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TENSOR PRODUCTS OF JORDAN ALGEBRAS
AUBREY WULFSOHN

Let J; and Js be two Jordan algebras with unit elements. We define various
tensor products of J; and J,. The first, which we call the Kronecker product,
is the most obvious and is based on the tensor product of the vector spaces.
We find conditions sufficient for its existence and for its non-existence. Moti-
vated by the universal mapping property for the tensor product of associative
algebras we define, in Section 2, tensor products of J; and J. by means of a
universal mapping property. The tensor products always exist for special
Jordan algebras and need not coincide with the Kronecker product when the
latter exists. In Section 3 we construct a more concrete tensor product for
special Jordan algebras. Here the tensor product of a special Jordan algebra
and an associative Jordan algebra coincides with the Kronecker product of
these algebras. We show that this ‘‘special’’ tensor product is the natural tensor
product for some Jordan matrix algebras.

In the final section we deal with Jordan algebras of operators on a Hilbert
space and with JW-algebras, abstract analogues of weakly closed Jordan
algebras of operators on a Hilbert space. We generalise the tensor product of
Section 3 to define a tensor product of JW-algebras. This is shown to exist
when the JW-algebras are hermitian parts of von Neumann factors.

The author wishes to thank J. Ravatin for arousing his interest in the
subject, and N. Jacobson for helpful suggestions.

Preliminaries. The definitions and results of this section can all be found
in [6].

An algebra is taken to be a not necessarily associative algebra, with a unit
element, over the field of real numbers. All homomorphisms are assumed to
preserve unit elements. For an algebra 4 we denote by dim 4 the dimension of
the vector space underlying 4. We denote the composition («, b) — (ab-ba) by
[ad]. We denote the associator of the elements a, b and ¢ by [«, b, ],
e, [a,b,c] = (ab)c — a(bc). The nucleus of an algebra 4 is the set of elements
which associate with every pair of elements of the algebra. The centre of A4 is
the set of elements of the nucleus which commute with all elements of 4. For
Ay and A, associative algebras with involutions, we denote their algebraic
tensor product with the natural product involution by A4; ® 4, For an
associative algebra 4 we write {a1, as, . ., ¢,} to denote

Haas...a, + a,...aa)
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A Jordan algebra is a commutative algebra satisfying the identity (a%x)a =
a?(xa) for arbitrary x and « in the algebra. The linear mapping x — xa = ax
will be denoted by R,. For an associative algebra A4 we denote by A+ the
Jordan algebra consisting of the vector space underlying 4 provided with a
product composition a - b = L(ab + ba). We denote a -a by a2. A Jordan
algebra J is called special if, for some associative algebra A, there is a mono-
morphism of J into A+. If 4 is an associative algebra with involution over a
field D we denote by h,(4) the Jordan subalgebra of 4+ made up of the
symmetric elements of 4. Where there is no possibility of confusion we shall
drop the sufhx D. We denote the set of antisymmetric elements by a(4).

We call a homomorphism of a Jordan algebra J into A+, where A4 is an
associative algebra, an associative specialisation of J in A. A pair (&(J), ),
consisting of an associative algebra & (J) and an associative specialisation 7 of
Jin &(J), is called a special envelope for J if, for any associative specialisation
pof Jin a associative algebra A, there exists a unique homomorphism v of &(J)
in 4 such that v o # = u. The special envelope always exists and can be con-
structed as in [6]; it is defined by a universal mapping so it is unique. The
associative specialisation = is 1-1 if and only if J is special. There exists a
unique involution in &(J) leaving w(x) invariant, for x € J; we shall always
consider &(J) as an algebra with this involution.

Remark. The notation of the preceding paragraph is not exactly the same
as that in [6] since we have assumed that all algebras have unit elements and
all homomorphisms are unit-preserving.

We denote the freeassociative algebra with generators xy,...,x,by ®{xy,..., x,}
or ®"{ 1}, the free nonassociative algebra by ®{{x1, ..., x,}}. If A isanalgebra
we say that f € ®{{x1,...,x,}} is an identity for A if f is mapped into 0 under
every homomorphism of ®{{xi, ..., x,}} into 4. An identity is said to be
multilinear if it is homogeneous of degree =< 1 in all the x’s. The free Jordan
algebra FJ(x1, ..., x,), or FJ( is determined from ®{{xi, ..., x,}} by the
identities {f, g}, f = [xax,], g = (x2x;)x;, — x2(xx5), 2,7 = 1,...,7; the free
spectal Jordan algebra FSJ(x1, ..., x,), or FSJ™, is defined to be the sub-
algebra of ®{xy, ..., x,}* generated by 1 and the x,. The elements of FSJ
are called Jordan elements of ®{xi, ..., x,}. It is known that

S(FIM) = S(FSTM) = d0f 1},
where the involution in ®{xi, ..., x,} is the reversal operation, i.e., 1* = 1
and (x4 ... x5)* = x4 ... %5,

