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Abstract. In this paper we study a non-linear elliptic equation involving p(x)-
growth conditions and satisfying a Neumann boundary condition on a bounded
domain. For that equation we establish the existence of two solutions using as a

main tool an abstract linking argument due to Brézis and Nirenberg.
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1. Introduction. The goal of this paper is to establish the existence of solutions

for the Neumann problem

—div(|VulPM=2Vu) = f(u), for x € Q,

0
_uzo, for x € 992,
v

where @ ¢ RV(N > 3) is a bounded domain with smooth boundary, p € C(Q) with
1 < p(x) < Nforallx € Qandf : R — Risacontinuous function given by the formula

I\
|7]e= 1, for |z] < (5) ,
@) =

1
1\ a1
t—|t]* ', for |t — ,
I7| 0r||>(2>

where « is a positive real number.

The study of problems involving variable exponent growth conditions has a strong
motivation due to the fact that they can model various phenomena which arise in
the study of elastic mechanics (see [27]), electrorheological fluids (see [1], [5], [14],
[26]) or image restoration (see [4]). In what concern some recent studies on equations
possessing variable exponent growth conditions we refer to [10, 11, 16-23] and the

references therein.
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This paper is motivated by the studies in [17] and [18]. In [17] the following problem
is studied

—div(|VulP™=2Vu) = Alu|*2u+ Blu’"2u, for x € Q, )
u=0, for x € 922,
where p e C(Q) verifies p(x) > 1 for any x€ Q and 1 <a <infgp <supgp <
b < min{N, ]i,v_‘ﬁlff"ﬂ”p } and 4, B> 0. Using Ekeland’s variational principle and the
mountain-pass lemma, the author shows that for 4 and B small enough problem (2)
has two distinct solutions.
In [18] the following Neumann problem is analysed

—div(| Va2V ) + |[ulPD 2y = A(|u|?u — u), for x € Q,

ad 3
—u=0, for x € 092, ®
ov

where p € C(Q) verifies p(x) > N for any x € Q, A > 0 is a constant and g € C(RQ)
satisfies 2 < g(x) < inf g p(y) for any x € Q. For problem (3) the author proves the
existence of three solutions by using a result due to Ricceri [25].

In the present paper we continue the studies begun in [17] and [18]. Under suitable
conditions we will prove the existence of two solutions for problem (1) by applying
an abstract linking argument due to Brézis and Nirenberg [3]. More exactly, our key
argument will be the following theorem.

THEOREM 1 (Brézis—Nirenberg [3]). Assume X is a Banach space with the direct
sum decomposition

X =X @ Xy,

withdim X> < co. Assume J € C'(X, R)with J(0) = 0 satisfies ( PS) condition (i.e., any
sequence {u,} C X satisfying {J(u,)} is a bounded sequence in R and (J (uy,), v) < €,||v|lx
Jor any v € X, with €, — 0, has a convergent subsequence). Moreover, for a positive
constant R > 0, we have

Jw) >0, for all ue X| with ||lully <R,
Jw) <0, for allu € X, with ||lully < R.
Also assume that J is bounded below and inf y J < 0. Then J has at least two non-trivial

critical points.

2. Preliminary results. In this section we recall some background facts
concerning the generalized Lebesgue-Sobolev spaces 27(Q) and W!rM(Q), where
Q is a bounded domain in RV. We refer the reader to the book by Musielak [24] and
the papers by Edmunds [6-8], Kovacik and Rakosnik [15] and Fan [9, 12].

Throughout this paper we assume that p(x) > 1, p(x) € C(Q).

Set

C(Q)={h; he C(Q), h(x)> 1forall x € Q.
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For any h € C,(Q) we define

ht =suph(x) and h™ = insf2 h(x).
Xe

xeQ

For any p(x) € C.(R), we define the variable exponent Lebesgue space
[7Y(2) = {u; u is a measurable real-valued function such that / [u(x)[P™ dx < 00}.
Q

We define a norm, th so-called Luxemburg norm, on this space by the formula

|Ll|p(x) = inf " > 0; f
Q

We remember that the variable exponent Lebesgue spaces are separable and reflexive
Banach spaces. If 0 < |2| < co and p;, p, are variable exponents such that p;(x) <
pa(x) almost everywhere in  then there exists the continuous embedding 17>(Q) —
LPI(X)(Q).

