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Abstract

Let {¢(2) : j = 1} be an orthonormal basis of Hecke-Maass cusp forms with Laplace eigenvalue 1/4 + t?.
Let A;(n) be the nth Fourier coefficient of ¢; and d3(n) the divisor function of order three. In this paper,
by the circle method and the Voronoi summation formula, the average value of the shifted convolution
sum for d3(n) and A;(n) is considered, leading to the estimate

Z dy(m)A;(n — 1) < X230+
n<X

where the implied constant depends only on #; and &.
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1. Introduction

Let I' = SL,(Z) be the modular group and let H denote the upper half-plane. Recall
that the non-Euclidean Laplace operator
0* 0*
A=y(35+ 55)
P 0y?
acts on L2(I'\H) and has a spectral decomposition
L*(T\H) = Co C(I'\H) @ ET\H).

Here, C is the space of constant functions, C(I'\H) the space spanned by Maass cusp
forms and E('\H) the space spanned by the incomplete Eisenstein series.

Let U = {¢;};>1 be an orthonormal basis of Hecke—Maass forms with Laplace
eigenvalues 1/4 + t}z in the space C(I'\H). Here, t|,1,,... are real parameters which
satisfy
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Every ¢; has a Fourier expansion

6/ = V¥ ) py (DA (WK, Qrlyle(x),

n#0

where p;(1) # 0, 1;(n) is the eigenvalue of the nth Hecke operator T),, e(x) = €™ and
K(y) is the K-Bessel function. Recall that 4;(n) satisfies the multiplicative property:

mn
A= Y (%)
d|(m.,n)
Furthermore, towards the Ramanujan conjecture, Kim and Sarnak [4] proved that

Ai(n) < n'/o%e,

By the Rankin—Selberg theory, it is well known that

DI <, x. (1.1)

n<x

Let d;(n) be the divisor function of order three, that is, the coefficient of n™* in the
Dirichlet series for 3(s). In this paper, we mainly focus on the shifted convolution
sum of ds(n) and A4 ;(n). We define

S@px)= > dsmajin-1).
x<n<2x

By the Voronoi summation formula for d3(n) and 4;(n) and the circle method, we get
the following result, which generalises and improves the result of Munshi [6], who
considered the same problem associated with the holomorphic Hecke eigenform.

Traeorem 1.1. We have
S(¢1,X) < X29/30+8,

where the implied constant depends only on t; and &.

For the holomorphic Hecke eigenform f(z) corresponding to the nth Fourier
coefficient A¢(n), Pitt [8] considered the summation

W(f,x) = )" ds(mAs(n— 1),
n<x
By analytical continuation of the Dirichlet series

o=y B ZD

nA
n=1

he proved that
\P(f, )C) < X71/72+£.
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Recently, with the help of an idea based on shifted convolution sums for GL(3) X
GL(2) [7], Munshi [6] improved the upper bound and obtained

\P(f, X) < X34/35+8.

Note that our improved bound is also valid for the holomorphic Hecke eigenform.
A new difficulty we meet in proving Theorem 1.1 is that the Ramanujan conjecture
for A;(n) has not yet been proved. This problem is circumvented by using the
estimate (1.1).

2. Outline of the proof

To prove the main theorem, we first give three lemmas. The first one is the Voronoi
summation formula for A;(n) given by Kowalski et al. [5], the second is the Voronoi
summation formula for d3(n) proved by Ivi¢ [2] and the third is a variant Jutila’s
version of the circle method.

Lemma 2.1. Let g be a positive integer and a an integer with (a,q) = 1. Let g be a
compactly supported smooth function on R*. Then

Z A; (m)e( ) (m) = Z A; (m)e(—%n)Gl(g) + :lzg/l'i(m)e(%n)Gz(;ﬁz)’
where @D

Gi(y) = fo g(0)Jy,(dm\xy)dx, Ga(y) = fo g(X) Ky, (4m \/xy) dx

with

Jy,(x) = (zn,(X) J2ir; (%)), Ky, (x) = 4y, cosh(nt;) Kair,(x)

sinm
and aa = 1 (mod q) and €4, = 1 or —1 according as ¢, is even or odd.

