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SOME REMARKS ON THE NIJENHUIS TENSOR 

A. P. STONE 

A differential form a of degree r on an n-manifold is exact if there exists a 
form ft of degree r — 1 such tha t a = d/3 and is closed if da = 0. Since d-d = 0 
any exact form is closed. T h e Poincaré lemma asserts t h a t a closed differential 
form of positive degree is locally exact. There is also a complex form, proved 
by Cartan-Grothendieck, of the Poincaré lemma in which the operator d has 
a decomposition into components d and 5. In this paper a Poincaré lemma is 
established for an operator dh, where h is a nonsingular vector 1-form with 
vanishing Nijenhuis torsion [ h , h ] . T h e operator dh is an anti derivation of 
degree one and it reduces to d when h is the identi ty on differential forms of 
degree one. T h e main result (Theorem 3.5) s tates t ha t if h is any nonsingular 
vector 1-form whose Nijenhuis tensor [ h , h ] vanishes identically, and if 
dha = 0 for any differential form a of degree r, then locally there exists a 
differential form fi of degree r — 1 such t ha t a = dh(3. In section 4 some 
applications involving conservation laws and almost complex s tructures are 
discussed. 

I t should be noted tha t the vanishing of [ h , h ] is a condition which has 
appeared in various integrability problems on manifolds. A list of some of 
these problems would include the s tudy of almost complex and complex 
manifolds, Kafiler manifolds, G-structures, Sasakian structures, and/ -s t ruc tures . 

T h e operator dh is an example of a derivation of " t ype d*\ These deriva­
tions were studied by A. Frôlicher and A. Nijenhuis in [1], which deals with 
the theory and basic properties of vector valued differential forms (i.e. differ­
ential forms whose values are tangent vectors) . In their paper the theory is 
developed by star t ing with the graded ring <ï> of C°° differential forms (scalar 
forms) over a C°° manifold. The ring is commutat ive in the sense t ha t <pp A \pq = 
{ — \)vq\pa A <pp, where the subscripts denote the degrees of the elements. T h e 
subring <ï>0 of elements of degree zero consists of the C° functions. Vector forms 
then arise in connection with derivations in <ï>. A mapping D : $ —> <ï> is a 
derivation of degree r if D($P)(Z %+r and D(<p + \p) = D<p + D\j/. Their 
analysis showed t ha t there are two special kinds of derivations, namely those 
of " t y p e i*" and those of " type d*\ and every derivation of degree r is a sum 
of derivations of these two types. A derivation D of type d* is determined by 
its action on $0 , and the requirement t ha t Dd = ( — l)rdD. Examples of 
derivations of type d* of degree one are exterior differentiation dy and the 
operator dh which is defined in the next section. T h e Lie derivative provides 
an example of a derivation of type d* and degree zero. 
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2. Preliminaries. Let M be a C° manifold of dimension n and A the ring 
of C° functions on M. The module of C°° differential forms of degree p on M 
is denoted by Ap<f and so A°<f = ^ and A 1 ^ = <f. A C°° vector 1-form h on M 
is an element of Hom i ( ( f , <^). The vector 1-form h induces homomorphisms 
h<*\p = 0, 1, . . . , g , 

A*<f < ^ _ A*<f 

which are defined (as in [5]) by the equations 

(2.1) A ^ V A . - . A ^ ) 

= / _ p\\p\^ k l lh^rd) A . . . A h^T(p)} A <PHV+D A . . . A ^ M 

where <̂ i Ç $, ir runs through all permutations of (1, 2, . . . , g), and the 
signature of -K is denoted by |7r|. The transformation hw is the identity on 
A2<^\ Observe that h{l) defines a derivation and note also that for q = 2. 

hœ(<pi A ^2) = h<£i A <P2 + <pi A h<£>2, 

/*(2)(<Pi A ^2) = h<pi A h<^2. 

The operators h^p) can be expressed in terms of h(1\ h(2), . . . , &(p_1) by 
the formula 

(2.2) [(Ap)<« - (h?-lYl)¥l) + . . . + ( - l ) * - 1 ^ 1 ^ " 1 ^ 

fO, £ > g 
(-îy-ïph^P, p S q {*. 

where /3 Ç A5<^. Formula (2.2) is established in [5]. Note that the case p = 2 
is simply the statement that (Ji2){1) — hœh{1) = — 2hi2) on g-forms, when 
q ^ 2. 

