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Abstract

We study the residual finiteness of free products with amalgamations and H N N-extensions of
finitely generated nilpotent groups. We give a characterization in terms of certain conditions
satisfied by the associated subgroups. In particular the residual finiteness of these groups implies
the possibility of extending the isomorphism of the associated subgroups to an isomorphism of
their isolated closures in suitable overgroups of the factors (or the base group in case of HNN-
extensions).
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Introduction

A group G is called residually finite (%% ) if the intersection of all normal
subgroups of finite index in G is trivial. If one considers generalized free
products G = (K x L|{A = B, ¢) (HNN-extensions G = (¢, K|At = B, ¢))
the problem is to find conditions on the constituents of these constructions,
thatis, K,L, A, B, ¢ (K, A, B, ¢) such that the group G is residually
finite. G. Baumslag in [3] gives a sufficient condition for the amalgamated
free product G = (K * L|4 = B, ¢) to be residually finite (Proposition 2 of
[3]) and applies it to the case where K and L are finitely generated torsion
free nilpotent groups.

In [1], in the case where, in the H N N-extension G = (¢, K|t‘1At =B, ¢},
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the base group K is a finitely generated abelian group, a simple necessary
and sufficient condition for the group G to be residually finite was given. In
the present paper we generalize the results of [1] to the case where the base
group is a finitely generated nilpotent group.

M. Shirvani, in [8] and [9], gives a necessary condition for an amalga-
mated free product or an H N N-extension to be residually finite in the case
where the factors of the amalgamated free product or the base group of the
H N N-extension satisfy a non-trivial law. Here we give an independent proof
of these results of Shirvani in the special case, where the factors of the amal-
gamated free product or the base group of the HN N-extension are finitely
generated nilpotent groups.

The concept of filtration (Definition 4 below) was introduced by G. Baum-
slag in [3] and used to prove that the existence of a suitable filtration implies
the residual finiteness of the amalgamated free product of residually finite
groups. Here we prove that the existence of suitable filtrations depends upon
internal conditions satisfied by the groups (factors, base group, associated
subgroups and @) which take part in the relative constructions.

Our main results are contained in the following Theorems:

THEOREM 4. Let K, L be finitely generated nilpotent groups, A < K,
B <L and ¢: A — B an isomorphism. The free product G = (K x L|4 =
B, ¢) of K and L with amalgamated subgroups A and B is residually finite
if and only if there exist torsion-free normal subgroups N < K and M <« L
of finite index in K and L respectively such that (AN N)p = BN M and
ANN, BNM areisolated in N and M respectively.

THEOREM 5. Let K be a finitely generated nilpotent group, A, B proper
subgroups of K and ¢: A — B an isomorphism. The HN N-extension G =
(t, K |t_1At = B, ¢) of K with associated subgroups A and B is residually
finite if and only if there exists a torsion free normal subgroup N < K of finite
index in such K that (ANN)p =BNN and ANN, BN N are isolated in
N.

THEOREM 6. Let K and L be finitely generated torsion-free nilpotent
groups, A< K, B< L and ¢: A — B an isomorphism. Suppose that
there exists an (A, B, g)-filtration (N;, M,),., of the pair (K, L) such that
the subgroups N;, M, i € I, are of finite index in K and L respectively.
Then there exist finitely generated torsion-free nilpotent groups X and Y such
that K and L are subgroups of finite index in X and Y respectively, and an
isomorphism 0: i,(A) — i, (B) such that 0|A = @, where i,(A) and i,(B)
are the isolated closures of A and B in X and Y respectively.
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Theorems 4° and 5" are in some way parallel. So their proofs are similar
and we stress their common features and their technical differences.

Definitions and some known facts

In this section we give some definitions and elementary facts. For more
details we refer to [1] and [2].

DEFINITIONS. 1. Let G be a group and H < G. The subgroup H is called
isolated in G if whenever g” € H for g€ G and n€ N, we have g € H.
It is easy to prove that the intersection of a family of isolated subgroup in G
is also an isolated subgroup in G.