We denote by -#,(D) the algebra of n X n matrices with entries in an
algebra D with involution, and assume that .#,(D) is provided with the
standard involution [6, Chapter 1.5]. We are concerned with the cases where D
is the field R, C or H of reals, complex numbers or quaternions respectively, or
the algebra O of octonions. We write 5%, (D) instead of h(#,(D)). We know
that S(#,(R)) = #,(R) and S£,(C)) = #,(C) for n = 2. For n > 2,
one has &(3,(H)) = _#,(H) (see [6, Chapter 3]).
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We denote by J(V, f) the Jordan algebra of the form ® @ V, where V is
a vector space over a field ®, with symmetric bilinear form f. It is known that
&S(J(V, f)) is the Clifford algebra C(V, f), i.e. the tensor algebra based on 7
modulo the ideal generated by elements x ® x — f(x, x)1. The Jordan algebra
S(V, f) is special and can be realised in €(V, f)*; it is generated by 1 and the
basis elements (e;) of V. If one can choose a basis such that f(e;, ¢;) = 6,5, the
set of elements e; in C(V, f) is called a spin system and J(V, f) is called a
spin  algebra; the e; satisfy the anticommutation relations e;-¢; =
Llewe; + eje;) = 0,10 # 7.

1. The Kronecker product. Let J; and J. be two Jordan algebras,
a,, x € J1, by, vy € Jo. Write ((a;a;)x)ay = e, (aa;)(xa,) = &, and a like
notation with f’s for b,, y € Js. Thus [aa;, x, ax] = e — €ijie

LEMMA 1. Let J be a free Jordan algebra with generators x, a,. The identities,
modulo commutation, in J, homogeneous of degree 2 in a4, 1 in x and 1 in a; may
be described by the equations

aif(xa;) + 2(aa;) (xaqy) = (ax)a; + 2((aa;)x)a,
(ai(ax))a; + (ai(aa;))x + (ai(ax))as

In particular 2(e;;; — €5:) + €415 — €:4; 15 an identity.

Proof. From the linearised Jordan identity, denoted 7Z(x;, xs, x3, x,) In
[6, Chapter I (51)], we deduce the lemma by selecting the x; in all ways com-
patible with the degree requirements.

We denote the vector space J; ® J,, provided with the product composition
(x1 @ %3, ¥1 @ ¥2) ™ x1y1 ® x2y2, by J1 ®* Jo. When J; ®* J, is a Jordan
algebra we call it the Kronecker product of the Jordan algebras J; and Jo.

LeMMA 2. Let Jy and Js be Jordan algebras, a,, x € J1, b,,y € Jo. Then

[( Z a Q bv)zyx ® v, Z a Q bv:l = 1276 Crkj ®fkkj — Erkj ®fkkj
v I

v v

J#=k
+ 261-;”; ®fjk:i - 2éjlci ®f-]'k1'
Proof. Since [a; ® by ¥ ® v, a, ® b;] = (aw)a; ® [by v, b,] + [as %, a;] @
l)i(ybj), one has [(di ® bi>2’ x ® Y, Gy [ Z)l] =0 in Jl ®k.]2. Thus

[(Z a,®by)2,x®y, > a,@b,] = > [ak2®bk2,x®y,a,®bj]

v J#k
+ 2 iZ#k laar @ bibryx @ y,a: @ by = Zk {(a’%)a; ® [b:%, 9, b;]
7 i
g

+ [%2, x,a;] @ bk2<3’bj) + 2 ((aa0)x)a; @ [bbx, v, b4]
+ 2[ajak, %, a4 @ (bjbk) (ybi)} = Z {ex; ® (funs '—fkkj)

i, 7.k
ik

+ (e/clcj - ékkj) ®flckj + 2€jki ® (fﬂci _fjki) + z(ejk’l - éjki) ®fjki} .
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THEOREM 1. FJ® ®* FJ® is not a Jordan algebra.

Proof. Using Lemma 2 we show that the element [(a1 ® b1 + a2 ® b2)?,
xQ® y,a1 ® b1 + as ® be] is non-null. Choosing x = 1, so that e;;; = &4, the
above element can be written as

2(a1a2)ar @ (frar — fia1) + a12as @ (fui2 — fi12)
+ 2(611612)(12 ® (f122 "flzz) + @102 ® (fmz - fxn)-

Identities which involve the 64 terms e ® fin, €ir ® Fijmr €ise @ fijrs
2 ® fimy 1,7, B = 1or2, are linear combinations of eight identities, a typical
one being

(aldz)(ll ® (2(f121 —flzl) +f112 —fnz).

Writing these down as an 8 X 64 matrix, it is obvious that the element
considered cannot be written as a linear combination of identities.

COROLLARY 1. Guwen Jordan algebras Jy and Js, one of which has at least two
free elements, the other at least three, then J1 @* J, is not a Jordan algebra.

Proof. Denote two of the free elements, in J; say, by a1, as, and three in J,
by b1, bs, ¥. The proof of the theorem then applies to this case.

THEOREM 2. The Kronecker product of Jordan algebras Jy and J, exists if Jy or
Jo is associative, or if J1 or Jois a spin algebra.