If g is supported in [AY, BY] (with 0 < A < B), satisfying y*g®¥(y) < 1, then, by
the asymptotic expansions of J,(z) and K, (z), the sums over m on the right-hand side
of (2.1) can be restricted to m < ¢*(gY)?/Y. By partial integration, the contribution
from the tails m > ¢>(¢Y)?/Y is negligibly small. Trivially, we have the bound
Gi(m/q*),Gy(m/q*) < Y.

A similar Voronoi-type summation formula for the divisor function ds(n) is as
follows.

Levma 2.2. Let f be a compactly supported smooth function on R, and f(s) =
fooo f(x)x* dx. Define

3(1+1+25)
3 -
Fa(y) = mf( 0 s 9 s
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Then

Z e ) = - fo " Pllogy.)f ) dy

2 55 ZZD3+(a q,n)F+( ) (2.2)

+ n=1

where P(y, q) = Ao(q)y> + A1(q)y + As(q) is a quadratic polynomial whose coefficients
depend only on q and satisfy the bound |A;(q)| < ¢°, and the D .(a, q; n) are given by

Z Z Z Z{ (bnl +cny + dn3 + abcd) e(bnl +cny + dnz — abcd)}'

nynan3=n q

Suppose that f is supported in [AX, BX] and x*f®(x) <, H*. Shifting the line
of integration for F.(y) to the right and integrating f(s) by parts, we see that the
sums over 7 on the right-hand side of (2.2) can be restricted to n < ¢*H(gX)?/X. The
contribution from the tail n > ¢*H(¢X)®/X is negligibly small. For smaller n, we shift
the contour left to o = & and we obtain the bounds F.(y) < X and y*F (ik)(y) < XH
(k=1).

For any set S C R, we use Iy to denote the indicator function of S, defined by
Is(x) = 1 for x € § and 0 otherwise. Let Q be a subset of [1, Q] with integer elements
(which we call the set of moduli) and let 6 be a positive real number in the range
07?2 < § < Q. Then we define the function

Igs(x) = 2oL Z Z [(a/q)-5,(a/q)+61(X)s

q€Q a mod g

which is an approx1mat10n for Tjo,1). Here, L = ¥ cq ¢(q) and the star over the sum
means that (a,q) = 1. For IQ’(;(X), Jutila [3] proved the following result.

LemMma 2.3. We have

1 Q2+£
11— Iq, s dx < =—
k ek
Proor oF THEOREM 1.1. Let A>1 and let 0 < W(x) <1 be a smooth function of
compact support on [1, 2], which is identically equal to 1 on [1 + 1/A,2 — 1/A] and
satisfies W (x) < A¥ for k > 0. Clearly,

S5 X)= 3 s in - nw(%)+ o(% + X;%)
n=1
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Let V(x) be a smooth function supported in [1/2, 3] satisfying V(x) =1 for x €
[3/4,5/2], VYV (x) <, 1, and put ¥ = X. Then

Zd3(n)/l (n—l)W( ) ZZd3(n)/l (m)W( )(%)5(n—1,m)

n=1 m=1

- f e(~x) Z d3(n)e(xn)W( )Z A (m)e(~ xm)V( )
where 6(m,n) = 1 if m = n and 0 otherwise. Suppose that |Q| > Q'~%, so that

L= ¢(q) > Zloglogq 0>

q€Q

Let 6 = Y~! and define

D:= f Igs(x)e(— x)ZaB(n)e(xn)W( )Z/l(m)e( xm)V( ) X.