2. The intersection of all isolated subgroups in a group G which contain
the subgroup H is called the isolated closure of the subgroup H in G, and
it is denoted by i,(H) . Elementary facts and properties of isolated subgroups
are contained essentially in [7, Vol. II, §66] or in [2].

3. Let K, L betwogroups, A < K, B<L, ¢: A — B is isomor-
phism and N <« K, M « L. The pair (N, M) is called ¢g-compatible, if
(ANN)p=BnM. Let (N;, M,),., be a family of g-compatible pairs. It
is easy to see that the pair (¢, N;, ¢, M;) is p-compatible.

4. The family (N;, M;),., of g-compatible pairs is called an (4, B, ¢)-
filtration of the pair (K, L) if (;,, N, =1, N;c; M; =1 and (\;;; N4 = 4,
ﬂiel M B = B. In the case where K = L and N, = M, i € I, the family
(N;);cs s called an (4, B, p)-filtration of K.

Let (N, M) be a p-compatible pair of the pair (K, L). Then the isomor-
phism ¢ induces in a natural way an isomorphism ¢*: 4/ANN — B/BNM .
Let » be the composition of the natural isomorphisms

AN/N - A/JANN - B/BNM — BM/M .
It is easy to see that (aN)g = apM . Soif G = (K+L|A = B, ¢) is the
free product with amalgamation of K and L with amalgamated subgroups
A and B, and (N, M) is a ¢-compatible pair; then we can define the free
product with amalgamation
G = (K/N « LIM|AN/N = BM/M , 9)

and the natural epimorphism 8: G — G which extends the natural epimor-
phisms K — K/N and L — L/M . Clearly Kerf = (N, M)G , the normal
closure of (N, M) in G.

Similarly, if G = (¢, K |t"'At = B, ¢) is the HN N-extension of the group
K with associated subgroups 4 and B and N is a g-compatible subgroup
of K, then we can define the HN N-extension

G=(t, K/N|t"'AN/Nt, = BN/N, 3)
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and the epimorphism 0: G — G, where t0 =t, and k6 = kN for k€ K.
It is easy to see that Kerd = N G,

Necessary and sufficient conditions for the residual finiteness
of certain groups

LEMMA 1. Let G =(K*L|A=B, @) be the free product with amalgama-
tion of K and L with amalgamated subgroups A and B, (N;, M}),., an
(A, B, o)-filtration of the pair (K, L) and for each i €I,

G, = (K/N,* LIM,|AN,/N, = BM,/M,, 9,)

the corresponding induced free product with amalgamation. If each G, is
RF , then G is AF .

PrOOF. See the proof of the Proposition 2 of [3].

LEMMA 1'. Let G = (t, K|t 'At = B, ¢) be the HNN-extension of K
with associated subgroups A and B, (N,),., an (4, B, ¢)-filtration of K
and for each iel,

-1
G,=(t;'AN,/N,t, = BN,/N,, 9,)

!

the corresponding HN N-extension. If each G, is RF , then G is ZF .
ProOoF. This is Lemma 1 of [1].

LEMMA 2. Let G =(K+L|A = B, ¢) be the free product with amalgama-
tion of the finitely generated nilpotent groups K and L with amalgamated
subgroups A and B . Ifthe group G is RZF , then there exists an (A, B, ¢)-
filtration (N;, M),c; of the pair (K, L) such that N; a4, K, M; <, L,
iel.

(The symbol <, means “is normal and of finite index in”.)

PrOOF. Suppose that the group G is #£F . Let (G)),, be the family of
normal subgroups of finite index in G. Then (;,,G;=1. Let N, = KNG;
and M;=LNG;, i€l. Then N; <, K, M; <, L and (\;; N, =y, M; =
1. Since a=a¢p, ac A in G, we have

ANN,=ANKNG,=ANG,=BNG,=BNLNG,=BNM,.