Proof. Leta,, x € J1,b,, ¥y € Jo. Assume J; associative. By Lemmas 1 and 2,
[(Z a ® b,)2,x ® v, Z a, @ bv:l =2 Z ajaaix @ (fiwi — Fi)-

(=

This is null since fj;; — fux: is the linearised Jordan identity in b;, by, v, b
For the second proof we assume J; a spin algebra. Thee;; = Ounlesst = j = &,
SO

[(Z ai®b1>2yx®yy Z ai®bi] =2 Z e; ® (fiii—fiii
+ 2f 100 — 2fm)
=62 ei®(fiii_fiii)
=6Z ei®[at2yx7ai]=0-

PROPOSITION 1. Let J, = H,(D), Jo =, (D), where D is R, C or H. When
n =m = 3 we may also let D be O. The Kronecker product of Jy and J, exists if
and only if n or m 1is less than three.

Proof. If n or m is less than three, J; or J, will be associative or a spin algebra.
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If # and m are greater than two it is sufficient to consider n = m = 3. Let

1 00 0 0 1 1 00
a1=b1=010,a2=b2=000,x=y=000
0 0 0 1 00 0 0 0

Then ei21 = }as, €121 = ae, €112 = 3as, 112 = %as, €192 = €122 and eq91 = &201.
Using Lemma 2 it is a simple calculation to show

[(0«1®bl+ll2®b2)2,x®y,d1®b1+a2®b2]=%—a2®b2¢0-

PROPOSITION 2. Let J1 and J, be special Jordan algebras. When Jy or Ja is
associativethen J, @ Jais special and is the Jordan subalgebra of (S(J1) @ ©(J2))*
generated by Jy and Js. If neither Jy nor Js is associative, J; ®F% J» is not a sub-
algebra of (S(J1) ® S(J2))*.

Proof. We embed J; ® J»in &(J;) ® &(J,). Calculating in &(J;1) @ S(J»),
for x1, 1 € Ji, x93, ¥2 € J» we have

(X1 ® x2) - (1 ® ¥2) — (x1-y1) @ (x2-¥2)
= %(xlyl - ylxl) ® (x2y2 — y2x2).

When J, or J, is associative this is zero, so the multiplication in J, ®% J,
coincides with the multiplication in (S(J,) ® ©(J:))*. It is obvious that
J1 ®% Jyis generated by J; ® 1and 1 ® J,. The last statement of the proposi-
tion follows from the equation above.

ProrosiTION 3. Let F be an alternative algebra with involution such that all
symmetric elements are in the nucleus, and let C be a commutative associative

algebra. Then H5(F) ®* C is the Jordan algebra # 3(F @ C), where F @ C has
the involution defined by (x @ y)* = x* ® ¥.

Proof. By identifying #3(F) ® C with-#;(F ® C) we also identify the sub-
spaces # 3(F) @ C and #3(F ® C). If the symmetric elements of F ® C are
in the nucleus,##;(F ® C) will be a Jordan algebra [6, Chapter 1, Theorem 4].
It is thus sufficient to show that

X®y,eQR@b,u@v]=[0QRb,xR®yu®v]=[a®@b,u®@®v,x®y] =0

for x symmetric in F, ¢, u € F,and y, b, v € C. We have relations of the type
[x ®@y,a @b,u ®v] = (xa)u ® [y, 0b,v] + [x, ¢, u] ® y(bv) = 0 since x is
in the nucleus of F, and C is associative; so the proposition is proved.

LEMMA 3. Let J1 and Js be Jordan algebras. Assume J» associative. Then any
multilinear identity for Ji is also a multilinear identity for J1 @F J.

Proof. Let f be a multilinear identity for J;. Since f is multilinear, to prove
that f is an identity for J; ®* J, it is sufficient to verify that

f(x1®y1,x2®yz,---,xn®yn) =0
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whenever f(x1, x2, . . ., %,) = 0, where x1, %2, . .., %, € J1, ¥1, Y2, .. ., ¥u € Jo.
Sincef(xlv ® Y1, X2 ® Yoy ooy Xy ® yn) = f(xly X2y o0 vy xn) Q (3’13’2 e yn)y
this is evident. The lemma follows since an identity homogeneous in elements
of J; will be homogeneous, of the same order, in elements of J; ®* J,.

ProrosiTION 4. Let J1 and J, be Jordan algebras (over any field of character-
istic 0). If J, is associative then any identity for Jy is also an identity for J, @% J.

Proof. Suppose f is an identity for J; it can be linearised to a multilinear
identity, g say. By Lemma 3, g is an identity for J; ®* J,. By [6, Ch. I,
Theorem 7], the T-ideal generated by f is identical to the T-ideal generated
by g. Thus f also is an identity for J; Q% J,.

2. The general tensor product. Let J; and J: denote Jordan algebras.
We say that a Jordan algebra J, with monomorphisms #; and #. of J; and J»
respectively into J, is the J-temsor product of J, and J, if it has the universal
mapping property that, whenever v; and v, are homomorphisms of J; and J
respectively in a Jordan algebra F such that [R,,(s)Re(se] = 0, there exists
a unique homomorphism w of J into F such that v; = wou;, ¢« = 1, 2. The
J-tensor product is unique when it exists and we denote it by J1 ® ¥ Jo. We may
identify J; and J, with their images in J; ® 7 J,, and their unit elements with
the unit element in J; ® 7 J,.