It is not difficult to prove that 

(2.3) det[h(p)] = (det [h]) G - l } 

where 1 ^ p ^ n and where hiP) in formula (2.3) is interpreted as an operator 
on £-forms. In particular, Nv) regarded as an operator on ^-forms is invertible 
if and only if h is invertible. 

The Nijenhuis tensor [h,h] of h can be defined on ^-forms a by the equation 

(2.4) [h,h]a = -h™da + h™dh™a - d(h™ + (h2)^)a. 

Observe that if p = 1, and <p £ <f, then [h, h]<p = -h^dcp + h™dh<p - dh2<p, 
which is the usual expression for [h, h] on 1-forms. It is not hard to establish 
that 

(2.5a) [ h , h ] f e A iM = [ h , h ] ^ A *< + ( - l ) V , A [h, h ] ^ 

(2.56) [ h , h ] / ^ = /[h,h]*>Pf 
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for any <pp Ç Apé>
1 \(/q Ç Aff< ,̂ f £ A. Thus [h,h] is a derivation (of degree 1) 

and is an element of Hom^(Ar(^, Ar+1(f ). 
An operator dJl:A

p(o> —» Ap+1(^ may be defined by setting 

(2.6) djfit = &(1)da - dA<»a 

for any a G Ap<^, and any non-negative integer p. In particular, if / £ A 
then da/ = h d / . Observe also that d7 = d, where I is the identity on (f. 

The following propositions are easy to establish by direct calculations. 

PROPOSITION 2.1. The operator dh is an anti-derivation of degree 1. 

PROPOSITION 2.2. d[h,h] + [h,h]d = dhdh. 

A ^-forrn a is said to be h-closed if dha = 0 ; similarly a is h-exact if there 
exists a p — 1 form 0 such that a = dhp. Hence, as a consequence of Proposi­
tion 2.2, if [h, h] = 0 any h-exact form is h-closed. 

3. A Poincaré lemma for dh. It is clear from the definitions (2.4) and (2.6) 
of [h, h] and dh that the Nijenhuis tensor can be written in the alternative form 

(3.1) [h ,h> = -h^da + dhh™a + dh™a 

for any a £ Av(o . In particular, if p £ $ then equation (3.1) can be written 
as [h,h]p = —W2)d<p + dhh<p. 

The relationship between closed forms and h-closed forms (degree 1) is 
expressed by the following proposition. 

PROPOSITION 3.1. Let [h,h] = 0 and supposeh is non-singular. A differential 
form <p (z $ is closed if and only if h<p is h-closed. 

Proof. If <p is closed, then equation (3.1) implies dhh(p = 0. Conversely, if 
dhh(p = 0, then h^2)d<p = 0 and since h^2) is invertible on 2-forms <p is closed. 

A special case of the main result (Theorem 3.5) is the following theorem, 
which is proven here to illustrate the idea of the proof of the main theorem. 

THEOREM 3.2. Let [h,h] = 0 and suppose that h is non-singular. If dh(p = 0 
for any <p Ç S then locally there exists a function f £ A such that <p = dhf. 

Proof. If dh<p = 0, then /z(2)dh~V = 0 a n d hence there exists a function 
/ £ A such that h~x<p = df. Thus <p = hdf = dhf and the theorem is established. 

An operator jh, h} which takes ^-forms into (p + 1)-forms is defined by 
setting 

(3.2) {h,h}o: = -h<*+»da + dhh^a 

for any a 6 KPê. Observed that {h,h}/o: = / } h , h } a for any f £ A, and 
moreover that {h,h} = [h,h] when p = 1. The following lemma relates 
{h,h} to [h,h] when p > 1. 
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LEMMA 3.3. For p = 1,2,... ,n, and <p, 6 $, 1 ^ i ^ p, 

(3.3) i h , h | ( P l A . . . A <PP) 
V 

= X ( - l ) î _ 1 h ^ i A . . . A h<^_iA[h, h]<^ A h<^+i A . . . A h<pp. 
i=i 

Proof. The formula (3.3) is established by a direct computation. From 
equation (3.2), 

{h,h}(<^i A . . . A <pv) 

= -h^+vdivi A . . . A <pv) + dnh^iv! A . . . A <pp) 

= ( — Wv+l)[d<pi A <P2 A . . . A <pp — <PI A d<p2 A . . . A <pp A + A . . . A + 

+ ( - l ) ^ V i A . . . A <PP-I A d<pp]) 
+ dh(h(pi A h<p2 A . . . A h^p) 

= (-W2)dyi A h< 2̂ A . . . A hcpp + h<pt A /* (2)^2 A h< 3̂ A . . . A h<pp - . . . 