So (ANN)p=BNM,, icl.Also (|, ;NA=A and N,,; M;B=B.In

i iel iel
fact, if A\ A and L\BUy,(L),then, g=[y,x,..., X 1,
act,if x € ;, A\ 4 and y € L\BU,(L), then, g =[y, X, ..., x] #

iel
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where r is the nilpotency class of L. But in the free products with amalga-
mation G; = (K/N;* L/M|AN,/N, = BM,/M,, ¢,) we have

80,=yM;, xN;, ..., xN]}=DM,, xoM,, ..., xpM]=1 foralliel.

So g € ;e Kerd, =N, (N, Mi)G < ;e G; =1, a contradiction. So the
family (N;, M;),., is an (4, B, g)-filtration of the pair (K, L) such that
N, 9, K, M« L, i€l.

LemMMA 2. Let G = (t, K|t™'4t = B, p) be the HN N-extension of the
finitely generated nilpotent group K , the associated subgroups A and B being
proper. Suppose that the group G is HZF . Then there exists an (A, B, ¢)-
filtration (N,),c; of K such that N, <K, iel.

ProOOF. As in the previous Lemma, since the associated subgroups are
proper subgroups of K, we can prove that if (G,),., is the family of normal
subgroups of finite index in G, then the family N, = KNG,,| i€l isan
(4, B, g)-filtration of K such that N, <y K,iel.

COROLLARY 2.1, Let G=(t, K|t_1At = B, ¢} be the HN N-extension of
the finitely generated nilpotent group K . If the associated subgroups A and
B are proper subgroups of K and B < A (or A < B), then the group G is
not ZF .

PrOOF. Let B< A. If G were £F ,then 4 =)
(Lemma 3 of [8]), a contradiction.

NA=(,,;NB=8B

iel iel

The assumption, in the corollary above, that the subgroups 4 and B are
proper subgroups of K, is necessary, since if K = 4 we have:

PRrOPOSITION 3. Let K be a finitely generated nilpotent group without ele-
ments of finite order, B < K and ¢: K — B an isomorphism. If
G=(K |t"1Kt = B, ¢) is the corresponding HN N-extension, then G
is BF .

ProoF. Every element g of G is of the form g = t*kt™", k € K,
u,v € Z*. The homomorphism f: G — (d) ((d) is the infinite cyclic
group) which sends ¢ to d and K to 1 has Ker f = K ¢ . So we can suppose
that ge K ¢ and, without any loss of generality, g € K. By Proposition 2.2
of [2] there exists a prime p such that K” NB = B” and Nn K” =1 (K is

torsion free). So for each i, the subgroup K’ s p-compatible. Therefore

ieN
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we can define the HNN-extension G, = (¢, K| |t_1K t; = B;, ;) where
K,=K/K” , B, = B/K” nB = BK” /K" . Each G, is %% , so the group
G is £F , since for g € K we can find an integer i such that g ¢ K”i
N, K7 =1).

THEOREM 4. Let G = (K x L|4 = B, ¢) be the free product with amal-
gamation of the finitely generated nilpotent groups K and L with amalga-
mated subgroups A and B. The group G is EF if and only if there exists
an (4, B, ¢)-filtration (N;, M,),, of the pair (K, L) such that N, <, K,
M, L, iel.

Prookr. This is a combination of Lemmas 1 and 2, since the free product
with amalgamation of finite groups is #Z¥ (Theorem 2 of [3]).

THEOREM 5. Let G = {t, Klt_lAt = B, ¢) be the HN N-extension of the
finitely generated nilpotent group K , the associated subgroups A and B being
proper. The group G is BF ifand only if there exists an (A, B, ¢)-filtration
(N)ie; of K such that N, <K, iel.

PROOF. As above, this is immediate from Lemmas 1’ and 2’ since an
H N N-extension of a finite group is %% (Theorem 3.1 of [4]).

In the above two Theorems we give a necessary and sufficient condition
for the residual finiteness of free products with amalgamation or HNN-
extensions of finitely generated nilpotent groups. As we noted in the in-
troduction this condition was proved sufficient by G. Baumslag in [3] and
necessary by M. Shirvani in {8] and [9].