The J-tensor product does not always exist. The following counterexample
is essentially the same as that for the non existence of a free product of the
Jordan algebras involved (cf. [6, p. 424]).

LEMMA 4. When J, = H5(0), Jo = FJ®| the element

([ps, p1, P1l, [P2, b1, Pa], [P, £1, P1]l,
where p, = [x%, v, v], is an identity for Ji1, but is not an identity for J,.

Proof. The subalgebra of J; generated by 1, x and v is of the form S#;(D),
where D is a subalgebra of O [6, Chapter IX. 1], so x satisfies an equation
x3 + ax? 4+ Bx + v = 0. We take the associator with y and y, obtaining
ps + aps + Bp1 = 0. Then we take the associator with p; and p;, and finally
with [pe, p1, p1] and itself, to obtain the first result. As in [6, Chapter 1. 1],
one has[a, b, 0] # 0in FJ®, The element considered is this witha = [p3, p1, p1],
b = [ps, p1, p1], neither of which are identities, for the same reason.

THEOREM 3. When J1 = H5(0), Jo = FJ®, the J-tensor product of J, and J,
cannot exist.

Proof. Suppose the J-tensor product exists. Since it contains J; as a sub-
algebra with the same unit element, by [5, Theorem 3], J; ® 7 J; is isomorphic
to J1 ®* A for some associative Jordan algebra 4. By Lemma 4 and Proposi-
tion 4 the element of Lemma 4 is an identity for J;, ®* 4 ; being non-zero in
Js it can not be an identity for J; @7 Js.
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ProposiTiON 5. Whenever J or J, is associative there is a unique epimorphism
W jx 0fJ1 ®j]2 onto J1 ®kJ2.

Proof. For any x; € J;, 2 € J1 % J,, one has
2[Ry @1R1@2] = [(11 @ 1), 2, (1 @ x2)] = 0.

The existence and uniqueness of the morphism follows from the universal
mapping property. The morphism is surjective since J; @* J, is generated by

]1 and Jz.

We denote the free product of two algebras A and B, in the class of associative
algebras, by A * B. This free product is known to exist in general. We denote
the free product of Jy and Js, in the class of Jordan algebras, by J1 %7 J,, when it
exists. We may write the Jordan algebras J; and J, as quotient algebras
FI™ /ay and FJ® /a, where a; and as are ideals in FJ and FJ respectively.
When the free product exists it is isomorphic to the free composition; so
J1 ®7Je = FJU+9 /I (a1, a2) where I(ai;, a:) denotes the ideal in FJ+®
generated by a; and as.

ProrposiTioN 6. If Jy and Js are special Jordan algebras, then Jy 7 Js exists.

Proof. The special Jordan algebra (&(J;) * ©(J2))* contains J; and J. as
subalgebras, so J; x7 J, exists [7, §4].

COROLLARY 2. There is an epimorphism of Ji %7 Js onto the subalgebra of
(&(J1) * S(J))*t generated by J1 and J,.

Proof. This follows from the universality of the free product.

The free product of special Jordan algebras need not be special; for example
FSJ(x, y) 7 ESJ(z) = FJ(x, v, z). Also, the free product of associative
Jordanalgebrasneed not beassociative; forexample, FJ (x) *? FJ(y) = FJ(x,v).

ProrosiTioN 7. The J-tensor product of Jordan algebras exists whenever the
free product exists.

Proof. As for associative algebras, the intersection of ideals of a Jordan
algebra is an ideal and one can construct the smallest ideal generated by a set
of elements. Let & be the ideal of J; %7 J, generated by (J1 *? Jo)[Ry sy R sl
Then (J; %7 J5)/ & satisfies the universal mapping property.

ProprosiTION 8. The J-tensor product of associative Jordan algebras is not
necessarily associative; the epimorphism wy, 1s not necessarily an isomorphism,
even when both algebras are associative.

Proof. Let J, = FJ(x) and J, = FJ(y). Since J; ®* J, is associative, the
second part of the proposition will follow from the first. Now J; ®7J, =
(J1 %7 Jo)/ R, where R is the ideal in FJ (x, v) generated by elements of the form
PX)Y — (PY)X,for P € FJ(x,v), X € FJ(x), Y € FJ(y). We shall show
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that the element [xy, x, y] of FJ(x, y) is nonzero in J, ®’J,, to prove non-
associativity. Let FC(X) denote ®{{X}}/T where T is the T-ideal generated
by the identities [x ], for x;, x; € X (see [6, [ §6]). We may write J; @7 J,
as FC(x, y)/M, where M is the ideal in FC(x, v) generated by elements of
the form [x2, v, x], [¥?, %, ¥] and (QX)Y — (QY)X, Q € FC(x,y). The element
[xy, x, ¥] is of degree 4, 2 in x and 2 in y; so it is sufficient to examine those
elements in I of like degree and verify whether [xy, x, y] is a combination of
these. Linearising the Jordan identities to the form % (x1, x2, x3, x4) [6, I (51)],
and selecting the x; in all posible ways compatible with the degree 4, 2 in x
and 2 in v, we obtain only two identities, the first two below. The third identity
is the only possible identity of degree 4, 2 in x and 2 in v, of the form

(QX)Y — (QY)X.

