
A C O M M U T A T O R F O R M U L A F O R A P A I R OF SUBGROUPS AND A 
T H E O R E M OF B L A C K B U R N 

T s i t - Y u e n L a m 

L e t G = K (G) D K (G) D . . . D K (G) . . . b e the l o w e r c e n t r a l 
1 — 2 "" — n 

s e r i e s of a g r o u p G , w h e r e K (G) = [G, G] and i n d u c t i v e l y 

K (G) = [K (G) , G] . A t h e o r e m of B l a c k b u r n ([1], H i l f s s a t z ) s t a t e s 
n+1 n 

t h a t 

T H E O R E M 1. The exponen t of K J (G) / K (G) d i v i d e s the 1 n + ^ n + 2 

e x p o n e n t of K (G) / K tt (G) . 
' n n+1 

In t h i s no te we s h a l l e s t a b l i s h 

T H E O R E M 2 . L e t G , G b e s u b g r o u p s of a g roup G, and 

L = [ G , , G J . Def ine L. = G. C\ L , G.» = [G. , G.l and e. = e x p . ( G . / G . f -L . ) , L 1 2 J i l l L l i J l i l l 

(i = 1 , 2 ) ; t hen for e = ( e , e ) ( the g r e a t e s t c o m m o n d i v i s o r of e and 

e ) we h a v e 

L = [ G 4 . G 2 ] e ç t L , < G 1 > G 2 > ] 

w h e r e ( G , G S d e n o t e s the s u b g r o u p of G g e n e r a t e d by G and G . 

We c l a i m tha t T h e o r e m 2 i m p l i e s T h e o r e m 1 . Indeed s u p p o s e H 
i s a n o r m a l s u b g r o u p of G and let u s apply T h e o r e m 2 wi th G = G and 

G = H. T h e n c l e a r l y 

L d = L 2 = [ G , H ] = L . 

A l s o e = e x p . (G/ G' ' [G , H]) = e x p . (G/G») and e = e x p . (H / [G , H]) . 

We h a v e t h u s p r o v e d : 

C O R O L L A R Y . Jf H AG , t h e n the e x p o n e n t of fG , H] / [G , \G , H]] 
d i v i d e s b o t h 

(1) the exponent of G/G' 

(2) the exponent of H / [G , H ] . 
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In par t icular if there is no common divisor for the three integers 

[ G , H ] / [ G , [ G , H ] ] | , | G / G ' | , | H / [ G , H ] 

then [G,H] = [ G , [ G , H ] ] . 

If we set now H = K (G) , then [G , H] = K ..(G) and 
n L n+1 

[G , [G , H] ] = K (G) , so the second par t of the corol lary reproduces the 

theorem of Blackburn. 
F r o m the corol lary, it follows trivially, for example, that for 

G = S , S (and of course the other symmet r ic groups), A , or | G | 

square free, K (G) = K (G) = . . . 

Proof of Theorem 2. We f i rs t r eca l l that L = [G, , G 1 is normal in 
1 2 

{G , G ) . Replacing G by ( G , G ) we may suppose, from now on, 
that L and hence W = [L,, {G , G y ] = [L , G] a re normal in G . Write 

L = L IW . For x, in G, consider a map 6(x, ) : G^ -+• L defined by 
1 1 1 2 

(p(x )) (x ) = [x , x ] W e L. . In vir tue of the formula 

_1 
[ x , yz ] = [ x , z ] • z • [ x , y ] 

p (x ) is a homomorphism. This homomorphism clear ly vanishes on 

G O L = L, . Moreover it vanishes on G ' since the range L is abelian. 

(3(x ) thus induces a homomorphism G / G ' . L. -*• L which we again 

denote by (3(x ) . Now using the formula 

_1 
[xy , z] = y • [x, z ] .y . [y , z] 

we see that 6 :G, -> HomjG / G ' »L , L) , sending x, to Rjx, ) , is 
1 2 2 2 1 1 

again a homomorphism. This likewise induces an element 

p G Hom(G1 / G ^ • Ld , Hom(G2 / G^ • L^ , L)) = X . 

The exponent of the group X clear ly divides both et - exp.(G i / G ' - L . ) 
1 1 1 1 

and e = exp. (G / G ' • L ). Consequently p e = 1 where e = (e , e ). 2 2 2 d, i c . 
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This means that [x. , x 1 e W for all x, in G, and all x^ in G . and L 1 2 1 1 2 2 
g 

hence that [G , G ] C W, which is the desired conclusion. 
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