Using the fact that the groups we use for our contructions are finitely
generated nilpotent, we can give another formulation of Theorems 4 and 5.

THEOREM 4" . With the hypothesis of Theorem 4, the group G is EF if
and only if there exist torsion-free subgroups N « K and M « L such that
(ANN)p = BNM and ANN, BNM areisolatedin N and M respectively.

PrOOF. Suppose that the group G is £ . Then there exists an (4, B, ¢)-
filtration (N, ),GI of (K, L) such that N, <lfK and M; <, L, i€el.
Since ﬂlel =4 and 4 <, i (A4), there ex1sts iye€l such that N n
ad =9 for each proper coset of A in i (A). Therefore N Nig(4) < .
Similarly there exists M i, € (M,);c; such that M, i Ni (B) < B. Let N=
Ni)anonT, where T P G suchthat TNT, =TNT, =1,and T, T, are
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the torsion parts of K and L respectively. Similarly let M = MionM jonT.
Then (ANN)p = BNM and NNig(d) < A, Mni,(B) < B. But
iy(ANN)=NnNi(A4). In fact, if a€ NNig(A4),then a"€ 4, neN, so
a€iy(AnN) and NNig(A) <iy(ANN). Clearly i, (ANN) < NNig(4),
and finally i (ANN) = Nnig(4). Similarly i, (BNM)=MnNi (B). So
iy(ANN) = Nni (A)= ANN, i, (BNM)= Mni,(B) = BNM and ANN,
BN M are isolated in N and M respectively.

Conversely, if there exist N « K, M« L such that (ANN)p = BnM
and ANN, BNM areisolatedin N and M respectively, then there exists a

prime p such that ),y NP = Nien M? =1 (N and M are torsion-free).
Furthermore

(ANN" Yo = (ANNNN" Yo =(ANNY p=(BNM)’ =(BNnM)NM® =BnM" .
On the other hand, since ANN, BN M are isolated in N and M, we
have iy, (ANN) = ANN and i, (BN M) = Bn M. Consequently we
have NNiy(4) = ANN and M Ni,(B) = BN M. Moreover we have
Nien N”I(AON) =ANN, ﬂiGNM”‘(BnM) =BNM. (N, M are torsion-
free and 4NN, BN M are isolated in N and M (Theorem 2.5 of [2])).
Let x € ;e N” A. Since N <, K, we have x* € N, 1 €N, that is

e <ﬂ N"'A) NN=[(N"AnN)< (N’ (AnN)=4NN.
i€EN iEN ieN

Therefore x € ig(A4), 50 ;en N4 < ix(4). Consequently if

X € Nien N”'A\A , we have that for each i € N there exists 4, € N , a4, €A

[ e I
ANN, thus x € 4, a contradiction. Similarly .y M’ B = B. Therefore
the family (N;, M,),.y isan (4, B, g)-filtration of the pair (K, L) and the
group G is ZF .

such that x = h.a,, so xai_1 =h; € N , i €N and xai_1 €Eig(A)NN =

THEOREM 5*. With the hypothesis of Theorem S, the group G is RF if
and only if there exists a torsion-free subgroup N < K such that (ANN)g =
BN N and the subgroups ANN, BN N are isolated in N .

ProoF. The proof is similar to the proof of the previous Theorem. So we
omit it.

COROLLARY 4.1. With the hypothesis of Theorem 4, we have:
i) If the amalgamated subgroups A and B are of finite index in K and
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L, thenthe group G is RF ifandonly ifthereexist NaK, M a L
such that Na,4, M, B and Np=M.
ii) If the factors K and L are torsion-free and the amalgamated sub-
groups A and B isolated in K and L, then the group G is ZF .
iii) If the factors K and L are torsion-free and there exists an isomor-
phism 0: K — L such that b =9, then the group G is BF .