We denote by I ®)(£2) the conjugate space of LZ®)(£2), where 1/p(x) 4+ 1/p'(x) = 1.
For any u € I’™(Q) and v € L ¥(Q) the Holder-type inequality

/ uv dx
Q
holds true.

An important role in manipulating the generalized Lebesgue—Sobolev spaces is
played by the modular of the L7¥)(Q) space, which is the mapping o, : I’¥(Q) — R
defined by

u(x) p(x)

u

dxfl}.

1 1
< (p_ + 17) |t4lpo V] o) @

Do) = f P dx.
Q

If (u,), u € LP™(R) then the following relations hold true

- +
[ulpey > 1 = |u|i(x) < ppo() < |u|£(x)’ (5

" _
|u|p(x) <1 = |u|£(x) =< pp(x)(u) =< |u|§(x)7 (6)
[y — tlpey = 0 & ppeo(Un —u) — 0. @)

Next, we define

’ d
whrt(Q) = {u e ’M(Q); a_u € [’Y(Q), forany x € {1, ..., N}} :

1

On WPM(Q) we consider the norm
lull = lulpe) + 1 [Vl |pe)-

We remember that (W!79(Q), || - ||) is a reflexive and separable Banach space.
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Set
Aw) = f (IVulP™ 4 [ufP™) dx.
Q
Then
lull” < AQw) < ull’", ¥ue WPOQ)with ul| > 1, (8)
lull” < AQw) < ull’, ¥ue WOQ)with ul| < 1, )
luy —ull > 0 & A(u, —u) — 0. (10)

Finally, we note that if s(x) € C(R) and 1 < s(x) < p*(x) for all x € Q then the
embedding WH"™(Q) — L*¥(Q) is compact and continuous, where p*(x) = N[Vf;fi )
if p(x) < N or p*(x) = 400 if p(x) > N.

3. The main result. In this paper we study the existence and multiplicity of weak
solutions for problem (1). We say that u € W'20)(Q) is a weak solution of (1) if

/ [VulPY2vuvv dx — /f(u)v dx =0,
Q Q

for any v € WHPY(Q).
The main result of this paper is given by the next theorem.

THEOREM 2. Assume the following inequality holds true

Np

N an

pt<a<

where a is given in the definition of f. Then problem (1) has at least two non-trivial weak
solutions.

We point out that in the context of Orlicz-Sobolev spaces a similar problem as (1)
was studied recently by Halidias and Le [13]. Our result is more general than the result
in [13] since the variable exponent Sobolev spaces are a special type of Musielak—Orlicz
spaces which generalize the Orlicz—Sobolev spaces.

4. Proof of Theorem 2. Let J: W'PM(Q) — R be the energy functional
corresponding to problem (1)

1
— p(x)
J(u) _/Q ( )|Vu| dx /QF(u)dx,

where F is a primitive of £, i.e.,

1 1 a—1
: —lma“, for |f] < (5)
F(r)=/f(r) dr=19+% B
0 £ e = for 1> (L)
2 a+1 ’ 2 ’

with D a positive constant such that F' is continuous on R.
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Standard arguments imply that J € C'(W!*¥)(Q), R) with
(J'(u), v) = / IVulPO=2vuVo dx — ff(u)v dx,
Q Q

for any u, v e W7™(Q). Thus, we observe that the critical points of functional J
correspond to the weak solutions of equation (1).

On the other hand, we point out that since p~ < p(x) for all x € €, it follows that
W@y c whr(Q).

Set

V' = {u € WLP’(Q);/ u(x)dx = 0}
Q
and
V=V nwhrtQ).

Clearly, V" is the topological complement of R with respect to W!» () and V is the
topological complement of R with respect to a subspace X of W70 (Q), i.e.,

whr(Q) =1V oR,
X=VaoRc wroQ).

The above considerations show that it is enough to find weak solutions for equation
(1) in the subspace X of W!7M(Q).

REMARK 1. We remark that using the Poincaré-Wirtinger inequality (see [2],
p. 194) we have

ulp- < C- I Vull,-, YueV, (12)

where C > 0 is constant.