Thus, 5
D= 21_6 y D(@)e(-a) da,
where
Dla) = 1 DI e(——)Z d;(n)e( )e(a/n)W( )
qu amod g s
x n; p j(m)e(—%)e(—am)V(g). (2.3)
Note that

D=D+0(D- D))

and that the error term satisfies

D d3(n)e(xn)W()n—()’ ‘Z A_,-(m)e(—xm)v(%)’u ~ Tas(0)ldx

l (o]
D - D| < f
0 =

« yU/2)+e

1 [os]
n .
> dsetmw (3 1 - Tastldx,
0 n=1
where we have used the bound (see Pitt [9])
Z /lj(m)e(—xm)V(%) < yl/2*e,
m=1
By Cauchy’s inequality and Lemma 2.3,

)
(U]

1/2+e Q2£

L Y
(;l_()‘“ — Igs(0)dx < X'17+¢ -
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where we have used

Ll'g d3(l’l)€(xn)W(%)'2 dx = gdi(n)w(%) < X',

Taking Q = YX~ /2% A = X” for any y > 0,
S(¢j,x) = D+ OX' 77+ 4 X372,
For D, we have the following result, which will be proved in the next section.

. 1
Proposition 2.4. Fory < 55,

D < X9/10+2y+s'

Hence, taking y = =, we finally complete the proof. O

30’

3. Proof of Proposition 2.4

Let
X
2(y) = V(%)e(—a/y) and  f(x) = W(})e(ax).
Inserting (2.1) and (2.2) into (2.3) gives exactly six terms. In fact, by the properties of

the functions G, Gy, D3 ., F. given by Lemmas 2.1 and 2.2, it suffices to investigate
the following two summations:

D=1 = S aims 06(%) [ Paog s as

qeQ m=1

and

Da(a) = Z ZMm)ZS*(mnq)Gl( )F(zs)

qu m=1

where S (1, m; q) is the Kloosterman sum and

S*(m, n: q) = Z* ( a+am) Z ZZZ (bn1+cn2+dn3+abcd)

a(mod q) nynan3z=n

To estimate D, (a), D (), we choose Q to be the product set Q;Q,, where
Qi =1{q; €[0:i,20i] | g;isaprime}, i=1,2.

Here, @ N @, =0 and Q,, O, satisfy 010, = Q, which will be chosen later.
In addition, the construction implies that L > Q*>®. For D;(a), recall that the
contribution of m > qz(qY)g /Y is negligible, so that

D) < + Z D, WmlgPd@Yx g + X7

qu m<(Q2Y¢/Y)
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for any B > 0, where we have used the Weil bound for the Kloosterman sum, namely,
S,m;q) < q'/2.
By Cauchy’s inequality, (1.1) and the choice of Q,

1+

Di(a) < < X3/4*e (3.1

For D,(a), we firstly estimate S *(m, n; ¢). Assume that ¢ = g,¢, with ¢; € Q;. Then

S*(m,n;q) = S*(m,n,q2;q1)S *(m,n, q1; q2)

with
q1-1 —3 ~ q
y —q2 a + qpam bn; + cny + dnz + abed
Sonnsan =5 Eremm) 3 5 E S )
a=1 41 ninan3=n b,c,d=1 0

To compute S*(m, n, q2; q1), we consider two cases: q; | n and g, 1 n. For the first case,
suppose that g; | ny; then

q1 q1 q1
bny + cny + dns + abed dn cn
bed=1 a1 o \q —\q

< q1(q1,n2n3)
by an elementary argument. Hence,
S'(m, q1n, 423 q1) < 43> (g1, W)ds(n).

For g, £ n, the sum over b, ¢, d is

q-1 qi-1 qi-1 —

b) (c) (b)(—nab) _
el — el—|= el — e =S, —-na; q).

a Z (611 Z q1 a Z q1 q1 e

b=1 c=1 b=1
nabc=—1(mod gq,)

Thus,
q1—1
S (m,n, q2;q1) = d3(n)q, e(

a=1

—%30 + gram

ﬁarmWn«@w%
q1

where we have used Corollary 4.3 of Adolphson and Sperber [1] to estimate the inner
sum. Similar bounds can be obtained for S*(m, n, ¢2; q2). Therefore,

n
me@<W%%%aMw for quln, g2 £ n,
n
S*(m, n; q) < q3/2q}/2(qz, 5)d%(n) for g, 1 n, q2|n,

n n
S*(m,n;q) < q3/2(q1, a)(qz, E)a’g(n) for q1|n, g;|n.
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Recall that the contribution of n > ¢>H(gX)?/X is negligible, so it suffices to consider