ProOOF. i) It is enough to note that i (4) = K and i, (B) = L, since 4
and B are of finite index in K and L respectively.

ii) Let p be a prime greater than the nilpotency class of K and L. If
N = K?, M = L?, then from the Corollary 2.31 of [2], every element of
N and M is of the form k7, k € K, and m”, m € L respectively. So we
have for g€ ANN, (g)p = (KP)p, k € K,but k € A (A is isolated), so
(k")p = (kg)’ € BN M and finally (4N N)p = BN M. Moreover we have
iv(ANN) =i, (A)NN=ANN andi,(BNM)=i,(B)nM=BnNM. So
the group G is HAF .

iii) Since 6 is an isomorphism of K and L, it is easy to see that
(ix(4))0 = i, (B). Evidently |i,(A4): 4| = |i,(B): B| = m. By Corollary
2.32 of [2] there exists a positive integer r(m, c) =r (r depends upon the
nilpotency class ¢ of K and m) such that every product of m" powers
(n >r) of elements of K is a m‘th power, s = n —r, of an element of K .

Let N=K" | Every element of N is of the form g™, g € K. Similarly
let M=L" .So Nnig(d) <A, Mni, (B)<B and ANN =iy(ANN),
BNM=i,(BNnM). Also

(ANN)p = (ANN)0 = (i (A)"N)P =i, (B)NM=BnM.
Since g € ix(A)NN implies g = k™, k € K , it follows that k € i (4) and
gh= (k™0 =(k6)" ci (B)\NM=BnM.

Case ii) in the previous Corollary is Theorem 5 of [3] and case iii) is related
to Theorem 10 of {3].
We have a similar Corollary for HN N-extensions.

COROLLARY 5.1. With the hypothesis of Theorem 5, we have:

1) If the associated subgroups A and B are of finite index in the base
group K, then the group G is #F ifand only if there exists H < ) K
such that Hp = H .

ii) If the base group K is torsion free and the associated subgroups A
and B isolated in K, then the group G is FSF .

iii) If the base group K is torison free and there exists an automorphism
0 of K such that b4=9. then the group G is ZF .
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ProoF. The proof is similar to the proof of the previous Corollary, so we
omit it.

Case ii) in the previous Corollary is an application of Theorem 4.2 of [4,
page 189] and case iii) is derived from Lemma 4.4 of [4], since a finitely
generated nilpotent group satisfies condition 4.3 of [4].

Since the case of HN N-extensions one of the associated subgroups can be
the whole base group, Proposition 3 and Theorem 5* give:

COROLLARY 5.2. The HN N-extension G = (t, K|t_1At = B, ) of the
finitely generated torsion free nilpotent group K is FZF if and only if either

1) K=A4 (or K=B), or

i) A # K # B and there exists N <G K such that (ANN)p = BNN and
the subgroups ANN and BN N are isolated in N .

As we can see in case iii) in either of the Corollaries 4.1 and 5.1, the
possibility of extending the isomorphism of the associated subgroups to an
isomorphism of the factors {or to an automorphism of the base group, in the
case of HN N-extensions) is a sufficient, condition for the residual finiteness
of these groups. We shall prove that this condition is (partially) necessary
in the following sense: The factors (or the base group) can be embedded in
suitable finitely generated nilpotent groups such that the isomorphism of the
associated subgroups comes from an isomorphism of their isolated closures
in these groups.

THEOREM 6. Let K, L be finitely generated torsion-free nilpotent groups
with A< K, B<L and ¢: A — B an isomorphism. Suppose that there
exists an (A, B, g)-filtration (N;, M}),., of (K, L) such that N, < K,
M <, L, i€l Then there exist finitely generated torsion free nilpotent
groups X and Y such that K, L are subgroups of finite index in X and Y
respectively and an isomorphism 6:i,(A) — i,(B) such that 0l 4=9.