—x%y? + (y2)x + 2((xy)x)y — 2(xy)?
—x%y? 4+ (x%y)y + 2((xy)y)x — 2(xy)?
((ey)x)y — ((xy)y)x

The element [xy, x, ¥] = ((xy)x)y — (xy)? is not a consequence of these
identities, so is not in the ideal Jt.

The same procedure could be used to prove that the J-tensor product of
FJ® and FJ® is not a special Jordan algebra, if this is true. However, the
smallest degree of an identity true for all special Jordan algebras but not for
all Jordan algebras is 8 and without a major simplification the procedure is
not practical.

In the same way as for general Jordan algebras we may define an $-tensor
product of Jordan algebras in the variety $ of special Jordan algebras and
their homomorphic images. We can prove, in the same way as for the J-tensor
product, that the $-tensor product always exists for special Jordan algebras.
Also, since for J; and J» as used in Proposition 8, the $ and $ tensor products
coincide, the $-tensor product of associative Jordan algebras is not necessarily
associative. For other results on the $-tensor product we shall use the following
theorem of Cohn as applied to the variety .

THEOREM (Cohn [2, Chapter IV, Theorem 4.5]). Let a be an ideal of FST™.
Then S(FST™/a) = ®™{ }/a, where a is the ideal of ®™{ '} generaled by the
set a. Also FST™ /a is special if and only if a M FSJ™ = q.

ProrosiTiON 9. The D-tensor product of the special Jordan algebras FSJT®
and FSTW 1s not a special Jordan algebra.

Proof. The H-free product of FSJ® and FSJ® is FSJ®. Thus FSJ® @*
FST® is FSTJ®/Q where & is the ideal as in Proposition 7. The ideal & is
generated by elements p[R;Rx] where p € FSJ® X € FSJ® and Z € FSJ®,
These elements can be expressed in terms of the associative multiplication as
1p[ZX]]. The -tensor product is thus isomorphic to FSJ® /b where b is the
ideal of FSJ® generated by elements [p[ZX]]. By the theorem of Cohn men-
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tioned above, a quotient algebra FSJ® /a is special if and only if {uxyz} € a
for every generator u of the ideal a (see [1]). We suppose that {uxyz} € b,
where # = 2xzx — zx? — x%, i.e. where we have chosen p = x, X = x and
Z = z. Then, as in [1], there is a ¢(k, x, y, 2) € FESJ(x, y, 2, k) such that
o (u, x,v,2) = {uxyz}, and we may write

o(k, x, v, 2) = arlkxyz} + as{xkyz} + as{kyxz} + aufykxs}
+ as{xykz} + aslyxks}.

Putting & = 2xzx — zx? — x?z, a simple calculation shows that a; = 1 is the
only non-zero coefficient. Thus the Jordan element ¢ (%, x, y, z) equals {kxyz}
and the latter is known not to be a Jordan element [2, p. 305].

ProrosiTION 10. Let J1 and J . be special Jordan algebras. Then ©(J1 @ ' J») =
S(J1) * & (J2).

Proof. We may write J; = FSJ(X)/a; and J, = FSJ(Y)/a.. Let & be the
ideal such that (J; ** J2)/® = J1 ®* Jo. Then

Sy *T,) = S((FST(X)/ay x* EST(Y)/a2)/R
= S(FST(X, V)/I(ay, as, §)).

Since &(FSJ(X, V)) = ®{X, Y} and the ideal of ®{X, ¥V} generated by &
is null, we apply Cohn’s theorem above to get S(J, ® * J,) = ®{X, Y} /I (a1, as)
where I(ai, az) is the ideal of ®{X, V} generated by a;, and a,. Since a; is
generated by elements in X and a, is generated by elements in Y, one has

®(X, Vi/I(ay, a2) = ®{X}/d) * (Y} /.

Applying Cohn's theorem once again, the result follows.

3. The special tensor product. We are not yet able to give a concrete
construction of the tensor products of the previous section. We have seen that
the $-tensor product of special Jordan algebras is not necessarily special. The
J-tensor product of special Jordan algebras is unlikely to be special. In this
section we define another tensor product. We are able to construct it in a con-
crete way. Also it remains special when its component algebras are special
Jordan algebras.

We say that a Jordan algebra J, with monomorphisms s; and s, of J; and J,
respectively in J, is the &-tensor product of J1 and J, if, for associative special-
isations v; and v, of J; and J; respectively in an associative algebra 4 such that
[91(J1), v2(J2)] = 0, there exists a unique associative specialisation w of J
in 4 such that w o s, = v, £ = 1, 2. The &-tensor product is unique when it
exists.

We denote by J; ®® J» the Jordan subalgebra of (&(J,) ® ©(J2))* gener-
ated by the images of J; and Js. It follows from Proposition 2 that, when J;
and J. are special, J; ® ¥ J, coincides with J; ®* J, if and only if J, or J, is
associative.
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ProvrositioN 11. When J1 and J, are special Jordan algebras, then J, @ ° Jo
is the ©-tensor product of J1 and J.

