Fy: Q] is a finite separable extension, there are only finitely many
subfields between Q and Fy, and by Theorem 3.9, we get

Sp ({peP:Q(C*(p.f)) ¢ Fr}) = 0.

This completes the proof of the corollary. [ ]

Corollary 3.11  Let fand py,) be as in Theorem 3.9. Then, we have
op ({peP:FrcQ(C(p.f))}) =1

Proof  Suppose p € P with Q(C*(p, f)) = Fs. From Lemma 2.7, we have Fy =
Q(C*(p, f)) € Q(C(p, f))-. Corollary 3.10 implies the result. [

In Examples 4-6, we have that E ¢ and F are of degree 3 over Q and E = Fy.
Since there are no proper subfields of F, by Proposition 3.3, we conclude that these
examples satisfy the hypothesis (3.5) of Theorem 3.9.

4 Computation of the Dirichlet density for subfields of E

In Section 3, we computed the Dirichlet density of p € P such that C(p, ), C*(p, f)
generate E, Fy, respectively. In this section, for any subfield K of E ¢, we compute the
Dirichlet density of the set {p eP: Q(C (p, f )) =K } It is quite surprising that this
density depends on whether F; ¢ K or not.

We now calculate the density of p € P such that C(p, ) € K when Ff ¢ K. The
following lemma is an analog of [KSW08, Corollary 1.3(a)].

Lemma 4.1  Let f be as in Theorem 3.9. Let K € Ey be a subfield such that Fy ¢ K.
Then, p ({p € P: C(p, f) € K}) = 6p ({p € P: Q(C(p, f)) = K}) = 0.

Proof Since Fy ¢ K, we get {p eP:C(p,f)e K} c {p €eP:Fs¢ Q(C(p,f))}.
The proof now follows from Corollary 3.11. |

Let IV = {y1,...,y,} be a subgroup of the inner twists I" associated with f. Let
¥,,, ..., ¥, bethe corresponding Hecke characters, and their ideal Hecke characters
¥),...,¥) can be thought of as characters on Gg. For each i € {1,2,...,r}, define

Hy, := Ker(¥;,) and set H" :=N!_, Hy, < Gp. Let K denote the fixed field of H' .
In particular, F ¢ Ky C F.

Lemma 4.2 LetT’, HF’, and Ky be as above. Then,

{p € P p splits completely in Ky } = {p e P: ¥, (p) =1, Vy e r'}.
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Proof Letm =[Kyw :F].
{p € P: p splits completely in K }
={peP: p=pp;...py for prime ideals p; in Ky with1< j < m}
={peP: ¥, (pj)=1Vie{l,2,...,r}, Vje{l,2,...,m}}
={peP: ¥ (p)=1Vie{l,2,...,r}}.

This completes the proof of the lemma. ]

We are now in a position to compute the density of the set {p eP:C(p,f) e K} if
Ff ¢ K. The following proposition generalizes [KSW08, Corollary 1.3(b)] to primitive
forms.

Proposition 4.3  Let f € Sx(n, V) be a non-CM primitive form defined over F. For
any subfield K with Fy ¢ K € Ey, there exists a subgroup I'" of T such that K = EI; and

Op ({p €P:C(p,f) e K}) = [KHI{,:F]'

Proof  Since Ef/Fy is Galois, there exists I'" ¢ T" such that K = E;'. Hence,

{peP:C(p.f) €K} ={peP:y(C(p,f)) =C(p, f) forally eI}
={peP:¥;(p)C(p,f) =C(p, f) forally e T'}.
Since 0p ({p eP:C(p,f) = 0}) = 0 (cf. [DK20, Theorem 4.4(1)]) and by Chebotarev
density theorem, we have
dp ({p €eP:¥ (p)C(p,f) =C(p, f) forally e F'})

:5D({peP:‘I’y*(p):lforallyeF’})
1

_ dp ({P € P : p splits completely in KHFI}) = ﬁ
HY ¢

Lemma (4.2)

This completes the proof of the proposition. ]

The following corollary is an application of Proposition 4.3 and an analog of
[KSW08, Corollary 1.4].