PrROOF. We have an (4, B, ¢)-filtration (N;, M,),., of (K, L). So by
Theorem 4" there exist torsion-free subgroups N < K and M q, L such
that (ANN)p =BNM and iy(ANN)=ANN, i, (BNM)=BnM.
Let |[K:N|=n and |L: M| =m. We define X = (x € m(K)|x"" € N)
and Y = (y € m(L)|y"™ € M), where m(K) and m(L) are the Mal'cev
completion of K and L respectively. It is easy to see [2, page 57] that the
groups K and L are of finite index in X and Y respectively (K, L are
finitely generated). Also the groups X and Y are finitely generated. Since
iy(A)NN =iy (ANN)=ANN andi,(B)NM =i, (BNM)=BnNM, we
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have x"" € ANN, for x € iy(A), and y"" € BN M, for y € i,,(B). But
the groups N and M are g-compatible, so (x"")p € BNM . Let y € m(L)
such that y"™ = (x"")p . From the definition of ¥ we have y € Y, and
Y™ = (x"™)p € BN M implies y € iy(B). Let 0: i, (4) — iy(B) with
(x)8 = y. The map 6 is well defined, since m(K) and m(L) are divisible
groups and for (x"")p € BN M there exists unique y € m(L) such that
y™™ = (x"™)p . Furthermore it is easy to see that 6 is 1 — 1 and onto. The
map 6 is homomorphism. Indeed from the relation i, (A)NN =ANN we
have i,(4) = (x € X|x"" € ANN) = (x € m(ANN)|x"™ € ANN), and from
the relation i, (B)NM = BNM we have i (B)=(y e Y|y"" e BN M) =
(y € m(BNM)|y"™ € BN M), so 6 is a homomorphism [2, p. 57]. Also
6,4 = ¢, since for a € A we have a"" € AN N, namely (a"")0 = (@e,

which gives (a0)"" = (ap)"" and finally a8 = agp .

Similarly we can prove that, if we have a finitely generated torsion-free
nilpotent group K, 4, B<K, ¢: A— B an isomorphism and an (4; B, ¢)-
filtration of K, then we can extend the isomorphism ¢ to an isomorphism
0:iy(A) — iy(B), where X is a finitely generated torsion-free nilpotent
overgroup of X .

It is worth remarking that the previous Theorem does not involve free
products with amalgamation but deals with two properties of torsion free
nilpotent groups. (The existence of an appropriate filtration implies the ex-
tension of isomorphisms.)

The study of the residual finiteness of free products with amalgamation and
H N N-extensions of finitely generated nilpotent groups, in all cases above,
makes use of the concept of filtration. In this way we try to see, if these
groups are residually 2 where 2 is the class of the free-by-finite groups,
which we know are Z% . We will give another sufficient condition, which
may replace the condition of the existence of an appropriate filtration in a
wide class of free products with amalgamation and H N N-extensions.

DEeFINITION. The group G is called subgroup separable (%) if
Nnesy NH = H, for every finitely generated subgroup H, where ./ =
{NIN <, G}.

It is easy to see that the quotient group G/H of a ¥ group is £F for
every finitely generated normal subgroup H .

THEOREM 7. Let G = (K x L|A = B, ¢) be the free product with amalga-
mation of the finitely generated % groups K and L. Suppose that there
exist finitely generated normal subgroups N and M of K and L respectively
such that Na,4, M, B and N¢o = M . Then the group G is ZF .
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ProofF. The subgroups N and M are ¢-compatible, so we can define the
free product with amalgamation

G = (K/N*L/M|A/N = B/M , %)

and the “natural” epimorphism 6: G — G with Ker6 = N. The group
G is #ZF (Theorem 3 of [3]). So for 1 # g € G we can assume that
gEN=Np=Min G. But N and M are finitely generated and Z% ,
therefore there exists a characteristic subgroup N, of N of finite index in

N such that g ¢ N,. Let M, = N,¢. Since g ¢ N,, we can argue as
before with N, M, in place of N and M. So, G is #Z(%#F), thatis G
is ZF .

THEOREM 7 . Let G = (t, Klt_lAt = B, ¢) be an HN N-extension of a

finitely generated ¥ group K . Suppose that there exists a finitely generated
normal subgroup N of K such that N <;A4, N4, B and Nop = N. Then
the group G is RF .