Proof. We identify J; with its image in (&(J;))*, ¢ = 1, 2. The homomor-
phisms s; are defined by s1(x1) = x1 ® 1 and sa(x2) = 1 ® x» for x; € J;. Let
the v; be associative specialisations of the J; in 4, whose images commute.
These extend to homomorphisms of the &(J;) into 4. From the universal
mapping property of &(J1) ® &(J,), there is a unique homomorphism of
S(J1) ® &(J,) into A taking x1 ® x» to v1(x1)ve(x2), for x; € J;. Thus there
is an associative specialisation @ of (&(J;) ® ©(J2))* into 4 taking x; @ x»
to v1(x1)ve(x2). Since J; ® ¢ J, is generated by J; and J,, the restriction of @ to
J1 ®* J, is the required w.

LEMMA 4. Let a, b € A, an associative algebra. The condition [R,R,] = 0 as
an operator on A 1is equivalent to the condition that [ab] be in the center of A.

Proof. One has x[R,R,] = (a-x)-b — (b-x) - a. By an easy calculation it
follows that this equals }(x[ab] — [ablx). Thus [R.R,] = 0 if and only if
x[adb] = [ablx forall x € A4, i.e.if and only if [ab] is in the centre of 4.

PROPOSITION 12. When J1 and J, are special there is a unique morphism wy;s of
J1 ®%Je onto Jy @° Jo, where u denotes i or j.

Proof. Since [ab] = 0 implies that [R,R,] = 0, the proposition follows from
the universal mapping property for J; ®* Jo.

TuEOREM (N. Jacobson [6, Chapter 11, Theorem 19]). If J is a special Jordan
algebra such that J = H(&(J)) and a(SJ)) = [H(S)), b(SU))], or if J is
generated by 1 and two generators, then the subalgebra of ©(J) @ ©(J) generated
by the elements a @ 1 + 1 ® a, a € J, coincides with the subalgebra of elements
invariant under the exchange atomorphism a @ b >0 @ a.

CoOROLLARY 3. If J is a Jordan algebra as above, then J @ J contains the sym-
melric elements of ©(J) ® S(J) wnvariant under the exchange automorphism.

We know that for special Jordan algebras J; and J., in general J; ® ¢ J, and
J1 ®¢ J, are not isomorphic since the former need not be special. The question
arises whether they are isomorphic when J; ® * J, is a special Jordan algebra.

THEOREM 4. Let Jy and J. be special Jordan algebras such that their special
envelopes are involutive algebras over G. Then

J1®@J: CJ1®" T2 Che(S(J1) ®c ©(J2)).

When J; = hc(SU)), j =1, 2, then J, @ Js = hg(&(J1) @ &(J2)) and
the vector space underlying J1 @° Jois J1 @ Jo.

Proof. We identify J; with the corresponding subalgebra of &(J;)*. If
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2 € De(B(1) Q¢ &(J2)) then z = 1(z + 2*), so we may write z as

3 Z (xjt%yj—l-xj* %3’;‘*) =32 @+ 0+
J

J

-1 Zj (G, —2) @ G — )]
Thus hc(©(J1) ®c S(J2)) C he(S(J1)) @ he(©(J2)). The mapping (xi1, x2)
> x1 ®¢ %2 is bilinear from hHg(S(J1)) X he(S(J2)) to he(S (1) ®¢ S(J2))
so, by the universal mapping property for tensor products of vector spaces,
X1 ® X2+ x1 ¢ xp defines a linear homomorphism of he(S(J1) ® he(S ()
onto H(S8(J1) ®c ©(Js)). We prove that this homomorphism is an injection
so that ho(S(J1)) ® He(B(J2)) C he(SU1) ®¢ ©(J2)) and, a fortiori, that
J1® J. Che(©UU1) @c©(J2)). Let M denote the submodule of &(J;) X
&(J») generated by elements (Az1, 22) — (21, Az2), M € G, 3; € &(J;). Since
any z € &(J;) can be expressed uniquely as x + ¢y, where x, y € he(&(/;)),
the natural mappings projecting S(J1) X &(J2) onto he(S(J1)) X he(S(J2))
will map an element of M to an element of the corresponding submodule
defining H (& (1)) ® he(S(Js)). The other submodule defining the tensor
products is unaffected by the change of field. Thus the homomorphism is an
injection. Identifying x1 ® x2 of J1 @ J» with

X1 ® 1) (1 @ x2) of (S(J1) Qg S(J2))*

we may consider J; ® J, as a subspace of J; ®* Jsand the elements of J; ®° ./,
are obtained from J; ® J» by multiplication and linear combinations in
(1) ®c©(Js))*. Thus Jy ®°J, remains in hg(S (1) @ ES(J2)). The

last part of the theorem follows since
Ji®@ T CJi®°J: Che(S(U1) ®cS(J2) Che(S(U1)) ® he(E(J2)).