Corollary 4.4  Let f, K be as in Proposition 4.3 and K = E;' for T’ < T. Then,

8o ({p e P:Q(C(p. f)) = K})
=0p ({peP: ¥ (p) =1 VyeI and ¥ (p) #1, Yo e T~ T"}).

These results illustrate that the Dirichlet density of p € P such that Q(C(p, f)) = K,
with Fy € K ¢ Ey, is determined by the inner twists of f associated with K.

Acknowledgment The authors are thankful to the editor for his constant support.
The authors are grateful to the anonymous referee for the valuable mathematical
suggestions and comments which improved our article substantially.

https://doi.org/10.4153/50008439522000558 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439522000558

598 N. Kumar and S. Sahoo
References

[BGG11] T.Barnet-Lamb, T. Gee, and D. Geraghty, The Sato-Tate conjecture for Hilbert modular
forms. J. Amer. Math. Soc. 24(2011), no. 2, 411-469.

[Car86] H. Carayol, Sur les représentations I-adiques associées aux formes modulaires de Hilbert
(in French) [On I-adic representations associated with Hilbert modular forms]. Ann. Sci.
Ecole Norm. Supér. (4) 19(1986), no. 3, 409-468.

[DK20] T. Dalal and N. Kumar, On non-vanishing and sign changes of the Fourier coefficients of
Hilbert cusp forms. Topics in number theory. Ramanujan Math. Soc. Lect. Notes Ser.
26(2020), 175-188.

[DDO06] L. Dieulefait and M. Dimitrov, Explicit determination of images of Galois representations
attached to Hilbert modular forms. ]. Number Theory 117(2006), 397-405.

[Dim05] M. Dimitrov, Galois representations modulo p and cohomology of Hilbert modular varieties.
Ann. Sci. Ecole Norm. Supér. (4) 38(2005), no. 4, 505-551.

[KSW08] K. T.-L. Koo, W. Stein, and G. Wiese, On the generation of the coefficient field of a newform
by a single Hecke eigenvalue. ]. Theor. Nombres Bordeaux 20(2008), no. 2, 373-384.

[Mar77] D. A. Marcus, Number fields, Universitext, Springer, New York-Heidelberg, 1977.

[Rib85] K. A. Ribet, On l-adic representations attached to modular forms. II. Glasg. Math. J.
27(1985), 185-194.

[Ser81] J.-P. Serre, Quelques applications du théoréme de densité de Chebotarev (in French) [Some
applications of the Chebotarev density theorem]. Publ. Math. Inst. Hautes Etudes Sci.
54(1981), 323-401.

[SW93] T. R. Shemanske and L. H. Walling, Twists of Hilbert modular forms. Trans. Amer. Math.
Soc. 338(1993), no. 1, 375-403.

[Shi78] G. Shimura, The special values of the zeta functions associated with Hilbert modular forms.
Duke Math. J. 45(1978), no. 3, 637-679.

[Tay89] R. Taylor, On Galois representations associated to Hilbert modular forms. Invent. Math.
98(1989), no. 2, 265-280.

[LMFDB] The LMFDB Collaboration, The L-functions and Modular Forms Database, 2021.
http://www.Imfdb.org [accessed September 7, 2022].

Department of Mathematics, Indian Institute of Technology Hyderabad, Sangareddy 502285, India
e-mail: narasimha@math.iith.ac.in  mal8resch11004@iith.ac.in

https://doi.org/10.4153/50008439522000558 Published online by Cambridge University Press


http://www.lmfdb.org
mailto:narasimha@math.iith.ac.in
mailto:ma18resch11004@iith.ac.in
https://doi.org/10.4153/S0008439522000558

	1 Introduction
	1.1 Structure of the article

	2 Preliminaries
	2.1 Notations
	2.2 Galois representations attached to f
	2.3 Inner twists and its properties

	3 Statement and proof of the main theorem
	3.1 Images of the residual Galois representations
	3.2 Key proposition in the proof of Theorem theorem23.1
	3.3 A result for primitive forms of weight k
	3.4 The proof of Theorem theorem23.1 with supporting examples
	3.5 Computation of some Dirichlet density for Ff

	4 Computation of the Dirichlet density for subfields of Ef