Our idea is to prove Theorem 2 by applying Theorem 1. With that end in view, we
prove some auxiliary results which show that functional J satisfies the conditions from
the hypotheses of Theorem 1.

LEMMA 1. Assume that condition (11) is fulfilled. Then J is bounded from below and
infy J < 0.

Proof. Clearly, by the definition of function F we observe that F(¢) < 0 for ¢ large
enough. Since F' is continuous on R we deduce that there exists a constant k£ > 0 such
that

/F(u)dxfk, YuelX.
Q
Thus, we find
1 ;
J(u)z/—|Vu|1’("‘)dx—kz—k>—oo, YueclX,
o p(X)

or J is bounded from below.
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On the other hand, there exists a constant #; > 0 small enough such that
Jo F(1y) dt = [ ﬁtl"“ dt = $t1“+1|9| > 0. Using that fact we get

J(t)) < 0.

Since any constant function is an element of X we infer that infy J < 0. The proof of
Lemma 1 is complete. O

LEMMA 2. Assume that condition (11) is fulfilled. Then J satisfies the (PS)
condition.

Proof. Let {u,,} € X be such that
[J(un)l = M (13)
and

(' (un), @)| < €ll@ll, Vo€ X, (14)

where €, — 0.

We claim that {u,} is bounded in X. Arguing by contradiction and passing to a
subsequence, we assume that ||u,|| — oo and |ju,| > 1.

Set

Since {v,} is bounded in X and X is a reflexive Banach space we can assume that,
passing eventually to a subsequence, v, converges weakly to v in X. Next, since X is
compactly embedded in Z7™(Q) we infer that v, converges strongly to v in L7™(L).

By (13) we have

1

f —— |V, [P dx — / F(uy)dx < M. (15)
o p(X) Q

On the other hand, it is obvious that

! B £\
tp(«\)zpp.(_) , YVt>0,p>1, xeQ.
o

Choosing t = |Vu,(x)| and p = |ju,| > 1 we get,

p(x)

Vi, : :
Vb < Vi, Vxe @, (16)

[l

Using (16) we deduce that

1
—— |V, (x)PY dx < _
o p(x) [l 1P

/ L |Vt (x) P dx. (17)
o p(x)

Dividing (15) by |ju,||” > 1 and using (17) we obtain

1 Flu, M
/—|Vv,,(x)|”(x)dx§/ W) et V. (18)
Q Q

p(x) ll24 17 (4
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Next, we prove that

F
/ (un)i dx — 0. (19)
o llunll?

The definition of F implies that there exists a constant A, > 0 such that
F(t
L,)§0, Y |t| > M, ae xeQ.
[z[P

Hence

/ F(un)i dx < / F(”n)ﬁ dx +/ F(un)i |un(x)|if dx
o llunll? {xeQ|u, ()| <M} llea |17 {xeQ|u, (x)|> M} [t ()P (un|lP

F(u
< f (—")7dx.
velu, (o)< 1 ll?

The above results assure that (19) holds true.
By (18) and (19) we have

1
/ —— |V, PYdx — 0, (20)
o p(x)

which implies ||V v,y — 0. Since || () is (weakly) inferior semi-continuous, we find

0 < [[Vollp < liminf [[Vo, [y = 0.

Therefore Vu(x) = 0 a.e. x € Q which yields v € R. It follows that

nh»nolo IV(vy — v)”p(x) = nh»nolo ”an”p(x) =0. (21)

Relation (21) and the fact that v, converges strongly to v in L7®(€2) imply that actually
v, converges strongly to v in X. That fact combined with ||v,| = 1 shows that v # 0
and consequently |u,(x)] —> coasn — coa.e. x € Q.