Remark. When the ©(J;) are algebras with involution over H, the mapping
X Q@ yr—x Qugyof J1 & Joto hp(S(J1) @y ©(Js)) is not injective except for
trivial cases. For example

] i R

while the tensor products in #,(H) ® 2 5(H) are not equal.
THEOREM 5.5,(D) @ (D) = Hm(D) whenever D = R or C.

Proof. By Theorem 4 we need consider only D = R. It is trivial that
H,R) @ H,,(R) CHpm(R) and the same reasoning as in Theorem 4 shows
that #,(R) ®*#,,(R) C.#,n(R). To prove the theorem it is thus sufficient
to verify that every element of 7, (R) is a sum of Jordan products of elements
in ,(R) ® #,,(R). Consider x € 5,(D) and y € #,(D) as operators on
vector spaces V, and V, with bases (¢,) and (fs) respectively. Denote the
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inner product in V, ® V,, by (-|-) and the matrix of z € 5, (R) by (3:;);
for s =x®y, ((x®y)(ea ® fy)|es ® f5) is thus written as z,; where ¢ =
1(e, v) and j = j(B, 8). Since

((x @ y)(ea ® fr)les ® f5) = ((x ® ¥)(es ® fy)lea @ f5),

we see that any z € J,(R) ® #,,(R) is such that z,; = 2, for some 1, j, &, »
with (2) N (G) N (k) M (v) = B. However, using Jordan multiplication for
elements of #,(R) ® #,,(R) we can generate all #,,,(R). Indeed, choosing
zin,(R) ® #,,(R) such that z,, = 0 for all s  jand z,, = 0 for all s 5 »,
we may use formulae 18'-23" of [6, Chapter I11] to show that 22 is realised as
(pap) where p;; # pi; we do the same for other identified matrix entries, and
by summing we generate all ., (R).

COROLLARY 5. If D = R or G, then
dim (#,(D) ®p H,, (D)) = dimH#,(D) X dim#,, (D).

I't might be of use for quantum physics to consider tensor products of spin
algebras. Denote the spin algebra J(V, f) by &, when V has dimension %, and
denote the enveloping Clifford algebra by €,. We denote the canonical basis of
H by (1, 4, , #) and identify ¢ with/—1. The matrices

o 3] 0 o) [0a) [ 3] [204]

are denoted by o1, 02, 03, 04 and o; respectively.

We tabulate some results on spin algebras of low dimension. In the second
row for J, one may use the tensor products 1 ® o; and/or the canonical map-
ping 7 : C —#>(R) to embed the o, ¢ = 1, 2, 3, in #,(R). An elementary
calculation then gives o4 in.#,(R). The procedure can be repeated to embed
the other &, in real matrix algebras. For instance we can embed J in .#5(R)
in the same way, using the canonical mapping of H into.#,(R).

embedded
R in with generators 1 and ...... S =6,
31 =R@OR AM(R) a1 R®R
J2 = #(R) JMa(R) a1, 02 M>(R)
{3 = #2(C) JMo(C) a1, 02, 03 AM2(C)
R Mo(H) a1, 02, 03, 04 M (H)
JM4(R) 10 0 0O 0010 000 —1 0 01 O
o1 0 0},]0001}, 001 O0¢},]0 00 -1
00-1 0 1000 010 O 1 00 O
00 0 -1 0100 -100 O 0—-10 O
Js = H#2(H) M 2(H) o1, 02, 03, 04, 05 Aa(H) @ A2(H)

=t>;(H) @ (R D R)
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The &-tensor product does not seem suitable for spin-algebras. It cannot be
a spin algebra itself since, due to the matrix structure of the tensor product,
the identity will be decomposable into more than two orthogonal equivalent
idempotents. Investigation of spin algebras of low dimension shows that there
is no natural mapping from the tensor product of spin algebras to another spin
algebra and that the Clifford algebras do not have a suitable regularity for
tensor products.

Also, the Kronecker product of spin algebras, which exists by Theorem 2,
will not be a spin algebra. This comes about since the Kronecker product
destroys the matrix structure. A more specific proof is that it follows from
Proposition 14 below. It is clear that the Kronecker product of a spin algebra
with a Jordan algebra not of the form J(V, f) is not a spin algebra since the
Kronecker product will not be based on a vector space of the form R @ V.

Proposition 14. The mapping (@ +x) @ B+ y) =B + Bx + ay +
x @ v is a linear bijection of I ®F I 0nto Syimanm, dut is not multiplicative.

Proof. The mapping is obviously linear injective. Since dim &, ®* J, =
m+n—+mn+ 1 =dim Spipim it is a bijection. However ((1 4+ x) ®
1+y)=4014x) ® (1 +y)and

I4+x+y4+x@y)?2=44+2x+y+x@Yy),

so it is not a homomorphism.

4. Tensor product of JW-algebras. We shall use the term von Neumann
algebra to mean abstract von Neumann algebra, and morphism of von Neumann
algebras to mean normal homomorphism. The algebra of all bounded operators
on a Hilbert space H is denoted by % (H); the Jordan algebra of all self-adjoint
operators on H is denoted by S (H). The Hilbert space tensor product of
Hilbert spaces H and K is denoted H ®" K. The concrete von Neumann
tensor product of concrete von Neumann algebras 4 and B is denoted by
A ®° B;asin [4], the (large) abstract tensor product of von Neumann algebras
A and B is denoted by 4 ®* B.