LZQ4 2, ym) > 0*? ymax{Q1, 0>}XY

qeQ m<Q?Y¢|Y n<Q3HX?[ min{Q,,0,}X
for (n,q) # 1. Cauchy’s inequality and (1.1) lead to the estimate
02 HX?
(min{Ql , 032 )
So, we obtain

3/2

D= > ZMWZdz(”)S“(m"@GI( :)r(5)

qu m=1
(n q) 1

X1+37+£
O(.—)’
min{Q;, 0,32
where M = Q2+5Y—1 — X27+8,N — Q3+5Hx—l — X]/2+4y+e and
* —a+a
Smmay= Y. o )51, - ).
a(mod q) q

Following the argument used above for S *(m, n; ¢), we can get an exact bound for
St(m, n; q) for (¢, n) # 1. So, the restriction (n,q) = 1 can be removed with the error
term unchanged. Define

3/2

Ds(a) = ’;LZ ZA(m)ZdZ(n)Sﬂ(mnq)Gl( ) (%)

qu m=1 n=1
By Cauchy’s inequality,
M2N

Diy(@) <« ———— Z Dy(a)"?,

G2€Q

where we have used the definition of L, Q and

Dm»ZﬂzﬁwMM%zﬂﬁ%)

m=1 n=1'¢q,eQ, 414> 919>

2

Let & be a nonnegative smooth function on (0, o), supported on [1/2,2N], and
satisfying h(x) = 1 for x € [1, N] and Fn®(x) < 1. By expanding the square for the
sum over ¢,

Du(a) <<ZM] Z Z Gl(%)é (~;n2)

m=1 q,€Q, §,€Q, 419>

g

X Z h()S*(m, n; q1q2)SHm, n; Z]lqz)F+(q3n 3
112

nez

(73)
g
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For the sum over n, we use the Poisson summation formula with modulus ¢,g,¢> to

get
1 M 1 m m
D) < _Z Z Z = Gl( 2 2)G'(~2 2)
92 330 geq gieq, 119 914> 919>
X ZT(m,n;Q1,511,Q2)I(n;41,f?1,£h),
nez
where
- - . an
T (m,n;q1,41,92) = Z Sﬂ(m,a;qchz)S“(m,a;qnqz)e( — )
a(mod q3142) q19192
and
~ X - X nx
T00:91.31.2) = f L e L e e [
R 919, 919, 919192
For |n| # 0,
X’Hq,§
I(n:q1,41.92) < %

by using the bounds F,(y) < X, yF,(y) < XH and partial integration. Trivially,
1(0:q1,31,92) < X°N.
For 7 (m,n; q,41,q>), following the argument of Lemmas 10 and 11 of Munshi [7],
we arrive at the following result.

Lemwa 3.1. For q, # G,

7 O( g2l n, ]/2) l n, 7 = 1’
T (m,n;q1,41,q2) = 4,74, "9, "(n,q2) if (n,q1q1)

otherwise.
For q1 = g1,

0@ g g )" if qiln,
0

T (m,n;q1,91,92) = { otherwise

Using these bounds for 7 (m, n; q1, 41, g2), L (m,n; q1, G1,q2),

- p ' Y ~
Da(e) < X?Y? Z Z{ Z nl’l'(m,n;qhthh)l + _QQ IT(m,O;ql,ql,qzﬂ}
q1€Q §1€Q; 1<|n|<X?015 n 1
+X°B
< X*YM(HQ] Q) + NOP),

where B > 0 is arbitrarily large. Finally,

B X1+.9YMN1/2Q2 X1+3y+s
Pola) < H'20* 05 + N'20) + <« XO/10+2y+¢
2@ o (rrere )+ oo
3.2)
provided that Q; = X'/1%%7, 0, = X*5y < -, Combining the estimates (3.1) and
(3.2), we finally complete the proof. |
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