Next, choosing ¢ = u, in (14) and taking into account that relation (13) holds
true, we find

/mwwmrﬂmmywmw+/wmmmkfﬁwawm
Q Q Q P(X)
<M-p 4ol

Dividing the above inequality by | u,|| we obtain

: n d =
()] el < ==

/ P~ F(un(X)) — f(un(X)) - tp(x) Mp™ + eullunl .
Q

Passing to the limit in the above relation we have

liminf [ Z-EW0D) =S @0) w0 e <o
n—oo Jo |un(x)|
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The above inequality and the Fatou Lemma imply

/ timing 2 F@n(x) — f (Un(x)) - tn(x)
Q

n—>00 |uan(X)]

“|vn(¥)ldx < 0. (22)

On the other hand, analysing the definition of functions f and F we deduce

)2 P e - 2 a+1
_ — — —|t — D—t t
P FO—for . 2 gy e +
11m _— 11m

li]—o00 || oo |2]

=00,
since by relation (11) we have a + 1 > p~. It follows that there exists a constant « > 0
such that
“F()—f(nt
i PO SO

|t]— o0 |l|

> 0.

The above inequality, relation (22) and the fact that |u,(x)| — coasn — coa.e. x € Q
imply

f lv(x)|dx < 0.
Q

But v # 0 is a constant function as we have already noticed and that is a contradiction
with the above relation. In this way we have proved that {u,} is bounded in X. Then there
exists # € X such that u, converges weakly to #in X. Since X is compactly embedded in
any L*™(Q) for any s € () with 1 < s(x) < (Np~)/(N — p~) for all x € Q we deduce
that u, converges strongly to u in L*¥(2). That information and the form of f and F
imply that

Iim | f(u,)(u, —u)dx =0.
n—oo Q

In order to prove that u, converges strongly to u in X we choose ¢ = u, — u in (14).
This yields

/ (Vi "2V, — |VulPO"2Vu)(Vu, — Vu) dx
Q

< / o)t — l dx + ety — ull +
Q

/ IVulPO 2V u(Vu, — Vi) dx
Q

All the above pieces of information show that

— 0.

/ (IVu P92V, — |VulP™=2Vu)(Vu, — Vu) dx
Q

The last relation, the fact that u, converges strongly to « in /() and Theorem 3.1
in [10] imply that u, converges strongly to u in X, i.e., J satisfies the (PS) condition.
The proof of the lemma is complete. O

LEMMA 3. Assume that condition (11) is fulfilled. Then there exists p > 0 such that
forallu € V with |lul| < p we have J(u) > 0 and J(e) < 0 for all e € R with |e| < p.
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Proof. We choose u € V' with |u|| = p, where p is small enough and will be
specified later. The definition of F and relation (11) imply that for all € > 0 there exist
8 > 0and y > 0 such that

F(y<eltf", V)i <6, aexe
and
F(ty<eltf” +y|f1*t, V] eR, aexeQ. (23)

Since p~ < p(x) forall x € Q we have that L’™)() is continuously embedded in L7 ().
Thus, there exists ko > 0 such that

luly- < kolulpry, ue€ LPM(RQ).

Assuming ||lu|| < 1 it follows || Vul|,) < 1. Hence by (6) we deduce that

/ —|Vu(x)|”<*> dx > —||Vu||pm > Clvull. (24)
Inequalities (12) and (24) imply
(—)IVu(x)Ip(‘) dx = Clull,, o (25)
Relations (23) and (11) yield
[ Fdx < e+ miz) < ealully,- g + vl g, 6)

where y; and y; are positive constants.
Choosing ¢ small enough and using relations (25) and (26) we obtain

1
iy — IS 27

J(w) = Cllul”,
Relations (27) and (11) show that there exists 6 > 0 such that
Jw) =0, YueV with|lull - g <.
Since V ¢ X ¢ Whr™(Q) c W (Q), there exists Cy > 0 such that
lull i@y < Collull, VuelV.
Taking p > Osmallenough, ||u|| < pimplies ||u/| wir (o) < 0, forallu € V and therefore

Jw)>0, VYueV with|u| <p.

Finally, for ¢ € R considering the constant function which belongs to X we have
J(@)=— fQ F(t) dx. But F(t) > 0 for |¢| small enough. It follows that for # € R small
enough we have J(¢) < 0. The proof of the lemma is complete. |

PROOF OF THEOREM 2 COMPLETED. By Lemmas 1, 2 and 3 we remark that the
hypotheses of Theorem 1 are fulfilled. Thus, we conclude that problem (1) has two
non-trivial weak solutions. Theorem 2 is verified. |
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