Let A be a von Neumann algebra and define A+ to be the real vector space
underlying 4, provided with the weakest operator topology (known to be in-
dependent of the realisation of 4) and with Jordan multiplication a - 0. A
closed Jordan subalgebra of self-adjoint elements of A is called a JW-algebra;
so h(4), the hermitian part of 4, is a JW-algebra. A weakly closed Jordan
algebra of bounded self-adjoint operators on a Hilbert space is called a concrete
JW-algebra. A continuous homomorphizsm of JW-algebras will be called a
IW-morphism. A JW-morphism from a JW-algebra J to h(4) is called a
WH-specialisation of J in A. A pair (M, =) consisting of a von Neumann
algebra M and an associative specialisation = of J in M is called a W*-envelope
of J if, for any W*-specialisation g of J in a von Neumann algebra 4, there
exists a unique morphism » of M in 4 such that v o # = u; the W¥*-specialisa-
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tion is uniquely defined if it exists.We write M = &(J). We know that if M
is a factor, then M = &(h(M)) [8].

We say that a JW-algebra J, with monomorphisms s; and s, of J; and J,
respectively, in J, is the JW-tensor product of the JW-algebras J; and J, if,
for W*-specialisations »; and v, of J; and J, respectively in a von Neumann
algebra A4, such that [v1(J1) v2(J2)] = 0, there exists a unique W*-specialisation
of Jin A such that w o s; = v;. Thus the JW-tensor product is uniquely defined,
if it exists. We denote by J; ® * J, the JW-subalgebra of (S(J;) ®* &(Js))+
generated by J; and J,.

PRroOPOSITION 15. Let J1 and Js be two JW-algebras having W*-envelopes. Then
J1 ®¥% Ty is the JW-tensor product of J, and Js.

Proof. Denote the canonical associative specialisation of J, in &(J;) by
m:(Jy), 1 =1, 2. Let x; € J;. The morphisms s; are defined by s;(x;) =
m1(x1) ® 1 and sa(x2) = 1 @ ma(x2), and s1(x1)s2(x2) = s1(x1) - sa(x2). Let v,
be a W*-specialisation of J; in a von Neumann algebra 4 such that the images
of v; and v, commute in 4. The v; extend to morphisms of the &(J;) in 4. From
the universal mapping property [4, Proposition 8.2], there is a unique morphism
of &(J1) ®* &(J,) in A taking s1(x1)s2(x2) to v1(x1)va(x2). Thus there is a
W*-specialisationwof (S (J1) ®* &(J,))*in 4 taking s; (1) 52 (x2) to 21 (x1)va(x2).
Since J1 ®** J, is generated by the s;(J;), the restriction of @ to J1 @ ** J, is
the required w.

THEOREM 6. When M and N are factors, the JW-tensor product of Hh(M) and
H(N) can be identified with H(M @* N).

Proof. The method of proof of Theorem 4 can be applied here. In fact, con-
vergence is not affected by considering the algebras as real or complex and one
proves that

h(M) @*H(N) CH(M) @ H(N) ChH(M ®@* N) C h(M) ®@*H(N)
where ) (M) ®@*H (V) denotes the closure of §h (M) @H(N) inh (M @*N)CMQ*N.

COROLLARY 6. For M and N discrete factors, h(M) @*“ h(N) = H(M ®° N).
Also# (H) @ H (K) =H (H ®@" K) for Hilbert spaces H and K.

Proof. For M and N discrete, M @* N = M ®° N so the first part of the
corollary is evident. The second part of the corollary is also evident since

LH) @ LK) =L(H®"K).

Remark. Let V be the prehilbert space formed from a II; factor 4 whose
inner product is defined by (a|b) = tracea - b, fora,b € A. The space J(V,f),
where f is the orthonormal bilinear form defined by the inner product, is called
the infinite dimensional spin factor and is of interest in the theory of JW-
algebras. We investigate the structure of its W*-envelope by considering sub-
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objects of (V, f). Considering the elements of €,,,; as matrices, a complex
structure can be given to €,,;1 by means of a mapping I such that :I' = T'F;
here F is a matrix such that F? = —J and F* = —F. For Fermi systems in
quantum mechanics the complexification corresponds physically to the con-
sideration of momenta as well as of coordinates. The mapping

2n

e;—ej=1,...,mn, eanF——»ijIIléj
is easily seen to define an isomorphism of I'(€,,+1) onto the complex Clifford
algebra for a 2n-dimensional space with basis (&;). Using the universal mapping
property for Clifford algebras and the fact that the complex even-dimensional
Clifford algebras are tensor products of copies of #5(C), it is easily seen that
the W*-envelope for J(V, f) will be set-theoretically isomorphic to the large
abstract von Neumann tensor product of an infinite number of copies of
M,(GC). This space is excessively large and exists only by virtue of Zorn's
lemma. Thus besides the fact, as seen in § 3, that the S-tensor product is not
particularly suitable for spin algebras, for the infinite-dimensional spin factor
the W*-envelope is too large to be of any use.
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