+ ( - l ) ^ h ^ i A . . . A h(pp_i A d<pp) + (dAh^i A h^2 A . . . A h<pp 

— hcpi A dhh<p2 A h^ 3 A . . . A h<^ + . . . 
+ ( - l ^ h ^ i A . . . A h ^ _ i A dhh<pp) 

= [h,h]<p! A hcp2 A . . . A h<^ - h<pi A [h ,h]^ 2 A . . . A h<pQ + . . . 

+ ( - l ^ h ^ i A . . . A h ^ _ ! A [h,h]cpp. 

COROLLARY. If [h,h] = 0, / t o {h,h} = 0. 

The proofs of the following proposition and theorem are a consequence of 
the preceding corollary and they parallel the proofs of Proposition 3.1 and 
Theorem 3.2. The fact that h{p) is invertible on £>-forms if and only if h is 
invertible on 1-forms is also needed in the proofs. 

PROPOSITION 3.4. If [h,h] = 0 and h is non-singular, then a is a closed 
p-form if and only if h{p)a is h-closed. 

THEOREM 3.5. Let [h,h] = 0 and suppose that h is non-singular. If dha = 0 
for any a G Ap(f, then locally there exists a form (3 G Ap~1(f such that a = dh/3. 

Proof. It is clear that if dha = 0, then there exists a form X G A?~l<o such 
that a = h™d\. Thus if 0 = h<p-»\, then 

a = h™d\ = dh¥
p-»\ = W»dWp-»\ - dh™h<*-»\ 

= h™dp - dh^p = dh(3 

and the theorem is established. 

4. Applications. The first application concerns the notion of conservation 
laws on a manifold. A 1-form <p G £* is a conservation law for h if both <p and 
h<p are exact (see [4]). This definition of a conservation law on a manifold can 
be related to the notion of a conservation law in the sense of physics. The 
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following proposition gives an equivalent definition of a conservation law for 
h in terms of the operator dh. 

PROPOSITION 4.1. Let [h, h] = 0 and suppose that h is non-singular. A 1-form 
<p is a conservation law for h if and only if dh(p = dhh(p = 0. 

Proof. If (p G <s is a conservation law for h, then formula (2.4) implies 
dh V = 0. Thus dip = dhcp = dh2<p = 0 and hence dh<p = dhh<p = 0. Conversely 
if dhh<p = 0, then hi2)dp = 0 and hence <p is locally exact. The condition that 
dh(p = 0 then implies \\<p is also locally exact. 

Note that if cp is a conservation law for h, so are the forms hV for any 
positive integer i and hence dJ iV = 0. This fact results from a repeated ap­
plication of formula (2.4). 

An almost complex structure is defined if h satisfies the condition h2 = — / , 
where I is the identity on 1-forms. A second application provides an alterna­
tive characterization of the integrability of an almost complex structure h. 
Since [h,h] = — hi2)d + dhh, the condition that h2 = —I yields the formula 
(on 1-forms) 

(4.1) (h,h] = %{dji-h™dh + d}. 

Thus if <p is a conservation law for h, [h,h]p = 0. 

PROPOSITION 4.2. Leth2 = —I; thenh defines a complex structure if and only 
if there exists a basis of conservation laws for S. 

Proof. If a basis of conservation laws exists then equation (4.1) implies 
[h,h] = 0. Conversely, if [h,h] = 0 then the almost complex structure h is 
integrable and hence there exist coordinates (x1, . . . , xn, y1, . . . , yn) such 
that \\dxl = —dyi and hdyi = dx\ i = 1, 2, . . . , n, and consequently 
(dx1, . . . , dxn, dyl, . . . , dyn) is a basis of conservation laws. 
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