PrROOF. As above, we can prove that the HN N-extension G is % , since
the H N N-extension of a finitely generated #Z% group with finite associated
subgroups is #Z%¥ (Theorem 3.1 of [4]).

CorOLLARY 7.1. i) With the hypothesis of Theorem 7, if the amalgamated
subgroups A and B are finitely generated and normal in K and L, then the
free product with amalgamation G = (K xL|A =B, ¢) is ZF .

ii) With the hypothesis of Theorem 7T if the associated subgroups A and
B are equal (A = B), finitely generated and normal in K, then the HNN-
extension G(t, Klt_lAt =B, ¢) is ZF .

We note that Theorem 9 of [3] is a Corollary of 7.1 i), since finitely gen-
erated polycyclic groups are 2% .

COROLLARY 7.2. Let K, L be finitely generated torsion-free nilpotent
groups with A< K, B< L and ¢: A — B an isomorphism. If the subgroups
A and B are normal in K and L respectively, then there exist finitely gener-
ated torsion-free nilpotent groups X and Y such that K, L are subgroups of
finite index in X andY respectively and an isomorphism 8: i, (A) — i, (B)
such that b=90.

Proo¥F. This is a consequence of Corollary 7.1, Lemma 2 and Theorem 6.

In [3, Theorem 4] G. Baumslag proves that the free product with amalga-
mation of two finitely generated torsion-free nilpotent groups is always free
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by residually finite. We prove that this is also the case for HN N-extensions
of finitely generated torsion-free nilpotent groups.

ProrosiTiON 8. Let G = (¢, K|t_1At = B, ¢) be the HN N-extension of
a finitely torsion-free nilpotent group K. Let (N,),., be the family of normal
subgroups of finite indexin G. If N =\, N;, then N is freeand N < K.
Moreover if N is not trivial, then it is infinitely generated.

Proor. By Proposition 2.2 of [2] there exists a prime p such that
ANK? =47 and BNK? =B’ forevery neN. If 1 #x e NnK,
then there exists n € N such that x ¢ K (N, nK* =1, since K is
torsion-free). Therefore the H N N-extension
G,=(t,, K/K” |t;'dK” /K"t = BK® |K")

n

is a #Z¥ homomorphic image of G with non-trivial image of x. So there
exists N; < s G such that x € N,, a contradiction. Therefore NNK = 1
and N is free by a well known Theorem of Karrass and Solitar. Let g € G
and the exponent sum of ¢ in g be r # 0. Then g ¢ Ker(i o 6), where
i:G— G/KG > (t) and o: () — (tlt'“) . But Ker(ioo) 9, G,s0 g ¢ N.
Therefore N < K Y. If N is non-trivial and finitely generated, then by
Theorem 9 of [6], we have that the index of the double cosets (N, K) in
G is finite. But |G : (N, K)|=|G: NK|>|G: KG| = oo, a contradiction.
Therefore N is infinitely generated, and G is free-by-residually finite, since
G/N is ZF .

In [5] (Theorem 3) J. L. Dyer notes that the requirement that the factors
must be torison-free is necessary in the proof of Theorem 4 of [3]. We can
adjust Dyer’s example to the case of H N N-extensions.

PROPOSITION 9. There exists a finitely nilpotent group K with A and
B isomorphic subgroups such that the HN N-extension G = (t, K |t_1At =
B, ¢) is not free by residually finite.

ProoF. We use Dyer’s group K : the group K has generators &, , k,, k5,
a,d and relations [k;, kj] =1, a“kla = k,, a'lkza = k;, a_1k3a =
kiky’k;, d” =d” =[d,a)=[d,k]=1,i,j=1,2,3, p any prime.

Let A, B be the subgroups 4 = (k,, k5, k;,d), B=(kld, k,, k} , d),
and ¢ the isomorphism ¢: A4 — B givenby k¢ =kjd, kjp =k, , kyp =
ki, dp = d and the group G = (¢, K|t™'At = B, p). We can see that
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de ﬂie ; N;, where (N,.)iE ; 1is the family of normal subgroups of finite index

in G. So (;; N; is not free.
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